Zhou et al. Advances in Difference Equations 2013, 2013:114 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2013/1/114 a SpringerOpen Journal

RESEARCH Open Access

Uniqueness and existence of positive
solutions for a multi-point boundary value
problem of singular fractional differential
equations

Wen-Xue Zhou'?", Yan-Dong Chu? and Dumitru Baleanu®#

"Correspondence:

wxzhou2006@126.com Abstract

'School of Mathematical Sciences, In thi dvth . f . luti f he <i | l
Fudan University, Shanghai, 200433, n this paper, we study the uniqueness of a positive solution for the singular nonlinear
China fractional differential equation boundary value problem D, u(t) + f(t, u(t)) =0,
’Department of Mathematics, _ _ ol . o

Lanzhou Jiaotong University, 0<t<l, u{O) =0, u(1.) = qD 7 u(t)|r:§, vyhere 1 <a < 2isareal number, Df, is Fhe
Lanzhou, 730070, China standard Riemann-Liouville differentiation and f : (0, 1] x [0, +o0) — [0, +00), with
Fulllist of author information is lim;_ o+ f(t, -) = +00. Our analysis relies on a fixed-point theorem in partially ordered

ilable at the end of the articl —— . . .
avatabie atine endotthe artice set. As an application, an example is presented to illustrate the main result.

MSC: 26A33; 34B15; 34K37

Keywords: boundary value problem; singular fractional differential equations;
Riemann-Liouville fractional derivative; uniqueness; partially ordered set

1 Introduction

Fractional differential equations have gained considerable importance due to their appli-
cation in various sciences, such as physics, mechanics, chemistry, engineering, etc. In re-
cent years, there has been a significant development in ordinary and partial differential
equations involving fractional derivatives; see the monographs of Kilbas et al. [1], Miller
and Ross [2], Oldham and Spanier [3], Podlubny [4], Samko [5], and the papers [6—16] and
the references therein.

However, there are few papers, which have considered the singular boundary value prob-
lems of fractional differential equations; see [17—23]. In particular, Delbosco and Rodino
[17] considered the existence of a solution for the nonlinear fractional differential equation
D, u=f(t,u), where 0 < e <1and f:[0,a] x R—> R, 0 <a < +00 is a given continuous
function in (0,a) x R. They obtained some results for solutions by using the Schauder
fixed-point theorem and the Banach contraction principle.

Qiu and Bai [18] considered the existence of a positive solution to boundary value prob-

lems of the nonlinear fractional differential equation

Dy, u(z) +f(t,u(t)) =0, O<t<l,2<a<3,

u(0)=1/(1) =4"(0) =0,

© 2013 Zhou et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2013/1/114
mailto:wxzhou2006@126.com
http://creativecommons.org/licenses/by/2.0

Zhou et al. Advances in Difference Equations 2013,2013:114 Page2of 11
http://www.advancesindifferenceequations.com/content/2013/1/114

where °Dj, is the Caputo fractional derivative, and f : (0,1] x [0, +00) — [0, +00), with
lim;_, o+ f(¢,-) = +00 (i.e., f is singular at ¢ = 0). They obtained the existence of positive so-
lutions by means of the Guo-Krasnosel’skii fixed-point theorem and nonlinear alternative
of Leray-Schauder type in a cone. In [18], the uniqueness of the solution is not treated.

From the above works, we can see a fact, although the fractional boundary value prob-
lems have been investigated by some authors, to the best of our knowledge, there have
been few papers which deal with the problem (1.1)-(1.2) for nonlinear singular fractional
differential equation. Motivated by all the works above, this paper is mainly concerned
with the uniqueness of a positive solution for the singular nonlinear fractional differential
equation boundary value problem

D§.u(t) +f(tu() =0, 0<t<l, (1.1)

w(0)=0,  u(l)=aDT u(®)|e, 1.2)

where 1 < « < 2 is a real number, & € (0, %], a € (0, +00) satisfy aF(a)EaT_l < F("‘T*l), and
Dj§, is the standard Riemann-Liouville differentiation, and f : (0,1] x [0, +00) — [0, +00),
with lim;_, ¢+ f(£,-) = +00. In this article, by using a fixed- point theorem in partially or-
dered set, existence and uniqueness results of a positive solution for the problem (1.1)-(1.2)
are given.

