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Abstract

The goal of this paper is to obtain an extension of the relaxed Saint-Venant principle
in order to cover the thermoelasticity of dipolar porous bodies.

According to this principle, for a finite time t > 0, we identify a bounded domain D
so that outside of this domain the displacement field u;, the dipolar displacement
field gy, the temperature 8, and the change in volume fraction ¢ do not generate
disturbances.
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1 Introduction

There has been much written in recent years on the theory of thermoelastic bodies with
pores. Our present study also deals with the thermoelasticity of body materials with vacu-
ous pores or voids. It is known that the initiators of this theory were Nunziato and Cowin
[1]. As it is well known, (see also [2, 3]) this theory allows the body to have an extra degree
of freedom for a better characterization of its behavior from a mechanical point of view.
So, the elastic body is the skeletal material and the voids of material are the interstices. The
materials with porosity are of interest in geophysics (some geo-materials, for instance, soil
or rocks) and artificially obtained granular materials.

The linear case, the basic theory of elastic porous bodies, was proposed by Cowin and
Nunziato in [2]. This study includes a result of uniqueness and some considerations on
the weak stability. After that, Iesan in [4] approached the basic results in thermoelasticity
of porous bodies. Some generalized results were obtained for the theory of Cosserat solids
with vacuous pores and the dipolar porous bodies [5, 6].

The origin of the theory of bodies which microstructure goes back to the papers of Erin-
gen (see [7, 8]). Then the studies dedicated to microstructure environments have gained
significant importance in the last decade.

The dipolar structure occupies a privileged place between the theories that are dedicated
to the microstructure. It is dedicated to eliminating the known contradictions of classical
theory. First, it is known that the energy equation is of parabolic type and also the equation
of energy does not contain any elastic term. As a consequence, under these conditions, the
heat waves will propagate at an infinite speed. The importance of the dipolar structure of
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solids also derives from the interest shown for this structure by some of the outstanding
researchers. We have to remember first of all the studies of Mindlin [9], Green and Rivlin
[10], and Fried and Gurtin [11] which are very significant from this point of view. Other
approaches to different aspects of the generalized bodies can be found in [12-20].

In the present study we first consider the basic equations and conditions of the mixed
initial-boundary value problem in the context of thermoelasticity of dipolar bodies with
voids. Next we define the concept of the domain of influence D; regarding the data of our
problem at some time ¢ > 0.

Inspired by the method used in the papers [21-23], we prove a domain of influence
theorem in order to generalize the previous similar theorems.

In short, our result asserts that the solutions of the mixed initial-boundary value prob-

lem, in our context, vanishes outside D; for some time ¢ > 0.

2 Basic equations

In the following we consider an elastic body in the general case of anisotropy. Such a ma-
terial occupies a regular region B from the Euclidian space R® and its border is assumed
by a piecewise smooth surface denoted by dB. The closure of the domain B is B, and we
have B=BU 3B.

We will use a system of Cartesian axes Ox; (i = 1,2,3) and adopt the Cartesian vec-
tor and tensor notation. The material time derivative will be highlighted by a superposed
dot, while for the partial derivatives with respect to the spatial coordinates, we will use a
comma followed by the respective subscript. Also, we adopt the summation rule (Einstein)
on repeated indices.

When there is no likelihood of confusion, the spatial argument or/and the time argu-
ment of a function will be omitted. In order to describe the behavior of a dipolar body, we

will use the following variables:
Ml(t,X)’wl](t;X),(t,X) € [O’tO) x B. (1)

As such, the displacement vector field has components #; and the dipolar displacement
tensor field has the components ¢;;.
With the help of the variables from (1), we can define the strain tensors of components

&y, Vij» and xyx by means of the kinematic relations:
2ejj = Uy + Ui, Vi = Uji — Pij» Xijk = Pijk- (2)

In the theory of dipolar bodies we can define three stress tensors t;, 7, and ;. These
tensors are intrinsically linked to the above strain tensors by means of the constitutive

equations:
Tij = Aijmngmn + Gijmn Ymn + anri/anr
+aij¢ + Dk — o0,
nij = Gijmngmn + Bijmn Ymn

