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We prove the existence and uniqueness of solutions for two classes of infinite delay nonlinear fractional order differential equations
involving Riemann-Liouville fractional derivatives. The analysis is based on the alternative of the Leray-Schauder fixed-point

theorem, the Banach fixed-point theorem, and the Arzela-Ascoli theorem in Q = {y :

that y|,,,; is continuous and 2 is a phase space.

1. Introduction

Fractional derivatives and integrals have been vastly used in
different fields, facing a huge development especially during
the last few decades (see, e.g., [1-9] and the references there-
in). The approaches based on fractional calculus establish
models of engineering systems better than the ordinary
derivatives approaches [1-6].

In particular, fractional differential equations as an im-
portant research branch of fractional calculus attracted much
more attention (see, e.g., [10-20] and the references therein).
Also varieties of schemes for numerical solutions of fractional
differential equations are reported (see, e.g., [6, 21-23] and the
references therein). We notice that some investigations have
been done on the existence and uniqueness of solutions for
fractional differential equations with delay (see, e.g., [24, 25]
and the references therein).

(=00,b] = R : y|_po € B} such

Having all the aforementioned facts in mind, in this paper
we study the existence and uniqueness of solutions for a class
of delayed fractional differential equations, namely,

Z@)yt)y=f(ty), te]=[0b], -
y@)=¢(@), te(-00,0],
where Z(2) = Dj. - t"Doli, 0 < B <a<1, nisapositive

integer, f: J x # — R is a given function satisfying some
assumptions that will be specified later, ¢ € B with ¢(0) =
0, and % is called a phase space that will be defined later.

gﬂ and Doﬁ+ are the standard Riemann-Liouville fractional

derivatives. y,, which is an element 9, is defined as any
function y on (—00, b] as follows:

y(s)=y(t+s), se(-00,0], te]. (2)



Here y,(-) represents the preoperational state from time
—00 up to time t. We also consider the following nonlinear
fractional differential equation:

LDyt -gt.y)}=f(ty)s
y(t)=¢ (1),

where o, 3, f, ¢, and (D) areas (1) and g: J x B — Ris
a given function which satisfies g(0, ¢) = 0.

The notion of the phase space & plays an important
role in the study of both qualitative and quantitative theories
for functional differential equations. A common choice is
a seminormed space satisfying suitable axioms, which was
introduced by Hale and Kato [26].

Our approach is based on the Banach fixed-point theorem
and on the nonlinear alternative of Leray-Schauder type [27,
28]. The organization of the paper is as follows.

In Section 2, we present some basic mathematical tools
used in the paper. The main results are presented in Section 3.
Section 4 is dedicated to our conclusions.

te],
3)
t € (—00,0],

2. Preliminaries

In this section, we present some basic notations and proper-
ties which are used throughout this paper. First of all, we will
explain the phase space & introduced by Hale and Kato [26].
Let R0 = (=00,0], R*® = [0, +00), R = (=00, +00), and let
E be a Banach space with norm |- | ;. Further, let 9 be a linear
space of functions mapping R~ into E with seminorm | - |5
having the following axioms,

(By) Ify : (—00,0+b) — E, b > 0iscontinuouson [0,0+
b)and y, € 9%, then y, € B and y, are continuous for
anyt € [0,0 + D).

(B,) There exist functions k(t) > 0 and m(t) > 0 with
the following properties. (i) k(t) is continuous for t €
R, (ii) m(¢t) is locally bounded for t € R0, (iii)
For every function, y has the properties of (B;) and
t € [0,0+b), holds that | y;| 5 < k(t — o) sup{|y(s)|p :
o < s <th+m(t - 0)ly,lg

(B;) There exists a positive constant L such that [¢(0)|; <
L |¢| g forall ¢ € AB.

(B,) The quotient space B =B | o 1s a Banach space.

We notice that in this paper, we select 0 = 0 and E = R; thus
(iii) can be converted to |yl < k(t) sup{|y(s)|ly : 0 < s <
t} +m(t)|yylg, forallt € [0,D).

See [28] for examples of the phase space % satisfying all
axioms (B;)-(B,).

