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OSCILLATION OF EVEN ORDER NONLINEAR DELAY DYNAMIC
EQUATIONS ON TIME SCALES

LyNN ERBE, Lincoln, RAZIYE MERT, Ankara,
ALLAN PETERSON, Lincoln, AGACIK ZAFER, Ankara

(Received January 17, 2012)

Abstract. One of the important methods for studying the oscillation of higher order
differential equations is to make a comparison with second order differential equations. The
method involves using Taylor’s Formula. In this paper we show how such a method can
be used for a class of even order delay dynamic equations on time scales via comparison
with second order dynamic inequalities. In particular, it is shown that nonexistence of an
eventually positive solution of a certain second order delay dynamic inequality is sufficient
for oscillation of even order dynamic equations on time scales. The arguments are based on
Taylor monomials on time scales.
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1. INTRODUCTION

In this paper we consider the oscillation of solutions of higher order nonlinear
delay dynamic equations with forcing terms of the form

(1.1) 2" (1) + ()2 ((8))[* 2 (p(t) = g(t), ¢ € [to, 00)T,

where n is even, tg € T, and [tg, 00)T := [tg,00)NT denotes a time scale interval with
sup T = co. The equation is called sublinear if 0 < o < 1, and superlinear if o > 1.
These problems for second order and higher order nonlinear differential and dif-
ference equations with/without delay have been considered by many authors and we
mention just a few [3], [4], [5], [7], [11], [13], [14], [15], [16].
A time scale T is a nonempty closed subset of the real numbers R. The most
well-known examples are T = R, T = Z, and T = ¢ := {¢": n € 7} U {0}, where
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q > 1. The forward and backward jump operators o, 9: T — T are defined by
o(t):=inf{seT: s>t} and p(t):=sup{seT: s<t},

respectively, where inf () := sup T and sup® := inf T. A point ¢ € T is said to be
left-dense if ¢ > inf T and o(t) = t, right-dense if ¢t < supT and o(t) = ¢, left-
scattered if o(t) < ¢, and right-scattered if o(t) > ¢. A function f: T — R is called
rd-continuous provided it is continuous at right-dense points in T and its left-sided
limits exist (finite) at left-dense points in T. The set of rd-continuous functions is
denoted by Crq. For more details, we refer the reader to [2], [8].

Throughout the paper we assume that

(1) ¢ € Cra([to,00)1,R), q(t) = 0, q(t) #Z 0 on [T, 00)y for any T > to;
(ii) g € Cra([to, o)1, R);
(i) ¢: T — T is rd-continuous, ¢(t) < t, tlim ©(t) = oo.
—00

By a solution of Equation (1.1) we mean a function z € CJ4([tz,00)T, R) that
satisfies Equation (1.1) for all ¢ > t, > to. Here we are concerned with proper
solutions of Equation (1.1), i.e., those solutions = which satisfy sup{|z(t)|: ¢t > T} >
0 for every T > t,. Such a solution is said to be oscillatory if it is neither eventually
positive nor eventually negative; i.e., if for any given ¢t; € [t,,00)y there exists
to € [t1,00)T such that z(t2)x(o(t2)) < 0. Equation (1.1) is said to be oscillatory if
all its solutions are oscillatory.

Definition 1.1 ([2]). The Taylor monomials are the functions gy, hx: T2 — R,
k € Ny, which are defined recursively as follows:

go(t,s) =ho(t,s) =1 forallt,seT,

and for k € Ny,

¢
gry1(t,s) = / ge(o(7),s) At forallt,s €T,

t
hit1(t,s) = / hi(r,s) At for all t,s € T.

We recall the definition of T* and T“k, k>2.