The paper is organized as follows. In Section 2, we give some preliminary results that
will be used in the proof of the main results. In Section 3, we establish the uniqueness of a
positive solution for the singular nonlinear fractional differential equation boundary value
problem (1.1)-(1.2). In the end, we illustrate a simple use of the main result.

2 Preliminaries and lemmas

For the convenience of the reader, we present here the necessary definitions from frac-
tional calculus theory. These definitions can be found in the recent literature such as [1]
and [4].

Definition 2.1 [1,4] The Riemann-Liouville fractional integral of order « > 0 of a function
f:(0,+00) — R is given by

t _ -1
If(8) = /0 %f(s)ds,

provided that the right side is pointwise defined on (0, +00), where I is the gamma func-

tion.

Definition 2.2 [1, 4] The Riemann-Liouville fractional derivative of order @ > 0 of a con-

tinuous function f : (0, +o0) — R is given by

o« _ 1 d " n—-o+
(DOJ)(t) = m (&) v/(; (t — S) 1_f(S) dS,

provided that the right side is pointwise defined on (0, +00). Here, n = [¢] + 1 and [«]
denotes the integer part of «.
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Lemma 2.1 [1] Let o > 0. If we assume u € C(0,1) N L(0, 1), then the fractional differential
equation
Dy, u(t)=0
has
ut) = Cit*t+ Ct* 2+ + Cyt*™N, CieR,i=1,2,...,N,
as unique solutions, where N is the smallest integer greater than or equal to o.

Lemma 2.2 [1] Assume that h € C(0,1) N L(0,1) with a fractional derivative of order o > 0
that belongs to C(0,1) N L(0,1). Then

I8, D% h(t) = h(t) + Crt* ™ + Cot® % 4+ -+ Cyt* ™

forsome C; eR,i=1,2,...,N, where N is the smallest integer greater than or equal to «.

Lemma 2.3 [21] Let h € C(0,1) N L(0,1) and 1 < a <2, & € (0,1), a € R satisfy that
al’(@)& o +# F("‘T*l), then the unique solution of

Dy, u(t)+h(t)=0, O0<t<l, (2.1)
u(0)=0,  u(l)=aDT u(t)), (2.2)
is given by

~ t (t_s)a—l
—A Th(s)ds

IF(OH-I (l_s)(x 1 E(g_s)T }
h(s)ds — s Y d .
F(‘“l) al ()& T {/ () (s)ds /0 NCS h(s)ds (2.3)

Lemma 2.4 [21] Let h € C((0,1),[0,+00)) NL(0,1) and 1 <a <2, & € (0, %], a € (0, +00)
satisfy that al («)& 9 < F(“‘T*l), then the unique solution of the problem (2.1)-(2.2)

~ t (t—S)a_l
u(t) = —/0 Wh( )ds

ta—lr(%) { (1-s)* 1 £ (& — )" }
——Fh(s)d
F(O‘Tﬂ)—aF(a)g%—l / INGY) ds — “/0 r () (s)ds

dtot—l

M4 —al(@)E T

1
=/ G(t,s)h(s)ds +
0

{ / [(1-95)E"T = (£ —9)T [h(s)ds + / (1 -5 h(s)d } (2.4)
0
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is nonnegative on [0,1], where

[£01-9)]9~~ (t-s)!
_ I'(q) ’
Glt,s) = [t01-9)]7~!
T’

ifo<s<t<l,

fo<t<s<l.
The following two lemmas are fundamental in the proofs of our main result.

Lemma 2.5 [24] Let (E, <) be a partially ordered set and suppose that there exists a metric
d in E such that (E,d) is a complete metric space. Assume that E satisfies:

If x,, is a nondecreasing sequence in E such that x,, — x then x, <x, VneN. (2.5)

Let f : E — E be a nondecreasing mapping such that

d(f(x),f () <d(x,y) - ¢(d(x,9)), forx=>y, (2.6)

where ¢ : [0, +00) — [0, +00) is continuous and nondecreasing function such that ¢ is
positive in (0, +00), ¢(0) = 0 and lim,_, ;oo @(£) = +00. If there exists xg € E with xy < f(x0),
then f has a fixed point.

If we consider that (E, <) satisfies the following condition:
For x,y € E there exists z € E which is comparable to x and y, (2.7)

then we have the following result.

Lemma 2.6 [24] Adding condition (2.7) to the hypotheses of Lemma 2.5, we obtain unique-
ness of the fixed point of f.

