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ABSTRACT The aim of this manuscript is to establish common fixed points results for multi-valued
mappings via generalized rational type contractions in complete b-metric spaces. Using the derived results,
existence of solutions to certain integral equations and fractional differential equations in the frame of Caputo
fractional derivative are studied. Examples are provided for the authenticity of the presented work.
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I. INTRODUCTION AND PRELIMINARIES
Fractional calculus has been given proper attention in the
last few decades by researchers. In fact, it is the general-
ization of classical calculus with the rapid development and
advancement in nanotechnology. It has become a powerful
tool (fractional order derivatives and integrals) with succesful
and accurate results in modeling of various complex real
world problems of science and engineering ( [1], [2], [23],
[35]). Fractional calculus is not only emerging and a produc-
tive field, it also represents a new philosophy how to construct
and apply a certain type of nonlocal operators to real world
problems. For detail see ( [8], [29], [31], [32], [37]-[40]).
The problem of the convergence with respect to a mea-
sure of the measurable functions leads to a generalization
of the concept of a metric. Using this notion, Czerwik [12]
and Bakhtin [9] generalized the idea of metric space
and presented metric spaces called b-metric spaces. Many
researchers took the clue of Czerwik [12] and obtained inter-
esting results. For detail see ( [5], [7], [19], [26]-[28]).
Recently, some authors generalized the b—metric space to
more general type of metric type spaces by using control
functions in the triangle inequality. Of special interest, the
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so-called controlled and double controlled metric type spaces
was introduced in [24] and [6], where the contraction princi-
ple was proved under new limit conditions for the controlled
functions.

A metric space (usual) is obviously a b-metric space. How-
ever, in Czerwik [12] and [13] showed that a b-metric on X
need not be a metric(usual) on X (see [10], [14].

In Hilbert space, Alber and Gurre [3] presented weak con-
traction by generalizing contraction and revealed the presence
of fixed points for a self-map. Rhoades [33] demonstrated this
results in metric space under ¢-weak contraction. Dutta and
Choudhury [15] generalized ¢-weak contraction for (¥, ¢)
weak contraction and examined results for fixed point. Zhang
and Song [41] described weak contraction under two self-
map. The result proved by Zhang and Song [41] was further
generalized by Doric [16], Radenovi¢ and Kadelburg [30]
for the presence of common fixed point under (v, ¢) weak
contraction. Gordji et. al. [36] studied common fixed point
theorems for (Y, ¢) nonlinear weak contraction.

Sehgal [34] ascertained result on periodic points and fixed
points for a class of mappings. Murthy et al. [22] demon-
strated some results for rational contraction in a complex val-
ued metric space. Chen and Sun [11] established fixed points
for the (Y, ) weaker contractive mappings in generalized
complete metric spaces.
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In the current work, we discuss unique common fixed point
results for set-valued generalized almost and (Y, ¢) weak
contraction in b-metric spaces with applications. Throughout
the paper, R, N and Ny stand for the set of non-negative
real numbers, the set of positive integers and the set of non-
negative integers, respectively.

Now, we give some definitions and results for multi-valued
mappings defined in a b-metric space (A, d, s). Define the
function H : CB(A) x CB(A) — R for Q, Q, € CB(A)
by

H (821, §22) = max{ sup d(g, £22), sup d({, 21)},
ceQ] e

where
d(§, ) =inf{d(§,0): ¢ € Q).
Then, H is called Hausdorff-Pompeiu metric. Also
8(21, 2) = sup{d(c.¢) : ¢ € 1, ¢ € Qo}
and
D(21, €22) = inf{d(c, §) : ¢ € 21, € Q).
The following can be deduced from the definition of §

3(21, 2) = 3(S2, 1),

3(S21, 23) < 8(£21, 22) + 8(S22, 23),
3(R21,2) =046 Q) =2 ={s},
8(21, Q1) = diam;.

Definition I [25]: For A # (. A fixed point of a multi-
valued map f : A — CB(A) is a point p € A such that
pEfp).

Theorem 2 [25]: Let f A — CB(A) defined on
complete (A, d) metric space which hold the condition

H(f§.f¢) =kd(E.0) V& ¢ eA. .1

Here, k € (0, 1), CB(A) is the collection of bounded closed
and nonempty subset of A. Then f has a fixed point.

Lemma 3 [12]: Let (A, d, s) be ab-metric space with s >
1. For any Q1, Q2, 23 € CB(A) and £, ¢ € A. We have the
following

1) d(§,S0) <d(§,0),VE € Qy

2) 8(S21, 22) < H(21, 22);

3) d(§,2) < H(Q, 22),VE € Q;

4) H(R1, Q1) =0;

5) H(2y, Q) = H(Q2, Q1);

6) H(, Q23) < s[H(2, Q22) + H(S22, 23)];

7) H(E, Q) < sld&,¢)+d(&, Q1))

Lemma 4 [21]: “Assume (A, d, 5) is a b-metric space and
©®1,0; € CB(A). Then for h > 1, a € O there exist
b(a) € O such that d(a, b) < hH(®1, ©3)”.

