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Abstract

This study investigates stability of Caputo delta fractional difference equations. Solutions’
monotonicity and asymptotic stability of a linear fractional difference equation are discussed. A
stability theorem for a discrete fractional Lyapunov direct method is proved. Furthermore, an
inequality is extended from the continuous case and)a sufficient condition is given. Some linear,
nonlinear and time varying examples are illustrated and the results show wide prospects of the
stability theorems in fractional control systems of discrete time.
Keywords: Fractional difference equations; Monotonicity; Asymptotic stability; Caputo-like

delta difference

1 Introduction

Fractional calculus is playing a crucial role in modern control areas. Stability theory of fractional
differential equations ispfrequently used in fractional controllers. But due to the memory effects of
fractional operators, it’s not an easy task to directly extend the normal Lyapunov stability results to
fractional cases since the Leibniz law becomes complicated and cannot hold generally.

Matignon [1]inhis seminal work gave an explicit stability condition for a linear fractional equation.
He derived a stabjility condition which depends on the order of a fractional derivative. Chen, Li et al. [2]
propesed a fractional Lyapunov direct method. The authors defined and discussed Mittag—Lefler sta-
bility ‘'offractional dynamical systems. Aguila—Camacho et al. [3] gave a useful inequality for sufficient
conditions of Lyapunov stability without using the complicated Leibniz law. The methodology shows
a broad prospect in fractional calculus and some recent applications are given in [4-10].

Fractional difference equations have been paid much attention recently, for example, initial value

problem [11], boundary value problem [12-15], discrete fractional calculus of variation [16] and Laplace
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transform [17]. Some results of stability and other applications have been provided in [18-32]. In this
paper, we use the idea [3] and give a direct method to analyze stability of the following discrete
fractional systems

CAVx(t) = f(t +vh,x(t +vh), 0 <v <1, (1)

where { AVz(t) denotes the Caputo-like delta fractional h-difference of x(t) on sets of discrete time
(MN)gr(1—yp ={a+ (1 =v)h,a+ (2 —v)h,..}.

2 Preliminaries

The following definitions for the discrete fractional calculus are introduced.

Definition 2.1. (Fractional sum [11,33]) Let x : (hN), — R and 0 < v be given. a _is’a starting

point. The v—th order h—sum is given by
N (-1 _
WAV (t) Z(t o(sh)Y " Va(sh), o(sh) =(s+ DhaeR, t € (AN)arn  (2)

where the h—falling factorial function is defined as
L(;+1)

W) _ v
;) =h" —————
h F(t+1-v)

t,n e R (3)

Definition 2.2. (Caputo delta difference [34-36]) For x(t) defined on (hN), and 0 < a, ¢ N, the
Caputo-like difference is defined by

CAYx(t) = A;(m_a)Amx(t), t € (MN) ot (m—a)hs (4)

where Azx(t) = M and m = [af(+ 1.
If the fractional order « is a positive integer m, then we have the following definition

TACx(t) == A™x(t), t € (hN),.

Property 2.3. The following properties are useful in this paper:
Fractional Caputo difference of a constant x [85]

CAVr(t) =0, 0<v < 1; (5)
Delta difference of|the h—falling factorial function [36]
At = sh)y = vt = o(sh); ™" (6)
Diserete Leibniz integral law [35, 56]
WALyt Ag(t) = x(t) — 2(a), 0 <v <1, t € (hN)asn; (7)

Summation by parts

t4v-1 t4v-1
> glsh+h)Af(sh) = Z f(sh)Ag(sh) + 1 << Wa(sh) 1127, te (MN)asqown-  (8)



For the following fractional difference equation
RALE(t) = f(t+ (v = Dh,a(t + (v = 1), t € (AN)aya -y, 9)

some results have been obtained, for example, the definition of the Lyapunov stability in [37], existence
and asymptotic results in [21,22], asymptotic stability of discrete time varying systems [23] and
applications of stability results [26]. Eq. (1) is a new fractional difference equation which is distinct
from (9). See the numerical examples in Section 3. It’s evident that Eq. (1) is an implicit relationship
with respect to z(n + 1). To the best of our knowledge, few work has been done. In this/Section, wé
give some basics and stability results of the discrete fractional equations.

Definition 2.4. Let x = 0 be an equilibrium point of Eq. (1) and to = a is the initial time. The
equilibrium point is said to be stable if for all € > 0 there exits a § = §(to, €) 3 0 suchthat if

Ix(to)]| < & then |[x(t)]| < e, ¥t > to, t € (AN)s.

