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Introduction

A new study suggests that millions of people with high blood
sugar may be more likely to develop tuberculosis (TB) than previ-
ously expected. TB is a severe infection that is caused by bacteria in
the lungs and kills many people each year, in addition to HIV/AIDS
and malaria, according to the Daily Mail website [1]. In 2017,
according to the World Health Organization nearly 10 million peo-
ple were infected with TB [2]. Experts are concerned that a global
explosion in the number of diabetes cases will put millions of peo-
ple at risk [3].

Many mathematical models have been proposed to elucidate
the patterns of TB [4-7], Recently, Khan et al., [8], presented a
new fractional model for tuberculosis. In addition, several papers
considered modeling TB with diabetes; see, for example, [9-12].
Recently, Carvalho and Pinto presented non-integer-order analysis
of the impact of diabetes and resistant strains in a model of TB
infection [13]. Fractional-order (FO) models provide more accurate
and deeper information about the complex behaviors of various
diseases than can classical integer-order models. FO systems are
superior to integer-order systems due to their hereditary proper-
ties and description of memory [14-28]. Fractional optimal control
problems (FOCPs) are optimal control problems associated with
fractional dynamic systems. Fractional optimal control theory is a
very new topic in mathematics. FOCPs may be defined in terms
of different types of fractional derivatives. However, the most
important types of fractional derivatives are the Riemann-
Liouville and Caputo fractional derivatives [29-40]. In addition,
the theory of FOCPs has been under development. Recently, some
interesting real-life models of optimal control problems (OCPs)
were presented elsewhere [41-52].

A new concept of differentiation was introduced in the litera-
ture whereby the kernel was converted from non-local singular
to non-local and non-singular. One of the great advantages of this
new Kernel is its ability to portray fading memory as well as the
well-defined memory of the system under investigation. A new
FO derivative, based on the generalized Mittag-Leffler function as
a non-local and non-singular kernel, was presented by Atangana
and Baleanu [14] in 2016. The newly introduced Atangana-
Beleanu derivative has been applied in the modeling of various
real-world problems in different fields, as previously discussed
[15-22]. This derivative, based on the Mittag-Leffler function, is
more suitable for describing real-world complex problems.
Numerical and analytical methods are very useful because they
can play very necessary roles in characterizing the behavior of
the solution of the fractional differential equations, as shown in
[15-27].

To the best of our knowledge, the optimal control for a FO
tuberculosis infection model that includes diabetes and resistant
strains has never been explored. The main contribution of this
work is to propose a class of FOCPs and develop a numerical
scheme to provide an approximate solution for those FOCPs. We
consider the mathematical model in Khan et al. [8], and the frac-
tional derivative is defined here in the Atangana-Baleanu-Caputo
(ABC) sense. A new generalized numerical scheme for simulating
a FO optimal system with Mittag-Leffler kernels is established.
These schemes are based on the fundamental theorem of fractional
calculus and Lagrange polynomial interpolation. This paper was
organized as follows. Fundamental relations are given in “Funda-
mental Relations”. In “Fractional Model for TB Infection Including
the Impact of Diabetes and Resistant Strains”, the fractional-
order model with four control variables is introduced. The pro-
posed control problem with the optimality conditions is given in
“Formulation of the Fractional Optimal Control Problem”. In
“Numerical Techniques for the Fractional Optimal Control Model”,

numerical schemes with exponential and Mittag-Leffler laws are
presented. Numerical experiments are given in “Numerical Simula-
tions”. In “Conclusions”, the conclusions are presented.

Fundamental relations

In the following, the basic fractional-order derivative definitions
used in this paper are given.

Definition 1. The Liouville-Caputo FO derivative is defined as in
[53]:

<Dig(t) = ﬁ [ -0 g@dg. 0<a<1. 1)

0

Definition 2. The Atangana-Baleanu fractional derivative in the
Liouville-Caputo sense is defined as in [14]:

BeDpa(t) = oy [ (- Di(ada, @
0

where B(ot) = 1 — a + % is the normalization function.

