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Abstract. For an annular beam incidence, the power scintillation index in
a weakly turbulent atmosphere is derived at the receiver plane, which has
a Gaussian aperture. Employing this derivation, the receiver-aperture
averaging factor is evaluated. Annular beams are found more advanta-
geous than the Gaussian beams when compared on receiver-aperture
averaging basis. The analyses indicate that the effect of the aperture aver-
aging increases as the propagation length increases. Increase in the struc-
ture constant and the secondary beam source size is observed to
strengthen the effect of the aperture averaging when the primary beam
source size is fixed. © 2013 Society of Photo-Optical Instrumentation Engineers
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1 Introduction
Free-space optical communication systems have gained a lot
of interest for their high-data rate capacity, unregulated spec-
trum, low cost, and easy installation. However, optical beams
are affected by the refractive index fluctuations known as the
scintillations of the atmosphere. Laser-beam scintillations
caused by atmospheric turbulence give rise to signal degra-
dations in the optical communication link. For this reason,
optical scintillation is one of the most important factors
that determines the performance in an atmospheric optical
communication link.

In the last years, there have been many studies in the lit-
erature to reduce the effect of scintillations that create an
impairment effect on the optical communication link.
Among these studies, the aperture averaging method, in
which the beam is picked by a large collection aperture,
has been an intriguing research area. The receiver-aperture
averaging effects for the plane-wave intensity fluctuations
have been studied by Tatarskii.1 Wang et al. obtained a
closed-form representation of the receiver-aperture averag-
ing effect for a beam wave in turbulent atmosphere,
where a Gaussian weighting function for the receiver aper-
ture is utilized.2 Ricklin and Davidson examined the effects
of atmospheric turbulence strength and the degree of the
source spatial coherence on the aperture averaging and the
average bit error rate when the laser source is a Gaussian
Schell beam.3 Berman et al. analyzed the influence of
beam fragmentation and wandering on the scintillation
index for coherent and partially coherent beams and
described the methods for significantly reducing the scintil-
lation index.4 Using the statistics of the exponentiated
Weibull distribution family, the aperture averaging effect

for the Gaussian beams in weak and moderate turbulence
conditions is analyzed by Barrios and Dios.5 Yi et al. inves-
tigated the average bit error rate of the on-off keying signals
transmitted through turbulent atmosphere that is modeled by
the exponentiated Weibull distribution.6 The analytic expres-
sions for the average intensity and the center of gravity of
partially coherent annular beams with a decentered field
propagating through atmospheric turbulence along a slant
path are derived by Dou et al.7 Using the extended
Huygens–Fresnel principle, we formulated the power scintil-
lation index of flat-topped beams propagating in a weak tur-
bulent atmosphere and found the receiver-aperture averaging
effect under flat-topped incidence.8 In that study, we reported
that in the same turbulent atmosphere, when the same large-
sized receiver aperture is used, the reduction in the power
scintillation index of the flatter beams is more than the reduc-
tion in the power scintillation index of the Gaussian beams,
i.e., the receiver-aperture averaging effect is stronger when
flat-topped beams are employed instead of Gaussian
beams. When the flatness parameter is large, irrespective
of the receiver-aperture size, strong receiver-aperture averag-
ing is experienced. The effects of the annular beams on the
reduction of the scintillations captured by a point detector are
scrutinized at various turbulence strengths.9–16

In this article, by using the Huygens–Fresnel integral, we
derive and evaluate the power scintillation index of the annu-
lar beams at the receiver having a Gaussian-shaped aperture
and examine whether the use of incidences possessing annu-
lar-field profiles propagating in weakly turbulent atmosphere
will be advantageous in the aperture averaging.