Remark 2.5. In this paper, we state that all the results are considered when the equilibrium point is
x = 0. If the equilibrium point is x* # 0, we can use a change of variable y = x — x* and derive the
Caputo difference of y as

gAZy = CAZ(X =x") = f(t,x) = f(t, yx)=m(ty), 0<v <1, (10)
and we can see m(t,0) = f(t,x*) = 0. The‘mewly\ obtained system (10) has the equilibrium point
y = 0. As a result, we only need to consider thescase of the equilibrium point x = 0 in the original
system.

Definition 2.6. An equilibrium point is asymptotically stable if there exits a 6 = 6(tg) > 0 such that

[Ix(to)|| < 0 implies tlim x(t) =0, t € (AN)y,.
—00

Existence results’of Riemann-Liouville (R-L) fractional difference equations were given in [22] by
use of fixed pointatheotems.” Considering the relationship between the R—L difference and the Caputo
difference, we do not give the proof here. Readers are suggested to consult [21,22] and the references
therein. We eanisay, the following linear fractional difference equation

CAVu(t) = Mu(t +vh), u(a) =u., 0<v <1, te (AN) gy (1-0)n (11)
has a unique solution.
Lemma 2.7. If u(t) is a solution of Fq. (11) and X < 0, then Au(t) < 0 for all t € (hN),.

Proof. Arguing by the contradiction, we assume that there exists a first point ¢; such that Au(t) >0
in the set [t1, t2]((AN)a1n, where t1,t2 € (hN), and Au(t) < 0 in the set [a, t1][(AN)qgtn.



Let t5 = to —vh and t] = t; — vh. We can calculate that
R AGu(ts) = Adu(t])

3
“+v—1

T+V*1
h . — h " . —
) STt a(sh)y Y Asu(sh) — i) (t; — o(sh)\ ) Asu(sh)
s=% s=%
i—5—1/—1
hoo" i _ . _ (12)
— o 2 (B ok = - o)) Au(sh)
s=%
R ()
TR ) Z (t5 — o (sh)), " Asu(sh).
s:%+u
Since (t5 — a(sh))é_y) >0 and (t5 — a(sh))é_l’) — (5 — a(sh))g_y) < 0, we can deriye that
R Abulty) = Aqu(ty) > 0.
On the other hand, due to A < 0 and u(t;) < u(tz2), we have
CAVu(ty) — CAYu(ty) = Mu(ts + vh) — u(t; + vh) )= M(ty) — u(ty)) <0,
which results a contradiction and we conclude that the lemmatholds.
O

Lemma 2.8. If A\ < 0 and u(a) > 0, the solution u(t) of Eq. (11) holds that u(t) > 0 for allt € (hN),.

Proof. From Lemma 2.7, we can see that Au(t) <0 leads to

TAYu().<0, 0<v <1, V¥t € (AN)yp(1-p)n-

As a result, u(t) of the r.h.s of (14) should be positive when A < 0.

Lemma 2.9. If A <0 and w(a) >0, the solution u(t) of Eq. (11) has the limit as
tll)rgc u(t) =0, t € (hN),.

Proof. From Leémma 2.7yand Lemma 2.8, we can see the limit exists. Arguing by the contradiction,
we assume limss, o u(f) = ¢ > 0 for t € (hN),.

Taking the fractional sum to both sides of (11), we have

u(t) — u(a) = % S (t—o(sh) Vulsh+vh),t € (hN)asn (13)
s=p+l-v

Considering each u(sh + vh) > u(t) > 0,s = ¢ +1—v,...,+ —v and A <0, we get

t

A u v—1)h—a)
) ulw < ulfy S (o)) = AMNEEEIEE I e . (1)
s=p+1l-v



Let ¢ tend to infinity. The Lh.s. of Eq. (14) becomes
fhm (u(t) — u(a)) = c—ula) <0, (15)
—00

while the r.h.s. results

At+ (v —1)h—a)”

Jim u(?) T(1+v) - (16)
This yields a contradiction and we conclude that lims_, o, u(t) = 0. O

Lemma 2.10. Let u(t) and g(t) satisfy
TAYu(t) = du(t +vh), 0<v <1 (17)

and the inequality
SAVg(t) < Ag(t + vh), (18)

respectively. If A <0 and g(a) = u(a), then g(t) < u(t) for all t € (hN)g.