Let R* = (0,+00) and C°(R*) be the space of all
continuous real function on R*. Consider also the space
C°(R)?° of all continuous real functions on R which later
identifies with the class of all f € C°(R") such that
lim, _, o+ f(£) = f(0") € R. By C(J, R), we denote the Banach
space of all continuous functions from J into R with the norm
¥llo := sup{ly(t)| : t € J}, where | - | is a suitable complete
norm on R.
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The most common notation for ath order derivative of
a real-valued function y(t), which is defined in an interval
denoted by (a,b), is D y(t). Here, the negative value of «
corresponds to the fractional integral.

Definition 1. Forafunction y defined on an interval [a, b], the
Riemann-Liouville fractional integral of y of order & > 0 is
defined by [1, 6]

ILy(t) = ﬁ L (t-s)"y(s)ds, t>a, (4)

and the Riemann-Liouville fractional derivative of y(t) of
order « > 0 reads as

d" .
D;y(t):ﬁ{lgfy(t)}, n-l<a<n. (5)
Also, we denote D7, y(t) as D{y(t) and I7. y(t) as I] y(t).
Further, Dg. y(t) and Ij. y(t) are referred to as D* y(t) and
I*y(t), respectively. If the fractional derivative DS y(t) is
integrable, then we have [4, page 71]

17 (DEy )
o - (t_a)(x_l
=L yo- [Py 0] 5 W (6)
0<pB<a<l

If y is continuous on [a,b], then D y(t) is integrable,
I"Py(t)l,_, = 0,and

E(DEy®)=15Fy@), 0<Bsa<l.  (7)

Proposition 2. Let y be continuous on [0, b] and n a nonneg-
ative integet, then

(i) I*(t"y (t))=i (‘“) [Df"] [1%%Fy 1)]

bl

(8)

n—-k
) (7D y ) = 3. () P00

k=0 (n—

where

(2)- g (1)

B I'l-a«)
CTk+D)T(Q-a-k)

(10)

Proof. (i) canbe found in [6, page 53], and (ii) is an immediate
consequence of (7), and (i). O

Lemma 3 (see [29]). Let v : [0,b] — [0, 00) be a real func-
tion and w(-) a nonnegative, locally integrable function on
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[0, b]. If there exist positive constants a and « € (0, 1) such that
v(t) < w(t) +a Iot(t — )" *v(s)ds, then there exists a constant

K = K(«) such that v(t) < w(t)+ Ka _[Ot w(s)(t—s) "ds, for all
t € [0,b].

In this paper we use the alternative Leray-Schauder’s
theorem and Banach’s contraction principle for getting the
main results. These theorems can be found in [27, 28].

3. Existence and Uniqueness

In this section, we prove the existence results for (1) and (3)
by using the alternative of Leray-Schauder’s theorem. Further,
our results for the unique solution is based on the Banach
contraction principle. Let us start by defining what we mean
by a solution of (1). Let the space

Q={y: (-00,b] — R: yl_co0) € B
(11)

and y|(o,) is continuous} .

A function y € Q is said to be a solution of (1) if y satisfies
1.

For the existence results on (1), we need the following
lemma.

Lemma 4. Equation (1) is equivalent to the Volterra integral
equation

n n-k
=Y (F) g 0+ 1 ), tel,

k=0
(12)
Proof. The proof is an immediate consequence of
Proposition 2. O

To study the existence and uniqueness of solutions for
(1), we transform (1) into a fixed-point problem. Consider the
operator P : O — Q) defined by

2Oy +I°f(ty), telob],

B9 = {¢>(t), t € (—00,0], (13)
where,
- (o n!tn_k a—B+k

3(1)_,;)<k>(n—k)!1 . (14)

Let x(+) : (—00,b] — R be the function defined as

0, if t € [0,b],

x(0) = {(/)(t) if ¢ € (—00,0] . (15)

Then, we get x, = ¢. For each z € C([0,b], R) with z(0) = 0,
we denote by z the function defined as follows:

2() = {z(t), if t € [0,0],

0, if t € (—00,0]. (16)

If y(-) satisfies the integral equation y(t) = Z(I)y(t) +
I*f(t, y,), then we can decompose y(-) as y(t) = Z(t) + x(¢),
—00 < t < b, which implies y, = z, + x, forevery 0 < t < b,
and the function z(-) satisfies

zt) =L (Dz@t)+I°f (t.Z, + x,), 17)

set Cy, = {z € C([0,b],R) : z(0) = 0}, and let | - ||, be the
seminorm in C, defined by |z, = llzyll5 + supf{lz(t)] : 0 <
t < b} =supflz(t)| : 0 <t < b}, z € C,. C, is a Banach space
with norm || - [|. Let the operator F : C, — C, be defined by

Fz(t)=L Dz (@) +I°f (t.Z, + x;), (18)

where t € [0, b]. The operator P has a fixed point equivalent
to F that has a fixed point too.