The following recent result of Miculescu and Mihail is
useful in the context of b-metric spaces.

127374

Lemma 5 [20]: “Every sequence (x,);eN of elements
from a b-metric space (A, d, s), having the property that there
exists ¥ € [0, 1) such that

dXpg1, X)) < yd(xp, Xp—1),

for every n € N, is Cauchy.”

Lemma 6 [4]: “Let (A, d, s) be a b-metric with s > 1,
and suppose that (x,,),en and (y,)eN are b-convergent to x, y
respectively then we have

IA

1
—d(x,y) < lim infd(xa, y,)
K% n—00

IA

lim supd(xy, y») < s*d(x, y).
n—0o0o

In particular, if x = y, then we have lim,,_, oo d(x,,, y, = 0.
Moreover for each z € X we have

1
—d(x,z)< lim infd(x,, z) < lim supd(xy,,z) < sd(x,z).”
N n—o0o n— 00

Geraghty [17] generalized Banach contraction principle by
using the following definition.

Definition 7: Assume O signify the set of functions « :
R* — (0, 1] with

(ORT={0 R |6 >0},

(ii) k(6,) — 1 implies 6,, — 0.

Example 8 [18]: Let ¢ : RT — [0, 1) define by,

3
—, fo<l

B <1,

(@) =
ifow>1.

Clearly, ¢ € ©.

IIl. MAIN RESULTS
In this section, we prove our fixed point theorems for multi-
valued mapping on b—metric spaces.

Theorem 9: Let Q and R be two multi-valued mapping
from A to CB(A) in a complete b-metric space (A, d, s)
with s > 1. Suppose for each ¢, € A, the following
condition holds:

V(sH(Qg, RY)) < y(M(g, V)

-9y (M(s,9)) +0(N(s, 9)), (ILI)

where
d(s, Qg)d (¥, RY)
1+d(g, )

N(g,¥) = min {d(g, 9),d(s, Q¢), d(9, RD), d(g, RV),

e, Qg)}, (I1.3)

M(c,¥) = max { ,d(c, 19)}, (I1.2)

(i) ¥ : Rt — RT is non-decreasing and continuous
function such that {(¢) = 0 if and only if = 0O;

(ii) ¢ : RT — RT is non-decreasing function and a lower
semi continuous function such that ¢(#) = 0 if and only
ift =0;

(iii) 6 : RT — RT is a continuous function such that
0(t) = 01if and only if = O;
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@iv) s> 1.
Then Q and R has a unique common fixed point.

Proof: Fix any ¢ € A. Define ¢yp = ¢ and let 1 € Qgp
by Lemma 4 there exist ¢» € Rg such that

d(s1, $2) < /sH(Qgo. Rs1),
for ¢» € Rg there exist ¢3 € Q> such that

d(s2, 63) < v/sH(Qs1, Rs).

In this way, we get ¢on+1 € Q62 and 62n+2 € RSon+1-
If ¢2n+1 = §2nt2, then ¢, is a Cauchy sequence. Suppose
San+1 # San+2. Then by (I1.16) we have
¥ (V5d(Sant1s S2m12))
< Y (sH(Q62n, RS2n+1)) < Y (M(S20, S2n+1))
- QD(W(M(S‘Zn’ §2n+1))) + Q(N(§2na §2n+1))a

where

(IL4)

d(s2n, O522)d (52041, RS2n41)

M (son, Sont1) = maX{
ot 1 +d(s2ns S2n+1)

(I1.5)
d(som, §2n+1)}- (11.6)

By using Lemma 3, we have

d(s2n, Sont1)A(S20415 S2n+2)
M (520, G2nt1) < max ,
1+ d(s2n, S2n+1)

d(son, §2n+1)}

IA

max yd (241, S2n42), d(S2ns §2n+1)}-

Suppose now

max {d(§2n+1, S2n42), d(Son, §2n+1)} = d(S2n+1, S2n+2)-
Then (I1.4) becomes

V(/sd(Sont1, Sant2))
< ¥ (d(s2nt1, S2n42))
— oW (d(S2n+t1, S2042))) + ON (G20, S2n41))-

But

(IL7)

N(62ns S2ni) = min {d(San, Sans1), (520, OS20),
d(sont1, Rsont1),
d(52na R§2n+1)’ d(§2n+l s Q§2n)}

< min {d(§2na §2n+1)»
d(s2n, Sont1))s
d(S2n41, S2n42),

d(son, S2n42), d(Sont1, 52n+1)}
which implies that
N(s2u, Sant1) = 0. (I1.8)
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Then, from equation (II.7) contradiction arises. Therefore

M (520, S2n4+1) < d(S2n, S2nt1)- (IL.9)

