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1 Introduction

Fractional calculus has many real-world applications in various fields of science and en-
gineering [1-10]. During the recent years, the researchers started to think how to enlarge
the range of fractional calculus by constructing operators with different nonlocal kernels.
For example, a new nonlocal derivative without singular kernel was introduced in [11].
After that, this new fractional operator was utilized to get more information from solv-
ing different fractional differential equations corresponding to complex phenomena (the
reader can see, for example, [11-20], and the references therein). Let use consider b > 0
and x € H'(0, b) together with o € (0,1). For a function x, Caputo and Fabrizio defined
its fractional derivative (CF) of order o as “F C*x(p) = 1 a) f i exp( (p — w)x'(w) dw,
where t > 0,and M(«) is such that M(0) = (1) = [11] The correspondmg fractional inte-
gral of order « for the function x is “FI%x(p) = o a) M(a x(p) + Gt fo x(w) dw whenever
0 < o < 1[21]. Also, the values of the function M were found as M (oc) =5 forall0 <a <1
[21]. Taking into account the results mentioned, for a given function x, 1ts fractional CF of
order e becomes “¥C%x(p) = = fo exp(—1% (p —w))x'(w)dw for t > 0 and 0 < @ < 1 [21].

In this way a new type of fractional calculus was established. The aim of the manuscript

is to propose a new operator named the infinite coefficient-symmetric Caputo-Fabrizio

fractional derivative and to study some its properties.
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2 Basic tools and new fractional operators

We further introduce some basic notation.

Lemma 2.1 ([21]) Let us consider the equation ¥ C*x(t) = y(t) such that x(0) = ¢ and 0 <
a < 1. The solutions of this equation has the form x(p) = ¢ + a(y(p) — ¥(0)) + by f(f y(2) dz,

2-a) =1-aandby = 2a

where d, = G~ = 2-a)M(@)

=.

Let ¢ > 0. We consider a metric space (Z,d;), a selfmap G on Z, and a mapping « :
Z x Z — [0,00). As a result, we say that G is a-admissible whenever «(t,s) > 1 implies
a(Gt, Gs) > 1 [22]. An element zj € Z is called an e-fixed point of G if d(Gzy,zp) < &. We
say that G possess the approximate fixed point property if G possesses an ¢-fixed point for
all £ > 0 [22]. Denote by R the set of all continuous mappings j : [0, 00)*> — [0, 00) sat-
isfying j(1,1,1,2,0) = j(1,1,1,0,2) := [ € (0,1), j(ut1, uta, puts, juta, its) < wj(ty, b2, t3, ta, ts)
for all (t;,t,t3,t4,15) € [0,00)° and u > 0 and also j(t1, ta, 3,0, £4) < j(s1,52,53,0,54) and
j(t1, ty, L3, t4,0) < j(s1,82,83,54,0) whenever t,...,t,81,...,54 € [0,00) with # < si for k =
1,2,3,4 [22]. Next, we recall that G is called a generalized «-contractive mapping if
there exists j € R such that «(¢,s5)d1(Gt, Gs) < j(dy(t1,81), d1(t1, Gty), di(s1, Gs1), di (81, Gsy),
dy(s1, Gty)) for all ty, 51 € Z [22]. We need the following key result.

Theorem 2.2 ([22]) Suppose that there exists ty € Z such that a(ty, Gty) > 1. Then G pos-
sesses an approximate fixed point, where (Z, d) is a metric space, o : Z x Z — [0, 00) denotes

a mapping, and G represents a generalized o-contractive and a-admissible selfmap on Z.

Let {L;,:}i>1 be a sequence of operators on a set. For reduction and approximation in
large and infinite potential-driven flow networks, there is a method of using 2-arrays and
continued fractions (see [23] and [24]). In fact, it is sufficient to arrange the operators
{L;5i}i=1 symmetrically on a 2-array, and by using a continued fraction we make a new
operator Ly from the operators L;,:, where N is a natural number (see [23] and [24]).
First, we arrange the operators L;,; on a 2-array (tree) as in Figure 1 (see [23]).