Theorem 5. Assume that f is a continuous function, and there
exist p,q € C(J,R™) such that | f (£, u)| < p(t) +q(t)||lullg, t €
J, u € B. Then, (1) has at least one solution on (-0, b].

Proof. 1t is enough to show that the operator F : C;, — C,
defined as (18) satisfies the following: (i) F is continuous, (ii)
F maps bounded sets into bounded sets in C,, (iii) F maps
bounded sets into equicontinuous sets of C,, and (iv) F is
completely continuous.

(i) Let {z,} converges to z in C, then

||an (t) - Fz (t)||

1% /3+k|

|Gt
D 9-20)

Sl EE ) FEEER)]

- n—k _
NG el
Zn-k)T (- B+k+1)

PG, %) - 7 )
I'(x+1) ’

Hence, |Fz,(t) -
is continuous.

Fz(t)|| — Oasz, — z,and thus f

(ii) Forany A > 0,let B, = {z € C; : |zll, < A} be
a bounded set. We show that there exists a positive



constant y such that ||Fz||,, < u. Let z € 3B,, since f

is a continuous function, we have for each t € [0, b],

() e
|Fz (t)] < ;)(n ~ R (a— B +k)

b
x J (t - 5)* Pz (s)

0

—J (t -9 f(s,Z, + x;) ds

()
(o s 1
S’;‘)(n_k)!r(“—lo’+k+1)”Z||b+m

t
x L (t =9 [p(s) +q(5) |7 + x| ;] ds

SO 9]l
Skz::‘)(n—k)!r(cx—ﬁ+k+ )

l1zllp

M lele | Pl (4=
" F(oc + 1) * F(OC + 1) "zs“@ + ||xs”g,’

n -« n!bnﬂx—ﬁ
< Z |( k )| ”Z”b

TEn-KT(a-p+k+1)

bl
I'(a+1)

e+ gl = g
(20)

where m, = sup{lm(t)| : t € [0,b]}, and k, =
sup{|k(t)| : t € [0,b]}. Hence, we obtain ||Fz||., <

(iii) Lett,,¢, € [0,b] and t; < t,. Let 9, be a bounded set
of C, asin (ii) and z € 9,, then given € > 0 choose

§ = min {Lel/“, - el/(aPk)
2A, 2(n+1)A,
(21)
k= 0,1,...,n},
where
A
p bl Al
T'(a+1)
. 22)
c ko™ |z,

zzg‘)(n—k)!l‘(cx—[)’+k+l)’
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and A = kA + myl|¢ll 5. If [t, — £,] < &, then

|Fz(t;) - Fz (1,)|

e |Gl
= k;)(n ZI (= r i) el
« J‘OI {(tz _s)oc—ﬁ+k—1 -, _S)oc—ﬁ+k—1}ds

t
+ J (t, - s)“ﬁ+k1ds|
tl

+
I'(x)

Lt (6= — (1 =9} f (87 + x,)ds

t
+ J- (t,— )" (5,2, +x,)ds
t

1

n 1" .
<2 k',(r ) ey )

k:O

el Al (gt

I'(x+1)
+ Jtz (t, - s)‘Hds}

—B+k
lzlly (£, - £,)* 7"

Z 2|(5")

“«(n-Kk)T(a-B+k+1)

Ipll, + Aldle o
+ ZW(Q —t;)

= A, PF LA 6Y < g +- =¢
(23)

where |z, + x5 < 2]l + x5 < kA +m |l =
A. Hence, F($,) is equicontinuous.

(iv) Itis an immediate consequence from (i)-(iii), togeth-
er with the Arzela-Ascoli theorem.