Using equations (I1.8) and (I1.9), from equation (I1.4) we have

Y (Vsd(Sant1, S2n42)) < Y (sH(QS2n, RS20t 1))
< ¥(d(S2ns S2n+1))

— oW (d(san, S2n+1)))
< ¥(d(s2n, S2n+1))-

Hence
V5d(Gons1, S2n2) <d(Son, Gong1) foralln € N (IL10)
Similarly, replacing ¢ by ¢2,42 and ¥ by ¢2,+3, we have

for all n € N.
Ir.11)

Vsd(§am+2, S2n13) < d(Sont1s Sant2)

From (I1.10) and (II.11), we have
1
d(Sn, Gnt1) = —sd(gnfl, Gp) foralln e N.

Now, from Lemma 5, we obtain that the sequence {¢,} is
a Cauchy sequence. Since A is complete, every Cauchy
sequence in A is convergent and converges to some point #
in A. Suppose u ¢ R(u). Then,

d(s2n+1, Ru) < d(Q6on, Ru) < yr(M(s2,, 1))

— (WM (520, W) +ON (G20, w)),  (L12)

where

d(son, Q52n)d(u, Ru)
1+ d(son, u)

d(son, S2nv1)d(u, Ru)
1 +d(con, u)

M(gon, u) = max , d(Gon, u)

< max

- d(Son, 1)

[

< max {d(S2n, Soant1)d (U, Ru), d(son, u) ¢,

Taking the upper limit n — oo and using Lemma6, we have

lim supM (g2, ) <max {szd (u, wlim supd (u, Ru), sd (u, u)}

n—oQ n— o0

which implies that Taking the upper limit n — oo and using

Lemma 6, we have

lim supN (625, #) < min {sd(u, u), szd(u, u), lim supd (u, Ru),
n—oo n—oo

lim supd(on, Ru), sd(u, u)}.

n— o0

Which gives that
lim supN (g2, u) = 0.

n—oo

Taking the upper limit n — oo in (//.12) and using

lim supN (g2, u) = 0

n—00

and

lim supM (2, u) = 0,

n—o0
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we have
lim supd(¢op+1, Ru) = 0.
n— o0

But from Lemma 3
d(u, Ru) < d(u, Gu+1) + d(Su+1, Ru).

By passing limit we have d(u, Ru) — 0. Therefore u € Ru.
Correspondingly, we can show that u € Qu and so u is a
common fixed point of Q and R. Now, we shall show that
this point is unique. If possible, let v be a different common
fixed point of Q and R. i.e. v € Qv and v € Rv. Then

Y (d(u,v)) < ¥(H(Qu, Rv))

< Yy (M(u,v)) (I1.13)
— (M u,v) + 6N (u,v), (11.14)
where
_ d(u, Qu)d(v, Rv)
M (u, v) = max {—1 T ,d(u, v)}
=d(u,v),
N(u,v) = min {d(u, v), d(u, Qv),
d(v,Rv),d(v,Rv),d(v, Qu)} =0. (I1.15)
So, (II.13) implies that © = v. Therefore u is a unique

common fixed point of Q and R.

Remarkl: The author in [36] proved common fixed
points for single valued mapping in metric spaces while in
Theorem 2.1 we proved common fixed points for multi-
valued mapping in b-metric space.

Y(sH(Qg, RY)) < Y(M (g, D)) — (¥ (M(g, 9)))
+0(N(s,v)), (L16)

Theorem 10: Let n and 6 be two multi-valued mapping
from A to CB(A) in a complete b-metric space (A, d, s) with
s > 1. Suppose for all ¢, ¥ € A,

sH(ng, 09) <a(d(s, 1)V (s, H)+Bd(s, 1) P(s, D),
(IL17)

where

d(g,n¢)d(¥, 69)
A AL I A .1
T+ de. ) ,d(g, 19)}, (I.18)

®(c, ) = min {d(, ¥),d(s,n5), d(®,60),
d(s,00),d(®, ns)}

and a(¢), B(c) € O. Then, n and O has a unique common
fixed point.

Proof: Fix any ¢ € A, define g9 = ¢ and let ¢1 € ngp.
By Lemma 4, there exists ¢» € 8¢ such that

(¢, ) = max {

(IL19)

d(s1, 2) < H(go, 0¢61).

Now, for ¢; € 6¢ there exists ¢3 € ng» such that
d(s2, 63) < H(ns1.0¢62).
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Similarly, in this way we can obtain ¢2,41 € 7n¢z, and

San+2 € O6omt1.
If 20141 = $2n42, then g, is a Cauchy sequence.