2 Formulation
The source field of an annular beam centered at the trans-
verse source point sx ¼ sy ¼ 0 is0091-3286/2013/$25.00 © 2013 SPIE
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uðsÞ ¼
X2
l¼1

Al exp

�
−
s2x þ s2y
2α2sl

�
; (1)

where sx and sy are the x and y components of the source
plane vector s ¼ ðsx; syÞ, Al is the amplitude factor with
A1 ¼ −A2 ¼ 1, αsl is the Gaussian source size, and αs1
and αs2 denote the sizes of the outer (primary) and the
inner (secondary) Gaussian beams, respectively. The average
received intensity can be found by using the extended
Huygens–Fresnel integral as1

hIðpÞi ¼ 1

ðλLÞ2
Z

∞

−∞

Z
∞

−∞

Z
∞

−∞

Z
∞

−∞
ds21ds

2
2uðs1Þu�ðs2Þ

× exp

�
jk
2L

½ðp− s1Þ2 − ðp − s2Þ2�− ρ−20 ðs1 − s2Þ2
�
;

(2)

where k ¼ 2π∕λ is the wave number, λ is the wavelength,
j ¼ ð−1Þ1∕2, ρ0 ¼ ð0.545C2

nk2LÞ−3∕5 is the coherence length
of a spherical wave propagating in the turbulent medium, C2

n
is the structure constant, L is the propagation length, “*”
denotes the complex conjugate, and p ¼ ðpx; pyÞ is the
receiver transverse coordinate. Performing the integrations
in Eq. (2) by the repeated use of Eq. 3.323.2 of Ref. 17,
we obtain

hIðpÞi ¼ I1 þ I2 þ I3 þ I4; (3)

where

I1 ¼ I1xI1y;

I2 ¼ I2xI2y;

I3 ¼ I3xI3y; and

I4 ¼ −I4xI4y;

I1x¼C1v−11 y−11 expð−C2xv−21 Þexpð−C2xy−21 −C2xρ
−4
0 v−41 y−21

þ2C2xρ
−2
0 v−21 y−21 Þ;

I2x ¼ C1v−11 y−12 expð−C2xv−21 Þ expð−C2xy−22

− C2xρ
−4
0 v−41 y−22 þ 2C2xρ

−2
0 v−21 y−22 Þ;

I3x ¼ C1v−12 y−13 expð−C2xv−22 Þ expð−C2xy−23

− C2xρ
−4
0 v−42 y−23 þ 2C2xρ

−2
0 v−22 y−23 Þ;

I4x ¼ C1v−12 y−14 expð−C2xv−22 Þ expð−C2xy−24

− C2xρ
−4
0 v−42 y−24 þ 2C2xρ

−2
0 v−22 y−24 Þ;

C1 ¼ πðλLÞ−2;

C2x ¼ C1πp2
x;

v1 ¼ ð0.5α−2s1 þ ρ−20 − j0.5kL−1Þ0.5;

v2 ¼ ð0.5α−2s2 þ ρ−20 − j0.5kL−1Þ0.5;

y1 ¼ ðv1 − v−21 ρ−40 Þ0.5;

y2 ¼ ðv2 − v−21 ρ−40 Þ0.5;

y3 ¼ ðv1 − v−22 ρ−40 Þ0.5; and

y4 ¼ ðv2 − v−22 ρ−40 Þ0.5.

I1y, I2y, I3y, I4y, and C2y are obtained by changing all the x
subscripts to y in I1x, I2x, I3x, I4x, and C2x, respectively.

The average power detected by a finite-sized receiver hav-
ing a Gaussian aperture function is

hPi ¼
Z

∞

−∞

Z
∞

−∞
hIðpÞi exp

�
−
jpj2
R2

�
d2p; (4)

where R is the radius of the receiver aperture. Substituting
Eq. (3) in Eq. (4) and performing the integrations, we obtain

hPi ¼ P1 þ P2 þ P3 þ P4; (5)

where

P1 ¼ πv−21 y−21 ðC−1
1 R−2 þ v−21 þ y−21 þ y−21 v−41 ρ−40

− 2y−21 v−21 ρ−20 Þ−1;

P2 ¼ πv−21 y−22 ðC−1
1 R−2 þ v−21 þ y−22 þ y−22 v−41 ρ−40

− 2y−22 v−21 ρ−20 Þ−1;

P3 ¼ πv−22 y−23 ðC−1
1 R−2 þ v−22 þ y−23 þ y−23 v−42 ρ−40

− 2y−23 v−22 ρ−20 Þ−1;

and

P4 ¼ πv−22 y−24 ðC−1
1 R−2 þ v−22 þ y−24 þ y−24 v−42 ρ−40

− 2y−24 v−22 ρ−20 Þ−1:

The average of the square of the power as detected by a
finite-sized receiver having a Gaussian aperture function is
found as2

hP2i ¼
Z

∞

−∞

Z
∞

−∞

Z
∞

−∞

Z
∞

−∞
hIðp1ÞIðp2Þi

× exp

�
−
jp1j2 þ jp2j2

R2

�
d2p1d2p2; (6)

where
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hIðp1ÞIðp2Þi ¼
1

ðλLÞ4
Z

∞

−∞

Z
∞

−∞
d2s1

Z
∞

−∞

Z
∞

−∞
d2s2

×
Z

∞

−∞

Z
∞

−∞
d2s3

Z
∞

−∞

Z
∞

−∞
d2s4uðs1Þu � ðs2Þuðs3Þu � ðs4Þ

× exp

�
jk
2L

ðjp1 − s1j2 − jp1 − s2j2 þ jp2 − s3j2 − jp2 − s4j2
�

× hexp½ψðs1;p1Þ þ ψ�ðs2;p1Þ þ ψðs3;p2Þ þ ψ�ðs4;p2Þi;
(7)

where ψðs; pÞ is the Rytov solution of the random part of the
complex phase of a spherical wave propagating from the
source point ðs; z ¼ 0Þ to the receiver point ðp; z ¼ LÞ,
with z being the propagation axis. The fourth-order medium
coherence function given in the last line of Eq. (7) is
expressed as2

exp

�
−
1

2
Dψðs1− s2;0Þ−

1

2
Dψðs1− s4;pdÞ−

1

2
Dψðs2− s3;pdÞ

−
1

2
Dψðs3− s4;0Þþ

1

2
Dψðs2− s4;pdÞþ

1

2
Dψ ðs1− s3;pdÞ

þ2Bχðs2− s4;pdÞþ2Bχðs1− s3;pdÞþ jDχSðs2− s4;pdÞ

− jDχSðs1− s3;pdÞ
�
; (8)

where

pd ¼ p1 − p2;

Dψðsd; pdÞ ¼ 2ρ−20 ðs2d þ sd:pd þ p2dÞ;

Bχðsd; pdÞ ¼ σ2χs − 0.5Dχðsd; pdÞ;

Dχðsd; pdÞ ¼ ðρ−20 − ρ−2χ Þ ðs2d þ sd:pd þ p2dÞ;

DχSðsd;pdÞ¼ρ−2χS ðs2dþ sd:pdþp2dÞ;

sd ¼ sr − sq with

r ¼ 1; 2; 3; 4 and

q ¼ 2; 3; 4;

σ2χs ¼ 0.124k7∕6C2
nL11∕6;

ρ−2χS ¼ 0.114C2
nk13∕6L5∕6; and

ρ−2χ ¼ 0.425C2
nk13∕6L5∕6.

Employing Eqs. (1) and (8) in Eq. (7) and using the result-
ing Eq. (7) in Eq. (6), the formula for hP2i is obtained.
Applying Eq. 3.323.2 of Ref. 17 and performing the

eightfold integration over the source transverse coordinates
and the fourfold integration over the transverse receiver coor-
dinates, we find

hP2i ¼ π6 expð4σ2xsÞ
ðλLÞ4

X16
l¼1

Ql
1

β2lγ
2
lφ

2
lδ

2
lχ

2
lϑ

2
l
; (9)

where

β2m ¼ 1

2α2s1
−

jk
2L

þ 2

ρ20
− Y for m ¼ 1; : : : ; 8;

β2n ¼
1

2α2s2
−

jk
2L

þ 2

ρ20
− Y for n ¼ 9; : : : ; 16;

Ql ¼ 1 for all l × except Q3 ¼ Q16 ¼ −1;

θ21 ¼
1

2α2s1
þ jk

2L
þ 2

ρ20
− V;

θ22 ¼ θ23 ¼ θ24 ¼ θ29 ¼ θ210 ¼ θ211 ¼ θ212 ¼ θ21;

θ25 ¼
1

2α2s2
þ jk

2L
þ 2

ρ20
− V; θ26 ¼ θ27 ¼ θ28 ¼ θ213 ¼ θ214

¼ θ215 ¼ θ216 ¼ θ25; V ¼ j
ρ2χS

þ 1

ρ2x
; Y ¼ −

j
ρ2χS

þ 1

ρ2x
;