Now, using a finite continued fraction, consider the new operator Ly defined by

1

Ly = 1 + 1
L 1 L 1
1+ T N T 12+ T A T
Lo+t — 1 I Log+et — 1 I L23+~-+—1+1— L24+,..+1—11_
N 'L Ins 'L TooN—3 "L N LooNna'L
N1 LN2 N3 N4 NoN-3  LyoN-2 NoN-1  LyoN

Here, we replace symmetrically the operators L; with “FC* for j odd (the upper branch)

and “FC? for j even (the lower branch) as in Figure 2.

Figure 1 An N generation tree network
composed of the operators L, ,;.

P
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Figure 2 A symmetric generation tree network )'/

composed of the operators CFC? and FC#. e
o Fou
...... oo

e
Figure 3 A coefficient-symmetric generation nres
tree composed of the operators <EC* and <8, = #TC— e “’<c’
M

444444 Paul
...... }li(‘l’ca
...... i CFOP

Put

CFC(a,ﬂ) _ CFC(a,ﬁ) _ 1
1 -1 . 17 2 = 1 + 1
CFca CFchB CFCo . 1 I CEcB 4 I 1 T
CFca "CFcP CFca "CFCP
and
CE (o)
&
1
= 1 1
Crcay - T - t Crchy . I ;
(S —— * CF B, B — [S72 —— *CFch, S —
CFca "CFCA CFca "CFCA CFca ' CFCP CFca ' CFCA

Continuing this process, we can define the new operator CF(C;S["S ). Now, we define the in-
finite symmetric CF fractional derivative by CECYP) _Yimy_, o CF(CX);’ﬂ ). A simple calcu-
lation shows that CFC%#) = (CECeCF P )%, Similarly, we can define the infinite symmetric

CF fractional integral F1%” by

CFy(e,B) _
Hoo - 1 + 1
CFja 4 1 I CFB I
CFra,.. " CFif .. CFra,.. "CFiB, ..

Let i > 0, 1 # 2. Putting 1/ "'“FC® on the upper branch and 1*-'“¥ C# on the lower branch
in the ith stage as in Figure 3, we can make the infinite coefficient-symmetric CF fractional
derivative as a generalization for last case.

In fact, we define

CF () _
(C(M,OO) - 1 + 1 ’
CFca 1 I CFcB 4

1 1 1 1
/J.CFCO‘+--»+;A.CFC/3+~~ /J.CFC‘X+---+;A.CFC/3+~»
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and so

CF(Caa) _

(n,00) — 1 + 1
CFca+MCF(CgZ:°;Z) CEca +MCF@§Z’,‘;‘1)

This implies that
S

3 Results
To show our results, we recall below two lemmas [15] under the assumption that x,y €
HY0,1).

Lemma 3.1 ([15]) If there exists a real number Ky such that |x(p) — y(p)| < Ky forall p €
[0,1], then |“FCx(p) — FCy(p)| < 2 — Klfor all p € [0,1].

Lemma 3.2 ([15]) Assume that x(0) = y(0) and there exists a real number Ky such that
x(p) - ¥(p)| < Ki for p € [0,1]. Then |“FC*x(p) - “*C*y(p)| < = CapKiforall p €[0,1].

Let x,y € Cr[0,1].

Lemma 3.3 ([15]) If there is K1 > 0 such that |x(p) — y(p)| < K for all p € [0,1], then

|“E1%x(p) — CFIy(p)| < Ky for p € [0,1].

Now we are ready to show our main results. Using Lemmas 3.1 and 3.2, we obtain the

next key results.

Lemma 3.4 Letx,y € H'. Ifthere exists a real number Ky such that |x(p) — y(p)| < K for
all p € [0,1], then |“FCE x(p) - FCLy(p)| < 25K forall p € [0,1].

Lemma 3.5 Let x,y € H' with x(0) = y(O) and K; € R. If |x(p) — y(p)| < K for p € [0,1],
then | FCLx(p) - FCL y(p)| < Ko for all p € [0,1].

