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Abstract: In this article, we aim to establish several inequalities for differentiable exponentially convex
and exponentially quasi-convex mapping, which are connected with the famous Hermite-Hadamard
(HH) integral inequality. Moreover, we have provided applications of our findings to error estimations
in numerical analysis and higher moments of random variables.
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1. Introduction

Let¥: I C R — R be a convex function, then

01+ 0 1 2 T(O’l) +1P(0'2)
‘Ij( 2 ) = 0y — 0 /‘71 Flxdr s —————

We call the above double inequality a Hermite-Hadamard (HH) inequality. Equality holds in
either side only for affine functions. This result of Hermite and Hadamard is very simple in nature but
very powerful. Interestingly, both sides of the above integral inequality characterize convex functions.
For some interesting details and applications of HH inequality, we refer readers to [1-19].

There are many famous results known in the theory of inequalities which can be obtained using
functions having the convexity property. One of them is Hermite-Hadamard's inequality that has wide
application in the field. Many researchers have used different novel and innovative ideas in obtaining
new generalizations of classical inequalities, see [20-26]. The inequality theory has developed and
provided a rapid development of generalizations, improvements and refinements of the classical
concept of convexity. For details, see [2,15-17].

Now, we refresh our memories by giving some preliminary definitions and concepts as follows:

Definition 1. Suppose that K is a subset of R. A function ¥ : K C R — R is called a convex function if the

following inequality
Y(so1+(1—=s)om) <s¥ (o) + (1—35)¥ (0)
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holds for all 01, 02 € Kand s € [0, 1].

Recently, the definition of exponentially convex functions has been given and studied by
Awan et al. [2].

Definition 2 ([2]). Suppose that K is a subset of R. The mapping ¥ : K C R — R is said to be exponentially
convex, if
¥ (s01 4+ (1—5)0) < se?1%(07) + (1 —5)e?2¥ (o) 1)

forall 01,09 € K, s € [0,1] and 6 € R. One can say that ¥ is exponentially concave, in the case that in (1) the
reverse inequality holds.

2

For example, the function ¥ : R — R, defined by ¥(v) = —v* is a concave function, thus this

function is exponentially convex for all § > 0.

Exponentially convex functions are used to manipulate for statistical learning,
sequential prediction and stochastic optimization. Exponentially convex functions are very
useful due to their interesting properties. An exponentially convex function on a closed interval is

o
bounded, it also satisfies the Lipschitzian condition on any closed interval [o7, 02| CI (interior of I).
o
Therefore an exponentially convex function is absolutely continuous on [0, 03] C] and continuous on

1. Now we introduce exponentially quasi-convex functions.

Definition 3 ([10]). A mapping¥ : K C R — R is said to be exponentially quasi-convex, if
¥ (s01 4+ (1 —5)0n) < max {?1¥(07),e"2¥ (02) }

forall oq,00 € K, s € [0,1] and 6 € R.

Here we recall some of the results for convex and quasi-convex functions which are closely related
to the research of our paper.

Theorem 1 ([5]). Let ¥ : I C R — R be a differentiable mapping on ?, where 01,09 € 1 with oy < 0,
and ¥’ € L([oy, 0a]). If |¥'] is convex on [0, 03], then

"I’(m) wZL‘I’((fz) B 02101 /‘I’(v)du’ < (02— 1) (¥ (‘;l)| + ¥ ((72)|). )

Theorem 2 ([5]). Let ¥ : I € R — R be a differentiable mapping on <I), where 01,07 € [ with 0q < 03,

_P_
and ¥’ € L(oy,07). If |Y'| 71 is convex on 01, 02, then

o pe) 1 [y < (20 (Tl el

, ©)
2 2p+1)7 2

wherep > land p~' +q71 = 1.

In [24], Pearce and Pecaric gave an upgrading and overview of upper bounds as follows. It is
clear that the upper bound of (4) is less than the one in the inequality (3).