Definition 3. The corresponding fractional integral concerning the
Atangana-Baleanu-Caputo derivative is defined as [14]

(Z&;‘)g(t) +B(0()0i"(oc) / (- gla)dg

0

< Ig(t) =

a

They found that when o is zero, they recovered the initial func-
tion, and if o is 1, they obtained the ordinary integral. In addition,
they computed the Laplace transform of both derivatives and
obtained the following:

B(a))G(p)p* — p* 'g(0)

ABC ™ _
WO =T =)

Theorem 1. For a function g € C [a, b], the following result holds [9]:

B(o)

ABC nyo
Ha Dtg(t)H < (-l _ O()

1g(O)ll, where [|g(t)]| = maXa<c<p|g(t)],

Further, the Atangana-Baleanu-Caputo derivatives fulfill the
Lipschitz condition [9]:

14°°Dig1 (t) — ¥ Digy (D)l < wllg1 (6) — & ()|

Fractional model for TB infection including the impact of
diabetes and resistant strains

In this section, we study fractional optimal control for TB infec-
tion including the impact of diabetes and resistant strains, as given
in Carvalho and Pinto [13]. So that the reader can make sense of the
model, Fig. 1 shows the flowchart of the model as given in Carvalho
and Pinto [13]. The fractional derivative here is defined in the ABC
sense. We add four control functions, uq, u,, tus and u4, and four real
positive model constants, w;, i=1,2,3,4 and w; € (0,1). These
controls are given to prevent the failure of treatment in Iys, I, Izs
and I, e.g., patients’ health care providers encourage them to com-
plete the treatments by taking TB and diabetes medications regu-
larly. This model consists of fourteen classes. Let us consider the
population to be divided into diabetic (index 1) and non-diabetic
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Fig. 1. Flowchart of the model [13].

(index 2). Then, we have susceptible individuals (S, and S;), individ-
uals exposed and sensitive to TB (Es and E;s), individuals exposed
and resistant to TB (E;z and Eq), individuals infected with and sen-
sitive to TB (Is and Iy5), individuals infected with and resistant to TB
(Ig and I1g), individuals recovering from and sensitivite to TB (Rys
and Ry), and individuals recovering from and resistant to TB (Ry
and Ryg). All the parameters for the modified model in Table 1,
depend on the FO because the use of the constant parameter
instead of an integer parameter can lead to better results, as one
has an extra degree of freedom [40]. The main assumption of this
model is that the total population N is a constant in time, i.e., the
birth and death rates are equal and d} = d;, = 0. The resulting model
with four controls is given as follows:

QBCD?(S] =A"— (#x + OC% + /11)5], (3)
2BCDYSy = apSy — (H* + 041)S2, (4)

2BCD?513 = (1 — f)(] — P])}»TS1 + 031(] — 57R13) — (] — r]‘)(k‘f
+ 0141)Ers — (&4 op + u*)Ess, (5)

ACD?Erg = E(1 — Py)arSy + EExs + 032(1 — 8%27Rig) — (1 - 1)
x (ki + o147)E1g — (03 + {*)Eng, (6)

ABCDYEys = (1= &)(1 = P2)0irSy + 01 (1 — 83) 0rRas + 43Ess
— (1 =13)(K; + 020i7)Ezs — (& + (") Eas, (7)
ACDYEpp = E(1 — P2)0irSs + EEas + 042 (1 — 65)027Rog + 03E g
— (1 =13)(K; + 62027)Eag — [ Exg, (8)

IZBCD?I]S = (l — f)P]/]vTS] + (l — rf)(k? + 6111)515 + 5?1R15
—(T10f + 0y E+ Y] + 1+ d] + o)y, 9)

ABCD g = EP1 1St + (1 — 19) (kY 4 0121)Erg + ;D 4 05, Rik
— (Tof + 9% + 1+ df + oatp) ik (10)

IgBCD?IZS = (1 — §)P20/1T52 + (1 — T;) (k;l + 0'20/11')E25 + T 0(%1]5
+ 051 Ras = (1,8 4951 + 1" + dy + 3us)las, (11)

ABCD og = EP2021Sy + (1 —15) (K + 02071)Eag + 1, Elys + T10% 1k
+ 035 Ror — (15 + W+ dy + alla) g, (12)

ABCDIRys =y 115 + 01 Iis — 31 (1 — 8%)ArRys
= (871 + &+ 0h + H*)Rys (13)

ABCDIRig = Y5 Lig + @alialig + ERis — 32(1 — 85 77Rg)
— (03 + of + {*)Rug, (14)

ABCDYRys = Y21 1as + W3Uzlys + 0% R1s — 0410(1 — 85) ArRas
— (021 + &+ U*)Rys, (15)

ABCDYRog = Y%, 1ok + alialog + ERys + apRig
— 0'420(1 — 5;);LTR2R — (5;2 + MM)RZR (16)
where

Lis 4 elig + €11z + &210r
r=B N

Control problem formulation

Let us consider the state system presented in Egs. (3)-(16), in
R™, with the set of admissible control functions

Q= {(u(),u(.),us

(.),ua(.))|u; is Lebsegue measurable on [0,1],

0 < (')7”2(')7”3(')7u4(') < 17 vt € [07 Tf}y i= 1727374}7

where T; is the final
are controls functions.