Suppose 62,41 # S2n+2. Then
5d(Son+1, S2nt2) < SH(NG2m, 0 G20t 1).
Using (I1.17), one has

sH(M G2, 05on+1) < a(d(S2n, S2n+1)) Y (Sons S2nt1)
+ ,B(d(§2n’ §2n+1))q)(§2n, §2n+1)«
Thus,

5d(S2n+1, Sant2)
< a(d(s2ns S2an+1))V(S20, S20+1)
+ B(d(s2ns S2n+1))P(S2ns S2n+1), (I1.20)
where

V(S2ms S2n+1)

< {d(gzn, 1620)d(S2n+1, 0 S2n41)
1 +d(san,s S2n+1)

By using Lemma 3, we have

, d(S2n, §2n+1)}~

W($21, S2nt1)
d(s2n, Sonr1)A(S2n41, Sont2)
1+ d(son, §2n+1)

< max { , d(Son, §2n+1)}-

Hence,

W (521, S2nt1) < max {d(§2n+1, Son42), d(Son, §2n+1)}-
(IL.21)

Now, suppose that

max {d(§2n+1, S2n+2), d(Sons §2n+1)} = d(S2n+1, S2n+2)-
Then, (I1.20) becomes

Sd(§2n+ls §2n+2) = a(d(§2m §2n+l))d(§2n+ls §2n+2)
+ ﬂ(d(S-Zna §2n+1))cb(§2nv §2n+1)-
(I1.22)

But

@(521, G2nt1) = min {d(§2m San+1), d(Sant1, NS2n)s
d(Gon, nG2n),
d(Son+1,0620+1), d(Sons 9§2n+1)}

< min {d(gzn, San+1), d(Son+1,
San+1), d(San,y S2nt1),
d(S2n+1, S2n+2), d(S2ns §2n+2)} =0.
This implies that
(520, Sont+1) = 0. (11.23)
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Then, by using (II.23) in (I1.22), we get contradiction.
Therefore,

W(62n, S2nt+1) < d(S2ns S2n+1)-

From equation (I1.20), we have

sd(Sont1, Sont2) < SHMG2m, 0620n41)

IA

a(d(S2n, Son+1))d(S2n, Sont1)-
Which implies that
sd(Sont1, Sant2) < ald(Sons S2nt1))d(S2ns S2n1).  (11.24)

Similarly, replacing ¢ by ¢2,42 and ¥ by ¢2,,43, we have

sd(s2nv2, Sont3) < a(d(Sant1, S2n+2))d(S2n+15 S2n42)-
(I1.25)

From (I1.24) and (I1.25), we have

sd(Gns Snt1) < a(d(Sn—1, Sn))d(Sn—1, Sn)

for all n € N, which implies that

1
d(gn, Snt1) < ;d(gn—l» Sn)-

Now, from Lemma 5, we obtain that {g,} is a Cauchy
sequence. Since A is complete, therefore every Cauchy
sequence in A is convergent and converges to a point u (say)
in A. Suppose u ¢ 0(u)

d(son+1,0u) (11.26)
< dmsam, Ou) < a(d (520, W)W (52n, 1)
+ B(d(s2n, W) P (520, 1), I1.27)
where
d , d(u, Ou
W(Gon, ) = max{ (gﬁ” +’75ng (u) ) deam, u)}
ns
d(son, Sont1)d(u, Ou) }
< 9 d b
= x{ It digmu Y

IA

maX{d(gzn, Sont-1)d(u, Ou), d(S2n, M)}-

Taking the upper limit n — oo and using Lemma6, we have

lim supW(s2p, 1) < max{szd(u, wlim supd (u, Ou), sd(u, u)}

n—oQ n—oo

which gives

lim supW (g2, u) = 0.

n>00
(520, w) = min {d(G2n, W), d(G2n, NS2), d(u, Ou),
d(Son, Ou), d(u, n5n)}
< min {d(s2n, u), d(G2n, S2n41),
d(u, Ou), d(Gan, Ou), d(u, Sons1)}.
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Taking the upper limit n — 0o and using Lemma6, we have

lim sup® (2., )

n—oo

< min {sd(u, u), s%d(u, u), lim supd (u, Ou),
n—oo

lim supd (g2, Ou), sd(u, u)}.

n—oo
lim sup®(s2p,, u) = 0.
n—oo

Put on upper limit n — oo in (I1.26), and using
lim supW¥ (g2, v) = 0, limsup®(g2,, u) =0,
n—o0 n—oo
we have
lim supd(¢2,,+1, 6u) = 0.
n—oo

But, from Lemma3
d(u,0u) < d(u, gpt1) + d(Sn+1, Ou).

By taking limit we get d(u, Ou) = 0. Thus u € Ou. We can
show similarly that u € nu, so u is a common fixed point of 1
and 6. Now to show that this point is unique. Let v be another
common fixed point of  and 6 i.e u € nu and v € Ov. Then,

d(u,v) < sH(nu, 6v)
< a(d(u, V)W (u, v) + B(d(u, v)®(u, v),

where

. d(u, nu)d(v, 6v) _
W (u, v) = max {—1 T dauy) d(u, v)} =d(u,v),

(I1.28)

®(u, v) =min {d(u, v), d(u, nv), d(v, 6v), d(v, 6v), d(v, nu)}

=0. (I1.29)

By using (IL.28) and (I1.29) from (II.28) since 0 <
o(d(u, v)) < 1, we have u = v. Hence, u is a unique common
fixed point of n and 6.

