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Abstract

We extend the fractional Caputo—Fabrizio derivative of order 0 < o < 1 on Cgl[0, 1]
and investigate two higher-order series-type fractional differential equations
involving the extended derivation. Also, we provide an example to illustrate one of
the main results.
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1 Introduction

Recently, Caputo and Fabrizio suggested a new fractional derivative [15, 16]), and Losada
and Nieto [21] investigated some of its properties. Later, some authors tried to utilized it
for solving various equations (see [2—14, 17], and [26]), whereas some researchers studied
some singular fractional integro-differential equations [22-25]. As you know, the frac-
tional Caputo—Fabrizio derivative is defined on the space H' (which is not necessarily a
Banach space), and because of this reason, a researcher has to investigate approximate
solutions for some problems [11, 13]. It seems that Caputo and Fabrizio tried to give a
formula for an extension of their definition (see formula (3) in [15]), but they did not use
it in their investigation. In 2016, Alqahtani tried to extend the Caputo—Fabrizio derivative
by using formula (2.2) in [5]. Again, he did not use it for investigating the problems re-
ported in [5]. In this manuscript, we extend the fractional Caputo—Fabrizio derivative on
Cr[0, 1]. Using it, we discuss some higher-order series-type fractional integro-differential
equations.

The properties of the fractional Caputo—Fabrizio derivative were investigated very re-
cently in [7]. Specifically, the Caputo—Fabrizio fractional derivative is discussed in he
distributional setting [7]. For more detail about physical interpretation of the Caputo—
Fabrizio derivative, the reader can see the new results presented recently in [19]. Specif-
ically, the physical origin of Caputo—Fabrizio derivative is demonstrated in [18]. Besides,
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very recently the determination of the fractional order (relation to physical characteristics
of the process) was investigated in [20].

Having all the mentioned things in mind, in this paper, we extend the fractional Caputo—
Fabrizio derivative on Cg[0, 1]. Using it, we investigate some higher-order series-type frac-
tional integro-differential equations.

Let >0,k € H'(0,b),and o € [0, 1]. Thus, for the function «, its Caputo—Fabrizio frac-
tional derivative is written as “*D%k (¢) = % f(; exp(1= (t — s))k’(p) dp, where ¢ > 0, and

B(o0') denotes a normalization constant obeying B(0) = B(1) = 1 [1, 15] The associated frac—
tional integral of order o for the function « is defined by “¥17 (¢) = B(a fo
forO<o <1[1,21].

If > 1 and o € [0,1], then the fractional derivative “/D°*" of order n + o is de-
fined by “fD°*"x := ED°(D"k(t)) [21]. Also, we have lim, o “ED°«(t) = K (t) — «(0),
limg_1 D%k (t) = k'(t), and FD? (Ak (£) + yu(t)) = AED ke (£) + y FD v(¢) forall k, v € H'
and A,y € R [15]. We now present the following important results.

Lemma 1.1 ([21]) Let O < o < 1. Then the unique solution of “*D° k(p) = v(p) such that
k(0) = ciswritten as k (p) = c+a,(v(p) —v(0)) + b, fg’ v(s)ds, wherea, = % and b, = ﬁ.
Note that v(0) = 0.

Lemma 1.2 ([27]) Let t € R and 0 < |t| < 00. Then t[](1 - %) = sing, [[2,(1 -
ﬁ) =costand e =y 5 & for 0< |t < cc.

2 Results and discussion

We further show our main results. Let « € Cr[0,b], b > 0, and o € (0,1). We define the
expended fractional Caputo—Fabrizio derivative of order o by

B
NDK(p) = < — (k) - ¢ (0)) exp(—p)
Bo) [’ -
+ (T_ :)2 ; (K(p) - K(S)) exp(i(p —s)) ds
If € (0) = 0, then we have ]%FD“K(p) = %K(p )2 fp exp(—1% (p — 8))k (s) ds. We recall

that

P=Pn $=Pp-1 Pn-2 P1
Ji(p) = f f / / <(po) dpodps -+ d(pn_s) ds
0 0 0 0

n times

1

p
= (n—l)!/o k(s)(p —s)" L ds.

