Atangana, A, et al.: New Fractional Derivatives with Non-Local and ...
THERMAL SCIENCE, Year 2016, Vol. 20, No. 2, pp. 763-769 763

Open forum

NEW FRACTIONAL DERIVATIVES WITH NON-LOCAL
AND NON-SINGULAR KERNEL
Theory and Application to Heat Transfer Model

by

Abdon ATANGANA “* and Dumitru BALEANU" ¢

@ Institute for Groundwater Studies, Faculty of Natural and Agricultural Sciences,
University of the Free State, Bloemfontein, South Africa
b Department of Mathematics and Computer Sciences, Cankaya University, Ankara, Turkey
¢ Institute of Space Sciences, Magurele-Bucharest, Romania

Original scientific paper
DOI: 10.2298/TSCI160111018A

In this paper a new fractional derivative with non-local and no-singular kernel is
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Introduction

A new derivative was recently launched by Caputo and Fabrizio [1] and it was fol-
lowed by some related theoretical and applied results (for example [2-4] and the references
therein). We recall that the existing fractional derivatives have been used in many real world
problems with great success (for example [5-12] and the references therein) but still there are
many thinks to be done in this dlrectlon

Definition 1: [1] Let f € H'(a,b), a < b, a [0,1] then, the definition of the new
Caputo fractional derivative is:

DL 01= [ e (- 1= s 1)

where M(a) denotes a normahzatlon function obeying M(0) = M(1) = 1. However, if the func-
tion does not belong to H'(a,b) then, the derivative has the form:

DI/ (] = 2 jf(t) £ exp( f;jd’“ @

fo=(0-a)ae[0,©], a =1/(1+ o) €0, 1], then eq. (2) assumes the form:
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DI 1= 22 [£ (exp (— t‘—"j &, N(0)=N()=1
o c

The aim of [1] was to introduce of a new derivative with exponential kernel. Its anti-
derivative was reported in [2] and it was found to be the average of a given function. The de-
rivative introduced in [1] cannot produce the original function when o = 1. However, this is-
sue was, so far, independently solved in [13, 14], respectively. We believe that the main mes-
sage presented in [1] was to find a way to describe even better the dynamics of systems with
memory effect. For a given data we ask the following question: what is the most accurate ker-
nel which better describe it? We suggest a possible answer in the following sections.

New derivatives with non-local kernel

We recall that the Mittag-Leffler function is the solution of the following fractional
ordinary differential equation [12, 15, 16]:

a

d”y
dxa

=ay, O<axl (3)

The Mittag-Leffler function and its generalized versions are therefore considered as
non-local functions. Let us consider the following generalized Mittag-Leffler function:

B -3 0 @
“ = T(ak+1)

The Taylor series of exp [(¢ — y)] at the point 7 is given by:

o r_ _ k
expl-a(t - )= 3 A= IL

=Y

©)

If we chose a = a/(1 — &) and replace expression (5) into Caputo-Fabrizio derivative
we conclude that:

o Nk I d
DL/ O1=112 3 j et ©)

To solve the problem of non-locality, we derive the following expression.
In eq. (6), we replace k! by T'(ak +1) also (¢—y)" is replaced by (¢ — y)™ to obtain:

o M@) & (a1t df() ak
D t)|= t— d
o=, % F(akﬂ){ g [N
Thus, the following derivative is proposed.
Definition 2: Let fe H 1(a, b), a<b, a€[0,1] then, the definition of the new
fractional derivative is given:

DI O)= 22 [ WE, {—a M} v o
—a |
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Of course, B(a) has the same properties as in Caputo and Fabrizio case. The previ-
ous definition will be helpful to discuss real world problems and it also will have a great ad-
vantage when using the Laplace transform to solve some physical problem with initial condi-
tion. However, when o = 0 we do not recover the original function except when at the origin
the function vanishes. To avoid this issue, we propose definition 3.

Definition 3: Let /e H'(a,b), a<b, a<[0,1] then, the definition of the new
fractional derivative is given:

B 01= 2D L [0, {—a (’l‘—x)} dr ®

l-a Ea -

Equations (7) and (8) have a non-local kernel. Also in eq. (7) when the function is
constant we get zero.

Properties of the new derivatives

In this section, we start by presenting the relation between both derivatives with La-
place transform. By simple calculation we conclude that:

a
LMD (p) = 2D 2 LT OND) ©)
l—a  a, @
-
and
LB DL F(O]) () = 119(02 P LU0} () - p*f(0) (10)
Pl
-«
respectively.
The following theorem can therefore be established.
Theorem 1: Let f e H'(a, b), a<b, a<[0, 1] then, the following relation is ob-
tained:

BIDILF O] = “EDILf(O1+ H(t) (11)

Proof: By using the definition (11) and the Laplace transform applied on both sides
we obtain easily the result:

B(a) p“L{ M} p) _ p*" f(0) B(a)

LETD T O (P) == ” . (12)
(24 pa +17 pa +-= a
—-a I-«a
Following eq. (9) we have:
a1
LEHDELA O () = LD 0l () - LSO 2 (13)
pir—
-«