Remark2: The author in [22] proved periodic points for
single valued mapping while in Theorem 2.3 we proved
common fixed points for multi-valued mapping in b-metric
space.

Theorem 11: Let E and F be two multi-valued mapping
from A to CB(A) in a complete b-metric space (A, d, s) with
s > 1. Suppose for all ¢, ¥ € A,

sH(Eg, F9) <a(d(s, 1)) A3(s, 9)+B(d(s, 1)) As(s, D),

where
d(s, Ec)d (v, F¥)

1+d(c, )
d(c,Ec)d(¢c, FO)+dW, FO)d(W, E¢)

1+d(s, Fv)

’

As(g, ) = max {

’

d(s, V)¢,

d(s,Ec)+d@, F¥)
A4(g, 1) = max {d(c, V), 2

d(g, Fﬁ)+d(l9,E§)}

’

2s
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and a(¢), B(¢) € ® such that, @(¢)+ B(s) < 1. Then, E and
F has a unique common fixed point.

Proof: Fix any ¢ € A. Define g9 = ¢ and let
61 € Egp. By Lemma 4, there exists ¢ € Fg¢; such
that

d(s1, 62) < H(Ego, F ).
Now, for ¢» € F gy, there exists ¢3 € E ¢ such that
d(s2, 63) <H(Eg1, Fs).

Similarly, in this way we can obtain ¢,4+1 € E¢p, and

Son+2 € F ot
If s2n+1 = Sant2, then g, is a Cauchy sequence.

Suppose ¢2;+1 # Gan+2. Then
sd(Son+1, San+2) < SH(EGon, F Gont1)
and
SH(E ¢on, F Sont1) < a(d(S2ns S2n+1))A3(S2n5 S2nt1)
+ B(d(S2n, S2n4+1)A3(S2n, S2n41),
Thus,
sd(San+1, San42) < a(d(S2n, S2n4+1))A3(S2n, S2nt1)
+ B(d(S2n, S2n+1))A4(S2n, Sont+1),s
(I1.30)

where A3(c2n, S2n+1), as shown at the top of the next
page.

By using Lemma 3, we have A3(¢2,, ¢21+1), as shown at
the top of the next page.

oR

A3(Son, Sont1) < max {d(§2n+1, Sont2), d(Son, §2n+l)}'
(IL31)

Now, suppose that
max {d(§2n+1, S2n+2), A(Sons §2n+1)} = d(San+1> Sant2)-

Then, (I1.30) becomes

sd(sant1, Sant2) < a(d(S2n, S20+ 1)) (S2n415 S2n42)
+ B(d(S2n, S2n11))A4(S20, S2041)-

(I1.32)
But
A4(S2n, Sont1)
= max {d(§2n’ S2n+1)
d(S2n, EGon) + d(Sont1, F Sont1)
2s '
d ,F d ,E
(2n §2n+1);‘ (Son+1, ESon) } (I1.33)
S
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A4(S2n, S2nt1)

= max {d(gzn, S2n41)s

d(§2n9 §2n+l) + d(§2n+lv §2n+2)
2s ’

d(son, Son42) + d(S2n+1, S2nt1)
2s

} . (IL34)
Which implies

A4(S2n, Sont+1) < d(S2n41, S2nt2)-
By (I1.32), we get contradiction. Therefore

A3(son, Sont1) < d(S2n, Sont1)-

and
A4(S2m, Sont1) = d(S2ns S2n41)-

From equation (I1.30), we have

sd(Son+1, Sont2) < SH(E Gon, F Sont1)
< a(d(sans S2n+1))d(S2ns San+1)
+ B(d(S20, S2n+1))d(S205 S2n41)-
Which implies that
5d(Gon+1, Sant2) < a(d(Sans San+1))A(S2ns Son+1)
+ Bd(s2ns Soan+1))d(S2ns San+1)-
(IL.35)
Similarly, replacing ¢ by ¢2,,42 and ¥ by ¢2,,43, we have
5d(S2n+25 Son+3)
< a(d(Son+1, S2n4+2))d(S2n+1, S2n42)
+ B(d(s2n+1, San+2))d(S2n+1, San+2)-
From (I1.35) and (I1.36), we have

(I1.36)

sd(n, Sn+1) < a(d(Sn—1, $n))d(Sn—1, Sn)
+ Bd(sn—1, sn))d(Sn—1, Sn)

for all n € N, which implies that
1
d(sn, Gnt1) < ;d(gnflv Sn)-

Now, from Lemma 5, we obtain that {¢,} is a Cauchy
sequence. Since A is complete, it converges to a point u (say)
in A. Suppose u ¢ F(u). We have

d(sont1, Fu) < d(E gon, Fu) < a(d(Son, u))A3(52n, )

