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Abstract

In this manuscript, we study the sufficient conditions for controllability for fractional
functional integro-differential systems involving the Caputo fractional derivative of
order & € (0, 1] in Banach spaces. Our main approach is based on fractional calculus,
the properties of characteristic solution operators, Ménch's fixed point theorem via
measures of noncompactness. Particularly, these results are under some weakly
compactness conditions. An example is presented in the end to show the
applications of the obtained abstract results.
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1 Introduction

The theory of fractional differential and integral equations have been proved to be valuable
tools and effective in the modeling of many phenomena in various fields of engineering
and scientific disciplines such as physics, chemistry, biology, control theory, signal and
image processing, biophysics, blood flow phenomena, aerodynamics and so on. For more
details on fractional calculus theory, one can see the monographs of Kilbas et al. [1], Lak-
shmikantham et al. [2], Miller and Ross [3] and Podlubny [4], Baleanu et al. [5], Tarasov
(6], and the papers [7-15] as well as the references therein.

As it is known, the concept of controllability is an important property (quantitative and
qualitative) of a control system, and the controllability property plays a crucial role in many
control problems and both finite and infinite-dimensional spaces. Recently, the controlla-
bility for a fractional dynamical system has become a very active area to this field. Con-
trollability of linear systems in finite dimensional spaces is well established in [16] and
controllability of fractional evolution dynamical systems in a finite dimensional space is
discussed, for example, in [7, 8, 14, 17].

Very recently, the authors Wang and Zhou [18] found some conditions guaranteeing the
complete controllability of fractional evolution systems without assuming the compact-
ness of characteristic solution operators by means of the Monch fixed point technique and
the measures of noncompactness. Wang et al. [19] established two sufficient conditions for
nonlocal controllability for fractional evolution systems. These theorems guarantee the ef-
fectiveness of controllability results under some weakly noncompactness conditions. The
©2013 Ravichandran and Baleanu; licensee Springer. This is an Open Access article distributed under the terms of the Creative

Commons Attribution License (http:/creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and re-
production in any medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2013/1/291
mailto:dumitru@cankaya.edu.tr
http://creativecommons.org/licenses/by/2.0

Ravichandran and Baleanu Advances in Difference Equations 2013, 2013:291 Page2of 13
http://www.advancesindifferenceequations.com/content/2013/1/291

authors Ji et al. [20] derived the nonlocal controllability of an impulsive differential evolu-
tion system and the evolution part is not compact by means of Monch’s fixed point theo-
rem via measures of noncompactness. Many authors investigated the controllability prob-
lem, there are different methods and techniques for various types of nonlinear systems and
fixed point theorems; the details of these papers can be found in [11, 13-15, 21-26] and
the references therein. From the above literature survey, to our knowledge, controllability
of fractional functional integro-differential systems with infinite delay by using Monch’s
fixed point theorem via MNC properties and an abstract phase space have not been stud-
ied fully. Motivated by this fact and the articles [18—20], in this manuscript we are con-
cerned with the controllability of fractional integro-differential systems with infinite delay

of the form
CDIx(t) = Ax(¢) +f<t,xt,/ h(t, s, xs) ds) +Bu(t), te]:=][0,b], (1.1)
0
xo=¢ € By, te(-00,0], (1.2)

where D7 is the Caputo fractional derivative of order 0 < g < 1, A is the infinitesimal
generator of a strongly continuous semigroup {7'(¢),£ > 0} in a Banach space X, which
means that there exists M; > 1 such that sup,; |T@I <My, f:] x By x X, h:] x ] x By
are given functions, where B}, is a phase space to be defined later. The control function u(-)
is given L2(J, 1), a Banach space of admissible control functions, with U/ as a Banach space.
Finally, B is a bounded linear operator from U into X. The histories x; : (—00,0] — X,
defined by x,(s) = x(t + s), s < 0, belong to some abstract phase space 5.

The rest of this manuscript is organized as follows. In Section 2, we briefly present some
basic notations and preliminaries. In Section 3, we establish some sufficient conditions
for controllability of fractional integro-differential evolution systems with infinite delay.
Finally, an example is given to illustrate the results reported in Section 4.

2 Preliminaries
In this section, we mention notations, definitions, lemmas and preliminary facts needed
to establish our main results.