3 Main results

Theorem 3.1 Let1<a <2, & € (0, %], a € (0,+00) satisfy that al"(oz)é%1 < F(“T*l), F:
(0,1] — [0, +00) is continuous, and lim;_, o+ F(t) = +00. Suppose that there exists a constant
0:0 <o <1such that t° F(t) is a continuous function on [0,1]. Then the unique solution of
the problem (2.1)-(2.2) is given by

(t )al
o= / “Tl)

a1 a+l 1 _e-l & Tl
IC N {/ (-3 ovisa [ & 9 (S)ds}
0 0

P - ar@e? Lo T@ e
1 a-1
= / G(t,s)F(s)ds + o a1
o r(el) - al (@)

S 1 1 1 1
X {[ [(1 —8)*ET — (¢ —s)aT_]F(s) ds +f (1 -5 F(s) ds} (3.1)
0 &

and is continuous on [0,1].
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Proof By the continuity of t° F(t), it is easy to check that H(0) = 0. The proof is divided
into three cases.

Casel.ty =0, vVt € (0,1].

Since t° F(t) is continuous in [0, 1], there exists a constant M > 0, such that |t? F(¢)| < M,
t €[0,1]. Hence,

|H(t) - H(0)]

dta_l

r(&) - al(@)E T

1
/ G(t,s)F(s)ds +
0

x { / E[(1 —9 T (6 -5)T |F(9)ds + /g a —s>a-ls“le<s>ds}

ata—l

P(5) - al(@§>

1
/ G(t,s)s °s°F(s)ds +
0

§ -1 -1 1 ~1
X {/ [(1 —s)* g T & - s)aT]s_”s"F(s) ds + f (1-s)*t¢ aTs’“s"F(s) ds}
0 £

TrA-91"" = (-s)"] _, -9t
/0[ ) :|s ds+/t 71,(0[) s%ds

<M

ata—l

+ a-1
N5 —al(@§ =

1
+ / (1-s)*te %s_” ds}
&

3
e (e g P
X{/O[(l 8)*E (&-53) ]s ds

a-1 -0
<M B(l-o, M B(l1-o,
=MEa (1-0,0)+ r@) (1-0,a)
aMt*- 1T aMe-1g-o o5 a+l
+ —B(l-0,a)+ —B(1-0,—
r(<) —al(a)E T r(<) —al(a)E T 2
F(I_O) a-1 a—o
— 7 ¢ ¢
- l"(l—a+ot)[ * ]

aMt* €7 T(1-0)l(@)  aMt €T T1-0)l(%2)
+ +
P -al(@g > T-o+a)  pE)—ar@gs Tl-o+ 5

-0 (t—0),

where B(-,-) denotes the beta function.
Case 2. ty € (0,1), V¢ € (¢, 1].

|H(t) - H(to)]

1 1
/ G(t,s)s °s° F(s)ds — / G(t,8)s °s°F(s)ds
0 0

ﬂ[t“—l_tg—l] { & L, ad w1y
1- o 2 — — 2 4 UF d
+ F(a;l) _ﬂl—w(a)%_'%l X /0 [( S) E (%- 5) ]5 S (S) S

1
+/¥ (l—s)“_lé%s_"s”F(s)ds}
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1 -s)) T - (e -5 A -9
EM \/0 F(a) S dS‘I"/; WS ds
"t -s))*" O [t -9)]"" = (o -8 _,
- ey r) T

a-1 _ -1 & 1 w1
N alt 1 Ly ],1,1 ~ {/ [(l_s)a—lgaT’ _ (-’;: —S)T]S_a ds
red-ar@es L

1
+ / (1-s)*t& g0 ds}
3

ta—l_t a-1 1 t t— a-1
= Ml . f (1-5)*'sds+ / ﬁs’” ds
0 t

INC) o Tl@)
N /to (t _ S)a—l _ (tO _ S)a—l 0 s a[ta—l _ t(o)t—l] _
0 (@) F(%) - al()§ T

§ 1
_) e (5 _ )T s _) g g
X /(;[(1 s)* e (E-s)7 s ds+/;(1 ) R A ds}

ta—l —t a-1 e Ny a ta—l _ t(x—l
<M{m——= Bl-0,0)+ ——> B(l-0,a) + [ o ]

[(a) I(@) (%) - al(@)E

X EQTAB(I —o,q) + “;‘1_‘”11213(1 -0, ocT—l):“

-0 (t— tp).