Theorem 3 ([24]). Let ¥ : I C R — R be a differentiable mapping on ;, where 01,0, € 1 with o < 0y,

.
and ¥’ € L([o1, 03)). If |¥'| 71 is convex on (07,07, then
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Y(o1) +¥(02) (09 —071) [(W (Ul)|q+|wl(¢72)|q)ﬁl

<
2 02—01/‘F d‘ 4 2 @

wherep > land p~' + 471 =

Recently in 2011, Hwang [27] derived the following identity and presented certain useful results
via this identity.

Lemma 1 ([27]). Let ¥ : I C R — R be a differentiable mapping on ?, where 01,07 € 1 with oq < 09, and let
u: [oq,09] — [0,00) be a differentiable mapping. If ¥’ € L([cq,02]), then

%([u(tfz)—Zu(ﬁ)W( 01) +u(o2)¥ /T

q>

1
0y — O 1+s 1-—s 1+s 1-s
= 2 l{/ 1+T(72>—u((72)}‘}”( 2 0’1+T(72>d5
0

+/1 {2u(1 ;S 1—5502) —u((Tﬁ}‘I”(l ;Sal + 1—5502)&15}. (5)
0

Theorem 4 ([27]). Let ¥ : I C R — R be a differentiable mapping on ;, where 01,0, € 1 with oq < 0y,
and b : [o1,05] — [0, 00) be continuous and symmetric with respect to 52, where 1, 0 1 with oy < 03.

(1) IfY € L([oq,02]) and [¥'] is convex on (07,07, then

1 x2(01,02,5)

H 2o /h dv—/‘P < HT( )+ ¥ ()] / / v)dvds. (6)

0 x1(01,02,8)
(2) IfY € L([oq,02]) and [¥'] is convex on [0q, 03] for ¢ > 1, then
o I , 1 xa(o,008)
[Hes¥e)] [o(v)dv — [¥(v)b(v (v)dv] < 25 {w )1 41 (e TJ [ b(o)dvds. @)
[ (%1 0 x1(01,02,5)

In order to derive new results and generalizations in inequality theory studies sometimes it may
be necessary for additional features to be added to the function, while sometimes some constraints can
be needed in the conditions of functions. Functions may provide various features at the same time or a
function class may look like another function class by means of some features. In our study, we can
see that inequalities can be provided also for different convexity classes for special conditions while
proving various integral inequalities for various convex functions. So, we aim to contribute to the
literature by proving some new estimations.

In the present paper, firstly, we consider the identities obtained by Hwang [27] for the classical
convex functions. Secondly, using these results for convex and quasi-convex functions, we establish
some new weighted HH type inequalities for exponentially convex and exponentially quasi-convex
functions. Finally, applications of our findings have been given for numerical analysis and the ¢!/
moment of random variables.

For the sake of brevity, let the notation x1 (01, 02,5) = 1+SU + 1= 520y and xo(01,02,5) = 55(71 +

1+s
Fo

2. New Estimations for Exponentially Convex Functions

We prove new integral inequalities via Lemma 1.
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The exponentially convex version of a weighted HH inequality can be represented as follows.

Theorem 5. Let ¥ : I C R — R be a differentiable mapping on I and b : [01,02] — R be continuous and

(o]
symmetric with respect to 2E%2  where 0q, 09 €] with oy < 0. If ¥' € L([0q,02]) and [¥'| is exponentiall
Y P 2 P Y

convex on [0y, 03], then

"I’(Ul);‘P(Uz) /b(v)dv_/\}f( )b(v)dv
< (724(71[|8901‘P’((71)| +|ee‘72‘1’/(t72)|} /1 ( XZ(U]UZ/S)h(U)dU)dS‘
0 x1(01,02,5)

S

Proof. If wesetu(s) = [ h(v)dv foralls € [07,03], in Lemma 1, one obtains
0

"W 7h(v)dv - 72‘1’(v)h(v)dv
"Y’(l 4—501 n H@)