+ B(d(son, W) A4(Gon, w), (AL37)
where
A3(Gon, 1)
—m {d(§2n»E§2n)d(ua Fu)
1 + d(§2n, l/l)

d(son, Econ)d(son, Fu) 4+ d(u, Fu)d(u, E ¢2y,)
1 +d(con, Fu)

3

d(son, §2n+1)},
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d(s2n, Econ)d(S2nt1, F Sont1)
1+ d(s2n, S2n+1)

A3(Som, Sont1) = max{

d(son, E520)d(52n, F gon1 + d(Sont1, F Sonr1)d(S2n41, E 520)

d(s2n, Sont1)d(S2n415 S2n+2)
1+ d(§2n7 §2n+l)

)

A3(S2n, Sont1) < max{

d(sons Son+1)d(S2n, F Son1) + d(Son+1s S20+2)d(S2n41> Sont1)

,d(Som, 62 1)},
14 d(con FSant1) o

, d(San, 62 1)},
1 +d(sa, Fsont1) e

A3(s20, u)
d(s2n, Sont1)d(u, Fu)
1 +d(s2n, u)
d(Son, Son+1)d(S2n, Fu) + d(u, Fu)d(u, con+1)
1 +d(son, Fu)

< max{

El

d(son, §2n+1)},
A3(s20, 1)
< max {d(gzn, Sonr1)d(u, Fu), d(Son, S2nr1)d(Gon, Fu)

+d(u, Fu)d(u, s2n+1), d(Son, §2n+1)}-

Taking the upper limit n — oo and using Lemma 6, we
have

lim supA3(g2n, u)

n—oQ

< max{szd(u, wlim supd (u, Fu),

n—oo

s2d(u, w)lim supd (o, Fu), sd(u, u)} (11.38)

n—oo
which gives

lim supA3(s2n, u)

n—o0

=0.

Aa(an ) = max (s, ), T EE2 L AT,
d(son, Fu) +d(”»E§2n)}
2s
d(Gon, Gont1) + d(u, Fu)
2s ’
d(con, Fu) +d(u, sont1) }
2s '

A4(§2n’ u) S max d(§2n, M),

Taking the upper limit n — 0o and using Lemma 6, we have
d(u, Fi
lim supA4(,, u) < M
n—00 2s
Put on upper limit n — oo in (I1.37), and using

. . d(u, Fu)
lim supA3z(gan, u) = 0 and limsupAg(ga,, u) < > ,
S

n—oQ n— oo

VOLUME 7, 2019

we have

d(u, Fi
lim supd (¢op+1, Fu) < (u u).

n—00 2s

But from Lemma 3
d(u, Fu) < d(u, gn+1) + d(Gn+1, Fu).

By taking limit sup we get d(u, Fu) = 0. Thus u € Fu. We
can show similarly that # € Eu, so u is a common fixed point
of E and F. Now to show that this point is unique. Let v
be another common fixed point of E and F i.e u € Eu and
v € Fv. Then

d(u,v) < sH(Eu, Fv) < a(d(u, v))Az(u, v)

+ B(d(u, v))As(u,v),  (IL39)
where
d(u, Eu)d(v, F
A3(L{, V) — max M
1+d(u,v)
d(u, Eu)d(u, Fv) + d(v, Fv)d(v, Eu)
s d(u,v) ¢,
14d(u, Fv)
which implies
As(u,v) =d(u,v), (I1.40)
Similarly, we have
Aq(u, v) =d(u, v). I1.41)

By using (IL.40) and (IL.41) from (I1.39) since 0 <
a(d(u,v)) + B(d(u,v)) < 1, but a(sg), B(c) € ®, we have
u = v. Hence u is a unique common fixed point of £ and F'.

Remark3: The author in [22] proved periodic points for
single valued mapping while in Theorem 2.5 we proved com-
mon fixed points for set-valued mapping in b-metric space by
using generalized type contraction.

Example 12: Suppose A = R. Ametricd : A x A — RT
is defined by,

d(s, 9) = | — 9|,

for all ¢, € A with! > 1. Then (A, d) is b-metric space.
We define O, R : A — CB(A)and ¥/, ¢ : Rt — R™ defined
by

192m
o -0 )
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and
2n
Rs = |0, >
stk +2)
S
1) =t, )= ——t
V(1) o) 1
Now,
g2m y2n
H(Rc, 09) = sH| |0, .0,
sHRe, 0) ([ s(k+2)H s<k+2>D
1 2m 2nl
— _1971
Ss(k+2)|§ |
1
< ——d(c, 0
=T (c,9)
1
< —M(c, ¥
< T (s, )

S YM(s, ) —e(WM(s, D)) + 0N (g, D).