Definition 1.2 ([2]). If T has a left-scattered maximum m, then T* := T —{m}.
k—1

Otherwise, T" := T. And s = (T L k=2
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Theorem 1.1 (]2, Theorem 1.112]). The functions hy and g satisfy

hi(t,s) = (=1)*gi(s,t) forallt € T and all s € T~

It is clear from Definition 1.1 that hy(t,s) = ¢1(t,s) = ¢t — s for all t,s € T.
However, finding g, hy for k£ > 1 is not easy in general. But for a particular given

time scale, for example for T = R and T = Z, one can easily find the functions g
and hy. We have for k € N,

o)k
(1.2) hi(t,s) = gx(t,s) = (t |S) forallt,s e R
and
t—s)k t—s+k—1)k
(1.3) hi(t,s) = (t=s) and gi(t,s) = (tzstk-17 for all t,s € Z,

k!

where t™, m € Ny, is the usual factorial function; ™ = (t —m + 1)tm=1 0 = 1.

We will also use the following result:

Theorem 1.2 (]2, Theorem 1.117]). Leta € T",b € T and assume f: TxT" — R
is continuous at (t,t), where t € T* with t > a. Also assume that f2(t,.) is rd-
continuous on [a,o(t)]y. Suppose that for each € > 0 there exists a neighborhood U
of t, independent of T € [a,o(t)]r, such that

F(0(t).7) = F(s,7) = FA(E7) (0(t) = 8)| S elo(t) =5 forall seU,

where f2 denotes the derivative of f with respect to the first variable. Then
(1) g(t) == [ f(t,7) A7 implies ¢™(t) = [} fA(t,7) AT + f(a(t),1).
(2) h(t) == [ f(t,7) Ar implies h2(t) = [ f2(t,7) AT — f(o(t),t).

2. PREPARATORY LEMMAS
The following lemmas will be essential in order to obtain the main results. The

first one is the time scale analog of the well-known lemmas due to Kiguradze and
Kneser in the case T = R and T = Z, respectively, see [1].

267



Lemma 2.1. Let n € N and f be n-times differentiable on T. Assume sup T = oo
and for any € > 0, the set L¢(o0) := {t € T: ¢t > 1/¢}. Suppose there exists ¢ > 0
such that

f(t) >0, sgn(f2"(t)) =s e {-1,1} forallte L.(c0)

and f2"(t) # 0 on Ls(cc) for any § > 0. Then there exists | € [0,n] N Ng such that
n+ 1 is even for s = 1 and odd for s = —1 with

FA() >0 forallt € Ly, (c0) (with 6; € (0,¢)), i € [1,1— 1] NNy,
(1) A (#) > 0 forallt € Lo(co), i € [I,n — 1] NNy,

The following result provides an explicit formula for the Taylor monomials h (¢, s)
on time scales T unbounded from above, for which the forward jump operator has
a certain explicit form given by o(t) = at + b, where a > 1, b > 0 are constants. In
addition to the fact that it unifies the formulas (1.2) and (1.3), it can also be applied
to time scales T that are different from R and Z; for example, T = hZ := {hn: n € Z}
with h > 0, or

T=¢?:={¢": neZ}U{0} withg>1

(see [2, Example 1.104]).

Lemma 2.2. Let T be a time scale which is unbounded above with o(t) = at + b,
where a > 1, b > 0 are constants. Then the Taylor monomials hy(t,s) on T are given
by the formula

(2.1) ha(t, s) = Hw t,seT, keNo,

where 3; := Y a’ and 0%(s) := s.
§=0
Proof. We will establish (2.1) by induction. Let us denote the right hand side
of (2.1) by hi(t,s). It is clear that ho(t,s) = 1 = ho(t,s) (observe that the empty
product is considered to be 1, as usual) and hy(t,s) =t — s = hy(t, s). If we assume
/~zn = h,, for all n < k for some k € N, then we have

(t—Uk(S))}A
Bk

[hk (t, S)(t — aks — bﬂkfl)]A

P (ts) = [Pt )
_ 1
B
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1

B
_ L

Br
= é[ilk_l(t, S)(f/ — akils - bﬁk—Q)a + ilk(t7 S)]
= é[ﬁk_l(t, s)(t — "1 (s))a + hi(t, s)]

