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Start ing from the Cattaneo con sti tu tive re la tion with a Jeffrey's ker nel the der i va -
tion of a tran sient heat dif fu sion equa tion with re lax ation term ex pressed through
the Caputo-Fabrizio time frac tional de riv a tive has been de vel oped. This ap proach
al lows see ing the phys i cal back ground of the newly de fined Caputo-Fabrizio time
frac tional de riv a tive and dem on strates how other con sti tu tive equa tions could be
mod i fied with non-sin gu lar fad ing mem o ries.

Key words: non-linear diffusion, non-singular fading memory, Jeffrey kernel,
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In tro duc tion

This ar ti cle re fers to a hot topic in mod el ling of dissipative phe nom ena [1-3] by ap pli -
ca tion of frac tional de riv a tives. As it is stated in the sem i nal works of Caputo and Fabrizio [1, 3]
many clas si cal con sti tu tive equa tions (see the com ments in [1] and [3] and the ref er ences
therein) can not model the trans port prop er ties of new ma te ri als with ad vanced char ac ter is tics.
To sat isfy these re quire ments a new time-frac tional de riv a tive with a non-sin gu lar smooth ex po -
nen tial ker nel was con ceived by Caputo and Fabrizio [1]:
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where M(a) in eq. (1a) is a nor mal iza tion func tion such that M(0) = M(1) = 1. With   sug gested
for con ve nience in [1] we get the fi nal def i ni tion of the Caputo-Fabrizio time-frac tional de riv a -
tive [1, 3] in the form of eq. (1b). The de riv a tive of a con stant is zero as in the clas si cal Caputo
de riv a tive [2], but now the ex po nen tial (Jeffrey's) ker nel has no sin gu lar ity [1, 3, 4].

The Caputo-Fabrizio de riv a tive [1] al ready has been ap plied to var i ous prac ti cally rel -
e vant prob lems such as: elas tic ity [3], re sis tance and nu mer i cal mod el ling of frac tional elec tric
cir cuit [5, 6], the Keller-Segel model [7], Fisher's re ac tion-dif fu sion equa tion [8], cou pled sys -
tems of time-frac tional dif fer en tial prob lems [9], mass-spring damped sys tems [10], ground wa -
ter flow [11], etc.
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In the pre vi ous note [12] it was dem on strated that start ing with the gen eral Cattaneo
con sti tu tive equa tion see eq. (4), and ex po nen tial Jeffrey's ker nel it was pos si ble to de rive the
model of 1-D tran sient heat con di tion in a ho mo ge neous me dium in terms of the
Caputo-Fabrizio time frac tional de riv a tive (1), namely:
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Now, we re fer to the ex treme case of steady-state (t ® 4) heat con duc tion in a me dium
with a spa tial mem ory of the heat flux and con se quently to a model in term of Caputo-Fabrizio
space-frac tional de riv a tive with an ex po nen tial Ker nel match ing the con struc tion of that in the
time-frac tional de riv a tive (1).

From the Cattaneo con cept to time and
space mem ory ef fects

Start ing from the con ser va tion law, the tran sient heat con duc tion is gen er ally de -
scribed as:
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The ba sic as sump tion (3b) states that the flux q(x, t) is pro por tional to the tem per a ture
gra di ent, thus de fin ing the ther mal con duc tiv ity, k. Con se quently the Fou rier law (3c) can be
eas ily de rived but it de fines unphysical in fi nite speed of flux's prop a ga tion. 

The Cattaneo con cept [13] is a gen er al iza tion of the Fou rier law through a lin ear su -
per po si tion of the heat flux and its time de riv a tive re lated to its his tory [14, 15] re lated to the
time-de lay, s:
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Let ex press the flux in the form (4) with mem o ries (de lay with re spect to both the time
and space:

q x t k
T x t

x
( , )

( , )
+ + = -l t 1

¶

¶
(4b)

The mem ory dis tance, l, is fi nite (i. e.  l = const.) and it is the length scale of spa tial ef -
fects on the heat flux cor re la tion to the tem per a ture gra di ent. The first or der ap prox i ma tion, in t
and l, which can be sim ply de vel oped by a con ven tional Tay lor expansion, re sults in a mod i fied 
Fou rier law, namely:
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Tem po ral mem ory only: the guid ing ex am ple

