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Abstract: This paper deals with a mixed-order Caputo fractional system with nonlocal integral boundary conditions.
This study can be considered as an extension of previous studies, since the orders of the equations lie on different
intervals. We discuss the existence and uniqueness of the solution using fixed point methods. We enrich the study with

an example.
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1. Introduction

Fractional differential equations (FDEs) have attracted interest for a long time since they are capable of modeling
different problems arising in different fields such as physics, biology, optics, and control systems [5-8, 12, 14].
Fractional derivatives have eliminated the drawbacks of integer-order derivatives on account of their nonlocal
characteristics. This property gives us a chance to understand the memory effect on the system and it is
especially important to understand the material properties.

Studies concerning the existence and uniqueness of the solution of FDEs with classical, nonlocal integral
type and coupled boundary conditions can be found in the literature. For example, a coupled system of nonlinear
Caputo—Fabrizio FDEs of order 0 < a < 1 with classical homogeneous boundary conditions (BCs) is discussed
in [4]. A three-point boundary value problem (BVP) with Riemann-Liouville derivative was addressed in [1].
A system of nonlinear FDEs of orders 1 < «, 8 < 2 was investigated in [15]. A nonlinear system of coupled
Riemann—Liouville FDEs of order ¢ — 1 < a < ¢ for ¢ > 3 with coupled integral BCs was studied in [10]. A
system of Caputo FDEs of order 0 < o < 1 with nonlocal integral BCs was analyzed in [11]. A similar FDE of
order 1 < o < 2 with a more general source function was studied in [2]. Authors discussed a system of FDEs
coupled with a new type of integral boundary conditions in [3].

In this study, we analyze the following coupled system of nonlinear FDEs with fractional integral boundary

conditions:
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CDYu(t) = f(t,u(t),v(t)), 0<a<l, 0<t<l, (1.1a)
CDPu(t) = g(t,u(t),v(t), 1<B<2, 0<t<l, (1.1b)
u(0) = CTPu(p), 0<p<1, (1.1c)
v(0) = 0Z9%(E), 0<&<1, o(l)=4w(d), 0<O<I, (1.1d)

where “D%u(t) denotes the Caputo derivative of u(t) of order a and ZPu(u) denotes the Riemann-Liouville
integral of u(p) of order p, f,g € C([0,1] x R%R) and p,q,(,d,% € R. This study can be considered as an
extension of the previous studies, since the orders of the equations lie on different intervals, i.e. 0 < o <1 and
1 < B < 2. Existence of the solution of the FDE (1.1) has been justified using the Leray—Schauder alternative
and then existence and uniqueness results have been proven using Banach’s fixed point theorem. To the best of
our knowledge, this is the first study concerning a coupled system of Caputo FDEs of mixed orders 0 < o < 1
and 1 < 8 < 2 with nonlocal integral boundary conditions and justifying the existence and uniqueness of the
solution.

This paper is organized as follows. In Section 2, some basic fractional differentiation/integration operators
are introduced and two auxiliary lemmas are proven. In Section 3, the existence and uniqueness of the solution

of the model (1.1) are shown and an example is presented.

2. Preliminary results

We define some basic fractional differentiation/integration operators and state some of their properties [13].

Then we present some auxiliary lemmas for the corresponding linear problem.

Definition 2.1 Let f : [0,00) — R be an at least n-times continuously differentiable function. The Caputo

derivative of order « is defined as

ST p— )/t(tw)”*wlf(")(f)dﬂ n—l<a<n, n=a]+1,
0

I'n—«

where [a] denotes the integer part of the order .

Definition 2.2 The Riemann—Liouville integral of order « is defined as

I°f(t) = o) /0 R dr, 0<a,

provided the integral exists.

Lemma 2.3 Let o, > 0, f € Li([a,b]). Then I® IPf(t) = Z°TPf(t) and DPIPf(t) = f(t) for all
t€la,b].

Lemma 2.4 Let 3> a >0, f € Li([a,b]). Then CD*IPf(t) = TP~ f(t) for all t € [a,b].

We present some auxiliary lemmas before deriving the main theorems.
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Lemma 2.5 Let ( # % and h € C([0,1],R). Then the FDE
CDu(t) =h(t), 0<a<l,

with the boundary condition

u(0) = (ZPu(p) = C/o# (#;(;))pu(f) dr, 0<pu<l,

has the solution

t — a1
u(t) = /0 uh(T) dr — mszrah(ﬂ)’ tel0,1].

Proof The proof is given in [11].