= Bi[aﬁk_lilk(t, S) + ilk(ta S)]
k

= ﬁi{l + aBr_1 thi(t, 8) = hy(t, s).
%

(R (L, s)(o(t) — a¥s — bBr_1) + hy(t, s)]

[hr_1(t,s)(at — a®s — abB_z) + hi(t, s)]

Since ?LkJrl(S, s) =0, we have ?Lk;Jrl = hj+1, and hence the formula (2.1) holds for all
k € Np. U

The analog of the Kiguradze lemma is the following.
Lemma 2.3. Let T be a time scale which is unbounded above with o(t) = at + b,

where a > 1, b > 0 are constants. If x is an (n + 1)-times differentiable function on
[to,00)r with z2'(t) > 0,4 =1,2,...,n and :CARH(t) < 0, then

haa(0(t0) et

(2.2) x(t) > -

(t), t=o" (),

i
where, as earlier, 3; :== > a’.
Jj=0

Proof. For the case n =1, (2.2) is obvious. So let us assume n > 1. We have

t
A (t) = A" (to) + / 2" (s) As

to

and so
(2.3) A7) = 22 (O — o), t >t

From the product rule and o(t) = at 4+ b, we have

20— to) = (a7 ()R ey

Integrating (2.3) from o (o) to ¢, we obtain

24) 20> %x“”(w = Wﬂﬂ“‘l(m t > o(to).
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Integrating (2.4) from o2(ty) to t, and using

:L'An_l(t)t - O'(to) _ (xAn_2 (t)t — UQ(tO))A _ 1 xAn—Q(t)’

B aly aby

we see that

(2.5) A7) > t“;ﬂ A7), 2 0 (t).
2

Now from (2.4) and (2.5), it follows that

xAn73 () > (t— O'(to)ﬁ)l(EQ— gQ(tO))xAn—l(t) _ ha(t, U(to))xAnfl(t)’

Continuing in this manner, we obtain

n—i ]’L‘, t t n— .
22" (t) > w:& "), 2<i<n, t=0 ).
1—1

Setting ¢ = n in the above inequality, we find that

hn-i(to(to) v
ﬂnfl

as desired. O

x(t) > (t), t=o0""(to),

We next establish the time scale version of a lemma due to Onose [12] in T = R.
The result here is for an arbitrary time scale which we state as:

Lemma 2.4. Let n be even and consider the equation
(2.6) 2 (1) + f(t2(p(t) = 0, ¢ € [to,00)r,
and the inequality
(2.7) 22" (1) + f(t2((t)) <O, t € [to, 00)r.

Here we assume f: [tg,00)r X (0,00) — (0,00) is a function with the property
fGw(9): [to,00)T — (0,00) is rd-continuous for any rd-continuous function w:
[to, 0)T — (0,00), and f(.,u) is continuous and nondecreasing.

If Equation (2.6) is oscillatory, then Inequality (2.7) has no eventually positive
solution.
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Proof. Assume to the contrary that there exists a positive solution = of In-
equality (2.7) on [t1,00)y, for some t; > to. Choose t2 > t1 so that ¢(t) > t; for
t > to. From (2.7), we have

(2.8) 22 () < —f(t,z(p(t) <0, t>to.

By repeated integration of (2.8), we get

Un—1+1

s [ [ / [
to Jita ta u

t27

x(te) + @(t, z(e(t))

/ f S, J,‘ )ASA’U,l A’U,n_l

n—1

where the integer 1 <1< n — 1 is from Lemma 2.1.
Now consider the equation

(2.9) 2(t) = a(t2) + (¢, 2(p(1))).

We note that if (2.9) has a solution z(t) > 0 for ¢ > t5, then z is a positive solution
of Equation (2.6). To establish the existence of z, we define the sequence {z,} as
follows:

and for n > 1,

0 x(t) for t; <t < tg,
Zn =
i (t2) + (L, zn (1)) fort > to

Then we see that the z,,’s are well defined and satisfy
0 < z(t2) < zny1(t) < 2p(f), = to.