[/1 o <1+s 1;Saz>—u(@) 2 2
0
ds}

1—s 1+s ,(1—s 145
2u< 5 01—|—2(72>—u((72) “F( 5 o1+ 5 (Tz)

0

Since h(v) is symmetric with respect to v= 2%, we have

1+ 1— ’
‘2u< . 5(71 + TSVZ) — u((Tz)‘ = / h(v)dv
x1(01,02,8)
and
1-s  1+s 1204 72)
‘2u< 501+ T(Tz) —u(m)| = / h(v)dv
x1(01,02,8)

foralls € [0,1].
By (9) and (10), we have

[re+¥ie) fh(vmv g ﬁ@)n(vmv

1 Xa(on 025) 1 1
< 02_01 / v)dv | ¥’ +5171+7S¢72 ds
2 2
0 1(0, ers)
X2(01,01,8) 1 1
—l—/( / dv) ‘I"( ;Scrl—l—?az) ds}.

10’1(725

Using the exponential convexity of [¥’|, we have

ds

®)

)

(10)

1)
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1 xa2(o1,09,8) 2(07,02,8)
|:/( / ) <1~2FS (Tz) ds+/< / >‘P/(1;50’1+1;SO’2> ds
0 xq1(oq,02,5) Xx1(07,02,5)
xal02:) 1+s 1-s 1-s 1+s
< . h(u)du) X <T|69“‘F'(¢71)\ + T\eeqz‘l"/(azﬂ + T|69‘71‘I’/(c71)\ + T|69‘72‘F'(¢72)\>ds
x1(01,02,5)
1 xa(01,02,5)
= eyl [( ] s (12

0 xi(o1,025)

A combination of (11) and (12), we have (8). This ends the proof. [

Corollary 1. If h(x) = 1 in Theorem 5, then we have

(%]
‘W —/‘I’(v)dv < (Tzzalhee”l‘f’/(mﬂ + e72% (02) ||

01
Remark 1. In Theorem 5:

(i) If we choose 8 = 0, then we attain inequality (6) in [27],
(i)) Ifb(x) =1, 6 = 0, then we obtain inequality (2) in [5].

Theorem 6. Under conditions of Theorem 5 and q > 1. If ['¥'|1 is convex on [0y, 03], then

]W 7h<u>du - 72‘1’(v)h(v)dv

1 X2(01,02,3)

1
o — 03 [|€9‘71‘Y’((71)|‘7 + |€9‘72‘1”((72)|q] 7 /
- 2 2

h(v)du) ds. (13)

0 x1(01,02,3)

Proof. Using Hoélder’s inequality for (11) in the proofs of Theorem 5, one has

‘Y(Ul) / duf/‘I’

2[71(725 2(71(725 1

1 1 1
(727171 1+ 1-s q q
< {{/ } {/ )‘I’(201+ 202)‘115}
0 @ 172‘;) 0 (o lfzs)
1 71(72“) _1 1 2(01,02,5) 1
q 1 1+s q
{/ } {/ do) | ¥ (2 +2”)ds}]
0 xi(o (725) 0 xi(n 025)
0 — 07 1 %) -3 1 wams) 1+s 1-s q P
2 — U1 ! -
< T{/( / "<")d”)} X[{/( | @) (e "2)\‘“}
0 x1 (171 02,5) 0 xi(oe25)
} s e sy
-5 s
{/ dv) [¥'( 5 01+T[72)‘ ds} ] (14)
0 x1(01,09,5)

By an application of the discrete power-mean inequality (¢f + 0§ < 217%(0y + 0)?) for
01 > 0,00 > 0and a < 1), one has
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1 21711725) 14 1 g %
, s —s
|:{/ )‘P( 2 o+ 2 U’z)‘ds}
0 x1 71725)
1 X 01‘725) 1 14 . 17
, 1—s s [
+{/ / w)dw) Y ( 5 o+ > az)‘ ds} }
0 x1(01,025)
1, x2(01,02,8) 1
11 1+ 1—s 7 ,,1—s 1+s \|7 1
< 2 q[/< / h(w)dw){‘f( > 01—&-7(72)‘—&-‘{’( 3 01+T02)’ ds| . (15)
0 xi(o1,02,8)