We show in the following that there exists an openset U < C,
with z # pF(z) for y € (0,1) and z € 0U. Let z € C, and
z = yF(z) for some 0 < y < 1. Then, for each t € [0,b],
we have z(t) = MZ(Dz(t) + I f(t, Z, + x,)}. It follows by
assumption of the theorem

n

'Z(t)l‘z k)|r Y

j (£ — P |2 (5)] ds

+Lr(t—s)°‘71|f(s,5 +x,)|ds
I'(x) Jo § *
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2| K2,
= Z(n—k T(a-p+k+1)

k=0

t

1 a1 _
+ m L t-95""q() ||zs + x5||9§ds

b[lple
F(a+1)

(24)
On other hand, we have
175+ x5 < [zl 5 + Il
<k()sup{lz(s)|:0<s<t}
+m (1) |2]
+k(t)sup{lx(s)|:0<s <t} (25)
+m (1) x|
<k,sup{lz(s)|: 0<t <t}
+ mb”ﬁbugg'

If welet 6(¢) the right-hand side of (25), then ||z, +x,]l5 < &(f)
and, therefore,

L
|z (@) <
kgo(n—k)!r(oc—ﬁ+k+l) 06
1 ! a—1 b“"p"oo
+ T@ Jo (t-s)""q(s)8(s)ds + Tt D)

Using the aforementioned inequality and the definition of §,
we get

2| Kzl Ky
o) < k;)(n—k)!r((x—/a’+k+ 1)

keb*[Ploo . Kolldllo (27)
IF'(x+1) I'(x)

+ my|[ ]

t
<[ -9 eas
0
Then, using Lemma 3, there exists a constant A such that

1
101 < SkpAy +my ]

kyb*|p| kollale (f 29
b 00 b (e a—1
A - >
+ Tt ) + T L (t—s5)"""Rds
where A, is mentioned in (22), and
| Kl

_1 oo 29
R ZkbA2+mb||¢"‘%+ r(oc+1) . ( )

Hence,

RAb"‘kblquoo =
77 hiflleo 30
8]l < R+ TarD M, (30)

and then |z, < A, + MGl + b*lplle/T(x + 1).

Therefore,

M| rq|l, + 6| plloo/T (x+ 1)
1-A, o

A" (31)

lzlleo <

SetU = {z € C, : |lzl, < A* +1}.Then, F : U — C,
is continuous and completely continuous. From the choice of
U, there is no z € 0U such that z = yF(z), for y € (0,1);
therefore, by the nonlinear alternative of the Leray-Schauder
theorem, the proof is complete. O

Theorem 6. Let f : ] x B — R be a continuous function. If
there exists a positive constant | such that | f(t,u) — f(t,v)| <
Hu—vlg, t €], u,ve B, and0 < T+lk,b*/T(a+1) := L < 1
then (1) has a unique solution in the interval (—co, b], where,

IR
- Z(n—k)!l“(oc—ﬁ+k+1)'

k=0

(32)

Proof. The solution of (1) is equivalent to the solution of the
integral equation (17). Hence, it is enough to show that the
operator F : C;, — C,, satisfies the Banach fixed-point
theorem. Consider u, v € C,, and for each t € [0, b], we have

IF (2) (t) = F (u) (0)]

t
giwu—wn+-i—J'a—sf*m@—iﬁgm

I'(x) Jo
l ! a—1—
< Tl = vy + s L (£ = 9%t - V] s
T .
< Tllu -], + m Jo (t—s)*! (33)

x ky, sup [u (s) — v (s)| ds

<{T+l&_ra_gwwm}m—w

U T@h ’
e, b

< s P vl = L= o,

Hence, |F(z) — FW, < L |z — 2", and then F is a
contraction. Therefore, F has a unique fixed point by Banach’s
contraction principle. O

Theorem 7. Let f : ] x B — R be a continuous function,
and let the following assumptions hold.

(H1) Thereexist p,q € C(J, #*°) such that | f(t,u)| < p(t)+
q@t)llullg for eacht € J, u € B and and | I*p|| < +c0.
(H2) The function g is continuous and completely continu-
ous. For any bounded set D in Q, theset {t — g(t, y,) :
y € D} is equicontinuous in C([0,b], R). There exist



positive constants d, and d, such that |g(t,u)| <
dillullg + d, for each t € [0,b] and u € 2.

Ifkyd, € (0,1), then (3) has at least one solution on (—0o, b],
where k;, = sup{|k(t)| : t € [0,b]}.