If we put
z(t) := lim z,(¢), t>ta,
n—oo

then it follows from Lebesgue’s dominated convergence theorem that
2(t) = x(t2) + (¢, 2(p(1)), t =13
for some t3 > t3. Hence z satisfies (2.9) and the proof is complete. O

Remark 2.1. Clearly, Lemma 2.4 holds for any finite number of delays.

3. THE MAIN RESULTS

We shall need to make some assumptions on the form of the forcing term ¢ in the
following.
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Theorem 3.1. Suppose the following additional conditions hold:

(iv) g(t) = hA"(t) for some h € C"([to, 00T, R);
(v) h is oscillatory and there exist two sequences {s,} and {5,} tending to infinity
such that for all n,

(3.1) h(sn) =1inf{h(t): t > sn},
h(8n) = sup{h(t): t > 5,}.
If the second order delay dynamic inequality
(32) uBB (1) + X gi 1 (a(T), () gn—1-1((1), T)g(t)u® ((1)) <0,

where ¢ := 1/8,-1-1(81—1)%, has no eventually positive solution for every constant
0 <A<, every T > ty, and every integer 1 < | < n — 1, then Equation (1.1) is

oscillatory.

Proof. Assume to the contrary that there exists a nonoscillatory solution x of
Equation (1.1). Without loss of generality, we may assume that

z(t) >0 and z(p(t) >0, t=>t

for some sufficiently large t; > tg.
Define y by the equation

(33) y(t) :==z(t) - h(t), t=>t.
From Equation (1.1), we have
v (1) +a(t)z(p(t) =0, t>t.

Then there exists to > ¢ such that

for all t > to. By Lemma 2.1, there exists T > t5 and an odd integer 1 <1< n—1
such that

(3.4) yN(t)>O, i=0,1,...,0—1, t>T,
ym(t)>0, i=0L1+1,....n=1,t>T.
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By Taylor’s formula, we may write
- T

n—I[l—1
A= > A (Ot ) + / ho1-1(t, 0(5))(—y>" (5)) As

=
(e}

n

1 T
S (1R ()ge(nt) + / gn-11(0(5), (=3>" (5)) As.
k=0 t
Using (3.4), we get
U gt 1(0(5), Da(s)2% (o) As, T <<

Now letting 7 — oo and integrating from 7" to ¢, we have

RUET G| " gt (0(), ()2 (o(s) AsAr
1 t o(s)
A [ / gnl1<a<s>7r>m}q(s)x“(so(s))As

" /too Ut gn-1-1(0(s),7) AT} a(s)z®(p(s)) As, t>T.

T
Notice that in changing the order of integration, we have used the following equalities

[ [ oot @(s)mmsr

- / gni—1(0(s), Da(s)a® ((s)) As
o(t)
- / Gn—11(0 (), P)a(t)a® ((t)) Ar,

T

/ " i1 (0(s), ()2 (o(s)) As

[/ / n-1-1(0(s),r)a(s)z (w(S))AsAr]A,

o(t)
/ Gn-1-1(0(8), () (9(t)) Ar

o(s) A
[ [ st masn oty aras]
all of which follow from Theorem 1.2. By direct integration, it follows that
t
-1 -1
7025 @0+ [ (06, Thals)a" (4(5)) As
T

+ /too[gnl(a(s),T) — gn-1(c(s),t)]q(s)x(p(s)) As, t=>=T.
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It can easily be verified that we have for s >t > T,

[1,(o'(s) = T)
T .
) | J e

gn,l(O'(S), T) - gnfl(o'(s)vt) 2 (t -

In view of this inequality,

t n—l1
85 02O+ e [T - Dl ol A9

T =1
oo n—l1
+7H(55_T1)ﬂ / [ (s) = T)a(s)z*((s)) As, t>T.
i=1 it =2

Let us denote the right-hand side of (3.5) by u(t). It is easy to see that u(t) > 0 and
satisfies the second order dynamic equation

In—1-1 (02 (t)a T)
ﬁn—l—l

On the other hand, from (3.1), (3.3), and the fact that z(¢) > 0, y(t) > 0, y>(t) > 0,
it follows that there exists a constant 0 < A < 1 such that for T" sufficiently large,

(3.6) Wt (1) + a2 (p(t) =0, t>T.