Using Lemmas 3.4 and 3.5 and (*), we get the following results.

Lemma 3.6 Letx,y € H'. If there exists a real number Ki such that |x(p) - y(p)| < Ky for
all p € [0,1], then | T2 x(p) - FCU y(p)| < -2 K for all p € [0,1].

Lemma 3.7 Letx,y € H' with x(0) = y(0) and K; € R. If |x(p) - y(p)| < Ky for all p € [0,1],
then |FC%) x(p) - FC%) y(p)| < ki forallp € 0,1].

(1,00)

Lemma 3.8 Letx,y € Cr[0,1]. Let Ky be a real number such that |x(p) — y(p)| < K for all
p €10,1], then |F1%" x(p) — SFI%® y(p)| < K, for all p € [0,1].

Using Lemma 2.1, we can prove the next key result.
Lemma 3.9 Let o € (0,1) and ¢ € R. The unique solution of the problem
CEx(p) = y(p)

with boundary condition x(0) = c is given by x(p) = ¢ + a,(y(p) — y(0)) + by fot y(s) ds.
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Also, using Lemma 2.1 and (*), we can prove the next key result.

Lemma 3.10 Let o € (0,1) and c € R. The unique solution of the problem

CFC OtOt) x(p) y(p)

with boundary condition x(0) = c is given by

P
#(p) = ¢ + au(2 - ) (4(p) ~ 9(0)) + b (2 — 1) /0 ¥(s)ds.

Let I = [0,1], and let v, : [0,1] x [0,1] — [0,00) be two continuous maps such that
Sup,,¢; | fé’ Ap,r)dr| < oo and Sup ¢/ | f(f y(p r)dr| < co. We introduce the following maps
¢ and ¢ defined by (¢pu)(p) = [ v (p, r)u(r) dr and (¢u)(p) = [§ A(p,r)u(r)dr, respectively.
Let us consider y, = sup | f(f y(p,r)dr| and Ao = sup] fé’k(p, r)dr|, respectlvely. Let n(p) €
L>(I) with n* = sup,,.; [n(p)|. We further are going to investigate the infinite CF fractional
integro-differential problem, namely

CFCeay (r) = M(CF(CgZ'ﬂ)u’l(r) +ECY ()

o]

+f' (1, 1y (r), (duy) (), (o) ( (r),¢F ]Ié%e)u’l(r),CF (Cg%‘i)u/l(r)) 1)
with #](0) = 0. Here o, 8,¥,60,8 € (0,1), and . > 0.

Theorem 3.11 Let f':[0,1] x R> — R be a continuous function satisfying

lf/(rrxl’ylf W, U, uZ) _f/(rrx/l’y/lr W/ly Vi VZ) |

<n(r)(Jar = 4] + [yr =y | + |wi = W] + g = vi| + |z = w2)

forallr € I and x1,y1, w1, X, ¥, Wi, ur, a2, vi,va € RUIFA = [n* 2+ vo+ Ao + ﬁ) + ,u(m +
ﬁ)] <1, then problem (1) possesses an approximate solution.

Proof Let H! be equipped with d(u},v}) = [luj — v} ||, where |} || = sup,.; |} (¢)|. Now, con-
sider the selfmap F : H! — H! defined by

(B) () = aa [11(CCLA U (r) +F CL7 ) (1))
+f (1, (r), (1) (r), () (r),F 1994 (r), Cg"s)u’l(r))]
+ by / (CFCEP il (5) +F CUul(s))

+f (s, 15(5), (d24) (), (021 ) (), “FIE 0, (), F P (5)) ] s

forallr e I and uj,v; € H 1 where a, and b, have the meaning given in Lemma 3.9. Now,

utilizing Lemmas 3.5 and 3.8, we get

| (Fu) () = (Fv1) ()]