Applying the inverse Laplace on both sides of eq. (13) we obtain:
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ECDIL£(1)] = “BRDILS (1)] - (“) f(O)E[1 r“j (14)
-

This completes the proof.
Theorem 2: Let f be a continuous function on a closed interval [a, b]. Then the fol-
lowing inequality is obtained on [a, b]:

B(a)

[ #5pr ol <2 K, (4] = max [4)| (15)

Proof:

B(a)

_B@
2 5D | )

“ ABRDa[f(t) H

B(a) d If( \E, { (1_x)a} ‘
24

Then taking K to be || f(x) || the proof is completed.
Theorem 3: The A.B. derivative in Riemann and Caputo sense possess the Lipschitz

condition, that is to say, for a given couple function fand 4, the following inequalities can be
established:

Jf() ‘

| *8DeLro1- Dol < H | £ - ho)| (16)
and also:
| “*Sortr@n-opsthml|< # | 7o - ho)| (17)

We present the proof of (16) as the proof of (17) and it can be obtained similarly.
Proof:

| “#sprrro1- e -| 22 jf( )E{ ﬂ‘”ﬂdx
-«

B d fh( JE [ (l_x)a}dxH
—a

1l-«

Using the Lipschitz condition of the first order derivative, we can find a small posi-
tive constant such that:

W%WUW;%meHB@@E( ?J

[7Codx— jh(x)dxH (18)
0 0
and then the following result is obtained:

|- sl <22 E, ( - J L) -k £ = H | £ - o)

which produces the requested result.



Atangana, A, et al.: New Fractional Derivatives with Non-Local and ...
THERMAL SCIENCE, Year 2016, Vol. 20, No. 2, pp. 763-769 767

Let f'be an n-times differentiable with natural number and fk) 0)=0,k=1,2,3,...

... n, then by inspection we obtain:
o dn x dl‘l o
oy SL S sy (19)

Now, we can easily prove by taking the inverse Laplace transform and using the
convolution theorem that the following time fractional ordinary differential equation:

DL )= u(0) (20)
has a unique solution, namely:
-« a ' el
FO= G O e i”(y)(t »“dy

Definition 4: The fractional integral associate to the new fractional derivative with
non-local kernel is defined:

ABya _l—_a a t el
@) =g S SO+ s [roe-»*"dy 21

a

When o = 0 we recover the initial function, and if « = 1, we obtain the ordinary inte-
gral.

Application to thermal science:
A new heat transfer model

The analyses of the experimental data coming from the investigation of dynamics of
complex systems is still an interesting open problem. Therefore, new methods and techniques
are still to be discovered to and apply with more success to have an even better description of
the dynamics of real world problems. Particularly, finding new derivatives suggested in this
manuscript is because of the necessity of employing a better model portraying the behaviour
of orthodox viscoelastic materials, thermal medium, and other. The new approach is able to
portray material heterogeneities and some structure or media with different scales. The non-
locality of the new kernel allows better description of the memory within structure and media
with different scales. In addition of this, we also rely that this new derivative can play a spe-
cific role in the study of macroscopic behavior of some materials, related with non-local ex-
changes, which are predominant in defining the properties of the material [1]. Thus, this new
derivative will be very useful in describing many complex problems in thermal science. We
recall here that another derivative was introduced in [17, 18] with the aim of solving some
problems within the scope of thermal science.

To describe the time rate of heat transfer through a material with different scale or
heterogeneous, we propose a new law of heat conduction which will be refereed as fractional
Fourier’s law. The fractional Fourier law states that time rate of heat transfer via material with
different scale is proportional to negative gradient in temperature and area at right angles to
that gradient via which the heat flows and is given:

AB(DfQ =—k $VTdd (22)
S
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where AB%D,“Q(}’, t) is the amount of heat transferred within material with different scale per
unit time. Now, for heterogeneous material of 1-D geometry between two endpoints at con-
stant temperature, produced a new heat flow rate:

‘L—? =—kA PR DT (23)

For instance, in a cylindrical heterogeneous shells like a pipes, the heat conduction
via an heterogeneous shell will be determined from internal radius, 7, and the external radius,
1y, the length, L, and the difference between inner and outer wall we have:

99 s irka (24)
dr

Rearranging and apply the Laplace transform on both sides, then applying the in-
verse Laplace transform, we obtain:

T, -T, :i 1+£ r2—1+0‘ {aHyper geometric PFQ {{1, L1-a},{2,2}, :—1} 14 —}
- 2

- {Harmonic number [ ]+ In {i}} 7y (25)

n
where K is the constant, L [m] — the length, R [m] — the radius, and T [°C] — the temperature.

Conclusions

The aim of this paper was to suggest new derivatives with non-local and non-
singular kernel. To achieve this goal, we make use the generalized Mittag-Leftler function to
build the non-local kernel. One derivative is based upon the Caputo viewpoint and the second
on the Riemann-Liouville approach. We derive the fractional integral associate using the La-
place transform operator. The new derivative was used to model the flow of heat in material
with different scale and also those with heterogeneous media.
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