(3.7) x(t) = Ay(t), t=>T.

Combining (2.2) with x replaced by y and n replaced by [, (3.7), and the fact that
yAl_l(t) > u(t), we obtain

hi—1(p(t),0(T))
z(p(t)) = B R A

for t > Ty > T sufficiently large. In view of this inequality, it follows from (3.6) that

In-1-1(p(t), T)gi 1 (o(T), ¢(t))
Br—1-1(B1—1)~

u(ep(t))

WA (1) + 20 A (p(t) <0, 3T,

We have shown that (3.2) has an eventually positive solution. This, however, con-
tradicts the assumption of the theorem. The proof is similar if = is an eventually
negative solution of Equation (1.1). O

Remark 3.1. In the proof of Theorem 3.1, the fact that [ > 1 is crucial. It should
also be noted that the case [ = 0 is possible only when n is odd. It follows that, for
unbounded solutions of Equation (1.1), the integer ! associated with y is > 2. Hence
unbounded solutions of Equation (1.1) must be oscillatory if n is odd.
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Theorem 3.2. Assume that q(t) > 0. If the second order delay dynamic equation

uBB () + A g1 (0(T), 9(1))gn—1-1((t), T)a(t)u ((t)) = 0,

where ¢ := 1/0,_1-1(Bi—1)%, is oscillatory for every constant 0 < X\ < 1, every
T > to, and every integer 1 <1 < n — 1, then Equation (1.1) is oscillatory.

Proof. The proof follows from Theorem 3.1 and Lemma 2.4. O
Corollary 3.1. Assume that o = 1 and ¢(t) > 0. If the second order delay
dynamic equation
A
(571*2 H;:lB ﬂi)

is oscillatory for every constant 0 < A < 1 and every T > tg, then Equation (1.1) is

ut(t) + 3 (p(t) = o(T)"?aq(t)ulp(t) = 0

oscillatory:.

Several oscillation criteria for Equation (1.1) can now be obtained from known
oscillation criteria that already exist for (3.2) by means of Theorem 3.1. At this
stage, we will give some examples to illustrate the extent of the use of Theorem 3.1.
The following results deal with the second order delay dynamic equation

(3.8) e®2(t) +p(t)|z(p(1))|*a(p(t) =0, t € [to, 00)T,

where p € Cyq([to, o0)T, R), p(t) = 0, p(t) # 0 on [T,00)7 for any T > to. The first
several results consider the superlinear and linear cases.

Theorem 3.3 ([6]). Suppose that o > 1 and

(3.9) /OO o(s)p(s) As = 0.

If
(3.10) lim sup {t/too p(s)(@)a&s} = 00,

t—o0

then Equation (3.8) is oscillatory.

Theorem 3.4 ([6]). Suppose that o > 1 and (3.9) holds. If
(311) timsup [ ple)o(s)(E2)" s -
. im sup topsas o(5) s = 00,

then Equation (3.8) is oscillatory.
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Theorem 3.5 ([9]). Suppose that o > 1 and o(t) = O(p(t)) ast — oco. If (3.9)
holds, then Equation (3.8) is oscillatory.

Corollary 3.2 ([6]). Suppose that o > 1 and (3.9) holds. If

(3.12) lim sup /ttp(s)(@)a As = o0,

t—00 U(S)
then Equation (3.8) is oscillatory.

Similarly, for the sublinear case we have:

Theorem 3.6 ([10]). Suppose that 0 < o < 1. If

o0
(3.13) [ @) s =,
then Equation (3.8) is oscillatory.