For ease of notation, we set

 T(g+1) B gatt _ 1
Tl - T T(g+2) - &g+ 1) T 10+ (1 )l
Lemma 2.6 Let I'(¢+ 1) # &9, 1J:b10 a F(q+2§q—zlq(q+1) and k € C([0,1],R). The FDE

“Dlu(t) = k(t), 1<B<2,
with the boundary conditions

13
0(0) = OT90(E) = & /0

v(l) =¢v(d), 0<6<1,

7(§_T)q_l’l}7' T
) (r)ydr, 0<&<1,

has the solution

—7)

1 (1 B—1
1) = (I + T = 1) T (¢4 1) T9420(E) — T (¢4 1) [ BB ar

0 —r B—1 —r B—1
+H3q,/;(t+H2)/0 %k(ﬂdr—l—/ot%k(ﬂdﬂ teo,1].

Proof We write the solution of the model in (2.1) as

v(t):d1t+d2+/0t(t}(sﬂ>f_l

where dy,ds are arbitrary real numbers. Using initial conditions, we have

v(0) = dz = 0Z%(¢),

k(s) ds,

v(1)=d1+d2+/0 A-97

Applying the Riemann—Liouville integral of order g to v, we obtain the following equation:
$a+1 d 4

+ da .
(¢+2)  "Tlg+1)

T(t) = I Pk(t) 4+ d, -
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By taking t = £ in (2.4), we get

74 7Pk b g d
= == O == . 2.5
v(§) &)+ T+ 2) + Tt D) v(0) = do (2.5)
By taking t =1 in (2.3), we get
L1 —s)f1t
dy +do —I—/ ————Fk(s) ds = v(1) = ¢v(0). (2.6)
o T8
Solving the equation (2.5-2.6) for d; and d3, we obtain
11 _ A1 0 (g _ \B-1
- - atBpey— [ L= ©O-n" )
=1ty (- mzrtue - [ ke ar+v [ Ok ar)
do =TIy Z9TP k(&) + di1la.
Substituting the values of d; and dy into (2.3), the desired result (2.2) is obtained. O

3. Main results
We define

U={u(t) : ut)cC([0,1])} and V ={v(t) : v(t) € C*([0,1])},

with the norms

[u(®)]| = max{lu(t)], ¢<€[0,1]} and o) = max{lo(t)], ¢ €[0,1]},

respectively. We note that (U, ||-||) and (V;||-||) are Banach spaces. Moreover, the product space (U x V|| -||)

is a Banach space associated to the norm |[|(u, v)|| = ||ul| + ||v].

Lemma 3.1 (Leray-Schauder alternative [9]) Let §: S — S be a completely continuous operator. Let
SE)={ze€S: z=wFx) forsomeld<w<l}.
Then either the set S(F) is unbounded, or § has at least one fixed point.

By using Lemmas 2.5-2.6, we define an operator F : U xV — U x V by

F(u,v)(t) == (Fi(u, v)(t), Fa(u,v)(t)),
where

t —r a—1
Filuv)(t) = / CoD)™ b u(r), o)) dr

MNa-1)
Cr(p+1) 2 (’uiT)p+a71
C(w—T(p+ 1)/0 Tpta) J(mulr) () dr,
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and

3 — )4 B—1
Falon0)(t) = (I +Ta( — 1) T ¢+ 1)) | E)™ i ulr), o) dr

o T(g+8)

1-— 7')671

— I3 (t+H2)/O ( T(5) g(m,u(r),v(r)) dr

+1I3 ¢ (t +1I2) /9(07

t(t— )81
+/O %Q(T,um,vm) dr, teo,1].

For ease of notation in the next theorems, we set
1 Pra|CIl(p+ 1
Y1 = { 4 pP | (p + 1) } 7 (3.1a)
Fa+1)  [P(p+1) —Curl(p+q+1)

gath |TI3(1 + II5)|
(¢g+pB+1) L(6+1)

x2 = (II; + I3 (¢ — 1) II4 (1+H2)|F

08 1
B+ TE+D

xo =min{l — (x1 fi +x2 91), 1 — (x1 fo + x2 G2)}- (3.1c)

) (3.1b)

+ T390 (1 + Io)| T

Now we use Leray—Schauder alternative to justify the existence of the solution of the FDE (1.1).

£q+1

Theorem 3.2 Let ( # "3, T(q+1) # &, 55 # rmyeenrn -

|f(t, 21, 22)| < fo + filer| + falal, and |g(t,z1,22)| < go + g1lz1] + galzal,
with fi,§; > 06 =1,2) and fo >0, §o > 0. Moreover,
X1 fitxaii <1 and x1fot+x2do <1

hold where x1 and xa2 satisfy (3.1). Then the FDE (1.1) has at least one solution.