Now, letus po deﬁnef,FD“[”] (p):= D (D7 (D7 - - (FD k(p))---)) forn>1,a,p €

n times

0 Pl
R, and p > 0. Also, we define % (p) = [i K (s)ds = k(p),

pl] D= [S=Pn-1 [Pn-2 1
f (s)ds = f / [ / <(po) dpodps -+ d(pns) ds = " (p),
0 0 0 0 0

7 times
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and

P [n]
(aa + b(,]/c(p))["] = (da + ba/ K(s) ds)
0
01 S
- (" agbg/ w(s)ds+ | ag-lb},/ Kk (s) ds
0 0 1 0
" plr-1] " pl"
oot a},bﬁ_I/ Kk(s)ds + agbZ/ Kk(s)ds
n-—1 0 n 0

[i]

= Xn: (’:) a~'b. /19 Kk (s)ds
, 0

= (n) a’'b J'k (p).
=0 \!

The following result shows that our definition is a generalization of the Caputo—Fabrizio

derivative.

Lemma 2.1 Let « € HY(0,b), b > 0, and o € (0,1). Then ngDaK(t) = Do (t). If k €
Cr[0,b], then there exists a sequence (k,)?°, of H'(0,b) such that ,%FD"K(t) =

lim,, o0 D ke (£) and lim, .o FD° ke (£) = i () — 1 (0).

Proof Let k € H'(0,b). Note that

CFDUK(t)
e I G
B(o) B(o) (!

e )

l-0Jyg 1-0

-1 exp(—lfou—p))x(png—

B(o) B(o) o oB(o)

"1 .01, eXp<_1—0t>K(0)_ (-0 Zfo
B(o) B(o) o oB(o) o

= 1_UK(t)— 1_Uexp<—1_at)/c(0)— (1_0)2/(; exp(—:(t—p))x(p)dp

oB(o) [ o
+ (1_0)2/0 exP(‘mU‘P))'C(t)dp

(-1 - )01

t
[
1-
t

oB(o) (! o
- exp(——l_a<t—p>)x(t)dp
B —
=3 (_0; (K(t) - K(O)) exp<£t>

Goop | ko) eo( 5 0-p)

Now, let k € Cgr[0, b]. Choose a sequence of polynomials {«, = P}, that converges uni-
formly to «. Hence ff D%k (t) = lim,_ o f[FD"Kn(t). Since P, € H', we conclude
that lim,_o D7k () = limy_olim,.c ED7P,(t) = lim,oolimy_oFDP,(t) =
limy,—, oo [Pp(2) = Px(0)] =k (¢) - «(0). O

+
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Note that if « € H'(0, b), then lim,_,, I%FD”K(t) = k' (£). But this may be not true for « €
Cr[0, b].

Lemma 2.2 A solution of the problem ]f[FD“K(t) = v(t) such that k(0) = 0 is of the form
Kk(t) = asv(t) + b, fot v(s)ds for0<o < 1.

Proof Note that {D«(t) = J%K(t) - (‘;i(:))z fotexp(—ﬁ(t — 8))k(s)ds = v(t). Hence
(‘;i”))z fot exp(;%-s)k (s) ds = exp(ﬁt)[%x(t) — u(¢)]. By differentiating both sides we get

u(®) = L2224 (¢) — u(#)]'. Now by integrating we obtain k() = a, u(t) + by [, v(s)ds. O

It is crucial to check that in the last result the equation {fD?« (£) = 0 with «(0) = 0 pos-
sesses a unique solution. Using this note and Lemma 2.2, we deduce the next result.

Lemma 2.3 Let 0 < o < 1. Then the unique solution of FD°k(t) = v(t) with «(0) = 0 is
written as k(t) = ay U (t) + by fot v(p) dp.