+ Dijmanmnr + bij¢ + Eijk¢,k - ,311'9,
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Wik = Eijmn€mn + Dynijkc Vimn + Cigmnr Xmnr
+ Cijk® + Fijon®m — S50

For the equilibrated stress vector /;, the intrinsic equilibrated force g, the specific entropy
1, and the heat flux vector, we will use the following constitutive equations:

hi = Dyuni€mn + EpniVimn + Enri Xonnr + di + g — a0,

8 = —aye — by — cix ik —E¢ — dipi + m0, @

n = aey + BV + Sijk Xijk + Mo + a;p; + ab,

qi = k;6;.
Equations that govern the theory of thermoelasticity of dipolar bodies with voids are the

following (see, for instance, [9, 10]):
— the equations of motion:

(T + ny)j + oF;: = oiky,

Mijk,i + Njk + @Mk = Ly Gy ®
— the equation of energy:

oTon = qii +or; (6)
— the equation of the equilibrated forces:

hi; +g+ oL = ok . (7)

For the variation of the temperature and for the variation of the change in volume fraction,

we will use the expressions
QZT—T(), d):O'—O'().

The meaning of the notations used in the above equations is the following:
o—the constant mass density;
n—the specific entropy;
To—the constant absolute temperature of the body in its reference state;
Ijj—the coefficients of microinertia;
k —the equilibrated inertia;
u;—the components of displacement vector;
@jx—the components of dipolar displacement tensor;
o —the volume distribution function which in the reference state is oyg;
¢—the change in volume fraction measured from the reference state;
0 —the temperature variation measured from the reference temperature 7;
&ij» Vij» Xijk—the kinematic characteristics of the strain;
Tij» Nij» poi,»k—the components of the stress tensors;
h;—the components of the equilibrated stress vector;
q;—the components of the heat flux vector;
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F,—the components of the body forces;

Mjx—the components of the dipolar body forces;

r—the heat supply per unit time;

g—the intrinsic equilibrated force;

L—the extrinsic equilibrated body force;

Ajjmns Bijmns . . . » kij—the elastic coefficients are characteristic functions of the material.

Suppose the following symmetry relations take place:

Aijmn = A/'imn = Amnij: Btjmn = anij, ajj = dji,
dijk = d/‘ikv &ij = &jir Cijkmnr = Cmnrijks Fijkmn = Lijknm>» (8)
Gijmn = Gijum» kij = k.
Our mixed problem in the theory of thermoelasticity of dipolar bodies with vacuum pores
will be complete if we add the known initial data:
ui(%,0) = ud(x),  in(x,0) = ul (x),

%’k(x: 0) = ‘/’,'(;((x)r ijk(x, O) = ‘/’;((x);

. &)
¢(x, 0) = ¢O(x)> ¢(x¢ O) = ¢1(x),
0(x,0) =0%x), x€B,
and also the given conditions to the limit
Uu; = L_ll' on 331 X [0, t()), ti= Z’i on 8Bi X [0, t()),
Pjk = gl_ij on 832 X [0, t()), Mk = ,lTL,‘]( on 335 X [O, to), (10)

¢=¢ ondBsx[0,t), h=h ondB; x [0,1t),
0=6 ondByx[0,¢), g=q ondB; x[0,t).

Here 0B;, 0B,, 0Bs, and 0B, with their respective complements 989, 9B5, 9B5, and 0B
are subsets of 9B such that

0B1 U0dBS =0B, UdBS =0B3 U 3B = 0B, U dBS = B,
dB1 NAB] =3By, N 3B, =0B3 N 3B =3B, NIBy = 0.
l:h? fixed tiI}’le to from (10) can be infinite. Also, ?, u], w;}{, q)]%(, 6%, ¢°, &', i, &, Gjts ks
¢, 0, g, and h are known functions in their respective domains of definition.
The notations #;, wj, 4, and g are used in (10) for the surface force tractions, which

correspond to the displacement u;, the dipolar displacement gy, the equilibrated stress

vector /;, and the heat flux vector ¢;:
t; = (tj + ny)n, Wik = Wik, h=hn;, q=qin;, (11)

where #; are the components of the unit outward normal to 9B.
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If we substitute the geometric equations (2) and the constitutive equations (3)—(4) into
equations (5), (6), and (7), we arrive at the following system of field equations:

0ii = [(Ajjmn + Gijmn)&mn + (G + Bijmnn) Vin
+ (FEynrij + Dijnnr) Xomnr + (@i + bij) @
+ Dy + Eyje) i — (a5 + ,31‘/)9)],} +0oF;,
T @jr = (FijkmnEmn + Dynijc Vinn + Cijtomnr Xomnr + Cijk®
+ Fijtm®m — 8ijk0),i + Gikmn€mn + BjkmnVimn (12)
+ Djtgnnr Xmnr + bjk® + Djgith,; — B0 + oM,
0K = (Dyuni€mn + EpniVinn + Evunri Xonnr + dich +gyp;j—aib);+ol
— aijgij — byjyi — Cijic Xijk — §¢ — digp + m0,

1 1 , . . S
at = E(kije,j),i YT Bijéij — ij¥ij — Sk Xijke — mp — aip,;.

We must specify that from the inequality of producing entropy, we can deduce
k,79,i9,j >0. (13)

An ordered array (u;, gjx, ¢,0) is a solution of the initial boundary value problem for the
thermoelasticity of dipolar porous bodies in the cylinder Q¢ = B x [0, ty) if it satisfies the
system of field differential equations (12) for all (x, t) € Qo, the conditions to the limit (10),
and the initial data (9).

3 Main result
At the beginning of this section we will define the notion of domain of influence.

After that we will formulate and demonstrate an inequality that relates to the domain
of influence. We have to say that this inequality is a generalization of similar inequality
proposed in the papers [21-23]. This section and, in fact, our study ends with the demon-
stration of the theorem that establishes the domain of influence or, in other words, the
relaxed Saint—Venant principle for the thermoelastic dipolar bodies with pores.

It is clear that the above mentioned results will be obtained if some conditions are met.
The next assumptions on the properties of the material will help us in this endeavor:

(i) ©>0,1;>0,6>0,Tp>0,a>0;
(i)
Ajin&ii&mn + 2Gijmn&iiCmn + BijmnCiiSmn
+ 2Fnrii&iVinnr + 2Dijmnr SigVinr + Cigtmnr Vijk Vinnr
+ 2a; 0 + 2b; ;0 + 2c v + 2D i
+ 25 ik + 2F s Vikom + 2d;0i0 + E0” + g

2
> (56 + Lyy + ViV + wiw; + ©°),

for all &; = &, &y, Vi, w;, w;
(i) kx> yagx; for all x;.
In these inequalities, & and y are conveniently chosen positive constants.

Page 5 of 12
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We must note that these hypotheses are usual restrictions imposed in the mechanics
of solids. For instance, hypothesis (iii) is a considerable strengthening of inequality (13)
which, in turn, is a consequence of the inequality of entropy production.

Let us consider V,(x), a smooth non-decreasing function, defined by

0, ifxe (-00,0],
Va(x) =
1, ifxe[a,0),

for sufficiently small « > 0.

Function V,, is inspired by known Heaviside step function.

Using the function V,, for some fixed positive R, and ¢, and for d = |x — X¢|, we define
another useful function G as follows:

W(x,s):\/a< +t—s>, W:Bx[0,t] > R, (14)

where v is a positive constant having the dimension of velocity to be determined later and
X is an arbitrary fixed point in B.

It is not difficult to find that the function W(x,s) is a smooth function on the cylinder
B x [0, ], and it vanishes outside the set

Y= U S[xo,R+v(t—s)].

s€(0,t]

Here S(xo, ) is a sphere defined by
S(xo,r)z{xeR3:|x—x0|<r}. (15)
The following inequality is a necessary step to obtain our main result.

Proposition 1 Ifthe system of equations (12) admits a solution (u;, ¢y, ¢,0) which satisfies
the initial data (9) and the conditions to limit (10), then we have the following inequality:
[Ql:lﬂ:li + Ly @jrjx + ok p? + ab”* + Ajjmn€ij€mn

+ 2Gijn€iiYmn + BijmnVijYmn + 2Fmnrii€ij Xmnr

+ 2D Vi Xmnr + Cijtmnr Xijk Xmnr + 285819

+ 2byyyd + 2k Xik® + 2dire Pk + 25k ViiDk

+ Ljom XDk + 2dipd; + gy it + 7] (x, 9)

> [oitiit; + L@y @y + 0k $* + ab?