time and uq(.),ux(.),us(.) and u4(.)
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Table 1
The parameters of systems (3)-(16) and their descriptions [13].
Parameter  Descriptions Values
A* Recruitment rate 667685.
o Diabetes acquisition rate %yr%
B Effective contact rate for TB infection {5,8,9}
&* Modification parameter 1.1
& Modification parameter 1.1
& Modification parameter 1.1
0* Modification parameter 2
w Rate of natural death e yr
14 Rate of TB infection among diabetic individuals 0.04
Py Rate of TB infection among non-diabetic 0.03
individuals
P, Rate of TB infection among diabetic individuals 0.06
¥ Non-diabetic individuals’ chemoprophylaxis rate ~ Qyr—*
3 Diabetic individuals’ chemoprophylaxis rate. Oyr—*
o2} Non-diabetic individuals’ degree of immunity 0.75P,
) Diabetic individuals’ degree of immunity 0.7P,
K Non-diabetic individuals’ rate of endogenous 0.00013yr*
reactivation
K Diabetic individuals’ rate of endogenous 2K yr—*
reactivation
Y Non-diabetic individuals’ sensitive TB infection 0.7372yr™*
recovery rate
Ve Non-diabetic individuals’ resistant TB infection 0.7372yr™*
recovery rate
Y5 Diabetic individuals’ sensitive TB infection 0.7372yr™*
recovery rate
7%, Diabetic individuals’ resistant TB infection 0.7372yr*
recovery rate
dy Rate of death due to TB Oyr—*
d5 Rate of death due to TB and diabetes Oyr—*
T Modification parameter 1.01
m Modification parameter 1.01
1, Modification parameter 1.01
8% Non-diabetic individuals of partial immunity 0.0986yr—*
5h Non-diabetic individuals’ partial immunity for 0.0986yr~*
sensitive recovered
%, Non-diabetic individuals’ partial immunity after ~ 0.0986yr*
resistant recovery
&5 Diabetic individuals’ of partial immunity 0.1yr
5 Sensitive recovered diabetic individuals’ partial ~ 0.1yr™*
immunity
Y3, Resistant recovered diabetic individuals’ partial ~ 0.1yr *
immunity
%, Sensitive recovered non-diabetic individuals’ 0.73P,
degree of immunity
%, Resistant recovered non-diabetic individuals’ 0.73P;
degree of immunity
0% Sensitive recovered diabetic individuals’ degree of 0.71P,
immunity
% Recovered diabetic individuals’ degree of 0.71P,
immunity
The objective function is defined as follows:
Ty
J(uq,up, us, uy) = / (his + Iig 4 Ios + Iog + %U%(t) + %lé(t)
0
B B
+ 5 (1) + 5 Uy (), (17)

where By, B,, B3, and B4 are the measure of the relative cost of the
interventions associated with the controls u;, uy us, and ug.

Then, we find the optimal controls uy,u,,us and uy that mini-
mize the cost function

Ty
](u17u2,ll3~,u4):/ 1(S1,S2, Exs, Eir, Eas, Ea, Its, Itr, Ios, Iog, Rus, Rig,
0

Ros, Rog, Uy, Uz U3 Ug t)dt, (18)

subject to the constraint

ABC 2t :  ABCP ABC o
o DiS1=¢&, ¢ DS =&, ¢ DiEs =&,
ABC ABC py ¢ ABCp -
a D[Em:fm a D[£25:§57 a DthR:C&

ABC ABC nyo 3 ABC
a Dtﬁs:f% a DtIIR:§8> a Dflzs:fm

ABC ABC ot :  ABCP
o Dibg =&, ¢ DiRis =&, 3 DiRig = &,

ABC 1yt ABC .
o DiRos = &3, ¢ DiRog = &yg,

where
& =&(51,52,E1s,Eqr, Eas, Eor, Its, I1r, I, Ir, Ris, Rir, Ras, Rog, U1, Uz, Uz, Ug, t),

i=1,...,14, and the following initial conditions are satisfied:
51(0) = So1, S2(0) = Soz; E15(0) = Eis0, E1r(0) = E1ro, E25(0) = Easo,
Ezr(0) = Earo, I15(0) = 150, [1r(0) = I1ro, I25(0) = Ias0,12r(0) = I2go,
R15(0) = Riso, Rir(0) = Rigo, Ras(0) = Raso, Rar(0) = Rago.