Lemma 2.4 Let 0 < 0 < 1 and «(0) = 0. Then the unique solution for the problem
D e (t) = v(e) is given by k() = (ag + boJU(E)".

Proof Applying Lemma 2.3 to {fD°k(t) = v(t), we conclude that x(¢) = a,v(t) +
b, fot v(p) dp. Using Lemma 2.3 for equation ](E,FD” 2 k(t) = v(t), we get ijD”K(t) =asv(t) +
by fot v(s)ds, and so

k(t) = as (agv(t) + b, /t v(s) ds) + b, /t<aau(t) + by /‘S vu(r) dr) ds
0 0 0

t t ps t (2]
= af,u(t) +2a, b, / v(s)ds + bi / / v(r)drds = (a(, + b, f v(s) ds) .
0 o Jo 0

Now, suppose that k() = (a, + bsJu(£))! is the solution of & D"[n]/c(t) = vu(t). We prove

that k(£) = (@, + boJu(t))"*Y is the solution of FD°" k(&) = v(r). If FD*" (FD7 i (£)) =
v(t), then f[FD"K(t)) =(a, + b, Ju(®))", and so

t
k(t) = as (aa + b(;]U(t))[n] + b, / (a(, + bg]v(s))["] ds
0

A

0]
=dy |: <n) al’;bg / v(s)ds + (n) aZ‘lb}T / v(s)ds
0 0 1 0
" ¢ln=1] " ¢
oot ( )a;bg‘l/. v(s)ds + ( )agbg/ u(s) ds:|
n—1 0 n 0
(1 A2
Y w0 n\ u-1p1
+ b, apgb, v(s)ds + a, b, v(s)ds
0 0 1 0
n t[”] n t[”*”
+...+< )a},bg‘lf v(s)ds+< )agbﬁ/
n—1 0 n 0

0] A1
- (’;) ﬂgubgfo v(s)ds + [(’I) + (Zﬂ agb;fo v(s) ds

v(s) ds:|
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¢l (1]
N [(n) + < " )] a;bg/ v(s)ds + <n) agb:j“/ u(s)ds
n n-1 0 n 0

(M

n+1 £l n+1
= ( )aﬁ”bﬂ/ v(s)ds + ( )aﬁb},/ u(s)ds
0 0 1 0

t[n+1]

1 ¢l 1
+eeet <n+ ) +a(1,b(’j/ v(s)ds + (n * )agbf’,*l/ v(s)ds
n 0 n+1 0

[n+1]

= (a(, + bU]U(t)) O
By using the details of the proof of the last result, we can easily deduce the following
results (see [13]).

Lemma 2.5 Let k,v € CRr[0,1]. If there exists a real number K such that |k (t) — v(t)]| < K
forallt €[0,1], then ICFD"K(t) CFD"v(t)I < 2 o)B Kforallt € [0,1]. Ifk(0) = v(0), then
KDk (t) - D7 v (O] < oK.

This result implies that ICFD"K(t)I < (2( 0)8 K for all ¢ € [0,1] whenever « € Cg[0,1]
with |k (¢)] < K for some K > 0and all t € [O 1]

Lemma 2.6 Suppose that k,v € Cg[0, 1] and there exists a real number K such that |k (t) —
V()] < K for all t € [0,1]. Then D"k (8) - D" v(t)] < (2K for all ¢ € [0,1].

Ifk(0) = v(0), then |CFD" k(t) —If[FD" v(t)] < ( ”)2)”I(for allt € [0,1].

In [21], the nonlinear fractional differential problem “FD?k (£) = f(t,x (£)) with0 <o < 1
was studied. In the proof of the related result (Theorem 1), the self-map F :€ Cg[0,1] —
Cr[0,1] defined by (Fr)(£) = asf(t,«k(t)) + by fotf(s, k(s)) ds is well defined, and there is no
problem. Note that this method of proofs cannot be useful for the problem

Dok (t) =f(t,k(8), “FD7 ke (2))

because the map F cannot be defined on the space H!. Here o, 8 € (0, 1). For finding a new
method for solving such problems, we defined a new notion by replacing “*D° k (¢) with
]%F D°k(t). Note that our extended derivative can only be used for order o € (0, 1). First, we
investigate the fractional differential problem

ND7k(@) =f (£ (8), g FD k(1)) ey
with «(0) = 0, where o, 8 € (0, 1).