From definition of the exponential convexity of [¥|7 on [0y, 0], we have

1+s 1-—s q
V(g at— )’+ g At

1-— 1-—
L2y o)1 4+ L2 oo (o)1 4+ L2 e (o)1 4+ 112 e (o)1

1-s 1+s ))q

¥ (

1+s

\39‘71‘1’/(01)|‘7 + (%29 () |9, (16)

A combination of (14)—(16) gives the desired inequality (13). O

Corollary 2. If we choose h(v) = 1, then Theorem 6 reduces to

“W [v(0)do ~ [ ¥(0)n(0)do

1
< -0 [Iee"l ¥/ (01)]7 + [ ‘f’(ﬁz)l"]”
- 4

2

Remark 2. In Theorem 6:

(i) If we choose 8 = 0, then we attain the inequality (7) in [27].
(ii)) Ifb(v) =1, 6 =0, then we get inequality (3) in [5].

3. Hermite-Hadamard’s Inequalities for Exponentially Quasi-Convex Functions

For obtaining new results, we deal with the exponential quasi-convexity of ¥’ as follows:

Theorem 7. Under conditions of Theorem 5. If the mapping |¥’| is exponentially quasi-convex on [0, 03], then

"F(m) ¥(o / duf/q,

89(#)‘?/(0—1 ‘;(72)’} +max{|39‘72‘1”((72)\, ‘EQ(W)T/((H ‘;(72)‘}]

02*01

X {max {|39‘71‘F’(171)|,

1 Xx2(01,02,)

X / / h(w)dwds. (17)

0 xi1(01,02,8)

Proof. Using the inequality (11) in the proofs of Theorem 5 and by exponential quasi-convexity of [¥'|,

we have
_ , 01 +07 ’
¥ (o4 15 ) | = max {jen o) e 5w (22 | | 8
and 1 1
s +s 0t o1+ 0
"Y’( 5 +2(72)‘—ma><{69"2‘1’/((72)|/ £ )T/(122>‘}' )

A combination of (11), (18) and (19) gives the required inequality (17). O
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Remark 3. In Theorem 7:

(i)  If we choose 6 = 0, then we get Theorem 2.8 in [27],
(i)  If we choose 0 = 0 along with bh(v) = 1, then we get Theorem 2.2 in [1].

Corollary 3. Let Y as in Theorem 7, if in addition

(1) |¥'| is increasing, then we have

’ UZ)/b dv—/‘l’
o to 1 x2(01,02,8)
X{|€902‘Yl(0'2)|+‘69( 122) Ul+0'2 }/ /

0 x1(o1,02,5)

02—01
4

(2) |Y'| is decreasing, then we have

’ ¥(2) /h dv—/‘I’

”1 +f72 )

(72—(71
4

2(01,02,8)
{|e9”1‘1f o)) + [¢!
1(01,02,5)

Remark 4. In Corollary 3:

(i)  Ifwe choose 6 = 0, then we get Remark 2.9 in [27].
(ii)  If we choose 0 = 0 along with t(v) = 1, then we get Corollary 2.1 in [1].