To define the FOCP, consider the following modified cost func-
tion [31]:

~ T¢
]:/ [Hﬂ(sl7527ElSsEIR7E237EZR7113«,I]RJZS«,IZRaR'137R1R7R237R2R«,uj«,t)
"o
14

- Z(;Liéi(sl ,S2,E1s,E1r, Eas, Eog, I1s, I1r, Ios, Iog, Rus, Rig, Ras, Ror, 1, )] dt

i=1
(19)
wherej=1,2,3,4,andi=1,...,14.
The Hamiltonian is given as follows:
H, (51,52, Exs, E1g, Eas, Ear, Tus, I1g, Tas, Tar, Rus, Rig, Ras, Rog, 5, 4, t)
:n(sl7527Els;EIR;EZs;EZR;113711R7125712R7R157R1R;R257R2R7uj7t)

14
+Ziifi(51.,52,Els,Em,EZs,EZR,hs-,11R,1257IZR,R157R1R,R25~,R2R~,U;‘-,t)7
i—1
(20)
where,j=1,2,3,4,andi=1,...,14.
From Egs. (19) and (20), the necessary and sufficient conditions
for the FOCP [34-37] are as follows:

Dy = S, Dy = O,

Dy s = STH]‘:, D} ha = ;E—I-{(;Q’

ABC Z;LSZSTH;’ ?BCD?;;LSZSTIZ’

DY 7 = ZTI-f:’ 5Dy i = gl_lj,j’ 1)
?BCDZ&; = ZZ: ; ?BCD?; lio = 22127

f‘BCDﬁ;AH = g;‘l, fBCDg;,u = STP:‘;,

?BCDZJB = SII;I; fBCD;lM = gTI-il’

0= ﬁ, (22)

ouy
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ABCDOCSl _ 870 , ABC xsz Zilza ,
DR = G DEw = 5.
/SBCD?EZS _ ((?)I;I: ABCDotEZR ?{)I;I: ,
D =9, Dt =,
/SBCDdIZS _ (((;I;Iﬂ ABCDvIZR 2/111; ,
GBCD?R]S — gij ABCD(XRm _ gl-:z ,
ABCDIR, — ZTH; ABC DR — gﬁz 7
Moreover,
4(Tr) =0, %, j=1,2,3,..,14, (23)

are the Lagrange multipliers. Egs. (21) and (22) describe the neces-
sary conditions in terms of a Hamiltonian for the optimal control
problem defined above. We arrive at the following theorem:

Theorem 2. Let S, S;, Eip, Eis, Esp Eser Iige Iis, Iye Iip> Rigs Rl Rogs
R, be the solutions of the state system and uj, i =1, - -, 4 be the given
optimal controls. Then, there exists co-state variables /;, j=1,---,14
satisfying the following:

(i) Co-state equations:

D2 i = (i) + i+ (1= &)(1 = Py)in)/s

+ (E(1 = P1)2r)2y + ((1 = &)P1ir) 25 + (EP1a1)hg),  (24)

27Dy hy = (—(W* + 02m) 2 + (1 = &)(1 = P2)0ir) s

+ (6(1 — PZ)O;LT))\,Z + (1 — é)Pz())»T/L; + éPz();LT;v%L (25)

ABCDOC 2k ( /L;(]

i 3= — r?)(k? + 01 )NT) + é)z + (OC%E;S)).;

+ (1=K + o) is), (26)

Dy 2y = (=24 (1 = 1) (kY + 012r) — (o + J*) + 2005

+25(1 = 1)K + a141)), (27)

7D; 25 = (=25 (1-13) (K3 + 02021) + 2 + 2 (1 - 13) (k3 + 62071)),
(28)

D2 e = (~ g (1 = 13) (s + G20r) + 1)+ Z3o(1 = 13) (K + 72001),

(29)
oz = (- Bsin Losys e a-o0-pyLsi

von(- o) DR
- e Py B+ DRiion1 - o)

B B

-1 -0, %E;Ra +(1=81- Pz)eﬁs;/z; +04(1 - 6§)NR§R/1§
—(1 =1%)02041Ex57% + E(1 — P2)0£S§;»g + %130642
—(1 = 19)020i7Ear0 + (1 = &Py %sm + (1 —1%)01047E1555

B

Oy + N+ Py + W d o (D) + Py S+ (1= 17)

B .
X NE;R/LSO]

p

+1,E25 + (1 = &)P, NS’%gO + T10hAg + (1 — r;‘)azOEzS%A;

70'3](1 — 6 )ﬁRx /111

+(1 fr§)0'26£2Rﬁ N

B .
N N52)~109+"/11211

Ai0 + EP
B
N

P Rontia) 30)

p

+O'32(1 — 57) R:R)IZ + 04 (] - 5;) NRZSO/“%

+04(1—65)