Proof. Using the discrete Leibniz integral law (7), we can equivalently derive that

VI I(t—s)
u(t) = u(a) + o) SZQZH?V mu(sh),t € (hN)apn (19)
and
0 <o+ 15 3 R el € (e (20

Let t = a + nh, 1 <n and u(a + n)i= u(a+ nh) for simplicity in the rest of the paper. We have

numerical formulae of the equations as

n—1

u(a +4) Baula) + rA(hy) 5 F(n;(i:§)+ Dt j+1) (21)
j=0
and
gle’r n) < gla) + If(hy) > F(”F_(iii.f Dglatj+1), (22)
j=0
respectively.

Since both sides appear u(a + n) and g(a + n), we solve Eq. (21) and (22) to obtain

_ ufa) —T'(n—1—j+v) )
ula+n) = 1—)\h"+ h"F ;) Tln =) u(a+j+1),
and (23)
n—2 .
s(a) Pn—1-j4v)
< 1).
glatn) s 75w T )\hV Z Ty datith

JZO



Let n =1 in (23). We can obtain u(a + 1) and g(a + 1) as

u(a)
1— b’
which lead to g(a + 1) < u(a + 1) due to the fact g(a) = u(a).

We assume for n = k, the inequality holds g(a + k) < u(a + k), 1 < k. For n = k + 1, from Eq.
(23), we have

gat1) < 99 (24)

wat1) = 1— \b¥

e

1

u(a) A1 <T(k—j+v) )
k+1)= 1
watk+1) 17/\h”+1—)\h”F(u)jZOF(k+1fj)u(a+‘7+ )s
and (25)
k-1 .
ARY 1 I'(k—
gla+k+1)< 9(a) + ( J+y)g(a+j+1).

L= T T= A T() & Tk +1— )

We compare each term of the r.h.s. of (25). Since g(a) = u(a), g(a +)<'u(a+1),..., gla+k) <
u(a + k), we get g(a+k + 1) <wu(a+ k+1). This completes the proof.
O

Discrete class K functions, positive definite and decrescent functionsswere defined as Definition 3.3

and Definition 3.4 in [37]. Lemma 2.7 — Lemma 2.10 still Holdfér the fractional difference equation
RALU(t) = =y (U™ (t + vh)) \ FellN) o+ (1), (26)

where U*(t) is a positive definite and decrescent scalar function and ~ is a discrete class K function.
Then we present the following theorem of a discrete fractional Lyapunov direct method for Eq. (1).

Theorem 2.11. Let x = 0 be an equilibritim_point of Eq. (1). If there exists a positive definite and
decrescent scalar function V(t,x(t)), discrete class—IC functions vy1,v2 and 3 such that

Yl 2OND S VI 2() < va(ll (8) ), t € (AN)a (27)

and
ROVt z(8) < —ys(]| (t +vh) |)), t € (AN)ay—v)n, (28)

then the equilibrium/point istasymptotically stable.

Proof. From Egs. (27)%and (28), we have
RATV (8, 2(t) < =30 (V(E+vh,a(t +vh)), t € (AN)at(1-u), (29)

where 75 Ldenotes the inverse of 5. It is evident that 5 o Yo 1is a discrete class K function.
Considering a fractional difference equation

AUt (1) = —s(yz (Ut + vh,a(t + vh)), t € (AN)ar(1-uyn (30)

V(t,z(t)) is bounded by the solution U(t,z(t)) from Lemma 2.10. V(¢,z(t)) is a positive scalar
function and we can derive lim;_,, V (¢, z(t)) = 0 according to Lemma 2.9. Since -, is a discrete class
K function, it follows that lim;_, . x(¢) = 0 due to the fact v1 (|| z(¢) ||) < V(¢t,z(¢)),t € (hN),. This
completes the proof. O



3 Stability Analysis of Fractional Difference Equations

Theorem 2.11 can be used to analyze stability of Eq. (1). But it’s not easy to construct «; functions
directly. In this section, we present another Lemma and sufficient condition. We first introduce the

following Lemma. In the rest of the paper, we assume the initial point a = 0 for simplicity.
Lemma 3.1. (Discrete comparison principle) For0 < v < 1, if Y A%x(t) > (A y(t), Vt € (AN)op(1-0)n
and x(a) = y(a), then

x(t+vh) > y(t +vh). (31)