γ2l ¼ −
1

β2lρ
4
0

þ θ2l; φ2
l ¼ −

1

γ2l

�
1

ρ20
−

Y
β2lρ

2
0

�
2

−
Y2

β2l
þ ς2l;

ς21 ¼
1

2α2s1
−

jk
2L

þ 2

ρ20
− Y;

ς22 ¼ ς25 ¼ ς26 ¼ ς29 ¼ ς210 ¼ ς213 ¼ ς214 ¼ ς21; ς23 ¼
1

2α2s2
−
jk
2L

þ 2

ρ20
− Y; ς24 ¼ ς27 ¼ ς28 ¼ ς211 ¼ ς212 ¼ ς215 ¼ ς216 ¼ ς23;

δ2l ¼ −
1

φ2
l

�
1

γ2l

�
−

Y
β2lρ

2
0

þ 1

ρ20

��
1

β2lρ
4
0

− V

�
−

Y
β2lρ

2
0

þ 1

ρ20

�
2

−
1

γ2l

�
1

β2lρ
4
0

− V

�
2

−
1

β2lρ
4
0

þ ξ2l;

ξ21 ¼
1

2α2s1
þ jk

2L
þ 2

ρ20
− V; ξ23 ¼ ξ25 ¼ ξ27 ¼ ξ29 ¼ ξ211

¼ ξ213 ¼ ξ215 ¼ ξ21;

ξ22 ¼
1

2α2s2
þ jk

2L
þ 2

ρ20
− V; ξ24 ¼ ξ26 ¼ ξ28 ¼ ξ210 ¼ ξ212

¼ ξ214 ¼ ξ216 ¼ ξ22;

Optical Engineering 126103-3 December 2013/Vol. 52(12)

Kamacıoğlu, Baykal, and Yazgan: Receiver-aperture averaging of annular beams propagating. . .

Downloaded From: http://opticalengineering.spiedigitallibrary.org/ on 03/02/2017 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx



χ2l ¼ 1
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The power scintillation is given by18

m2
p ¼ hðP − hPiÞ2i

hPi2 ¼ hP2i
hPi2 − 1:

The receiver-aperture averaging factor GR is defined as18

GR ¼ m2
p

m2
pjR¼0

; (11)

where m2
pjR¼0

is the scintillation index for a point aperture.

3 Results
In this section, the effects of the radius of the receiver aper-
ture, the propagation length, and the source size of the pri-
mary beam and the secondary beam on the power
scintillation index and thus on the receiver-aperture averag-
ing factor found analytically in the previous section are ana-
lyzed. To this end, the power scintillation index m2

p and the
receiver-aperture averaging factor GR are plotted according
to the various values of the structure constant, the receiver-

aperture radius, and the primary and the secondary beam
source sizes by using Eqs. (10) and (11). In all the figures,
λ ¼ 1.55 μm is taken. Our results satisfy the scintillation
index of annular beams10,11 for the existing unapertured
cases and the power scintillation index of a Gaussian
beam propagating in turbulent atmosphere2 as well. The
receiver-aperture averaging factor versus the radius of the
receiver aperture for different structure constant values is
plotted in Fig. 1, in which αs1 ¼ 5 cm, αs2 ¼ 2.5 cm, and
L ¼ 3 km are taken. We observed from Fig. 1 that the effect
of the receiver-aperture averaging increases with increasing
values of the structure constant for all values of the receiver-
aperture radius. In a turbulent medium for smaller propaga-
tion lengths, the annular beams do not carry energy on the
propagation axis. As the propagation length increases, the
intensity profile turns to a pure Gaussian shape.19,20 In
Fig. 1, the propagation length is taken as L ¼ 3 km.
Since the beam has an annular intensity profile, there is a
first drop in Fig. 1. That means, from the first minimum
point to the top, the beam size is much larger than the
receiver aperture radius so that the received power is scaled
by the receiver area. Then, the receiver becomes comparable

Fig. 1 The receiver-aperture averaging factor GR versus the radius of the receiver aperture R at αs1 ¼ 5 cm, αs2 ¼ 2.5 cm, and L ¼ 3 km for
different C2

n values.