If R(x, t) is space-in de pend ent and rep re sented by the Jeffrey ker nel [1, 16] as R(t) =
=.exp [–(t – s)/t], then, the en ergy bal ance yields the Cattaneo equa tion [13]:
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The first or der ap prox i ma tion see eq. (5) with re spect to t re sults in a mod i fied Fou rier
law is [16]:
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This leads to a first or der dif fer en tial equa tion [17]:
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Fur ther, with a mod i fied re lax ation func tion [16, 17]:
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where dt(s) is Dirac delta func tion and dt s s( )d =
+

ò 1
0

0

, we may de fine  the flux as [16, 17]:
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Equa tion (10) de fines the ef fec tive ther mal con duc tiv ity, k1, and the elas tic con duc tiv -
ity, k2. The en ergy con ser va tion equa tion [18] re sults in the Jeffrey type integro-dif fer en tial
equa tion [17]:
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The in te gra tion by parts of the last term of eq. (11) (see [12] for de tails) leads to eq. (2). 

Spa tial mem ory: an anal y sis by anal ogy 

Now, for the steady-state heat con duc tion in a me dium with space mem ory ef fects we
may de fine by anal ogy that the heat flux is re lated to the tem per a ture gra di ent as eq. (12a): 
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If the ker nel is de fined as R(x) = exp [–(x – u)/l]  we get eq. (12b).  As men tioned ear -
lier,  l is the spa tial mem ory length scale while its in verse g = 1/l  is a space mem ory con stant.
The first or der ap prox i ma tion of the heat flux with re spect to lis:
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Re peat ing, by anal ogy, the con cept of a mod i fied space-re lated mem ory func tion [17]
we may de fine:
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Then, the flux can be de fined: 
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Equa tion (14b) de fines the ef fec tive ther mal con duc tiv ity, k1, which is the same as that
in eq. (8). The con duc tiv ity k2x can be de fined as a struc tural elas tic con duc tiv ity re lated to the
spa tial mem ory ef fects. If no mem ory ef fects ex ist, then: 
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Now, af ter dif fer en ti a tion we may pres ent eq. (14b) as:
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Fur ther, ap ply ing the ba sic re la tion (3a) we get integro-dif fer en tial equa tion of
Jeffrey's type:
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The in te gra tion by parts of the last term of eq. (16) and de not ing F(x) = dT (x)/dx we
get:

[ ]g ge d e e- -

-
-

= - +
- - - -

ò y x s
x

x
F x s F s F x

y x s y x s( ) ( ) ( ) ( )
( ) ( )

4
4

-
ò -
4

t

F x F s s[ ( ) ( )]d (17)

The sec ond term in the RHS of eq. (17) one re sem bles  the def i ni tion of the
Caputo-Fabrizio frac tional de riv a tive [3] with a Jeffrey's ker nel with re spect to the space vari -
able x, namely:
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By anal ogy of the re sults from [12] a pro-Caputo (non-nor mal ized) space-de riv a tive
de noted as PC x

yD , can be de fined: 
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Ob vi ously, the space mem ory con stant  g  in eq. (19) con trols the ker nel and  g Î (0, 4).
If we like to re fine PC xDg  as an in te gral op er a tor con trolled by a sin gle pa ram e ter m we have to
sat isfy the con di tions: for m gÎ Þ Î[ . ] / [ , ]0 1 1 0 4 . With g m m m( ) / ( – )= 1   [1, 2] the de sired prop -
er ties are ob tained, namely:
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Fur ther, fol low ing the ba sic def i ni tion of the Caputo-Fabrizio de riv a tive [1, 2] with
Jeffrey's ker nel, see eq. (1), and con sid er ing  the lower limit  of  in te gral  in  eq. (15) at x = 0, i. e.
a = 0, we have:
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In the terms used here c = 1/g, while N (c) and M (m) are nor mal iza tion func tions [1, 2]. 
The prob lem of def i ni tion of  M (m) is still open [1, 4] and in ac cor dance with the gen eral def i ni -
tion we should have M (0) = M (1) = 1. It was dem on strated that for a spe cial case stud ied by
Losada and Nieto [4] M (m) = 2/(2 – m) which in the pres ent case works cor rectly for a = 0 but
gives M (1) = 2. Fur ther,  if M (m) = 1/(2 – m)  then we have M (0) = 1/2  and M (1) = 1. It is ob vi -
ous that both con di tions can not be sat is fied si mul ta neously by these sim ple ex pres sions of
M(m). Then, for con ve nience, we de fine M (m) = 1 as it was sug gested by Caputo and Fabrizio in
[1]. Con se quently, the form eq. (21c) re duces to Caputo-Fabrizio space-frac tional de riv a tive of
T(x)  eq. (22a) de fined by anal ogy of eq. (1b) and its Laplace trans form is eq. (22b): 
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From the gen eral rule of dif fer en ti a tion CF xT xDm ( ) eq. (23a) [1] we have:
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For n = 1 we may de rive equiv a lent ex pres sions, eqs. 23b,c, [1], namely:
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It is worthnoting that from the def i ni tion of the ex po nen tial ker nel the phys i cal di men -
sion of g is length [m]. How ever, the frac tional or der m is dimensionless. There fore, to avoid this
con flict, we may pres ent l g m m= = -1 1/ [( )/ ]ls  where the di men sion of the fac tor ls is length
[m]. With out loss of gen er al ity we may as sume that ls = 1. In this way, as it will be men tioned
fur ther in this work the ra tio (1 – m)/m has a di men sion of length but at the same time m is
dimensionless.