Proof The continuity of f and g implies that the operator F is continuous. Assume that Q C U x V is a

bounded set and Ly and L, are positive real numbers with

Lt u(t), o) < Ly, gt u(t),v(t)] < Lg, V(u,v) € Q.
First, by [11, Thm. 3.2], the following estimate holds:

= Lf X1- (32)

1 PP (p + 1) }

| Fi(u,v)(t)| < Ly {I‘(a+ 1) + T(p+1) —CuPT(p+q+1)
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On the other hand, we show that

[ Fa(u, v)(t)]

£ _ g)at+B-1
< ‘Hl + 10 H3(y — 1) (t+H2)‘/O (51“(q)+ﬁ)

l9(s,u(s),v(s))] ds

(1—s)71

I'(3)

(6 — s)8~1
I'(3)

s )| [ (s, u(s), v(s))] ds

-+W@+Ibﬂh’A9 l9(s. u(s). v(s))] ds

Lt — )Pt
+ [ gy lats ) vls) s

q+B 11 1I
SLg(‘H1+H3(¢—1) Iy (1+1Iy) F(qiﬂ+1) | 135211)2”
08
+’H3¢(1+H2)‘F(6+1) +F(61+ ) = Lo xe (3.3)

The estimates (3.2)—(3.3) show that F is uniformly bounded. Now we prove that F is equicontinuous. We fix
0 <t <ty <1. By [11, Thm. 3.2], we have

[Fi(u(ta), oft2)) = Fi(u(ta), o(t2))

= tzw s,u(s),v(s)) ds — tlw s,u(s),v(s)) ds
_/O F(a_l) f(’ ()’ ())d A F(O(—l) f(a ()a ())d

ty — 7). A4
F(Oz + 1) ( 2 1 ) (3 )
On the other hand, for the operator Fa(u,v)(t), we obtain

[Faulta), olta)) = Falu(ta), o(tr))

£ — F)atB—-
:‘Hg(d)—l)l—[l(tg—tl)/ (€ —m)r

g o)) dr]

11 _ 1)B-1
[ty 2 =) [ C 0 atrutr)ot) ar

09 —r)p-1
My (t — 1) /O S 9w ) dr,|
" (13— 7)) R
+ /0 Wg(T,u(T),v(T)) dT—/O Wg(m(ﬂ,v(ﬂ) dr
B _ 4B _
<o {ebd G oo e-af. e

Thus, F is completely continuous according to the inequalities (3.4)—(3.5).
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As the last step of the proof, we will justify that
S={(u,v) €U x V| (u,v) =w F(u,v),0 <w < 1}
is bounded. For (u,v) € S, (u,v) = w F(u,v) holds. Then, for all ¢ € [0, 1], we get
u(t) =w Fi(u,v), o(t) =w Fau,v).

Then, by [11, Thm. 3.2], we have

1 [ClpPteT(p +1)
|u(t)‘§{1"(a+1) T(p+qg+1T(p+1) —¢pr|

} (o + Fuu(®)] + Falo(®)).

Now we show that

q+p
(O] < (I + T 1) 11 (14 TS (DG D)
B
M1+ ) s + gy ) o+ o) + defo(t)

holds. These inequalities imply that

lu()] < x1 (fo+ filu(®)] + faolo@)]), [lo@)Il < x2 (o + Gilu(®)] + galo(t)]).
Then we obtain
()| + o] = G fo +x2 o) + (x1 fr+x2 g u®]l + (xa fo + x2 g2)l[o(B)]]-
Thus,

(o)) < 800 X290 p e 01,

Xo

Now we conclude that S is bounded. By Theorem 3.1, there is at least one fixed point of F, which means that
the FDE (1.1) has at least one solution. O

Banach’s contraction principle is used to prove the existence and uniqueness of the solution of the FDE

(1.1).
Theorem 3.3 Let f,g:[0,1] x R?> - R be continuous functions such that

|f(tur,u2) = f(tv1,02)] < filur — vi] + folua — val,

lg(t,ur, uz) — g(t,v1,v2)| < gifur — vi] + Golug — val,

where f;,§; are positive constants and u;,v; € R for i =1,2 for all t € [0,1]. Suppose that

x1 (fi+f2) +x2 (g1 +32) <1

Then the FDE (1.1) has a unique solution.
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Proof Let sup,ejo ) f(t,0,0) = S1 < 00, supseo,1)9(¢,0,0) = 2 < oo with

Six1 + Saxz
T l=x1 (fit fo) —x2 (91 +G2)

For B. = {(u,v) € U x V : ||(u,v)|| < e}, we show that FB. C B.. By [11, Thm. 3.3], we have

| F1(u, v)(8))]
1 ¢luPteT(p+ 1) . i
= {F(a 1) T +q+DIPp+1)— Cpr| } (fullull + falloll + 1)

<xi1 ((fi + f2)e+51), (u,v) € B..