Proof. Let F(t) = 2(t) — y(t). Due to { A%z > Ay, we have

RALF() >0, (32)
which can be written explicitly
h %+l/71
) ST (t—a(sh) T AF(sh) > 0, tEe (M) T o (33)
S=1
)
Using the summation by parts (8), let g(sh) = (t;(slhiz’l’/) and,_f(sh)'= F(sh). We derive
v Lyt
(t —sh)t™) i, ho2 Y
T e I~y € osm)i Rk > 0. (34)
§=h
)
Considering F'(sh) |s=a= x(a) — y(a) = 0 and % |s= 4,= h™", we can obtain
try—1
1 " (L —5s)
F(t+vh)> L F(sh). 35
CHMEST T L TE st M (35)
" h
For t = a+ (1 — v)h, we have F(t¢+ vh) = F(a+ h) > ?é;)) = 0. Since the discrete kernel holds
r( - )
L=t —stvrn > 0 1€ Nara-np,

it successively follows that

x(t+ yh) — y(t + vh) = F(t + vh) > F(sh) >0

I(1-v)

and this completes the proof.
In the fractional calculus, Aguila—Camacho et al. [3] proposed a useful inequality for Lyapunov

functions. we extend this result to the following discrete case.

Lemma 3.2. For any discrete time t € (hN)q1(1-,)p, the following inequality holds

CAVZE(t) < 2z(t + vh)§ AVx(t), 0 < v < 1. (36)



Proof. We need to equivalently prove
CAVZ2(t) — 2x(t + vh){ AVz(t) < 0. (37)
The Lh.s. can be rewritten explicitly as
( v) _
F(l — Z a(sh))y " Ag(a?(s) — 22(t + vh)z(sh)). (38)

Considering Agz%(t + vh) = 0, we add it into (38) such that

h+u 1

GAY22(t) — 2a(t + vh)§ AVa(t) = Z (t — o (sh)) T Ay (x(sh) = (b)), (39)

Using the summation by parts (8) again, let g(sh) = (t — sh)é_y) and f(sh) =«(@(sh) — z(t + vh))>.
We obtain

CAVZ(t) — 22(t + vh)§ Alx(t)

_ t4v-1 - 1) .
- F(lifu) > (a(sh) —a(t+ k) At — sh)) + (tr(lifi))( (sh) = w(t +vh)* |12
t4v—1 ) (t—a)(_y)
= p(l _— Z (w(sh) — 2 (t +vh)(t — olsh) )P — ﬁ(x(a) — x(t +vh))? <0. (40)

This completes the proof.

Remark 3.3. For x = (z1(t), ..., 20, (t)) Tat/c (hN) oy (1—v)n, Lemma 3.2 still hold. For example, we
can have Lemma 3.2 as

f ALK ()%() < 2" (1 + vh)f Agx(1), t € (AN)ar—wn- (41)
Example 3.4. Congider a'discrete version of Example 2 in [3]

SNV (t) = —x1(t + vh) + 23(t +vh),0 <v < 1,

TAYxo(t) = —z1 (t+ vh) — 2a(t + vh), t € (AN) o (1-)n )
with the ingtial conditions x1(0) = 0.4 and z2(0) = 0.8.
We usesthe Lyapunov function V = Jx3(t) + f23(t). According to Lemma 3.2, we have
CALV < mt+ VR AL (1) + Sad(t + ) AL ()
< a1 (t+ vh)§ Aa (t) + 23(t + v)§ Alaa(t) (43)

= —22(t + vh) — 23(t + vh) < 0.

As a result, the system is asymptotically stable from Theorem 2.11.



On the other hand, the numerical formulae can be given accordingly

m(n+ 1) =2(0) + doy Yo thoit (eG4 D 423G+ D) ;m(@ =01,
_ K G 5 M | } (44)
zo(n+1) = 22(0) + ) =0 W(—azl(] +1)—x2(j + 1)), z2(0) =0.2.

This is a nonlinear system and we cannot establish an explicit recurrence relationship for x1(n + 1)
and za(n + 1) as Examples 3.6-3.8. Besides, considering the predictor—corrector method [38,39] for
fractional differential equations, we need to design the predictors and correctors. Since it is imp@ssible
to give a predictor formula, we also cannot apply the predictor—corrector method. We adopt the famous
Newton—iteration method for the solutions and all the calculation are performed with.Maple. The
asymptotic stability of the system is shown in Figs. 1 and 2 where v = 0.9, N = 500 and./» =10.1. We
can see the Lemma 3.2’s usefulness.

Theorem 3.5. If x = 0 is an equilibrium point of (1) and x(t + vh)f(t +vh, 26+ vh)) < 0 for
Vt € (hN)ay1—vyn, then Eq. (1) is asymptotically stable.