Theorem 2.7 Let o, € (0,1), and let f : [0,1] x R?2 — R be a continuous function such
that |f (t,x,y) — f(&,%,9)] < n@)(x = «'| + |y =y'|) forall t € [0 1] and x,y, ’,y/ € R. Then

problem (1) has a unique solution in H'(0,1) whenever A = [n [1 + ] <1.

Proof Consider the map F :€ Cg[0,1] — Cg[0, 1] defined by

(Fr)(t) = zzgf(t, k(t),g(2) f,FDﬂK(t)) + b, /Otf(s,x(s),g(s) f,FDﬂK(s)) ds
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By Lemma 2.5 we get

If (&1 (2),g®) SDPk(8)) —f (£, v(8), g(8) S DPu(2))]

i MB(B) [, MB(B)
=n (IIK —vll+ 1- B2 [« —v||> =1 [1 + m]llx—vll

for all k,v € Cg[0,1] and ¢ € [0, 1]. Hence

(F)(e) - (Fo)(0) Eﬂan*[1+ MB(p) }nx—un +bgf0tn*[1+ MB(p) }nx—vuds

(1-p)? (1-p)?
. MB(B)

S[aa +ba][n |:1+(1_ﬂ)2i|||l(_v”

1 MB(B)

" Bo)" [“ (1—;3)2]"K_U"

for all k, v € Cr[0, 1]. Since A < 1, F is a contraction. By the Banach contraction principle
F has a unique fixed point, which is the unique solution for problem (1). d

Let /# and g be bounded functions on [0,1] with M; = sup,;|A(t)| < co and M, =
sup,c; 1(£)| < oo. Now, we investigate the fractional higher-order series-type differential
problem

-3 DSt k(o) ULy KD (0), g0 D e (1))
j=0

2)

with boundary condition «(0) = 0, where o, v, 0,8 € (0, 1). Note that the functions % and g
may be discontinuous. Since the left side of equation (2) is continuous, so is the right side
as problem (2) should be a well defined equation (check our example). For this reason,
we add the continuity of the function f to the assumptions of the next two results in order
equations (2) and (3) to be well defined. Consider the Banach space Cg [0, 1] endowed with

the norm ||k || = sup,; [k (£)].

Theorem 2.8 Letf :[0,1] x R* — R be a continuous function such that
[f(& 2w v) = fi(t,a, Y, W, V)| <&|x =& | + &y -y | + &lw—w| + &lv V|

for some nonnegative real numbers &, &, &s, &4 and all x,y,w,v, %,y ,w,v e Rand t €

(0,1 If A = 55 2% %(%y(él +Ey0 + Eglglfi();) + Eﬂg{ig‘?) <1, then problem (2) has a

unique solution.
Proof Define the map F : Cg[0,1] — Cg[0,1] by

(FK)(t) =d, i EIFDQU]f(tyK(t)v (¢K)(lf), hg)ngDvK(t)’g(t)gFDaK(t))

j=0

t 90 CFpyoll CFyv CF
+ba/0 ZNDQ S(s,x(s), (¢K)(s),h(§)ND K(s),g(s) D%k (s))
j=0

ds,
2
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where a, and b, are introduced in Lemma 1.1. By Lemmas 2.5 and 2.6 we get

[ 3 %AC,FD@“] £ (8,1 (2), (i) (8), (e EDVie (1), g(2) FDP e (2)