Now, ex press ing eq. (15) in terms of T(x) we get the com plete heat trans fer equa tion
ex pressed by the space-frac tional Caputo-Fabrizio de riv a tive:
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Now, af ter dif fer en ti a tion us ing eqs. (23a-c) we may pres ent eq. (14b) in three equiv a -
lent forms:
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The steady-state con di tion at t ® 4 yields three equiv a lent ex pres sions:
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Short and long range gov ern ing equa tions: anal y ses and so lu tions

Let us con sider a ma te rial with a spa tial mem ory ar ranged as a long bar of length, L,
with ther mally in su lated sur face and sub jected to a ther mal loads at x = 0 and x = L, that is:

T T T L T T T T TL CF x CF x L L( ) , ( ) , ,0 00 0 0= = = = >D Dm m (27a,b)

With out loss of gen er al ity, we may as sume that TL = 0  (this is only a shift in the tem -
per a ture scale), that will sim plify the cal cu la tions. More over, the con di tion (27b) fol lows from
the def i ni tion of the Caputo-Fabrizio de riv a tive [1].

Short-range mem ory ef fects: Space mem ory only 

If the Cattaneo ker nel is only taken into ac count, that is the mod i fied re lax ation func -
tion   R*(x) is omit ted, then we have to use eq. (12) which is a spa tial an a logue of eq. (6). Now,
we may write  in terms of Caputo-Fabrizio spa tial de riv a tive the flux re la tion:

q k T xx CF x2 2 1= - -( ) ( )m mD (28)

This is the equa tion used by Yang et al. [19] de spite the fact that the frac tional de riv a -
tive used by these au thors (it is of pseudo-Riemann-Liouville type) does not match ex actly  (see
more de tails in [19]). Phys i cally, eq. (28) means that the mac ro scopic tem per a ture field is ig -
nored and the zonal tem per a ture dis tri bu tion is con sid ered only. Fur ther, eq. (28) ac counts only
the spa tial struc tural mem ory af fect on the heat dif fu sion and it is valid only within a zone de -
fined as x0 < x < x0 + l where 0  < x0 < L  and  0  < l < L. The space-mem ory re lated ther mal
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diffusivity, a2x, ac counts only short-dis tance struc tural mem ory ef fects. For  m = 1 we get the
tran sient (29a) and the steady-state (29b) ver sions, namely:
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As sum ing T(x0) > T(xl) > T(l)  where eq. (28) is ex pressed in the lo cal co-or di nate sys -
tem with or i gin at x = x0  and an axis ex tend ing up to x = xl = x0 = l. Ap ply ing the Laplace trans -
form to eq. (28) we get:
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The lin ear tem per a ture pro file eqs. (31b) or (31c), con firms the so lu tion of Yang et al.
[19] ir re spec tive of the dif fer ences in the def i ni tion of the space-frac tional de riv a tives used. For
m = 1 eqs. (28b) and (38c) re duces to the clas si cal Fou rier so lu tion. Futher, for xl = x0 and xl = x0

+ l we have see eq. (31a) cor re spond ingly:

- = - - + +T q T q xxl l lm m l[ ]( ) ( )1 0 0 (32a)

- = - - +T q T q xx x0 0 01[ ]( )l lm m (32b)

Sub tract ing eq. (32b) from eq. (32a) we ob tain:

T T q q
T T

x
x

0
0- = Þ =

-
l l l

lml
ml

(33c)

The re la tion (33c) is the lin ear Fou rier law across the mem ory zone of thick ness l. Re -
plac ing ql in eq. (31a) by eq. (32c) and with l = (1 – m)/m, the dimensionless pro file in the zonal
co-or di nate sys tem is:

T T x

T T

x
xx

x

0

0

1 1
1

-

-
= + = +

-

( )l

l

l
l

l

m

m
(34a)

The tran si tion to the global co-or di nate sys tem de fined by 0 < x < L, a sim ple shift xl  =
=.x – l re sults in:

T T x

T T

x
z zx

x

0

0 1
0 1

-

-
= =

-
< <

( )
,

l
l

l

m

m
(34b)

There fore, across the mem ory zone we have a lin ear tem per a ture pro file con trolled by
the frac tional or der m. Fig ures 1(a) and (b) pres ents the so lu tions (31c) and (34b) for sev eral val -
ues of m.
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Space mem ory with ex tended re lax ation func tion

With the com plete re lax ation func tion and the rules of dif fer en ti a tion ofCF xT xDm ( )
we have:

¶

¶
m mT x t

t
a

T x

x
a

T x

x x
Tx CF x

( , ) ( ) ( )
( ) (= + + -1

2

2 2

2

2
1

d

d

d

d

d

d
D x)

é

ë
ê

ù

û
ú (35)

Two steady-state equiv a lent ver sions of eq. (35) can be ex pressed:

0 11 2

2

2 2= + + -( )
( )

( ) ( )a a
T x

x
a

x
T xx x CF x

d

d

d

d
Dm m (36)

0 1
2
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1 2

= + - =
+

d

d

d

d
D

T x

x
m

x
T x m

a

a a
CF x

x

x

( )
( ) ( ),m m (37)

For m = 1 we have   that the ther mal con duc tiv ity k0 = k1 + k2x (a0 = a1 + a2x) as in the
case of a tem po ral mem ory [17]. The par ti tion co ef fi cient 0 < m < 1 ac counts the con tri bu tion of
the space mem ory ef fect (the elas tic struc tural ther mal diffusivity a2x) to the to tal ther mal
diffusivity a0. For m = 1, we get m = 0. 

Laplace trans form so lu tion

Te in te gra tion of eq. (37) yields:

C
T x

x
m T xx3 1= + -

d

d
DCF

( )
( ) ( )m m (38)

This step in the so lu tion is pro voked by the fact that L[fxx(x)] = p2f (p) – pfx(0) – f(0). If
we as so ci ate f(x) with T(x) then from eq. (35), for ex am ple, we get a new prob lem since Tx(0) is
un known and the Laplace trans form can not be com pleted.

Now, ap ply ing the Laplace trans form so lu tion to eq. (38) we have:
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Fig ure 1. Zonal tem per a ture dis tri bu tion, space mem ory only: (a) di men sional and
(b) dimensionless pro files



T x T C
a

b
x

b a

b
a b mbx( ) ( ) , ,= + +

-æ

è
ç

ö

ø
÷ -

é

ë
ê

ù

û
ú =

-
=-

0 3 2
1

1
e

m

m
+ a (39)

Now,  the con stant C3 should be de fined. We con tinue with eq. (38) in te grat ing both
sides, namely:

C x T x m T x x CCF x3 41= + - +ò( ) ( ) [ ( )]m mD d (40)

With the bound ary con di tions (27a) and the re la tions (27b) we get:

[ ] [ ]( ) ( )CF x CF xT x T L xD d D d = 0m m
ò ò=0 (41a)

C
T T

L
C TL

3
0

4 0=
-

= -and (41b)

Hence, in terms in the pro cess vari ables the so lu tion (39) can be pre sented:
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Al ter na tively, if as sume TL = 0, which means only a shift of the tem per a ture scale, we
get: 

qm(TL
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The equiv a lent forms of eqs. (42a) and (42b) are:
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Now, bear ing in mind that g = 1/l = m/(1 – m) we may ex press eq. (43a) in a
dimensionless form:

q
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m m
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The ra tio l /L and the prod uct (g + m) x » x/l are dimensionless. Ob vi ously, the con tri -
bu tion of the non-lin ear term de pends on the ra tio l/L < 1. 