Fig. 2 Power scintillation versus the propagation length L at C2
n ¼ 1.5 × 10−15 m−2∕3, αs1 ¼ 5 cm, and αs2 ¼ 2.5 cm for different R values.
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to and larger than the beam size and captures more power. If
Fig. 1 is examined against the effect of the radius of the
receiver aperture, it is seen that the aperture averaging is
more advantageous at relatively larger receiver-aperture
sizes than at smaller apertures. The effect of the propagation
length on the power scintillation of annular beams at differ-
ent aperture sizes is investigated in Fig. 2, where the source
size of the primary beam is αs1 ¼ 5 cm and the source size of
the secondary beam is αs2 ¼ 1.5 cm. Figure 2 indicates that
the power scintillation increases at smaller propagation
lengths regardless of the radius of the receiver aperture,
but at large propagation lengths, it starts to decrease for
larger apertures. Examining at a fixed smaller propagation
length, as the radius of the receiver aperture increases, the
power scintillation also increases. However, this trend
reverses at larger propagation lengths.8 This means that
the receiver-aperture averaging is not effective at smaller
propagation lengths. In Fig. 3, the power scintillations of
annular beams having different secondary beam source
sizes are analyzed versus the propagation length, in which
the source size of the primary beam is taken as
αs1 ¼ 5 cm and the receiver aperture has a radius of

R ¼ 6 cm. It is observed that at a fixed propagation length,
when the source size of the secondary beam increases, i.e.,
when the hollow core of the beam becomes wider, power
scintillation increases. However, when propagation length
increases considerably, the increasing secondary beam
source size does not cause a significant difference on the
power scintillations. The hollow core of the beam is filled,
i.e., the annular optical field in turbulence eventually attains
a pure Gaussian profile, as the propagation length
increases.19,20 For this reason, the increase in the secondary
beam source sizes at large propagation lengths does not
affect the power scintillation, since the beam field profile
is no longer annular but rather Gaussian. Figure 4 shows
the relation between the receiver-aperture averaging factor
and the source size of the primary beam at different radii
of the receiver aperture and different source sizes of the sec-
ondary beams at L ¼ 4 km. Although the effect of the
receiver-aperture averaging is not seen for very small source
sizes of the primary beam, it becomes dominant when the
source size of the primary beam increases to a certain
value, i.e., αs1 ¼ 4 cm. Also, we conclude from Fig. 4
that the receiver-aperture averaging is strong for the

Fig. 4 The receiver-aperture averaging factor GR versus the source size of the primary beam αs1 at C2
n ¼ 2.2 × 10−15 m−2∕3 and L ¼ 4 km for

different source sizes of the secondary beam αs2 and different R values.

Fig. 3 Power scintillation versus the propagation length L at C2
n ¼ 1.2 × 10−15 m−2∕3, αs1 ¼ 5 cm, and R ¼ 6 cm for different αs2 values.
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beams having larger apertures at the receiver plane and when
the source size of the secondary beam increases, i.e., when
the annular beam becomes thinner. It is also seen from Fig. 4
that the annular beams are more advantageous than the
Gaussian beams (αs2 ¼ 0) when compared with respect to
the effect of the receiver-aperture averaging. When Fig. 4
is compared with Fig. 3, although Gaussian beams have
less power scintillation in Fig. 3, it is concluded from
Fig. 4 that the decrease in the power scintillation is more
for the annular beams, i.e., receiver-aperture averaging is
more effective for the annular beam as compared with the
Gausian beam.

Finally, we plot in Fig. 5 the receiver-aperture averaging
factor versus the radius of the receiver aperture for annular
and Gaussian beams at L ¼ 3 km, where the source size of
the primary beam is taken to be αs1 ¼ 5 cm and the source
sizes of the secondary beam are taken different for the annu-
lar beams. It is concluded from Fig. 5 that with increasing
values of the receiver-aperture sizes, the effect of the
receiver-aperture averaging becomes stronger, as expected.
When the annular beams and the Gaussian beam (αs2 ¼ 0)
are compared, since increasing source sizes of the secondary
beam promotes the effect of the receiver-aperture averaging,
it is concluded that the annular beams are more favorable
than the Gaussian beams.