< a (] (FCER U (r) +F UV, () = (FCEPW, (r) +F LW ()|
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+ ' (r, uy (r), (241 (), (91ay) (r),F 120t (r),“F CEP sy (1))
= (r i@, (@) (), (991) (). IGW (), CW () )
+b, / [ (FCEPu;(5) +SF CLP i (s)) - (FCLAW, (5) +F CLV(9)) |
+ | (s uy (1), (9u) (), () (), H“”‘”ui (5),F C&Vui(s))
— (s, vh(5), (811) () (7)), ST TLW, (6),F €W, (9)) ] ds
< aun[| LR () - v ()]
CLY (1) =i ()] + aa [n )| [|s,0) =i ()] + [(¢21) () = (911) ()]

¢}
+1(0)0) = () 0] + |10 - 1L )
’CF

CF
+]

+ (Cffo"s)ui(r) _CF (Cfi"”vi(r)u

+ by /0 ’[M (8P (uy(5) - v;(5)) | + |0 (] 5) - v}(5))|)

+ [n(s)| (| (s) = vi(9)]
+] (@) ) = (9v)6)] + [ (014)5) = (0) )] + | 1L 1 9) - 1L W 6)]
+ | T (5) - CEPvi(s)|)] ds

. 1 1 1 o
S[n (2+V0+)\0+W)+M<(1_V)2 +(1_ﬁ)2)][““+ba]””1_vl”

for all r € I and ), v} € H'. Hence,

||Fui—Fvi”§[n*(2+y0+)\o+ 1 >+u< 1 + 1 )]Hu’l—vi”
(1-6)? 1-y)2 @-p)2

for all u},v| € H'. Consider the mappings j : [0,00)° — [0,00) and & : H! x H' — [0, 00)
defined by j(ty, s, 3, ta, t5) = Aty and a(t,s) = 1 for all ¢,s € H'. We can check that j € R
and F is a generalized «-contraction. From Theorem 2.2 we conclude that F possesses an

approximate fixed point, which is an approximate solution for problem (1). 0

Let ¢ be a real number, and %, s, and g bounded functions on I = [0,1] with M; =
SUP,,¢ lk(p)| < 00, My = SUP,,¢ Is(p)| < oo, and M3 = sup,; |g(p)| < co. We investigate the
infinite coefficient-symmetric CF fractional integro-differential problem

FCD) x(p) = 1k(p) FCL x(p) + ps(p) 1L x(p)
+/0 f(w’x(w)’(gox)(w)’q(w)CF(cVV x(w)) (2)

with x(0) = ¢, where A, p > 0 and «, y,6,6 € (0,1).

Theorem 3.12 Let &,&»,£3 > 0, and let f : [0,1] x R? — R be a bounded integrable func-
tion satisfying |f (p,x1, 1, w1) — f (0, 2, y1, w))| < $1|x1 x|+ &y — | + Eslwa — wi|for all
p €landxy, y1, wi,vi, 5,5, wy € RUFA = 12— p|[A - 5)2 +oMy+E+E 10 +§3 ]1<1,
then problem (2) admits an approximate solution.

\2 m|
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Proof Let H' be equipped with d(x,y) = [|x — y||, where ||x|| = sup,; |(£)|. Now, consider
the selfmap F : H' — H! defined by

(Fx)(p) =2(0) + (2~ waa [(xk(p)“fcgi;”x(p) + 0s(p) 1L x(p)
g (
+ /0 F(w,2(w), () (W), g(w)FCLT) x(w)) dw]
P
+by(2- 1) / [xk(w)Cchi;”x(w) + ps(w)F1C ) x(w) dw
0
[ H 0300, (0210000250 |

for all p € I and x,y € H', where a, and b, are given in Lemma 3.10. As a result, utilizing
Lemmas 3.5, 3.7, and 3.8, we get

‘[M(p)%g%%(p)+ps<p>CFHg%9)x<p>+ [ st @m0, F e ) dw]
0
- [xk@)%&‘”y(p) + ps(w) FIL y(p)

/ F(w,500), ()00, q)FCE, 50) dw”