It implies that

1F1(w,0) (O] < x1 ((f1 + f2)e + S1). (3.6)
Furthermore, we show that
(Pl v)(0)
< Mt “3“”’(;2;‘ (¢ + 1T)] / — )T (g(r, u(r), v(r)) — 9(0, u(0), v(0))] + 9(0, u(0), v(0))]) dr
M (¢ +10)|

. T, u(T T)) — ) T
T(3) /0 1-7) (lg(7,u(r), v(7)) — g(0,u(0),v(0))] + |g(0, w(0), v(0))]) d

T3 ¢ (¢ +12)|

r@) 0= Gatrutr),v(0) = 9(0,4(0). v(0))] + 19(0. u(0). v(0))]) dr

+ ﬁ /Ot(t =777 (lg(r, u(r), v(r)) = 9(0,u(0), v(0))]| + (0, u(0), v(0))]) dr
< x2 ((91 + g2)e + S2).
It means that
[F2(u, v)(O)] < x2 (91 + G2)e + S2). (3.7)
By the inequalities (3.6)—(3.7), we have
[F (u, 0)(@)]| < e
For (ug,v2), (u1,v1) € U x V and for any ¢ € [0,1], by [11, Thm. 3.3], we have
1F1 (s v2) (8) = Fr(ur, o) ()] < x1 (fi + fo)([lug = wr]| + [lvz — wr ). (3.8)
On the other hand, we get

| Falua, va)(®) = Fa(ur, v1) (1)

_ T)quﬁ*l

3
<fm+m@-pme+m) [ “F(Hﬁ) lg(r,ua(r), va(r)) = g(r, us (7), va (1)) dr

1 — )81
# |0t 0+ )| [T BT w0 0a(r) = s () oa () dr

()

(6—7)F!

+|H3¢ t+H2)| / ()

lg(7, w2 (), va (7)) — g(7,wr(7), v (7))| d7

L ()81
+ [ et () a(0) = g(r s (), () ar

< x2 (91 + g2)([Jluz — ua|l + flva — v1l).
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Then:
[1F2 (2, v02) () = Fa(ur, v1) ()] < X2 (g1 + F2)([uz — uall + [z — v ). (3.9)
From the inequalities (3.8-3.9), we obtain
[ F (uz, v2) (t) — F(ur, v1) (@) ]|

< [x1 (fi+ f2) + x2 (1 + §2)](luz — wa]| + |lvz — val]).

The operator F is a contraction operator under the condition yi (fl + fg) + X2 (g1 + §2) < 1. By the Banach

theorem, F has a unique fixed point and it shows that the FDE has a unique solution. O

3.1. An example
We consider the FDE

/10, — L st ul®)l 2sin®(v(t))
CpT/0y(t) = er 3 2501 1 (@] Py 0<t<l, (3.10a)
CPI0/Ty(yy — L sin® (u(t)) o2t V)]
DO/ Ty (t) = e 2\/144+t2+ B0+ @) 0<t<l, (3.10b)
u(0) = V5Z5%u(1/3), (3.10c)
v(0) = VTZ?50(1/2), v(1) = v(2/5). (3.10d)

3

C(p+1) _ ~ ~ =90 att ~
We note that —57= ~ 4.1176 # ¢ = V5, T(g+1) =~ 0.8873 # €7 ~ 0.7579, 7 ~ —1.3 # m ~

2.0916. Moreover, fo =1/5, fi =1/25 = fa, Go = 1/6, §1 = 1/12, §» = 1/72, which lead to

i fi+x2 01 ~02332<1, 1 fo+ X2 g2~ 0.0807 < 1.

Then, by Thm. (3.2), there exists a solution to the FDE (3.10). In addition,

1 1
|f(t,ur,v1) — f(t,ug,v2)| < %|U1 — ua| + 2*5\711 — g,

1 1
‘g(taulvvl) _g(taUQaU2)| < E|U’1 - u2| + Eh}l - U2|a
1 ~

where fi =&, o=, 51 = 15, G2 = &, X1 ~ 1.5250, x2 ~ 2.0668, and

x1 (fi + f2) +x2 (§1 + §2) ~ 0.0897 < 1.

Thus, by Thm. 3.3, the solution to the FDE (3.10) is unique.
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