The lin ear ap prox i ma tion of the ex po nen tial term in eq. (44) as a se ries within the
range  where  the  space mem ory  takes place  (that  is  for  0 < x < l  and  l n L,  as  well  as
x n L Þ x/L n 1) is: exp[ ( ) ] ( )( ) [( ) ]- + » - + - + -g l lm x y m x O x1 2  . Then, we may ap prox i -
mate eq. (44) as:
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Now, with  (x –  l)/L n 1 we may see that the first term of eq. (45) dom i nates. How ever, 
if we look only at the range x0 < x < l  we may ne glect the first term in eq. (45), that is as sum ing  
x/L » 0 be cause x/L < l/L n 1 and eq. (45) re duces to two equiv a lent forms: (46a) and (46b).
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m m

m m

g l
qm l m(x

m

m

m x

L
< »

- -

+ -

+ -é

ë
ê

ù

û
ú)

( )

[ ( )]

( )( )
,

1 1

1 2 (x
L

m

m
m x< »

-

+ -
+ -l

l m m

m m
g l)

( )

[ ( )]
( )( )

1

1 2

(46a,b)

The ap prox i ma tions (46a,b) rep re sent a zonal so lu tion (within the range de fined by  l
with space mem ory ef fects) but with a tem per a ture field de fined by the ther mal loads at the mac -
ro scopic bound aries x = 0 and  x = L. How ever, l/L may reach val ues of or der of mag ni tude of
unity as it shown fur ther in this ar ti cle and there fore, the re sults of (46a,b) are valid for cases
with small mem ory ef fects.

Di rect in te gra tion ap proach and prob lems thereof

From the in ter me di ate re sults (40) and (41a,b) we get:

x
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m T x xCF x=
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1
1
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Futher, from the lin ear ity of CF xT xDm ( ) we have: CF x CF xT x c T xD Dm m[ ( ) ] ( )- = , as well
as CF x CF xT x c T x cD Dm m[ ( )/ ] [ ( )] / ,= where c is a con stant. Hence, eq. (47) can be ex pressed: 

q m q qm= + - =
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=òz m x
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,1 0
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D d (48)

The sec ond term in eq. (48) is in te ger-or der in te gral from the Caputo-Fabrizio frac -
tional de riv a tive. To avoid its eval u a tion, we dif fer en ti ate eq. (48) and this op er a tion leads to a
frac tional dif fer en tial equation.
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The Laplace trans form of eq. (49) yields: 
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In terms of z = x/L only, we may ex press eq. (50b) as: 
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Equa tion (50b) is an an a logue of the so lu tions (42a) and (43a). In ad di tion, the co ef fi cient of
the fist term in the RHS of eq. (44) in terms of g is m m g g g/( ) /[ ( )]m m+ = + +1 . More over, g  .. = 1/l
is [m–1] and there fore the prod uct (m + g)x as well as L m L L L( ) / ( / )+ » = = -g g l l 1 are
dimensionless. Phys i cally, L/l is the ra tio of the mac ro scopic length scale L to the spa tial mem ory
length scale l and we have to de fine its re la tion ship to the fac tional or der m.
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The ra tio l/L and the frac tional or der m

The ra tio l/L de fines the rage of the to tal range of in -
ter est with a length L by the zone of length l  where the
spa tial mem ory takes place. Ob vi ously,   l/L £ 1 an we
have to re late this ra tio to the frac tional or der   be cause
by the def i ni tion the space frac tional de riv a tive (see
23a) we have l = (1 – m)/m. De not ing l/L = KL we have
there equiv a lent re la tions:

 1 1

1

1

1
1 0 1

-
=

=
+

=
-

= £ £

m

m

m
m

m

L
K

K
K L K

L ,

, ,
L

L L

(51a,b,c)