Corollary 3.3 ([6]). Suppose that 0 < o < 1 and (3.9) holds. If (3.12) holds,
then Equation (3.8) is oscillatory.

4. APPLICATIONS

Corollary 4.1. Suppose that o > 1 and

(4.1) | oot 2a(s) 85 = .
If
(42) i s {t | s-a<so<s>>”+a—2q<s)As} — oo,

then Equation (1.1) is oscillatory.

Proof. Conditions (4.1) and (4.2) are sufficient for (3.9) and (3.10) to hold
with
gn—1-1(¢(t), T)gi* 1 (o(T), (t)) 0
Br—1-1(Bi-1)* a
respectively. Note that if the conditions (3.9) and (3.10) are satisfied for [ = 1, then
they hold for all 1 < I < n— 1. Hence (3.2) can not have an eventually positive

p(t) = A*

solution. O
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Corollary 4.2. Suppose that o > 1 and (4.1) holds. If

(4.3) 1imsup/ (p(s)™ 72 (0(s))' " "a(s) As = oo,

t—oo to

then Equation (1.1) is oscillatory.

Proof. Conditions (4.1) and (4.3) are sufficient for (3.9) and (3.11) to hold
with
gn-1-1(¢(t), T)gi 1 (o(T), ¢(t))
Br—1-1(Bi—1)*

respectively. Note that if the conditions (3.9) and (3.11) are satisfied for [ = 1, then
they hold for all 1 < I < n — 1. Hence (3.2) can not have an eventually positive

p(t) = A% q(t),

solution. 0

Corollary 4.3. Suppose that a > 1 and o(t) = O(p(t)) ast — oco. If (4.1) holds,
then Equation (1.1) is oscillatory.

Proof. Condition (4.1) is sufficient for (3.9) to hold with

gn-1-1(¢(t), T)gi* 1 (o(T), (t))

p(t) =A% Br—1-1(B1—1)~

q(t).

Note that if (3.9) is satisfied for { = 1, then it holds for all 1 < I < n — 1. Hence
(3.2) can not have an eventually positive solution. O

Corollary 4.4. Suppose that o > 1 and (4.1) holds. If

(4.4) Jimm sup / (0(5))" 2 (0(5))“q(s) As = oo,

t—o0 to

then Equation (1.1) is oscillatory.

Proof. Conditions (4.1) and (4.4) are sufficient for (3.9) and (3.12) to hold

with
In-1-1(p(t), T)gi* 1 (o(T), ¢(t))
Br—1-1(B1=1)~

respectively. Note that if the conditions (3.9) and (3.12) are satisfied for [ = 1, then
they hold for all 1 < I < n— 1. Hence (3.2) can not have an eventually positive

p(t) =A%

q(t),

solution. 0
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Corollary 4.5. Suppose that 0 < o < 1. If

(45) | eten=e Ve as = o,
then Equation (1.1) is oscillatory.
Proof. Condition (4.5) is sufficient for (3.13) to hold with

In-1-1(p(t), T)gi* 1 (o(T), ¢(t))
Br—1-1(B1=1)~

p(t) = A% q(t)-

Note that if (3.13) is satisfied for [ = n — 1, then it holds for all 1 <1< n—1. Hence
(3.2) can not have an eventually positive solution. O

Corollary 4.6. Suppose that 0 < a <1 and

(4.6) | o) 0 ats) a5 = o

If

(4.7) lim sup/ ()2 D (a(s))"%q(s) As = oo,

t—o0 to

then Equation (1.1) is oscillatory.

Proof. Conditions (4.6) and (4.7) are sufficient for (3.9) and (3.12) to hold
with
gn—1-1(¢(), T)gi* 1 (o(T), ¢ (t))
Br—1-1(Bi-1)*
respectively. Note that if the conditions (3.9) and (3.12) are satisfied for | = n — 1,
then they hold for all 1 <! < n—1. Hence (3.2) can not have an eventually positive

p(t) = A% q(t),

solution. 0
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