+ &€y + ViV + Xk Xijk + D + @0, (%, 9). (16)
Proof The inequality is immediately obtained as a consequence of hypotheses (i) and
(ii). O

The following inequality uses inequality (16) and is the basis for obtaining the most
important result of our paper.
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Theorem 1 If the system of equations (12) admits a solution (u;, ¢;j, $,0) which satisfies
the initial data (9) and the data at the limit (10), then for any t > 0, R > 0, and xo € B, the
following inequality holds:

1 t
f P(X, t) av + — / f ki,-QindV
Tlxo/R] To Jo JrixeRvit-s)]
< / P(x,0)dV
I"[xg,R+vt]
t . 1
+/ / Q|:Fil;li+M]‘k¢]‘k+L¢+ —}"91| dVds
0 JrixoR+v(t-s)] Ty

t ~ _. 1
+ / / |:tl'itl' + Lk @k + ho + —Z]@] dA ds, 17)
0 Jar[xo,R+v(t—s)] Ty

where I'(Xg,r) = {x € B: |x —Xo| <1}, d['(Xo,7) = {x € 9B : |x — X¢| = 1}.

Proof First, we must specify that the function P(x, t) used in (17) is the potential energy
and has the expression
1 . . . . 7 2 2
P(x,s) = E[Quiui + Ikr(pjr(pjk +oKk¢” + ad” + Ctjmngijgmn

+ 2Giiun€iiVmn + BijmnYigVimn + 2Emnri€ij Xmnr

+ 2Djjanr Vig Xmnr + Asjkmnr Xijk Xmnr + 20575

+ 2D,y + 2ci Xk 2d k€D k + 24k Vi i

+ Yiiom Xk + 2dip; + gyb, b, + §7](x,9). (18)

Also, the kinetic energy is K(x,s) which is a function defined by

1. .. .. ;
Kx,s) =3 [oitiin; + I jr @i + 0k > + ab®

+ &€y + ViV + Xk Xik + 0+ 3] (%,9). (19)
If we multiply both members of equation (12); by Wii;, we are led to the relation

1._d, .. . . .
2 Wa(@”iui) = oWFu; + Wtyin) ; — W jtyts;

- W(Atjmngmn + Bi]’mnymn + Bt/¢ + Dijk¢,k - ﬂl]g)uz,] (20)
By analogy, we multiply both members of equation (12), by W@, so that we obtain
1._d, . . . . .
2 WE(Ikrwjrfpjk) = 0GMjxj + (W ki) j — Wik @jic

- W(Bmmjsmn + Ct'/'mrlymn + Cl]¢ + El’jk¢,k - atje)(pz)/k,j

+ Szjk(AjkmnSmn + Bjkmnymn + B]k¢ + Djkm¢,m - ﬂjk9)¢/k- (21)
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Now, we multiply both members of equation (12); by W, so we deduce that

1 d, . ; ; ;
W (0kd%) = o WL + (Whig), — W ihid

- W(Aij¢,jq‘5,i + Dmnigmn(i),i + Emniymnqs,i + di(f)q‘s,i - ﬂ19¢5,i)

- W(Byeyd + Ciyy + £ + didp 0 — mOP). (22)
Finally, if we multiply both members of equation (12), by W6, we are led to

1.d, , 1 1
EW% (d@ ) = TOWI’Q + E[(W@ql),l - Wﬁql]

1

QTO Wkije,ie,/ - W/(ﬁiﬂéﬁ + Ol,'j@)),’j + m9¢ + a,@(ﬁyi). (23)

Summing up equations (20), (21), (22), and (23) term by term results in

1 d .. .. ) 2
EWE(Quiui"'IkrﬁoerDjk‘*'QK(p +ab?)