Case 3.ty € (0,1], Vt € [0, tp). The proof is similar to that of Case 2, so we omit it. O

Let Banach space E = C[0,1] be endowed with the norm || || = maxe[o,1) |#(£)|. Note that
this space can be equipped with a partial order given by

%ny€E, x=<y <& x(@)=<y@), te€[0,1]. (32)
It is easy to check that (E, <) with the classic metric given by
d(x,y) = t) -yt 3.3
(*,) 21[3,’1‘]{|x() y(0)[} (3.3)

satisfies condition (2.6) of Lemma 2.5. Moreover, for x,y € E, as the function max{x, y} is
continuous in [0,1], (E, <) satisfies condition (2.7).

Theorem 3.2 Let 0 <o <1,1<a <2,£& € (0, %], a € (0,+00) satisfy that aF(a)S% <
F(“T*l),f: (0,1] x [0, +00) — [0, +00) is continuous, with lim,_, o+ f (¢, -) = +00, and t° f (¢, u)
is continuous function on [0,1] x [0, +00). Assume that there exists A satisfying

0<A

<|: 1'*(1_0-) . F(QTH)F(I_G)
T Fl-0+a) [[‘("‘T”)—aF(a)&%]F(l—GJfa)

ai:(l—aJraT_l)l"(l_a)l—-(aTﬂ) ]_1
" 1
[M(%) - al(@)E T I0(1 -0 + 221)

Page6of 11
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such that for u,v € [0, +o0) withu >vand t € [0,1],
0 < £°[(t,u) ~£(t,)] < Ablu—v), (3.4)

where ¢ : [0, +00) — [0, +00) is continuous and nondecreasing, ¢(u) = u — ¢(u) satisfies
(@) ¢:[0,+00) — [0, +00) and nondecreasing;
(b) ¢(0)=0;
(c) ¢ is positive in (0, +00).
Then the problem (1.1)-(1.2) has an unique positive solution.

Proof Define the cone K C E by
K={uecE:u)>0,te[0,1]}.

Note that, as IC is a closed subset of E, K is a complete metric space.
Suppose that « is a solution of boundary value problem (1.1) and (1.2). Then

atrx—l

[(%) -al (@57

1
u(t) = / G(t, s)f(s, u(s)) ds +
0
4 a-1 a-1
X {/0 [A-5)T"6T —(6-5)7 |f(s,uls))ds
1 1
+ / (1 - S)a71$ a%f(sr M(S)) dS}, te [O; 1]
§

Define an operator A : I — E as follows:

ata—l

r(4h) - ar(@e

1
(Au)(t) = /(; G(t,s)f(s, u(s)) ds +

§ a-1 a-1
X {/0 [A-9)*67 —(6-9)7 |f(s,uls))ds
! a-1
+ / A -9)*E 7 f(s,u(s)) ds}, t€[0,1]. (3.5)
é

By Theorem 3.1, Au € E. Moreover, in view of Lemma 2.4 and £°f(t,u) > 0 for (¢t,u) €
[0,1] x [0, +00), by hypothesis, we get

(Au)(®) >0, te]0,1],

so, A(K) c K.
In what follows, we check that hypotheses in Lemmas 2.5 and 2.6 are satisfied. Firstly,
the operator A is nondecreasing. By hypothesis, for u > v, we get

ata—l

r(2) - al ()€

1
(Au)(t) = /(; G(¢, s)f(s, u(s)) ds +

5 a-1 a-1
X {/ (=97 —(E-9) 7 |f(s,uls))ds
0

Page 7 of 11
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+ fl(l —s)* 1 %f(s, u(s)) ds}
§

1 ﬂtoz—l

G, , a
> /0 (6,8)f (s,v(s)) ds + (%) —al' (@&

a-1
2

4 -1 a-1
X {/0 [(1 —s)* T — (& - s)T]f(s, v(s)) ds

1
+ / (1- 517 (5, () ds}
§

= (AV)(®).
Besides, for u > v, by (3.4), we get

d(Au, Av) = max {|Au(t) — Av(t)|}

te[0,1]

= max [Au(t) - .Av(t)]
te[0,1]

atox—l

1
< max [/0 G, 9)[f (s, u(s)) = f (s, v(s)) ] ds + F(%)_ar‘(a)f%l

§ 1 a-1
X {/0 [A-9)""¢ T _(E-9)T 1[f (s, u(s)) = f (s, v(s)) ] s

+ /:(1 —s)* e e [f(s, u(s)) —f(s, v(s))] ds”