Throughout this paper, we denote by X a Banach space with the norm || - ||. Let Y be
another Banach space, let L, (X, Y) denote the space of bounded linear operators from X
to Y. We also use ||f||17¢,z+) norm of f whenever f € L(J,R") for some p with 1 < p < co.
Let L”(J, X) denote the Banach space of functions f : J x B, x X — X which are Bochner
integrable normed by ||f||»¢,x). Let C(J, X) be the Banach space of continuous functions
from J into X with the usual supremum norm ||x||¢ := sup,; [lx(¢)|| for x € C.

Now we define the abstract phase space Bj, which was used in [27]. Assume that /4 :
(—00,0] — (0, +00) is a continuous function with / = f_ooo h(t)dt < +00. For any a > 0, we
define

B= {w : [~a,0] — X such that ¥ (¢) is bounded and measurable},
and equip the space B with the norm

1V ll-a01 = SUP]|1/f(s)|, vy € B.

s€[-a,0
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Let us define
By = {w : (=00,0] — X such that for any ¢ > 0, ¥ |[_c0; € B

0
and/ h(s)||¢||[s,0]ds<+oo}.

o0

If B;, is endowed with the norm

0
1 lls, = / W)W llsords, Y € By,

{o.¢]

then it is clear that (Bj, || - || 5,) is a Banach space.

Now we consider the space
B, = {x:(—oo,b] — X such thatx|; € C(J,X),x0=¢p € Bh}.
Set || - |l to be a seminorm in B}, defined by
Ixllo = 18115, + sup{|x(s)| :s € [0,b]}, x € B,

Lemma 2.1 ([27, 28]) Assume x € B,, then for t € ], x, € BB,. Moreover,

lx(®)] < %5, < lls, +1 sup |x(s)
s€[0,z]

’

where [ = f_ooo h(t) dt < +o0.

Let us recall the following known definitions. For more details, see [1, 5] and the refer-

ences therein.

Definition 2.1 The fractional integral of order @ with the lower limit zero for a function
f is defined as

R I 0
If(t)_r'(oc)_/o 7(t—s)1*0‘ds’ t>0,a >0,

provided the right-hand side is point-wise defined on [0, c0), where I'(-) is the gamma
function, which is defined by I'(@) = [~ t*~'e~" dit.

Definition 2.2 The Riemann-Liouville fractional derivative of order & >0, n -1 <« < n,
n € N, is defined as

®R-Dpe pyo L i)n e
D40 oo (5) [ -9 rods

where the function f(¢) has absolutely continuous derivative up to order (n —1).
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Definition 2.3 The Caputo derivative of order « for a function f : [0,00) — R can be

written as

n-1

k
D"‘f(t):D“(f(t)—Z% <k>(0)>, £>On-l<a<n
k=0

Remark 2.1 (i) If f(¢) € C"[0, 00), then

Lfl(s)
Fn-a)to (t—s)x+in

CDo‘f(l.‘): dS:I”_"‘f(”)(t), t>0,n-1l<a<n.

(ii) The Caputo derivative of a constant is equal to zero.
(iii) If f is an abstract function with values in X, then integrals which appear in Defini-
tions 2.1 and 2.2 are taken in Bochner’s sense.

Definition 2.4 ([18, 29]) A continuous function x : (—00, b] — X is said to be a mild solu-
tion of system (1.1)-(1.2) if xo = ¢ € B), on (00, 0] and the following integral equation

x(t) = T (t)p(0) + /t(t - )18t -s) [f(s,xs, fs h(s, t,x;) d‘l,')
0 0
+ Bu(s)] ds, tej, (2.1)

is satisfied, where 7 (-) and S(-) are called characteristic solution operators and given by

T= f T OT(e)ds,  S=g / " 05,0)T(1%6) b,
0 0

and for 6 € (0, 00)

1

1 1 _1
()= 07w (070) 20,
o

wy0) = — Y (1o

n=1

r 1
@ sin(nmq).
n!

Here, &, is a probability density function defined on (0, c0), that is,
£,0)=>0, 6e(0,00) and / £,0)do =1.
0

The following results of 7(-) and S(-) will be used throughout this paper.

Lemma 2.2 ([19]) The operators T and S have the following properties:
(i) For any fixed t > 0, T and S are linear and bounded operators, that is, for any x € X,

qM
rd+gq

| T@)x|| <Ml and | S@e)x| < [l

(ii) {T(¢),t > 0} and {S(¢),t > 0} are strongly continuous.