Proof. Consider the operator P* : QO — () defined by

P (y)(®)
_ g(I)y(t) + I(xf(t’yt) +g(t’yt)’ te [O’b] >
o), t € (—00,0],
(34)
where
noyo Tl!tn_k w s
FMm=Y < k“) (n_k)!l Bk, (35)

k=0

In analog to Theorem 5, we consider the operator F* : C;, —
C, defined by

Fzt)=2Mzt)+I"f(t,z,+x,)+ g(t, Z, + x;) .
(36)

By using (H2) and Theorem 5, the operator F* is continuous
and completely continuous. Now, it is sufficient to show that
there exists an open set U™ € C, with z # AF*(z) fory € (0, 1)
and z € U ™.

Letz € Cyand z = yF*(z) for some y € (0, 1). Then, for
eacht € [0,b], z(t) = ylg(t, z, + x,) + L(D)z(t) + [* f(t, z, +
x,)]. Hence,

lz(0)] < d,|]Z + x| + ds

LG ke
+,§)(n—k)!l“((x—ﬁ+k+ D)

l1zIl,

b 1 (! @~ z
P“oo + j (f _ 5) n 1q(5) “ZS + xg”%dS;

T(a+1) T(a)lo

b Pl
I'(x+1)

<d @) +d,+
1 ! el
+ m L (t—9)"""q(s)6(s)ds

d (5| Kb
+k;](n—k)!l“(oc—,8+k+1

)"Z"b’
(37)
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where 6(f) is named the in right-hand side of (25) such that
Iz, — x|l < 8(). Since 0 < kyd;, < 1,if welet T* =
Trco(l () 1kto" ¥zl Fey/(n = k)T = B+ k + 1)), then

8 (t) < kyd 8 (1) + kydy + my||@]| 5 + T + 1y |

kb*|Pleo | Kolldlo *,. et
+ Tl + I (@) L(t—s) 6(s)ds
1 *
T kd {kbdz +my @)l + T+ my |65 (38)
kb Pllos  Folldlloo
I'(x+1) I'(x)

« Jt(t—s)“_lé(s)ds}.
0

Then, using Lemma 3, there exists a constant A* such that

8 (t) < kyd, 8 (t) + kydy + 1|

. kb Pl

HTrmy e+ T
kolaleo [, ot

" T L (t=s) 0 ds

1

<
1~ kyd,
i kb pll o

X ‘{kb dy + my |l +T7 + my ] 5 + ;(““J, "1)

N }
A I'(@) Jo(t—s) §(s)dst,

(39)

and, therefore, |lwl,, < R+ RA"kyllq" loo/T(ex + 1) == L7,
where [|q" oo = lglloo/(1 —kydy) and R = 1/(1 - kyd,) [k, d, +
myllpll g + (kyb™ || plloo)/T(a + 1) + T7]. Then,

Pl

<d,L"+d, +
”Z"oo 1 2 r((x+1)

+L|I%|  +T",  (40)

and, hence,

diL” +dy + 6 pl /T (e + 1) + L1,
-zl T '

M.

Izlleo <

(41)

SetU* = {z € C, : |lzl, < M" + 1}. From the choice of
U™, there is no z € 0U™ such that z = yF*(z) for y € (0,1).
As a consequence of the nonlinear alternative of the Leray-
Schauder theorem, we deduce that F* has a fixed-point z* in
U™, which is a solution of (3). O

The unique solution of (3), under some conditions, is
studied in the following theorem which is the result of the
Banach contraction mapping.
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Theorem 8. Let f : ] x B — R be a continuous function,
and there exist positive constants I, y, such that

|f (tw) = f (& )| < Hlu=vllgs
(42)
lg (t,u) — g (t,v)] < pllu = vl

wheret € ] and u,v € B. Then, (3) with the following condi-
tions has a unique solution in the interval (—00, b]

Ik, b* ke, Ib™
0<T+—2— <1, 0<hku+T+—2—0 <1,
T(a+1) [(a+1)
(43)
such that T is defined in Theorem 6.
Proof. The proof is a similar process Theorem 6. O

4. Conclusions

In this paper, the existence and the uniqueness of solutions for
the nonlinear fractional differential equations with infinite
delay comprising standard Riemann-Liouville derivatives
have been discussed in the phase space. Leray-Schauder’s
alternative theorem and the Banach contraction principle
were used to prove the obtained results. Further general-
izations can be developed to some other class of fractional
differential equations such as Z(D)y(t) = f(t,y,), where

F(D) = D% — Z;;l p]-(t)D"‘"-f, 0 < o < < a, <

N,
L pi(t) =X, ajktk, and N is nonnegative integer.
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