" Pe g v PE o o
D iy = (1= S — 5 0837 + (1

Be . i Be L ..
+031(1 - 97) NRls 53— (1-r7) NE1s’“3

5 & k% k% o
+e —P1)%51),4 +/IfVR1RA4agz(1 &%)

—oa-p) s

Be . ..
&)(1 - PO S35

— T%) (o) H)LTEZS;L;

& kA%
-1 —r‘{‘)al’%E1RA4+(1

& * 4k
+0oa(l 750,)% ords — (1

[P &
(l —Pz) /[}\IS ﬂ. fV/LGGO'Q
'BNS;}; + (1 — r?)Gl()/'LTE]SA;

(1 — r%) (o) elrE;ng

+(1=¢)Py

€ e g
+(T100 + Ppp + U+ d* + 02Uz (1)) 25 + EPy %51}.8

o BE L .. & i on o 9%
+(1- ri)/—EmﬂgG] +(1- f)P2%52/199+71°‘D)~9

N
+ (1 =13)0,0E; Pe,
2 2s N
8 LES 8 vk 4% * *
+(1- T%)O'ZHEQR%MO + &P, %SZA]OH + 20T100 + V1141
[ . Epr s
— 03 (1 - 5%) %Rlle + 032 (1 - 57) %RIR’]ﬂZ
sy PE e 1o
+0a1(1-03) ﬂﬁstWﬂJr
& * *
0a(1 -5 Ry i), (31)

N
1D iy = (1 - ﬁg‘ /381052ﬁ(l%)(hl)ﬂﬁsm

+on(l- 5“)%12* i—(1- n)ﬂ:f E.7

& &
+¢( —Pl)ﬁNl Si7; ﬁNl Rig/3032(1 — &%)

- . &1 g
—(1—r§‘)01%5 ria+ (1= =P)0 ﬂlsz %5

per

+O'41(] — 52) N

RZR/‘L* (] - rg)O'ze/‘LTEZS/‘L;
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Ber ... Pe
+E(1=Py)0 /—126+ﬁN]

N A 90'42

(] — r;) (o) H;LTEZR;LZ+

ﬂgl

(a-op e

g &1 cx s
A7 + (1 — r%‘)(f] 9/1'[‘E]5/L7 + CP] %SIA8+

(1-r1) ﬁNl Eigigor + (1 - 5)P2ﬁ 15§i§9+‘51aﬁ,)~§

*ﬂ]

(1-13)020E; N

+ (1,8 + 71 + W+ d5 4+ 3us(t)) 29 +

« PE1 . x ¥
ZR%AIO +¢P; ﬂN] 552100 + 419 T105

& * * & * *
— 03 (1-67) ﬁNl Ry +032(1 = 0) ﬂWlRmzlz

7

—+ (1 — T;)O’z@E

Ber

ﬁgl**
- Rieiis)

N

+041(1 = 85) - R5,0035 + 042(1 — 85) —

* & Ak & vk A% & vk 4%
D} i = (1 —%s]z] - %oszzz +(1-901- Pl)ﬂ—l\;g@

Bea R Bex Bex S

o (1-8) 57 Ri — (1= 1) B Bty + 1 - P RS2,

Bea . Bea L. P
WRm (1-r)or~ N Elr’a

1 1 P. ﬁ 25* * 1 5 ﬁng* )*
+(1 -1 -P)0 N 245 + 041 (1-03) N
— (1 =13)020irEy 25 + E(1 — P)0 % 2 g+ﬂN2
/352 * %
N

B
N

120'32(1 — 51) —

— (1 — T;)O’zelrE;R}% + (1 — é)Pl

(1—r1)010/1TE§si7+ZjP1B15*/1* + (1 -1 2L Ep s 0

ﬁz
N

+(1-ep, b2

S2 + oAy + (1 —15) 020E5, ==

(1 13)0a0E3 2

Ao+ (Yo + ¥ + dy + W4 () Ayg + EPo
ﬂ82 )
N -~ 524100

8 % *
%Rw’ln + 632(1 - 5?)

it
N

i) R

_031<l - 57) N R

*
j'12

Be

+041(1 = 03) 7 R5,0435 + 042 (1 = 03) =~ N Ror14)s

ABCD;)TI = (0'3] (1 — 5?)/17‘/13 + 032(1 — (5?)/17‘/12 + (5?1/1;
= 07) A1y — 231 (87; + &+ o + U

— &l + ofA13),

+ 031(1
+ wquj A},
Dy 1p = (032(1 = 07)An 2 + 0y 2 — 231 (6%, + wally A,
+ 0p + 1) + opita),
?BCDZ)L% = (041(1 - (3;)9/17'/1; + 15(321 + 60311;).;3 — 113((5%