Page 4 of 13
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(iii) For t € ] and any bounded subsets D C X,t — {T (t)x:x € D} and t — {S(¢)x : x € D}
are equicontinuous if | T(¢2(6))x — T (t](0))x|| — O with respect to x € D as t, — t, for each
fixed 0 € [0,00].

Definition 2.5 System (1.1) with (1.2) is said to be controllable on the interval J if for every
continuous initial function ¢ € By, x! € X, there exists a control u € L2(J, U) such that the
mild solution x(£) of (1.1) with (1.2) satisfies x(b) = x*.

Moreover, let us recall some definitions and properties of the measures of noncompact-

ness.

Definition 2.6 ([20]) Let E* be the positive cone of an ordered Banach space (E, <).
A function ® defined on the set of all bounded subsets of the Banach space X with val-
ues in E* is called a measure of noncompactness (MNC) on X iff ®(coS2) = ®(2) for all
bounded subsets Q2 C X, where co2 stands for the closed convex hull of Q.

The MNC @ is said to be:

(1) monotone iff for all bounded subsets 21, 2, of X, we have
(S = (P(Q)<D();

(2) nonsingular iff ®({a} U Q) = &(Q) for everya € X, Q C X;

(3) regular iff ®(2) = 0 if and only if 2 is relatively compact in X.

One of the many examples of MNC is the noncompactness measure of Hausdorff
defined on each bounded subset 2 of X by

B(€2) = inf{e > 0; 2 can be covered by a finite

number of balls of radii smaller than €}.

It is well known that MNC B enjoys the above properties and other properties (see [30,
31]): For all bounded subsets 2, Q1, 2, of X,
(4) B(Q1 + 2) < B(R1) + (), where Q1 + Q= {x +y:x€ Q1,5 € Q};
(5) B(1U Q;) <max{B(21), B(R2)};
(6) B(A2) <|r|B(R) forany A € R;
(7) If the map Q:D(Q) € X — Z is Lipschitz continuous with constant k, then
Bz(QR) < kB(R2) for any bounded subset 2 C D(Q), where Z is a Banach space.

Lemma 2.3 ([30]) If W C C(la,b],X) is bounded and equicontinuous, then B(W(¢)) is
continuous for t € [a,b] and

B(W) = sup{ﬂ(\/\’/(t)),te [a, b] }, where W (t) = {x(t) ‘X € W} cX.

Theorem 2.1 ([19, 32]) If {u,}32, is a sequence of Bochner integrable functions from ] into
X with the estimation ||u,(t)|| < u(t) for almost all t € ] and every n > 1, where ju € L*(J, R),
then the function y(t) = B({u,(t) : n > 1}) belongs to L*(J, R) and satisfies ,3({f0t Y(s)ds:n>
1) <2 [y ¥(s)ds.
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The following fixed point theorem, a nonlinear alternative of Monch’s type, plays a key

role in our proof of system (1.1)-(1.2).

Lemma 2.4 ([33, Theorem 2.2]) Let D be a closed convex subset of a Banach space X and
0 € D. Assume that F : D — X is a continuous map which satisfies Monch’s condition, that
is, (M C D is countable, M C ¢o({0} U F(M)) = M is compact). Then F has a fixed point
in D.

3 Controllability results
In this section, we establish the controllability results for problem (1.1)-(1.2). In order to

prove the main theorem of this section, we list the following hypotheses.

(Hy) (i) A generates a strongly continuous semigroup {7T'(¢) : t > 0} in X.
(ii) For all bounded subsets D C X and x € D, || T(t10)x — T(t10)x|| > O ast, — #
for each fixed 6 € (0, c0).
(Hz) The function f: ] x By, x X — X satisfies:

(i) f(-,¢,x) is measurable for all (¢,x) € B, x X and f(¢, -, -) is continuous for a.e.
te].

(ii) There exist a constant ¢; € (0,¢q) and m € quT (J, R*) and a nondecreasing
continuous function €2 : R* — R* such that ||f (¢, ¢, x)|| < m(£)Q(||¢ll5, + %)),
for all (¢, ¢,x) € ] x By, x X, where Q satisfies liminf,,_, « Qfl”) =0.