Jj=0

-y %ICJD@“] £ (& v(e), (pu)(E), h(t) FD v e), g(6) FD v (D))
j=0

5

J
) <$1||/< — vl + &yl - v

M B(v ) M,B(8 )
+&3 - v)2 +&4 - 8)2 ||>
<> (e ) (sl Fa s s ey k-
= -v) (1-6)
for all k,v € Cg[0,1] and ¢ € [0, 1]. Hence
[(Fie)(2) = (Fu)(@)|
< ag| Y o D (60, ()0, WO D (0, O (1)
j=0
- Z D £ (8, 0(0), (pv) (), h(e) FD v (8),g(6) FD v ()
[ CFD@D F (5 Kc(s), (@) (5), hls) D e (5), g () FDPkc(s))

[ee}

- %ﬁfbg“]f(s, v(s), (¢)(s), h(s) D v(s), g() T D u(s))
(o S5 () (ot 2 e

b [ S (vt &?ffifi)ds)
=

for all k,v € Cg[0,1] and ¢ € [0, 1]. This implies that

[e%s) j 5
|Fx = Ful| < % ; %( Ble) ) (El +&y0 + EleB(v) + E4MzB( )) e = vl

:

(1-0)? (1-v)? 7 (1-9)

for all k,v € Cgr|0, 1]. Note that A < 1, so that F is a contraction. The Banach contraction

principle implies that F has a unique fixed point, which is the unique solution for (2). O
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Note that we used the boundary conditions «(0) = 0 for obtaining the key inequality

|(Fie)(t) - (Fu)(@)|

1 & Blo) YV M;B(v)  M,B(5)
(—Z ((1 Q)Q) (sl+szyo+ss(ll_v)2+s4(12_5)2>||x—v||.

Let k, s, h, and g be bounded functions on [0,1] with M; = sup,, |k(£)| < oo, M, =

sup,¢; Is(2)| < 0o, M3 = sup,¢; |(t)| < 0o, and M, = sup,; |g(£)| < 0o. Now, we investigate
the fractional higher-order series-type differential problem

DT e (£) — k() FDP™ ke (8) + pus() FDPV ke (1)
>0 }ff DOV (L, i (8), (k) (t), h(t) FD" ke (8), g () FDOU ke (2))

°°<1 (575 3 SEDf (6 e (0), (0) (), () D K<t>,g(t>§f05[”:<(t>>]2)
- i’m?
1

=M LDV S (6 (0), (1) (@), ) D" ke (8),g(6) FD e (6)))
+1_1[< B (2i-1)2n2 >

®3)

0, where A, u >0, 0,8, 0,0,v,8,€ (0,1), and 1, m, p, q, and r are natural

such that «(0) =
numbers.

Theorem 2.9 Assume that f : [0,1] x R* — R is a continuous function such that

l,f(t> x’y’ w, Z) _f(t; x/ry/, W/’ Z’) |

<tu(lx=x] + by |+ olw—w] + ]e-2])

for some nonnegative real numbers &, &, &s, 54 and all x,y,w,z,x,y, W,z e R and t €

_B@®)
(0,11 F A = (57" (1 G255 + 2280 ] + (e O (6 + Exyo + &3 7E00) + £ ]) < 1, then
problem (3) hazs a unique salutwn

Proof Define (Gk)(s) = Y75 } EDV (s, i (s), (rc)(s), n(s) FDV ke (s), g(5) FDP" ke (s)) for all

k € Cgr[0,1] and s € [0, 1]. Consider the map F : Cg[0,1] — Cg[0, 1] defined by

F(k) = <a0+b / [(GK)(S)I‘[(l_%) (G )(f)l_[<1-w)

1)272
[n]
+ (1k($) FDP" ke (s) + pus(s) glFDp[p]K(S)):| ds) :

By Lemma 1.2 we have

D" e (t) = GK)(t)H(l—i(GK)(t) ) (Gk )(t)H( (GK Ul )

]T2
i=1

+ (k@ FDP" e (0) + pus(e) FD ke (1))