5D} Mg = (0a2(1 = 03)02025 + 622230 + Oaz(1 — 03)02r14

— (05 + ) Aq + UgAyy)

(32)

A 00'42

(33)

(ii) Transversality conditions:

K(T) =0, j=1.2,..,14. (38)

(iii) Optimality conditions:

. N T Err——
Ha(S3,53:Evs: Evps Eass Eags s T Tos Iors Ras Rog, U3 U3, Us s Uz )

1s2

= OS] S Er Ei Ei Eg F i Ri Ri 055,05,

(39)

uw, = min{1, max{o,W}}, (40)
1

uy = min{l,max{O,—(wzllR)g” “hlyy. (41)
2

uy = min{l,max{O,i(wﬂ“)g]3 — Ag)}}, (42)
3

wy = mm{Lmax{O?w}}, (43)

B4

Proof. We find the co-state system Eqgs. (24)-(37), from Eq. (21),

where

H, =L+ g+ I + Lp + E; u3(t) + 322 u3(t) + 23 ud(t)
+ %w( t)+ Ay DIS; + Az DESy + 45 DYEj
+ 0y DYEj + 25 DYEyy + ;GTCD“E;R + 25 DY
+ g Dilig + 2 Dilyg + 2y, D¥loes + 2y RE

4ABC 4ABC ABC

+ A2, D{Ryx + 213, DIRGs + 734, DfR3g, (44)

is the Hamiltonian. Moreover, the condition in Eq. (23)also holds,
and the optimal control characterization in Eqgs. (40)-(43) can be
derived from Eq. (22). #

Substituting uj, i=1,2,...
lowing state system:

4 in (3)-(16), we can obtain the fol-

QB“Dfsq =A% — (W + o + 21)S7, (45)
’chDfSZ =0p3S) — (U* + 041)S5, (46)
'2BCD?E);S = (1 — é)(l — P]) rrs* + 031 (1 — bﬂR);s)
— (1 =1 (] + 0141)Eyg — (£ + o + p*)Ey, (47)

2D{Eig = (1 = P1)irS) + EEjs + 032(1 — 81 rR3g) — (1

— 1)K + 0140)Ejg — (0f + (*)Erg, (48)
WDEys = (1= &)(1 = Py)0irS; + 01 (1 — 85) 0rRy + 0B

- (1 - r;‘) (k; + Gzﬂﬂ,T)Ezsé + ,u“)E;w (49)
2DEsp = E(1 = Py)02rS, + CEjs + Taz (1 — 65) 02rRyg

+ ofEr — (1= 15)(ky + 02047)Ey — WEsy, (50)
DI = (1= &P1rSy + (1 = 1)K + 014n)Exg + 6%, Ry

— (T10E + 1M E+ 9% + W+ dT + o), (51)
DI, = EP1rSy + (1 —15)(K] + 0147)Eqg + 1y &L + 65,R3g

— (T10% + 9%y + 1 4 dY 4wyt (52)
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BDE = (1= E)P204rS; + (1 —13) (k31 + 02047) Esg + T103 ]
+ 031 Ras — (19 + 951 + 1 + d5 + w313) (53)

D = cP0ieS; + (1 1) (K + 0o B + 1ol
+ T O(gI]R + 5%2R2R — (']/%2 + ﬂa + d; + (,U4UZ)I;R, (54)

IgBCD?R;s = y({lris + u;’;s —o3(1- 5?)ATR;S
= (0% + &+ o + 1R (35)

25 T T T T T

057

0 1 1 1 1 1 1 1
0 10 2 30 4 5% 60 70 8 % 100

Time ¢)

Fig. 2. Numerical simulations of (Si +S; +Iis + Iig + Ios + I + Evs + Eig + Exs+
Er + Ris + Rig + Ros + Rag) /N and o = 1 with control cases using NS2LIM.

@ DiRg = V31 11g + U3 lig + ERis — 032 (1 — 37 21Ryg)

— (0% + o + H*)Rip, (56)
lgBCD:(R;s = y%l’;s + (1)311;1;5 + M%R;s - 6419(1 - 5%)/‘LTR;S

— (01 + ¢+ ,LC“)R;S, (57)

2D Rog = V5alog + Watlalyg + Ry, + Ry, — 0420(1
— 0) AR — (035 + U*)Rop. (58)

Numerical techniques for the fractional optimal control model

Let us consider the following general initial value problem:
Dy (t) = g(t,y(t), ¥(0) = Yo (39)
Applying the fundamental theorem of FC to Eq. (59), we obtain