1 X
YA ] e
0 xa(

7 of 12
v)duds, (20)
)duds. (21)

Theorem 8. Under conditions of Theorem 5 and q > 1. If [¥'|7 is exponentially quasi-convex on [0y, 0], then

(72—(71
4

‘ ¥(2) /h dv—/‘i’

X (max { 9 (o)1,

1

S (2 “ZW})q

|
+<ma |e9"2‘1f (@)1, ( G(W)T/(Mw});]

2

(22)

Proof. Using the inequality (11) in the proofs of Theorem 5 and by exponential quasi-convexity of

|'¥’|7, we have

"Yl (1 +sal + 1= 5(72) ‘q = max{|eg"1‘P,(Ul)|‘7, ‘eg(@)‘-}’/(a1 eraz

2 2

and

1 — 1 /
“f ( 7 o1 + ?fh)‘ = max{|€9‘72 Y (02)]7, |e

2

o(752) g (D10

'} 23)

)‘q}. (24)
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A combination of (11), (23) and (24) gives the required inequality (22). O

Remark 5. In Theorem 8:

(i) Ifwe choose q = 1, then we attain Theorem 7 in the present paper,
(ii)  If we choose 0 = 0, then we attain Theorem 2.10 in [27],
(iii)  If we choose § = 0 along with b = 1, then we attain Theorem 2.4 of [1].

4. Error Estimations with the Trapezoidal Formula

In this part of the article, results related to the trapezoidal rule, which has an important place in
numerical analysis, will be given. In the numerical analysis, our findings suggest an approach for the
error term are in the nature of confirming the results obtained previously and the findings regarding
their special cases are included. Let p be the partition 07 = wy < wy < ... < wy—1 < Wy = 03 of [07, 7],
and recall the quadrature formula as

[ ¥@n(0)dx = T(E,b,p) +ECE,b,p), 25)

where
Vi1

T(Y,5,p) = ng:w / h(v)dv

for the trapezoidal version and E(¥, b, p) is approximation error term.

Proposition 1. Under conditions of Theorem 6 and using [¥'|7 is exponentially convex on o1, 2], then in (25),
for every partition p of [0, 02, then

_ bore’ (1) (9 N x2(vivi1,8)
ECE0p)] < 5 X (o — o) (I YT P o)
i=0 0 x1(vi,viy1,8)

Proof. By taking into account Theorem 6 on the intervals [v;, v;11](i =0, 1,...,n — 1) of the partition p,
we get
Vit1 Vi1

"1’<>+2‘P<+1> [ b@dv— [ (o)

U; v;
. / 1 x2(ViVit1,8)
< Uz+12— vi {|€9U’ (i) + ’2691”*1‘1’ (Uz’+l)|q] 0 / / b(v)duds.
0 x1(vi,0i11,8)

By summation over i from 0 to n — 1 and applying exponential convexity of |‘I’/ |7 and by the
triangle inequality, we deduce that

T(Y,H,p) /‘Y (v)dv|

, 11 Xl Ui, Vig1, 5)
1 n—1 GU,' IIJ' q GUH»l ‘P q q
< 5 2 Wi —u) ( e (i) Jr‘26 sl ) / / v)dvds.
i=0 0 Xl(vlrUH»l/ )
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This completes the proof. [
Remark 6. If we set 8 = 0 in Proposition 1, then we have Proposition 3.1 in [27].

Proposition 2. Suppose the hypothesis of Theorem 8 is satisfied and using |‘I’/ |1 is exponentially quasi-convex
on [0y, 0y, then in (25), for every partition p of (01, 03], then

1
! Ui"’UiJrl q q
¥ ()]
v; + U; 'SR 1 x2(vivis1,8)
i oon iy () Y 1T s

0 x1(vi,viy1,8)

n—1
[ECE,b,p)| < + 1 2 (i1 — )HmaX{‘Y/(vi) ,

z:O

Proof. Applying Theorem 8 on the intervals [v;, v;11](i = 0,1, ..., n — 1) of the partition p, we get

"W / b(v)dv — / ¥ (0)h(v)dv

1
g(vﬂr;#l )‘P, (Ui +21Ji+1 ) ‘q}] q
1 x2(0iViy1,5)

q}m/ / b(v)duds.