(iii) There exist a constant ¢ € (0,q) and & € Li (J, R*) such that, for any
bounded subset D; C X, F; C By,

ﬂ(f(t,Fl,Dl))fn(t)[ sup ﬂ(Fl(e))+ﬁ(D1)] fora.e. £ €],

—00<0<0

where g is the Hausdorff MNC.
(H3) The function i:J x Bj, x X — X satisfies:
(i) A(-,¢,x) is measurable for (¢,x) € B, x X and k(t, -, -) is continuous for a.e.
te].
(ii) There exists a constant Hy > 0 such that ||k(t,s,¢)|| < Ho(1 + 4] 5,) for all
¢ € By
(iii) There exists ¢ € L'(J2, R*) such that for any bounded subset D, C X,

Blh(t,5, D) <¢(t9)| sup B(Dx6)] foraete

—00<H<0

with ¢* = sup,.; [y ¢(t,7) dt < 00.

(Hy) (i) The linear operator B: L%(J, ) — L'(J,X) is bounded, W : L2(J, ) — X
defined by Wu = fob(b —5)77LS(t - s)Bu(s) ds has an inverse operator W!
which takes values in L2(J, )/ Ker W and there exist two constants
Mo, M3 > 0 such that || B|| < M, and || W™!|| < Ms3. (For the construction of the
operator W and its inverse, see [34].)

(i) There exist a constant g € (0,9) and Ky € L% (J, R*) such that for any
bounded subset Q C X, B(W™1Q)(¢t)) < Kw(t)B(Q).
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For our convenience, let us take

1—g:\ a4
Kii= |:<—%)b1ql] ) i:O’LZ;
q—4i

My:=rr|lm|| +  ,  Ms:=kolKwl L
LT (,R*) L70 (,RY)

and Me = iallnll o .
L2 (J,R")

Theorem 3.1 Assume that hypotheses (H;)-(Ha4) are satisfied. Then system (1.1)-(1.2) is

controllable on ], provided that

I o [ 2Mi My Msq

2MiM 1
(1+2§*)176q<1 for some - <q<1.
rad+gq) 2

rd+gq)

Proof Using hypothesis (Hy), for an arbitrary function x(-) € C, we define the control u,(t)

by
%w:W4P>T@M®

b s
_ / (b_s)q-IS(b—s)f(s,xs, / h(s,r,xr)dt>d3:|(t), te].
0 0

We show that, using this control, the operator ® : B, — B; defined by

o(2), t € (-00,0],

Dx(t) = { T(OP(0) + [t = )T S(t = ){f (s, %5, [ (s, T,%;) d)
+ Bu,(s)} ds, tel,

has a fixed point. This fixed point is then a solution of a given system. Clearly, ®x(b) = x*,

which implies the fractional system (1.1)-(1.2) is controllable on J.
For ¢ € ), we define ¢ by

q;(t) _ d’(t)) te (_OO¢O]’
T(¢(0), te],

then ¢ € B,,. Let x(t) = y(¢) + Bt), —co <t < b.1tis easy to see that x satisfies (2.1) if and

only if y satisfies yo = 0 and

y(t) = /Ot(t - s)qflS(t —s) [f(s,ys + q}s, /: h(s, T,y, + ér)dr> + Buy(s)] ds,

where

%®=W*P—T@M®

b s
_ / (b—s)q"IS(b—s)f<s,ys + b / h(s, 7,y +¢3f)dz> dsi|(t).
0 0

Page 7 of 13
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Let B), = {y € B},: 50 =0 € By,}. For any y € B},

Iyl = llyolls, + sup{|y(s)]| : 0 < s < b}
= sup{ ”y(s)H :0<s< b},

thus (B, || - II») is a Banach space. Set B, = {y € B}, : ||y, < r} for some r > 0, then B, € B}
is uniformly bounded, and for y € B,, from Lemma 2.1, we have

ly: + @ellz, < llyelis, + léxls,

<IU(r+M|p(0)]) +ll¢lls, =7 (3.3)

Define the operator & : B, — Bj, by

0, t € (-00,0],
Dy(t) = { [1(t - )18t = )[f (5,75 + By [ hls, 7,57 + Br) d) (34)
+ Buy(s)] ds, tel.

Obviously, the operator ® has a fixed point is equivalent to ® has one. So, our main goal
is to show that ® has a fixed point and the proof is given in the following steps.

Step 1: There exists r > 0 such that ®(B,) C B,.

If this is not true, then for each positive number r, there exists a function y”" € B,. But
&D(y’) does not belong to B,, i.e., || <i>(y’)(t)|| > r for some ¢t €.