Since, the global length, L, al ways can be de fined as L = 1 ir re spec tive of the real phys -
i cal di men sion and the units used for it this lead to eqs. (51b) and (51c).Then, from known KL we 
may de fine, the frac tional or der m or at least to es ti mate the rage where it could vary. The re la -
tion ship   m = f (KL) ex pressed by (51b) is shown in fig. 2.  Since 0 £ KL = l/L £ 1, it fol lows that
0.5 £  m £ 1. The lower bound ary m = 0.5 cor re sponds to l/L = 1 where the en tire area is cov ered
by the mem ory zone, while m = 1 means l = 0 (no mem ory ef fects). The de crease in size of  l in -
creases the frac tional or der m and re duces the mem ory ef fect on the global trans port pro cess. The 
rea son able ques tion is: What hap pens of m < 0.5? Sim ply if 0 < m < 0.5 it fol lows that l/L > 1
which vi o lates the phy si cian mean ing of a mem ory zone em bed ded in a large ho mo ge neous area 
of length L. 

The re dis tri bu tion co ef fi cient m and the frac tional or der m

The de vel oped so lu tions de fined the re dis tri bu tion co ef fi cient m = a2x/a0 and it is nat u -
ral to ask what is the re la tion ship be tween m and frac tional or der m. From the phys ics we have
that when m ® 1 con se quently m ® 0, and vice versa. Hence, if we de fine the re la tion m = (1 –
m) N   the lim its are obeyed. From the anal y sis of the 
heat wave [17], which is used as a tem plate, we
have that the slower re la tions ef fects, the larger the 
value of k2 and vice versa. Re place ment of   m by
(1 – m)N in the so lu tions makes the frac tional or der
m the only pa ram e ter con trol ling the pro cess. The
tests with dif fer ent N of the co ef fi cient of the lin ear 
terms in the so lu tion (43a and 43b) M =  m/[m + m
(1 – m)] and m = (1 – m)N are shown in fig. 3. Since
the con di tions Km = 1 and  m = 0 are sat is fied si -
mul ta neously only for N = 1, the nu mer i cal sim u la -
tions dem on strated next use N = 1.  

Tem per a ture pro files 

The tem per a ture pro file ac count ing the mem ory
ef fects are shown in figs. 4 and 5 we es pe cially sep a -
rated the pro files cor re spond ing to the two terms of
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Figure 2. Re la tion ship be tween the
frac tional or der m  and the ra tio KL = l/L

Figure 3. Ef fect of the frac tional or der m and
the ex po nent N on the func tional re la tion ship
m = f(m) = (1 – m)N and the co ef fi cient Km of the
first term of the so lu tion (43)



the so lu tion (43) in or der to dem on strate how they
are af fected by the value of the frac tional or der m
see fig. 5. It is clear that with low m ® 0.5 the zone
with mem ory ef fects will cover the area of in ter est
and the ra tio  l/L ap proaches unity. The in crease in   
re duces the non-lin ear ity of the tem per a ture pro -
files which is clearly dem on strated by the pro files
cor re spond ing to the ex po nen tial term (the lower
parts of figs. 5a-d) and the first term (see fig. 4)
where z = x/L. With in crease in m the con tri bu tion
of the non-lin ear ity de creases, es pe cially that of the 
ex po nen tial term and the com plete pro file ap -
proaches the lin ear Fou rier so lu tion. 

 Con clu sions 

The ar ti cle dem on strates how a space-frac -
tional de riv a tive in the Caputo-Fabrizio sense
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Figure 4. Pro files de ter mined by the first term of
the so lu tion (43) in the range 0 £ m £ 1
cor re spond ing to the range 0 £ l/L £ 1

Figure 5. Tem per a ture pro files ac count ing mem ory ef fects for var i ous val ues of the frac tional or der m



can be de vel oped start ing from an an a logue of the Cattaneo re la tion with a space-de pend ent fad -
ing mem ory and es pe cially us ing the ex po nen tial non-sin gu lar ker nel of Jeffrey's type. The so lu -
tions de vel oped stress the at ten tion on the steady-state prob lem in the zonal frame (space mem -
ory ef fects only) and the en tire mac ro scopic zone with a mem ory zone in clu sion. It was
dem on strated that the Yang's so lu tion [19] is valid only within the mem ory zone and it is re lated
only to the first term of the com plete so lu tion. 

The def i ni tion of space frac tional Caputo-Fabrizio with ex po nen tial ker nel strongly
re lates the frac tional or der m with the ra tio of the mem ory length scale l to the mac ro scopic
length scale L: that is the range 1 ³ l/L ³ 0 cor re sponds to 0 £ m £ 1.
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