<A M Mo ||l |+ &l Il +&voll Il +& Ms ll I
+ + + +&3————|x—
S TP pMy | |x —y 11X =y 20X =y 3( 212 —m x—y
B A S M [
+ +& + +&5——r— |llx -
(1 5)2 PM3 + 81+ 820 3( =722 —m| y
forall p € I and &,y € H'. As a result, we get
|(Fx)(p) - (Fx)(p)|
<anl2—pl| A oMy v 8 By £ Ms Il -yl
S dy 22 (1 8)2 PLVL 1 2Y0 3( y)2|2—m| y
M
+ by|2 - mf[ +0M2+$1+$2)’0+$32—3]||x—y||d5
1-y)%2-m]|

<2-pl|n M E Byt iy
- + +E + +E3— ||l -
< M 1-06)7 pMj + 81 +82Y0 3(1—)’)2|2—m| y

for all p € I and x,y € H'. Now we consider the mappings j : [0,00)° — [0,00) and « :
H'x H' — [0, 00) defined by a(t, s) = 1 and j(t1, 3, t3, 4, t5) = %(tl +2t,). We can check that
j € R and F is a generalized «a-contraction. With the help of Theorem 2.2, we conclude
that F possesses an approximate fixed point, which represents an approximate solution
for the investigated problem (2). O

The next step is to study two applications to describe the reported results.

Example 1 Let us define n € L*°([0,1]) and y, A : [0,1] x [0,1] — [0,00) by n(p) = ﬁ,
y(p,s) =’ and A(p,s) = In(55"77=9)). Then, we have n* = ellz, Yo <e,and Ao < In5. Let us
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consider o = é, W= Lo’ B = i, y = %, 0= %, and § = % Consider the problem

11y .4
CF(Css) /(p)__( (Cf;%‘* 1(p)+CF(C22u/1(p))

P
+ e T(t+12) |:p+ui(p) +/ e”’su/l(s) ds
0

é

p
+/0 111(5bln ”'H))u (s)ds +<F ]I( Uui(p) CF (Coo

3
5

’ui@)} 3)

with 1} (0) = 0. Consideringf(p %9, w, Uy, ) = e TP (pr x + y+ w+uy +uy), we note that

=[*Q2+yo+ Ao+ ) L)+ ,u( 1 P )] <0/4447 < 1. Now, by Theorem 3.11 problem
( 3) admits an approximate solutlon

Example2 Consider the function A : [0,1] x [0,1] — [0, 00) by A(p,s) =
Letusconmderu 3, m—i,oz—l 8—— —E,y—l A—m,p—m,él %,52 E’
and &3 = E Let k() = p+1, s(p) = sinp and ¢g(p) = tan‘l(p) Then, M; = sup,¢joy [k(p)| =
2, My = sup,c(o) Is(p)| =1, and M3 = sup, (o) |9(p)| = 5. As a next step, we consider the

)\o<€

problem

-£>\>—'

T x(p) = 2o KT ) + s I )

Pr 2 seZS—r p
/[% ") 40/ e

1 1 \CE(503
119 — tan"(s) (C(m OOx(s) ds (4)

with x(0) = 0. Considering f(p,x1,y1, w1) = %p + &x1 + &y + &wy for all p € I and
x1,91, W1,V € R, we note that

Ml M3
= |2—/,L| )»(1_6)2 +pM2+§1+§2)/0+§3m <0.111<1.

Now, by Theorem 3.12, problem (4) admits an approximate solution.

4 Conclusion

Fractional derivatives with nonsingular kernels started to be utilized from both theoret-
ical and applied viewpoints. Particularly, the fractional Caputo-Fabrizio derivative was
applied to models possessing memory effect of exponential type. Therefore, new general-
izations of this operator should be investigated and applied to the dynamics of real-world
problems. In this manuscript, we suggested a new operator called the infinite coefficient-
symmetric CF fractional derivative. Besides, its properties were investigated, and two ex-

amples clearly show the advantages of the newly introduced concept.
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