=oWF; + QWMjk¢jk

. 1 . 1
+ QWL¢ + FO Wré + W(tl'ji{i + /'ijgbjk + h]¢ + —Hq])
)]

0Ty
= W[ AjmnEmnéi + BimnEmnVij + Emn¥Vis) + CionVimnVig
+ B¢y + 4®) + Cii(Vy + i) + Dy + Ejbx)
+ Eje(ybu + vidx) + dilddi + 9$,) + Ay, + § 9]

. . : 1
= Wtijtsi = Wtjx@jx = Wihip — — W,qi0 — oTo Wkii6,:0,. (24)
0

eTo
Clearly, relation (24) can be rewritten in the following form:

1._d, .. .. .
3 WE (ottit; + Iy @irfjx + 0k D + A0 + AgjunEmn€iy + 2B jjmnYmn€is

+ CijmnYmnYij + 2Bjjeijp + 2C;vii + 2Djje jp i
+ 2Euyybi + 2dipdi + Ay idp; + %)

. . . 1
= QW<Fiui + Mgk + oL + Ff9>
0

. . : 1
+ W(ti/u,» + Wik @ik + i + —qu>
QTO J

. . . 1 1
= Witijtsi — Wtix@c — Wihip — WJEQ% - Ekzﬂi@,j (25)

or, equivalently,

1. 1 . . .1
5 wu + Ekﬁeﬁj = W(QFlul + QMjk(pjk + QL¢ + ?OQI’9>
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. . .1
+ W(t,;ui + k@i + hjp + —9q,»>
eTo ;

J

. . . 1
= Wil tythi + Wi + hjp + ——04g; ). (26)
eTo

We now integrate on cylinder B x [0, t] both members of equality (26), and afterwards we

use the divergence theorem and the boundary conditions (10), so we get

1 t
/WU(x,t)dV+—/ /Wkijg,i@,jd‘/ds
B 0To Jo JB
:/Wu(x,O)dV
B
t _ . 1
+// W(tiiti+/2jk¢jk+h¢+—Z]G)d\/ds
0o JaB 0Ty
‘ . . .1
+/ /QW Fiit; + Mgk + Lo + —16 | dV ds
o JB To
¢ . ¢ . 1
+/ /WU(x,s)dVds—/ /W;(tljiti+ujk¢jk+h,¢+—q,»9> dvds. (27)
o JB o JB 0T

Considering definition (14) of the function W, it is not difficult to find that

. . . 1
’—W,/tzyui - Winix@ic — Wihip — E"VJ%’@

1 Xi . 1 Xj . 1 X 1 Xi
= ‘;Vé;tl,u, + EVL;;//LI](QD/]( + ;V;;htd’ + CQ_]})V‘;;qle
1 1

, .
=5 Vas |:(Aijmngmnxj + BijinnYmn¥j + Bydx; + Dy xxj — By )tk

+ (Bunijemn¥j + CijmnYmnXj + Cijdx; + Eirp xx; — Bii0%) @i

: 1
+ (Dimni€mn¥i + EpniVimn¥i + Ay jx; + dipx; — a0x;) + Q—Tkijé),,-@xi , (28)
0
where
- avy,
¢ dr’
The elementary arithmetic—geometric mean inequality
1 2
ab< = (ﬂ— + b2p2> (29)
2\ p?

is now used to the last terms of relation (28). Thus, we can choose some suitable parame-
ters p and can find v such that

: . o1 ,
|_W/,}'tijui - Wi — Wihip — T W,q:0| <V, K(x,s), (30)
0
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and also

£ . t . 1

f / WLI(x,s) dVds —/ /(W,tl]u, + Wj“fjk(bjk + Wihi¢ + — W,,qﬁ) dVds
o JaB o JaB To
t
< f f V,(%,8)[K(x,8) — U(x,5)]dV ds < 0. (31)
o JB

Considering inequality (31), from equation (27) we are led to

1 t
/ WLI(x, t) av + — / / Wk,ﬁ,i@,j dVds
B TO 0 JB

< / WL (x,0) dV
B

t i 1
+/ /QW(BIZi+M,k¢,k +Lp+— r9> dVds
o JB 0°To
t ~ . 1
+ / / W(tiit,' + L@k + he + —é@) dvV ds. (32)
o JaB 0Ty

We will pass to the limit as @ — 0 into relation (32), so that we deduce that W tends
boundedly to the characteristic function of the set X (before (15)) and, as a consequence,
we obtain inequality (17) and the proof of Theorem 1 is complete. d

We will use previous estimates from Proposition 1 and Theorem 1 to demonstrate the
basic result of the present study, namely an extension of the relaxed Saint—Venant principle
or, in other words, a generalized theorem of the domain of influence.