Then by hypotheses (Hj)(iii), (Hs)(iii) and (Ha)(ii) and Lemma 2.2(i), we have

r<|(@)o]

< fo t(t—s)‘f’1

+ /t(t —g)at || S(t - s)Buy(s) || ds
0

MM MiMyg | b2
< o0 s bHy(14+7)) + 2L [ 22, (3.5)
rd+gq) Frl+q)\ 2g-1

ds

S(t—s)f(s,yg +q33,/sh(s,r,yi + qﬁ,)dt)‘
0

where

MiMyq
rd+gq

2ty |l 2 §M3[||x1|| + M | ¢(0)] + Q(r' + bHo (1 +/))]. (3.6)

Using (3.5) in (3.4),

M M. MMM b2a-1
re L 4qQ(r’+bHo(l+r’)) 14 12 34
ra+gq ra+gq 2g-1

MMy M3zq
rd+gqg

b249-1
[||x1|| + M, ||¢(0)||] m (3.7)
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Let £ =r + bHo(1 +7') and ¢ = lef‘*f Note that & — 0o as r — 0o. Now dividing both

sides of (3.6) by r and taking the limit as r — oo, we get
Q MMM 2q-1
1 <c lim inf (S)-§1+ 1MMsq | b
§—>00 E r F'l+q) \2g-1
o 1 M1M2M36][” ” M H¢ H] b q-1
F T+q W !

Then, by (Hy)(ii), we get 1 < 0. This is a contradiction. Hence, for some positive integer r,
®(B,)  B,.
Step 2: @ is continuous on B,.

For this purpose, we assume that y* — y in B,. Define
~ S A
F,(s) =f(s,y§”) + ¢s,/ h(s, 7,5 + ¢) dr) and
0

F(s) =f<S,J/s + s, /Sh(s,t,yf +¢3,)dr).
0

Using (Hy)(i), (ii), (Hs)(i), (ii) and Lebesgue’s dominated convergence theorem, we obtain

/ (t—s)q_lnFn(s)—F(s)H ds— 0 asn— oo,t€]. (3.8)
0
Now,
[ @y~ By, < ru e f (¢ = )T | Euls) - F(s)]| ds
b2a-1 qM1M2
‘l 2q-1 F(1+q)| uy”LZ: (3.9)
where
b
luyn — uyll 2 < M3 |:/0 (b-s)7t ”F,,(s) —F(s) ” ds]. (3.10)

Observing (3.7), (3.8) and (3.9), we have
”CTD)/” —5}1“6 —0 asn— oo,
which implies that @ is continuous on B,.
Step 3: CT)(B,) is equicontinuous on J.

Indeed, let z € 9113(3,) and 0 <# <, < b. Then there is y € B, such that

|(t2) - z(&1) |

=

/‘tz (ty —s)T1S(ty — s) [F(s) + Buy(s)] ds
0

- /tl(tl —8)171S(t - s)[F(s) + Buy(s)] ds
0

Page9of 13
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< /tz (£, —8)171S(ty — ) [F(s) + Buy(s)] ds

+ /tl (tp — )17 [S(tz -5) -8t - s)] [F(s) + Buy(s)] ds

+ _/:_1 [(tz _s) (4 - S)q—l]S(t1 - S)[F(S) + Buy(s)] ds

+ f - [t - 5) - (0 - 9][FS) + Buy(9)] s
0

+ '/OtlE [(tz —)T (4 - S)q_l]S(tl -s) [F(S) + B”y(s)] ds|).

Using Lemma 2.2, we can verify that the right-hand side of the above inequality tends
to zero as tp — t;. Therefore, CTD(B,) is equicontinuous on J.

Step 4: The Monch’s condition holds.

Suppose that W C B, is countable and W C conv({0} U d(W)). We show that B(W) =0,
where B is the Hausdorff MNC. Without loss of generality, we may suppose that W =
{y"}:2;- Now we need to show that CID(W)(t) is relatively compact in X for each ¢ € J.

By Theorem 2.1, we have

Bv({uy9)},2)
2M

2M A 00
=Kt lfn/ ot [ s s ool

+ﬁ<{/0 et 134 }Zﬂds

b
< K (s) FZ(ZIVI:L;) /0 (b-5)""n(s)(1+2¢*) sup B(W(r))ds. (3.11)

0<t<s

<Ky(s

Moreover, by Theorem 2.1 again
(% O)},2)

< ﬁ({/t(t—s)qlS(t—s)Fn(s) a’s}Oo )
0 n=1
+ ,3({ft(t—S)q_IS(t—S)BMyn(S) ds}oo )
0 n=1