(0~ Y(0) = 5 BN + s [ E0vO)E- 07 o
0

(60)

whereB(o) =1 —a + ﬁ is a normalization function, and at t,, we
have

()1 -a) o
yn+1 —Yo= mg(tmy(tn)) +m
5 i bt g (t,H] _ g)a—l d@, (61)

m=0 tm

Now, g(6,y(6)) will be approximated in an interval [ty, ti]
using a two-step Lagrange interpolation method. The two-step
Lagrange polynomial interpolation is given as follows [22]:

P:g(tm’;ym) (O—tm—l)_w(e_tm)' (62)

Eq. (62), is replaced in Eq. (61), and by performing the same
steps in [22], we obtain

2000

g 2300
e =090
a=0.80 2200
&_ 2100
2000
1900
100 200 0
Time ()
800 %
600
& 400
._‘N
200
0
0 50 100 150
Time ()

100 150 200
Time ()

Fig. 3. Numerical simulations of Iy, I1g, Ios and Iz under different values of o with control cases using NS2LIM.



132 N.H. Sweilam et al./Journal of Advanced Research 17 (2019) 125-137

r

yn+1 —J’o:r( OC)( OC) !

g(tn,y(tn) + (a + l)(l — OC)F(OC) + o

(0)(1 -
o) (1 —o) + o

S gt y(tw) (1 + 1 — m)*
m=0

Mm-m+2+a)—n-m*n—-m+2+20)
—Wg(tm 1), ¥(tm 1)+ 1 —m)*!

Mm-m+2+a)—n-m*n-m+1+a), (63)

To obtain high stability, we present a simple modification in Eq.
(63). This modification is to replace the step size h with ¢(h) such
that

o(h) :h+0<h2>‘ 0 < ¢(h) <1.

For more details, see [54]. Then, the new scheme is called the
nonstandard two-step Lagrange interpolation method (NS2LIM)
and is given as follows:

- T -o) 1
Vit =Y = gyt o+ o8 YD) G A T @) v e

X Z (ll’(h){xg(tmvy(tm))
m=0

m+1-m*n-m+2+a)—n-—m*n—-m+2+20)
- ¢(h)ug(tm—1 7y(tm—1))

M+1-m" ' (n-—m+2+0)—m—m*(n—m+1+w). (64)

Then, we use the new scheme in Eq. (64) to numerically solve
the state system in Egs. (45)-(58), and we use the implicit finite
difference method to solve the co-state system Eqs. (24)-(37) with
the transversality conditions in Eq. (38).

Numerical simulations

In this section, we present two new schemes in Egs. (63) and
(64) to numerically simulate the fractional- order optimal system
in Egs. (45)-(58) and Eqs. (24)-(37) with the transversality condi-
tion in Eq. (38) using the parameters given in Table 1 and
¢(h) = Q(1 —e™), where Q is a positive number less than or equal
to 0.01. The initial conditions are S; (0) = 8741400, S, (0) = 200000,
E15(0) = 557800, Ex(0) =7800, Ey(0)=4500, E5x(0)= 3000,
L5(0) = 20000, I;z(0) = 2000, I(0)= 1800, I;(0) =800,
R15(0) = 8000, Rz(0) =800, R,s(0) =200, andR,z(0)=100. For
computational purposes, we use MATLAB on a computer with the
64-bit Windows 7 operating system and 4 GB of RAM. We now
show some numerical aspects of the simulation of the proposed
model in Egs. (3)-(16). Fig. 2 shows that the summation of all
the unknown of variables in the proposed model in Egs. (3)-(16)
is strictly constant during the studied time in the controlled case
when using the scheme in Eq. (64). This result indicates that the
proposed method is efficient. Fig. 3 shows the numerical solutions
of Iis, Itg, Is and I using the scheme in Eq. (64) when Ty = 200 in
the controlled case. We note that the solutions for different values
of o vary close to the integer-order solution, i.e., the FO model is a
generalization of the integer-order model and the FOCP systems
and is more suitable for describing the real world. In Figs. 4-6,
we examined the numerical results of Iy, I1g, Is and Ik in the case
o = 0.95,1, and we note that there are fewer infected individuals

x10*
2

[ ]h0

1

100

time 100 80 60 40 20 0

o

= 2500
s
2000
100
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time ) .
& 100
700

4000
3500

3000

()