We will denote by B(t) the set of all points € B having the following properties:

(1) ifx € Bthen u? #0 or u} #Oorgz);}(;!Oor(p]%(#Oorqﬁo;!Oorqbl Z00r6°#0or

dt € [0, ¢] such that F;(x, t) # 0 or M;(x,t) #0 or L(x,7) #0 or r(x,7) #0;

(2) if x € 8B; then 31 € [0, t] such that u;(x, ) #0;

(3) if x € B¢ then 3t € [0,¢] such that #;(x, 7) #0;

(4) if x € 0B, then 3t € [0, ¢] such that g (¥, 7) #0;

(5) if x € 3B then 3t € [0, ] such that fi;(x, ) #0;

(6) if x € 3B3 then 3t € [0,¢] such that ¢(x, T) #0;

(7) ifx € 9B then 3t € [0,¢] such that h(x,7) £0;

(8) if x € 3B, then 3t € [0,¢] such that 6(x, 7) #0;

(9) ifx € 9Bg then 3t € [0, ¢] such that g(x, ) #0.

For the data of our mixed problem, we define the domain of influence at instant ¢ as follows:

D, = {xo € B: B(t) N T (xo,vt) # P}. (33)
Here we denote by ® the empty set.

Theorem 2 If the system of equations (12) admits a solution (u;, ¢;j, $,0) which satisfies
the initial data (9) and the data at the limit (10), then for any t > 0 we obtain

ui=0,  @;=0, $=0, 6=0 on{B\Dyx[0,z].
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Proof We will arbitrarily fix xo € B\ D, and t € [0,¢], and use inequality (17) taking ¢ = T

and R = v(t - s). In this way, we are led to

1 T
/ L[(x,r)dV+ p— / / k,»,»&,'O,,- dVda
Txo.v(z-s)] To Jo Jrixovz-s)
T . 1
5/ L[(x,O)dV+/ / Q(F,'zli+Mjk¢jk+L¢+ —r9) dVda
I'[xq,vt] 0 I'[xg,v(t-s)] TO

T _ . 1
+ / / 0 (tizlt,' + k@i + he + —?]0) dAda. (34)
0 Al [xq,v(t-s)] TO

Taking into account that x( € B \ D;, we deduce that x € I"'[xg, vt] which involves that
x ¢ B(t). So, we deduce

/ Ux,0)dv =0. (35)
I'[xg,vt]

Now, we take into account that I"[xg, v(t —s)] € I'[xo, vr] in order to obtain the following

two equalities:

T . 1
/ / Q(Fiiti + Mg + Lo + —rQ) dVda =0, (36)
0 I'[xq,v(t—s)] TO
T ~ . 1
/ / (tiiti + Lk Qjk + he + —21(9) dVda =0. (37)
0 I'[xq,v(t—s)] TO

Considering assumption (iii) and relations (32)—(34), we deduce that
/ Ux,t)dV <0. (38)
I'[xp,v(t-s)]
From (38), by using inequality (16), we deduce
/ K(x,1)dV <O. (39)
['[xo,v(t~s)]

By using this inequality and considering the definition of function K, we are led to the

following null values:
1'41’(X0,7—') =0, ¢jk(x0rf) =0, d)(X(), T) =0, 9()(0, T) =0

for any (xo, 7) € {B\ Dy} x [0,1].
But u;(xo, 0) = 0, jx(x0,0) = 0 for any x, € B\ D, so we deduce that

ui(x0,7) =0,  @u(x0,7)=0,  @(x0,7)=0,  O(x0,7)=0

for any (xo, 7) € {B\ D;} x [0, t], which ends the proof of Theorem 2. (]
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4 Conclusions
We can conclude that the main result of the present paper is an extension of known Saint—
Venant'’s principle from classical elasticity in order to cover the theory of thermoelasticity
of dipolar porous bodies. We have shown that the domain of influence theorem remains
valid even if we exceeded the framework of classical mechanics.

Namely, the essence of the principle remains the same even if we have taken into con-
sideration the effect of thermal treatment, the effect of dipolar structure, and the effect of
voids.
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