2M t
*Ta _:q) / (t-9)T " n(s)ds(1+2¢*) OsiES,B(W(r))
+ (1 +2 21\/111{:4;5] (f (¢ - 8) T Ky (s) )

2M,q b g i|
X[r(uq)/o (b=s)"n(s)ds | sup p(Wr)ds

2M,q « 2M Msyq 2Miq .
< [F(l ) (1+2¢%) Mg + N Ms Tl a) (1+2¢ )M6] Osgggsﬁ(w(f)) ds

Page 10 0of 13
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That is,

2M1M2M5q

B(PW (1) < [1+ T0r )

MM,
}(1+2C*)72F(1 od sup B(W (1)),

1+4g) o<r<s

which implies, by Lemma 2.3,
B(B(W)) <L*B(W),

where L* is defined in condition (3.10). Thus, from Ménch’s condition, we get
B(W) < B(conv({0} U (B(W)))) = B(D(W)) < L*B(W),

which implies that 8(W) = 0.

Hence, using Lemma 2.4, ® has a fixed point yin B,. Then x = y + ¢ is a mild solution of
system (1.1)-(1.2) satisfying x(b) = x'. Therefore system (1.1)-(1.2) is controllable on J. This
completes the proof. d

4 Example

As an application, we consider the following fractional control system:

2 92
DI x(t,y) = 5 x(ty) + Wil y)
y
t t 0
+ ,u(t,f ni(s —t)x(s, ) ds,/ f wa(s, 9, T —s)x(t,y) dt ds),
—00 0 -0
qe (%,1)»y€ [0,w],t€], (4.1)
x(¢,0) =x(£,1) =0, t>0, (4.2)
x(t’y) = ‘lf(t’y)r t € (—oo, 0]’)’ €[0,1], (4.3)

where CDt% is a Caputo fractional partial derivative, ¢ € 3, i : J x [0,1] x [0,1] is contin-
uous in ¢ and v is continuous and satisfies certain smoothness conditions.

Let X = Y = L?(0,1) be endowed with the usual norm | - ||;2, and let A: D(A) C X — X
be defined by Aw = w”; w € D(A), where D(A) = {w € X : w" € X, w(0) = w(1) = 0}. It is well
known that A is an infinitesimal generator of a semigroup {7'(¢), £ > 0} in X and is given by
T(t)w(s) = w(t +s) for w € X, T(¢) is not a compact semigroup on X with 8(T(¢t)D) < B(D),
where B is the Hausdorff MNC, and there exists M; > 1 such that sup,; || T(¢)|| < M;.
Moreover, t — w(t%e + 8)x is equicontinuous [19] for £ > 0 and 6 € (0, c0).

Define
cpi i
D/ x(t)(y) = —5x(t,),
o0t3

x()(y) = x(t, ),

26 P)0) = / 1a(6,7,9)6(5) () ds,

t 0 t
f(m, /0 g(s,¢>ds)(y>=u<t, / 1(5)(9)0) ds, /0 g(s,¢>>(y)ds>.

(o ¢]
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Let B: X — X be defined by

Bu)t)y) = Wn(t,y), O<y<l

With this choice of A, B and f, system (4.1) can be rewritten as
g 2
CDIx(t) = Ax(t) +f<t,xt,/ h(t, s, xs) ds) +Bu(t), gq= 3 €(0,1),t €], (4.4)
0
X0 = ¢ € By (4.5)

For y € (0,1), the linear operator W is given by

1

(Wia)(y) = /0 (1-97 S(1 - wils, ) ds, (4.6)
where
0
S(ywls) = % / 052 (O)w(t36 +5) do,
0

3 5 -3
‘5%(9) = EQTW%(Q 7),

P
HR n!
n=1

1 & s (252 2nw
W2 = Z(—l)""lez?’3¥sin<%>, 0 € (0,00).

If we assume that W satisfies (Hy), then all the conditions of Theorem 3.1 are satisfied.
Hence, system (4.1)-(4.3) is controllable on J.

5 Conclusions

In this paper, abstract results concerning the controllability of fractional functional
integro-differential systems with infinite delay involving the Caputo derivative in a Ba-
nach space are obtained. Upon making some appropriate assumptions, by utilizing the
ideas and techniques of solution operators, the theory of fractional calculus and Ménch’s
fixed point theorem via measures of noncompactness, sufficient conditions for controlla-
bility results are obtained under some weakly compactness conditions. Finally, an example
is presented in the end to show the applications of the obtained abstract results.
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