2500

2000

1500

100 \
50 \_’//«
20 0

40
0 100 80 60

time

Fig. 4. Numerical simulations of I, I1g, Ios and Iz with o = 0.95 and 8 = 9 without
control cases using NS2LIM.
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Fig. 5. Numerical simulations of I, I1g, Ios and I,g when B; = B, = B; = By = 100 and o = 0.95, 8 = 9 with control cases using NS2LIM.
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Time ()
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g
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Fig. 6. Numerical simulations of Is, I1g, Is and I,z when B; = B; = 5000, B, = B, = 100, g = 8, and o = 1 with and without control cases using NS2LIM.

in the control case. These results agree with the results given in
Table 2. Fig. 7 illustrates the behaviour of relevant variables from
the proposed model in Egs. (3)-(16) for different avalues using
the scheme in Eq. (64). We note that the relevant variables change

under different values of o following the same behaviour. Fig. 8
shows the behaviours of the relevant variables from the proposed
model in Eqgs. (3)-(16) for « = 0.8 using the scheme in Eq. (63). We
note that the relevant variables exhibit the same behaviour. Fig. 9
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Comparison of the values of the objective function system using NS2LIM and Ty = 50

with and without control cases.

o J(uy, u5,u3, uy) with control J(ui,us,u3, uy) without controls
1 8.7371 x 10° 1.0721 x 108
0.98 8.6240 x 10° 1.0581 x 10°
0.95 8.4617 x 10° 1.0383 x 10°
0.90 8.2138 x 10° 1.0082 x 108
0.80 7.8340 x 10° 9.6373 x 10°
0.75 7.7330 x 10° 9.5414 x 10°
0.60 8.2733 x 10° 1.0502 x 10°

shows the behaviour of the control variables u, and us at different
values of o and T; =200 using NS2LM. We note that the control
variables exhibit the same behaviour in the integer and fractional
cases. Fig. 10 shows that the proposed scheme in Eq. (64) is more
stable than the scheme in Eq. (63). Table 2 shows a comparison of
the value of the objective function system using Eq. (64) with and
without control cases when Ty = 50 and under different values of
o. We note that the values of the objective function system with
the control cases are lower than the values of the objective func-
tion system without the controls for all values of 0.6 < o < 1.

Table 3 shows a comparison of the two proposed schemes in Egs.
(64) and (63) under different values of o with the control case.
The solutions for the scheme in Eq. (64) appear to be slightly more
accurate than those for the scheme in Eq. (63).

Conclusions

In this article, an optimal control for a fractional TB infection
model that includes the impact of diabetes and resistant strains
is presented. The fractional derivative is defined in the ABC sense.
The proposed mathematical model utilizes a non-local and non-
singular kernel. Four optimal control variables, u, u,, uz and uy,
are introduced to reduce the number of individuals infected. It is
concluded that the proposed fraction-order model can potentially
describe more complex dynamics than can the integer model and
can easily include the memory effects present in many real-
world phenomena. Two numerical schemes are used: 2LIM and
NS2LIM. Some figures are given to demonstrate how the
fractional-order model is a generalization of the integer-order
model. Moreover, we numerically compare the two methods. It is
found that NS2LIM is more accurate, more efficient, more direct
and more stable than 2LIM.

0.15 0.025
iﬁ‘_ 0.1
Lif 0.05 [+ a=oe0]
T —=—a=0.80
51 —=— a=0.70
N 0
50 100 150 200 0 50 100 150 200
Time (1) Time (t)
4 —+— =090
_ﬁ 0 ——=080
P —+—=(.70
i
+
t (2
;M
:K
-0
0 5 100 150 200
Luﬁ Tine ®
n 0.1
.-
v ]
&]N 12 © o090 H.JN s + 02090
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) v 0f
Time® Time ®) Time ®

Fig. 7. Numerical simulations of the relevant variables with control cases when B; = B; = 500, B, = B4 = 100 and B = 5 with different values of o using NS2LIM.
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Fig. 8. Dynamics of relevant variables of the system in Eqs. (45)-(58) when B; = B, = B3 = B, = 100 and p = 5, with control cases using 2LIM.
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Fig. 9. Numerical simulations of the control variables using NS2LIM.
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Fig. 10. Numerical simulations of Ry when B; = B, = B3 = B, = 100 and o = 0.9, h = 1 with control case using NS2LIM and 2LIM.

Table 3
Comparison of 2LIM and NS2LIM
h=0.1 and g=5.

in the controlled case with T; =10,

Variables 2LIM NS2LIM o
g 6.0500 x 10° 1.9694 x 10° 0.8
Is 1.7822 x 10° 1.5554 x 10°

lir 4.0922 x 10° 1.9382 x 10° 0.7
Is 3.1513 x 10° 1.6662 x 10°

ik 2.9203 x 10° 1.9168 x 10° 0.6
Is 6.2551 x 10° 2.3815 x 10°
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