Baleanu et al. Advances in Difference Equations (2018) 2018:255 Page 9 of 11

= sin(Gie)(t) + cos(Gi) (1) + (Mk(e) FDP " ke (8) + us(t) FD*" ke (1))

=23 sin((GK)(t) ¥ %) + (k@) D" e (8) + ps(®) FDP ke (8))
for all k € Cr[0,1] and s € [0, 1]. Hence

|(Fie)(®) - (Fu)(@®)|

< <aa +b, /t|:2% sin((GK)(s) + %) - sin((Gv)(S) + %)‘
0

+ | k() FDP™ i (s) + ps(s) D e (s)) = (0k(s) D" w(s)

: [n]
+ us(t)gFD”[p U(s)) |i| ds)

< <ag . /0 23|(Ge)(s) - (Gu)(s>\>

+ |(Ak(s) S D” [m]/c(s) + us(s) FD” [p]/c(s)) - (rk(s)DP ! v(s)

+ us() FDP v (s)) | ds)

- (% . fo 23|(Ge)(s) - (Gu)(s>\>

+ Ak FDP™ (ke () = v(s)) | + w|s(9)]|FD" (ic(s) = v(s)) | ds)

for all k,v € Cg[0,1] and ¢ € [0, 1]. Also, by Lemma 2.6 we get

= B0
696600 = Y 1 (oo

7 ) [51 +E0+& M:B(v) MiB(0) :| llc —vll

i=0 (1-v)x +Es (1-8)>

for all « € Cg[0,1] and s € [0, 1]. Thus we get

[|Fx — Fvl|

<(a, +by)’ [)L M, B(B) M,B(p) ]

a—pen A=y

M3B(v) M4B(6)
o g ) b

:( 1 )”([A M,B(B) +MMzB(p)]
B(o) 1-ppm " (A-p)>

_BO) M;3B MyB($
+[e<19>2<sl+sm+sg : (”Z)q+s4 - ())an—un

B(©)

+(as + bs)" [em (51 +&1 +&3

(1-v) (1-6)*

for all «,v € Cgr[0,1].

Since A < 1, F is a contraction. By the Banach contraction principle, F possesses a unique
fixed point, which is the unique solution for (3). d

Now, we explicitly show an example to illustrate our aim.
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Example 2.1 Consider y : [0,1] x [0,1] — [0,00) defined by y(t,s) = £ . Note that
Yo <e.Puto = i, V= i,& = i,Q= %,El = %,52 48,53 ez,and&— lZ.LetB(a) =1 for
0 €(0,1), h(t) =1forx € QN [0,1] and A(£) =0 forx € Q°N[0,1], g(t) =0 forx € QN [0, 1]
and g(t) = 2 for x € Q°N [0, 1]. Then, My = sup,[o 1y 14(¢)| = 1 and M; = sup, (o 11 1g(¢)] = 2
We further discuss the fractional problem

CEn L 1 CEmol] 1 t ezt’s
I 2 : Q P
Dik(t) = - .ND <t+ —k(t) + 3 / p k(s)ds

+ LoDl + ig(t)CFD%K(t)))) @
e 2¢e2

such that «(0) = 0. Consider f(¢,x,y,w,v) = ¢ + —x + @y + 2w + 21/ for all £ € I and

x%y,w,veR. NotethatA——ZlooOQl/ B(Q2)1(§1 +5§2y0+53M132 +E4M23 )<03<1.

By Theorem 2.8 we conclude that problem (4) has a unique solutlon.

3 Conclusion

The nonlinear fractional differential problem “*D°k(¢) = f(t, k (t)) with 0 < o < 1 has been
studied in some works. The method used in the proofs cannot be used for the prob-
lem D%k (t) = f(¢t,k(¢), “ED° k(¢)) for technical reasons. For finding a new method for
solving such problems, we define a new extended fractional derivative I%F D° i (t) replac-
ing “* D%k (¢), and we study two higher-order series-type fractional differential equations
involving the extended derivative. We emphasize that our extended derivative can be used
only for order o € (0, 1).
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