We note that in order to observe effective receiver-aper-
ture averaging factor, turbulence should not be very weak.
Within the definition given in Eq. (11), the power scintil-
lation index measured by a finite receiver-aperture, which
depends on factors such as diffraction, propagation length,
the shape of the incident beam, and turbulence strength, can
yield larger values than the scintillation index measured by
a point detector. Still staying in the weak turbulence regime
but increasing the propagation length, when the
structure is constant, and decreasing the wavelength, the
receiver-aperture averaging factor always appears to be
smaller than unity. To show this, we provide Fig. 5(b)

which is plotted by employing our formulation in the cur-
rent article to match Fig. 10.13 of Ref. 21, which is
Fig. 6.10 of Ref. 18. In Ref. 21, the wavelength and the
Gaussian source size values are taken as λ ¼ 0.633 μm
and αs ¼ 0.707 cm. As the wavelength decreases, the
Rytov intensity variance and the effect of the receiver-aper-
ture averaging factor increase. If the wavelength decreases,
the Rytov intensity variance and the effect of the receiver-
aperture averaging increase. Figure 5(b) shows the receiver-
aperture averaging factor versus the receiver-aperture
radius scaled by the Fresnel zone for the Gaussian beam
propagating in the turbulent atmosphere. The structure
constant, the Gaussian source size, the propagation
length, and the wavelength values are taken as C2

n ¼
1.15 × 10−14 m−2∕3, αs ¼ 0.707 cm, L ¼ 1 km, and λ ¼
0.633 μm, respectively. The receiver-aperture radius is
taken from 0 to 10 cm. For these values, the Rytov intensity
variance is calculated as σ2R ¼ 0.65. In Fig. 5(b), D is
defined in Ref. 18 as the receiver-aperture radius, which
corresponds to R in our current article. Figure 5(b),
which is plotted by employing our formulation in the cur-
rent article, is seen to perfectly match Fig. 10.13 of Ref. 21
(Fig. 6.10 of Ref. 18).

In some sections of Figs. 4 and 5(a), we observe that the
receiver-aperture averaging factor is larger than unity. This
means that the receiver-aperture averaging is not effective
in those regions of the plots. The aperture averaging factor
of a canonical beam such as a Gaussian beam being larger
than unity at any parameter range, i.e., the scintillations
detected by a finite size aperture receiver being larger
than the scintillations detected by a point receiver, may
not be plausible. We attribute this discrepancy in our findings
to the inaccuracy in the structure and correlation functions
involved in the employed fourth-order medium coherence
function defined in Eq. (8). We note that by further investi-
gating Eq. 10. 13 of Ref. 21, we have found that the receiver-
aperture averaging factor is larger than unity in some cases.

Fig. 5 (a) The receiver-aperture averaging factor GR versus radius of the receiver aperture R at C2
n ¼ 2.2 × 10−15 m−2∕3, αs1 ¼ 5 cm, and L ¼

3 km for different secondary beam source sizes. (b) Reproduction of Fig. 10.13 of Ref. 21, which is Fig. 6.10 of Ref. 18, by using our formulation in
the current article.
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For example, when Eq. 10. 13 of Ref. 21 is evaluated for
C2
n ¼ 3 × 10−15 m−2∕3, αs ¼ 3.8 cm, L ¼ 3 km, and λ ¼

1.55 μm, the receiver-aperture averaging factor is evaluated
to be larger than unity for smaller receiver-aperture radii.

4 Conclusion
In this article, we calculated the power scintillation and the
receiver-aperture averaging factor of annular beams propa-
gating through a turbulent atmosphere. Consistent results
are obtained when the aperture on the receiver plane is
taken as a point detector, as in Refs. 10 and 11, or the propa-
gating beam is a Gaussian beam having a finite aperture at
the receiver plane,2 as special cases. It is concluded from the
results that annular beams are more advantageous than the
Gaussian beams, since the effect of the receiver-aperture
averaging is stronger for the annular incidences. Further-
more, increasing the secondary beam source size and the
receiver-aperture radius promotes the effect of the receiver-
aperture averaging. Increasing receiver-aperture radii also
reduces and then smoothes the power scintillation index at
large link lengths. The power scintillation index weakens
from the middle of the link for large receiver-aperture radii.
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