0 x1(viviy1,8)

< “T‘ Hmax{eg"f ¥ (v,)]1,

9(vi+12’i+1 )‘P/ (Ui =+ UZ'+1)

4 [max {|e9vf+l ¥ (00, A

By summation over i from 0 to n — 1 and by definition of [¥'|4, also by using the triangle inequality,
we obtain that

IT(¥,5, p) /‘If )b (v)dv|

U; — U; J—
< lelleax{eev"Y(vi) , 5

9<vi+;i+l)‘f/ (vi + viH)“?}] q

9( vi+;i+1 )‘I’, ( U; + Uiy ) g

+ {max {|e€vi4rl T/(Ui_H) , 5

This completes the proof. [
Remark 7. If we set 8 = 0 in Proposition 2, then we get Proposition 3.3 in [27].

Remark 8. If |‘I’/] is nondecreasing in Proposition 2, then

1 i/Wit1,
1 — Q(M) 1 Wiyl -‘ra}l‘ 00110’ : x2(w Wit1 s)
[E(Y.b,d) < 7 | Z Vi1 *Uz‘)“e Y (f)“ |70y (Uz‘+1)|] / / h(v)dvds
i=0 0 x1(wiwit1,3)
and if |¥'| is nonincreasing in proposition 2, then
2(wi,wiy1,8)

n—-1 Y Vi / : . ’ 1
ECE0,d)] < 5 X o — o) [JEf O (LED) ey’ ] [ [ p(o)duds,
=0 0 x(

1(wi,wiy1,5)
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5. Application to Random Variables

In this section, by giving various applications to the results of our study, we will prove that the
findings obtained are effective. In addition, approaches to the expected value function will be obtained
with the help of the probability density function in the field of statistics. Let X be a random variable in

[01, 7], with the probability density function b : [07, 2] — [0, %), and symmetric with respect to 2772

with 0 < 07 < 0y, ¢t € R, then the t"-moment
02
Ee(v) = /tth(s)ds,
(%1

which is supposed to be finite.
Theorem 9. The inequality

v v _
oy + 0oy CE(v)| < (o (71)[

| 6601(7{71 + eeozaztfl]/
2 4

holds for 0 < 01 < op and v > 2.

Proof. Let ¥(s) = s* on [0, 03] for t > 2, we have [¥'(s)| = ts*! is exponentially convex. Since

[ ¥ = Ec(v),

and

X2(01,02,5) )

/ h(v)dv < /b(v)du =1, Vsel01].
x1(01,02,8) 71
From (8), one has
Y(oy) +¥(02) o7 +03
2 - 2

and

191 ¥ (01)] + 16972 ¥ (0) | = v("10F ! + P20 1),

By the inequality (8), the desires are obtained immediately. [

Remark 9. In Theorem 9, we have the following assumptions:

_ p)?
(1) If we choose vt = 1 and h(v) = \}Ee 202, for —oo < v < oo, and o > 0 is normally distributed,

- g
where y is the mean, o is the standard deviation and e(= 2.71828...) are constants, then we have inequality

‘% _ ‘ < %[eefﬁ _|_e9f72},

which holds for 0 < oy < 0.
(2)  Ifwe choose v = 1 and h(v) = Ae " for w > O with parameter ) is exponentially distributed, then we

have inequality
’0'1 %) B 1

7 ooal=

— 11 6o, o0
4 [6 'te 2]’

which holds for 0 < o1 < 0.
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By applying Theorems 6-8, similar relations can be established; we have omitted the details here.

Remark 10. Applications can be given based on the obtained results to special means, and we omit the details.

6. Conclusions

In this article, we have provided several new weighted HH inequalities for exponentially convex
and exponentially quasi-convex functions. Our findings can be considered as refinements and
significant improvements to the new classes of convex functions by extraordinary choices of 6. It is clear
that our new results can be reduced for 6 = 0 to previously known results. Also, we have presented
their applications to the Trapezoidal formula and in statistics for the r* moment for the derived results.
The obtained results can be extended for different kinds of convex functions. These ideas may stimulate
further research in this captivating field.
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