Thus, for different value of m, n and k we have Q and R
satisfying all conditions of Theorem 9 so Q and R has a unique
common fixed point.

Example 13: Let A = [0, 00). Defined : A x A — RT
by,

d(s,9) =|¢c — 9.

Then (A, d, s) is b-metric space. Letn, 6 : A — CB(A), and
a, B : RT — [0, 1) define by,

_|s s
n(g)—[z,J

() = A
w=177
at) =Bt)=k <1 Vrel0 00)
H(ng,09) = max { sup d(g, 0%), sup d(¢, n;)},
seng cehy
iz iz
H(ng,0%) = max | sup d(s, [0, —]), sup d(¢, [—,1])},
seng 47 reon 2
v s ¥ ¢
H(ng, 09) = Z_2pP 122
(s, 09) = max\ |3 = 5117 =3
Hns.09) = max | |9 — c[ — o — o[
ns, = ) s 16 S
1
gzmax |19—g2,z9—§|2
Szmax |19—§2,z9—g|2
1 d(c, d(d, 00
S — max M7d(g’ ﬁ) s
4 1+d(g, v)

which implies that

sH(ng, 09) < a(d(s, 9)A1(s, ) + Bld(s, ) Ax(g, D).

Thus, all the conditions of Theorem 10 hold. Therefore 1 and
0 have a unique fixed point.
Example 14: Let A = [0, 1]. Defined : A x A — R7 by,

d(s,9) =15 — 1%
Then (A, d, s) is b-metric space.

127380

Let E,F : A — CB(A) defined by F© = {%} and
Es =0, 55].
H(Eg, F¥) = max{ sup d(g, F), sup d(é,Eg)},
ceE¢ LeFV
O
H(Eg, F9) = max | sup d(s,{~=}), sup d(Z, [0, i])},
ce€Eg 497 reFy 49
3 0
H(Eg, F9) = max || — — =|*, | =|*
49 49 49
1 U2
= - O —c) |y — =
5 max | c| - | }
03
< —max {9 — ¢l |9 — —|
7 49
1 03
< -max {0 — ¢, 9 ——
7 49
1 1
= 7 max d(gv 19)’ _d(ﬁvFﬁ))
7 4
1 d(c,E d, Fo
5 — max d(§7 19)5 (g g)+ ( )7
7 4
d(s, F9)+d(¥,Eq)
4
1 d(¢,E d®, Fo
5 — max d(§7 19)5 (g g)+ ( )7
7 2s
d(g, F¥)+dW, Eg)
2s

This implies that
sH(Eg, F) < a(d(s, 9)A3(s, ) + Bd(s, ¥))As(s, D).

By taking natural log both side and then consider s = 2,
a(c) = B(g) = % All axiom of Theorem 11 are held.
therefore, E and F have a unique common fixed point ¢ = 0.

IIl. APPLICATIONS
In this section we discuss an existence results for the solution
of the system of non-linear integral, fractional differential and
surface integral equations.

Consider the following general system of nonlinear Fred-
holm integral equations of the 2nd kind

o
() = k() + /9 M. s, c)ds, v €16, 91,

o2
D) = k() + /9 Ja(y. s, 9()ds, v € [0, ).
(IL.1)

Let A = CJ[60, ?] be the set of all continuous function
defined on [0, ®]. Defined : A x A — RT by d(n,¢) =

P .
(supyel In(y) — ;(y)|) for all n, ¢ € A Then (A, d, s) is

a complete b-metric space on A with s = 2~ andp > 1.
For the derivation of existence results for the solution of the
system (III.1) we provide the below theorem.

Theorem 15: Assume that the assumptions below hold
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(A1) ;1 [6,9] x [6,9] x RT — R*, forj = 1,2 and
k : RT — RT is continuous;
(Ap) there exist a continuous function K : [0, ] x [0, V] —
[0, o0) such that,
p“l(V? S, M) - )"2(7/7 S, V)| < K(ys S)|M - Vl

for each y, s € [0, V],
(A3) sup, ,cip.91 fo IK(y,9)| < gforg < 1.
Then, the system (III.1) has a unique solution in C([6, #]).
Proof: Define Q, R : C([0, ¥]) — C([6, #]) by,

T
Os(y) = K(J/)+/9 Ay, s, c(s)ds, vy el0,9].

¥
RO (y) = «k(y) +/ Aoy, s, 0 (s)ds, te€l8,0]
0
Now we have,

27 1d(Qs(y), RO(y))

=271 swp 1050) - ROI)
y€l0.9]

D
p
52”_1( sup / I/\l(%s,§(S))—)“2(V’S’ﬁ(s))|ds)
yel.01Jo

1 9 p
< 2P~ ( sup / Ky, s)ls(s) — 19(5)|ds>
yel9.01Jo

=27 (s 150 =00I)(sup /9 " Kros)’

y€lo, 0] y€lo,?