Proof. Use a discrete Lyapunov candidate function V (¢, z(t)) = $22(t).
If 2(t + vh) f(t + vh,z(t + vh)) < 0, then we have

CAVV < x(t+vh)S AV (t) = z(t + vh) f(t4vhja(t + vh)) <0

which means the fractional difference of V (¢, z(t)) is negative, definite.
Considering the property (5) and the comparison pfingiple (31), we can obtain

V(t,z(t)) < V(0,2(0)), t € (hN), (45)

or ) \
t
2(0)°,2°(0)
2 2
According to the definition of the stability 2.4, we can determine the origin is stable.

(46)

On the other hand, the fractional difference of the V function results negative definite. The used
Lyapunov function is positive définite. As a result, the equilibrium point is asymptotically stable from
Theorem 2.11. This completes the proof.

The following examplés are used to show the convenience of Theorem 3.5.
Example 3.6. Consider thelinear discrete fractional equation
WAZB(EY = —2(t+vh), 2(0)=0.1, 0<v <1, t€ (AN)sr(_p)n- (47)
We check that
Z(t+vh) f(t+ vh,x(t + vh)) = —2*(t + vh) <0, t € (hN)gy—vyn- (48)
Hence, the equilibrium point z(t) = 0 is asymptotically stable according to Theorem 3.5.

Example 3.7. The linear fractional difference equations

SAle(t) = —z1(t +vh) —z2(t +vh), £1(0) =0.1, 0 <v <1,

(49)
TAYo(t) = 1 (t + vh) — 2xa(t + vh), 22(0) =0.2, t € (AN)op(1-)n

have a trivial solution x(t) = 0.

10



We calculate that
xT(t +vh) f(t + vh,x(t + vh)) = —23(t + vh) — 223(t + vh) < 0. (50)

We can conclude that the system is asymptotically stable.
We now consider numerical simulations to show Theorem 3.5’s validness. In fact, Eq. (49) can be

rewritten in an implicit numerical formula

zi(n+1) = 21(0) — s ST Fmt A (@1 (5 + 1) + 225 + 1)),

) —
T'(n—j+v) . . (51)
2a(n+1) = 22(0) + fr5 Yo Ta—rn (@1 +1) = 222(j + 1))

Since both sides contain x1(n + 1) and z2(n + 1) and the system is linear, we can solve them and

obtain
1 e z1(n+1)
—71_[‘221, 1 za(n +1)
xz1(0) n—1I'(n—j+v . .
[ Hw- <1+hu)m> Sy P (11 (5 + 1) #aa T + D) (52)
z2(0) n—1 T'(n—j+v) . .
TEane T T gm0 Ty (017 #A) — 225(5 + 1))
or
z1(n+1)
xa(n+1)
/ -t (0) 1 T(n—j+v)
Y T1 n— n—j+v . .
_ 1 T+hv T+hy — 1+h")F SPai—0 T @1(f +1) + 22(j + 1)) (53)
h” z2(0 n—1 I'(n—j+v . . ’
“i3ow L 1f§h)v 4 (1+2h")F(u) > i—0 pﬁnfﬁ-ﬂi (@1 +1) = 222(j + 1))

from which we can successively defive the'mtumerical values of z1(n) and z2(n). Set v = 0.6, h = 1
and n = 200. Plot the solutiong*x; () and x2(n) in Figs. 3 and 4, respectively. We can see z1(n) and
x2(n) tend to zero as n — od, Tespectively.

Example 3.8. Consider.a discrete time varying system of fractional order

O Alg () = =2z (t + vh) + taa(t + vh), 21(0) =04, 0 <v <1,
ALz () = —tx1(t + vh) — 22(t + vh), 22(0) = 0.8, t € (AN) g (1—1)h-

We can calculate
x?(t + vh) f(t + vh,x(t + vh)) = =227 — 23 < 0.

It is evident-that the system is asymptotically stable from Theorem 3.5.

Conclusions

Fractional difference equations are a new class of discrete equations. They hold discrete memory
effects and have been used in fractional modeling. However, on the other hand, one cannot directly

use properties of normal difference equations because of the memory. This paper defines the Lyapunov

11



stability for a class of implicit fractional difference equations and presents a sufficient condition to
distinguish the stable area of fractional systems. Furthermore, the fractional difference equations’
numerical formulae are given and the numerical simulation supports the theories. The result can be
further used in the fractional controlling or design of fractional controllers of discrete time, for example,
discrete fractional network, chaos synchronization of discrete time and so on. We will consider these

possible applications in our future work.
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Figure 3: Asymptotic stability of z; for v = 0.6. Figure 4: Asymptotic stability of zo for v = 0.6.
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