ﬂtot—l

* a-1
P -al(e)s™

< max |:/1 G(t,s)s’“k¢[u(s) - v(s)] ds
0

te[0,1]
4 a-1 a-1
X {/0 [(1 —s)*lET —(E—s) T ]S‘”Aqb[u(s) - v(s)] ds
1 a-1
+ / (1-s)*te Ts“’)«p[u(s) - v(s)] ds”.
§
As the function ¢(u) is nondecreasing, for u > v, we get
¢luls) - v(s)] < p(llu—vl).

By the last inequality, we get

ata—l

r(ed) - ar(@)§s

1
d(Au, Av) < tlél[g.‘)l(] [/0 G(t, s)s“’M)[u(s) - v(s)] ds +

E a-1 a-1
X {/0 [(1 —s) e — (- s)T]s"’)Lq) [u(s) - v(s)] ds

1
+ / (1-s)te %is_“kqﬁ[u(s) - v(s)] ds”
&

ﬂta_l

—al(a)ET

te[0,1]

1
<A¢(|lu—v|) max |:/ G(t,s)s ™% ds +
0 L)

(3.6)

Page80of 11
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S : e ! a-1
g {/0 N Ry | <1—s)“-1525—0ds}]

-0 -1p (el _
|:ta_B(l—(I,O[)+ S Rt dj’a)
I() [T(%5) —al(@)§ 7 ()

=2 (lu— VII)trél[aaflc]

a-1

at*1g1-o+50) ( o+ 1)]
+ —/B|1-o0,
[C(4) - al' ()8 7 ] 2

B(l-o0,a) F(%)B(l—a,a)
= A —
o (llu v||)|: @) +[F(“T*1)—af‘(a)§az;l][‘(a)

ag -0+ ( a+1>:|
n —B|1-o0,
(%) —al(@)§ 7] 2
rd-o) M -o)
=A -
¢ (lu V”)|:1"(1—o va) [M(%1) - al (@& T M1 -0 +a)

at T (- o)1 (%) ]
+
[M(21) - al (@) T 101 -0 + %)
<¢(lu-vl)
= llu—vil = [l = vl = ¢(lle—vIl)]-
Put ¢(u) = u — ¢(u). Obviously, ¢ : [0, +00) — [0, +00) is continuous, nondecreasing, pos-

itive in (0, +00), ¢(0) = 0.
Thus, for u > v, we get

d(Au, Av) < d(u,v) — (d(u, v)). (3.7)

Finally, take into account that for the zero function, 0 < .40, by Lemma 2.5, our problem
(1.1)-(1.2) has at least one nonnegative solution. Moreover, this solution is unique, since
(K, <) satisfies condition (2.7) and Lemma 2.6. This completes the proof. O

In the sequel, we present an example which illustrates Theorem 3.2.

4 An example
Example 4.1 Consider the following fractional boundary value problem:

g o (t- D2 In(2 + u(?))
D2uy(t) = NG , O0<t<l, (4.1)
u©0)=0,  u(l)= %D%u(mt:%, (4.2)
D0 o (4 ) € (0,1] x [0,+00), o = L

wherea:%,a:é:%.Inthiscase,f(t,u):( 7 2.
Note that f is continuous in (0,1] x [0, +00) and lim,_,¢+ f(¢,-) = 0. Moreover, for u > v

and t € [0,1], we have

2 2
0 < [f(t,u)—f(t,v)] = [(t - %) In(2 + 1) - (t - %) In(2 + V)]. (4.3)
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Because g(x) = In(x + 2) is nondecreasing on [0, +00), and

2 9 ,
[(p%) 1n(2+u)—(t—%) 1n(2+v):|:(t_%> ln%

2
:(t—l> 111(2+v+u—v)
2+v)

2
< (%) In(1+u-v).

With the aid of a computer, we obtain that

|: F(l—O') . F(QTH)F(l_G)
Nl-o+a) [F(“T”)—ar(a)EaT_l]F(l—G +a)
ag1= (- o)r (%)

-1 1
+ — :| ~0.282--->—.
[M(%) —al(@)g 7 IT(1-0 +%%) 4

So, by Theorem 3.2, the problem (4.1)-(4.2) has an unique positive solution.
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