— p
=27 sup s - 2()l)
y€lo, ]

=d(s(y), ¥ (y)).

This implies that

27 1d(Qs(y). RO (y)) < 277 d(s(y), (1))
<27 'M((y). 9 ().
2" 1d(Qs(y). RO (y)) < 27 'M(s(y), ¥(¥))
< Y (M(s.9))
— (Y (M(5, ) + 0N (s, D).

Define ¥(y) = 47 'y, o(y) = 1=, then by The-
orem 9 the system (III.1) has a unique common solution
in A.

Next we notice that one can also show the existence of solu-
tion to the following system of nonlinear fractional ordered
differential equations

‘Dlu(y) +Q(y) =0, 1<pB<2 yel01],
DPy(y) +Rw(y)) =0, 1<B=<2 yel01]
w0 =v(0)=1, wu(l)=v(l)=m,
where [, m are constants.
(IIL.2)

VOLUME 7, 2019

Here Q,R : [0, 1] x [0, c0) — [0, 00), and cph represent
the Caputo derivative of order 8. The equivalent system of
integral equations corresponding to (II1.2) is given by

1
u(y) = K(y) +/O Gy, 9)QW(s)ds, y €10, 1],

1
W) = k() + /0 G(y, DRV, € [0, 1],
(II1.3)
Here, the Green’s function G(y, s) is continuous on [0, 1] x
[0, 1] and defined as

(y =)/ =y —5)f!

I'(B) Lo T
—y(1 —s)f!

re - ST

Gg(y,s) =

Moreover  sup fol IG(y, s)lds <
7€l0,1]
s(s)) = G(y, s)Q(v(s) etc. Then, the system (II1.3) turns into

1. By letting A(y, s,

1
c) = k() + /0 M. s, c()ds, v €0, 1],
1

H(y) = K(V)Jr/o Aa(y. 5. c($)ds, y €[0,1].

(IIL5)

By using Theorem 9, one can say that the system (IIL.5)
has a unique common solution, which is the corresponding
unique common solution of the system of nonlinear fractional
differential equation (III.2).

Finally, we derive sufficient conditions for the existence of
solutions for the following general non-linear surface integral
equation

1,1
R(t, (s, 1) = /0 fo W, ¢, (e, deds, 1€ s, ol,
(I11.6)
where u € LP(C([0,1] x [0,1])), 1 < p < oo and ¢, ¢,
s e [0,1].

Let A = CI[n,¢] be the set of all continuous function
defined on [n, ¢]. Defined : A x A — R* by

d(n, &) = (max n®) = co)) for all n,¢ € A.

Then d is a complete b-metric space with s = 2P~ ! andp > 1.
For the existence we have the following result.
Theorem 16: Assume that the assumptions below holds.

1/p
(A1) R(t, (s, 1) — Rt,v(g, 1) < F@uenncn)

(s, ) —v(g,)aes; 7

277
(A2) W(t,¢,s, 1(8,8) = R(@ u(s, 1) for all ¢,¢,
s € [0, 1];

(A3) W(t, ¢, s, 18, 5) < u(s, 1) forall € [0, 1].
Then the system (II1.6) has a solution in L?(C([0, 1]x [0, 1])).
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Proof:  Define n(u(s,t)) = R(t, u(s,t)) and
O(u(s. 1) = [y fo W(t, ¢, s, u(Z, 5))d¢ds, we have

2 (s, 1) — 0(u(s, DI
= 277YR(t, (s, 1)

1 1
- / f W(t, ¢, 5,0, $)deds|”
0 0

IA

1 1
2R, 1(s, 1) — / / R(t, v(s, ))d¢ds|”
0 Jo

27 HR(t, u(s, 1) — R, v(s, D).

Using assumption (A1) and taking max on both sides, we have

27~ (max |n(u(s. ) — 0((s, D]
= 1 2du(s, 1), v(s, 1)

B @7y
a(d(u(s, 1), v(s, O (uls, 1), v(s, 1))
d(p, v)

a(d(w, v))d(u, v) + 1+d—(u,v)
a(d(u, V)W, v) + Bd(w, v)®d(u, v)).
Which implies that
sd(n(u(s, 1)), 0(v(s, 1) < ald(u, v))¥(u, v)

+ Bd(u, v)@(u, v).

(max{u(s, 1) — v(s, O}

Al

IA

By taking s = 27! from Theorem 10 the integral
equation (III.6) has a solution in A.

IV. CONCLUSION

During modeling, real-world problems in more accurate and
significant ways related to engineering and scientific field’s
fractional order differential equation and integrals equation
are the best tools. One of the most preferable research areas
in this field is the existence theory of solutions. In the current
work, we have discussed some new fixed point theorem for
multi-valued mapping in b-metric spaces with application
to the existence of solutions to certain fractional differential
equations and integral equations in the frame of Caputo frac-
tional derivative.
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