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A kind of parabolic equation was extended to the concept of fractional calculus. The resulting equation is, however, difficult to
handle analytically. Therefore, we presented the numerical solution via the explicit and the implicit schemes. We presented together
the stability and convergence of this time-fractional parabolic equation with two difference schemes. The explicit and the implicit

schemes in this case are stable under some conditions.

1. Introduction

A parabolic partial differential equation is a type of second-
order partial differential equations (PDEs), describing a wide
family of problems in science including heat diffusion and
ocean acoustic propagation, in physical or mathematical
systems with a time variable, which behave essentially like
heat diffusing through a solid [1-4]. This mathematical model
is a simplified description of physical reality expressed in
mathematical terms. Thus, the investigation of the exact or
approximate solution helps us to understand the means of
these mathematical models. In most cases, it is difficult, or
infeasible, to find the analytical solution or good numerical
solution of the problems. Numerical solutions or approximate
analytical solutions become necessary. Numerical methods
typically yield approximate solutions to the governing equa-
tion through the discretization of space and time and can
relax the rigid idealized conditions of analytical models or
lumped-parameter models. They can, therefore, be more real-
istic and flexible for simulating field conditions. Within the
discredited problem domain, the variable internal properties,
boundaries, and stresses of the system are approximated. One
of the most important aspects of this numerical method is

the study of the stability and convergence of the numerical
method [5, 6].

The purpose of this work is to study the stability and
the convergence of the numerical scheme of the parabolic
equation of the following form:

oV (x,t) + SD‘:V (x,t) —a(x,t) aixv (x,t) + 6V (x, 1)

= f(x1), v(0,x) =0,

)

0<x<1 O<ac<l,

v(x,0) =v(0,t), v, (£,0) = v, (x,0),

where f(x,t) is sufficiently given smooth function and
a(x,t) = 0. Here, § is a sufficiently large positive constant.

2. Useful Tools for the Fractional Calculus

Definition 1 (see [7-17]). A real function f(x), x > 0, is said
to be in the space C,, p € R, if there exists a real number

p > u, such that f(x) = xPh(x), where h(x) € C[0,00), and
it is said to be in space C if £ ¢ CpmeN.



Definition 2 (see [7-16]). The Riemann-Liouville fractional
integral operator of order a > 0, of a function f € C,, pu > -1,
is defined as

o _L * _ -l
] f(x)—r(“)L (x-)""f@®)dt, a>0, x>0, o
I f ()= f(x).

Properties of the operator can be found in [7-15]; we only
mention the following:
for feC, p=-1,

a =0 y>-1,

IR f ) =1 (), TP f 0 = TP (%),

]otx)/ _ r()/ + 1) X
T(a+y+1)

(3)

Definition 3. The Caputo fractional-order derivative is given
as follows [7-10]:

s (f (%) =

1 * _ n—oa—1 dnf (t)
I'n-«a) .[o (=1 dt" at, (4)

n-1<a<n

Definition 4. The Riemann-Liouville fractional-order deriva-
tive is given as follows [8-16]:

D (f (%) =

1 dn * _ pn—a-l
Ty o =0 O )

n-l<a<n

Definition 5. The Jumarie fractional-order derivative is given
as follows [16]:

o _ 1 dn x _ n—oa—1 _
DL () = g ar |, =0 O = F )

n-l1<a<n

(6)

m
Lhemma6. Ifm-1<a<mmeNand f eCl,pu>-1,
tnen

DI f(x) = f (x),
m—1

k
J*DSf(x) = f(x) - Y f9(0") % )

k=0
x> 0.
Definition 7 (partial derivatives of fractional order [7, 8, 11,

18]). Assume now that f(x) is a function of n variables x;,
i =1,...,n alsoof class C on D € R,. We define partial
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derivative of order « for f in respect to the x; the function as
follows:

ad f = — j (5= 0" (3], e ®)

T(m-a) s

where 0. is the usual partial derivative of integer order m.

3. Examination of the Numerical Solution via
Difference Schemes

This section is devoted to the discussion underpinning the
numerical simulation of the solution above (1) via the explicit
scheme [19-23] and the implicit scheme [23-30]. However,
before we present the numerical schemes, we must assume
that (1) has a unique and sufficiently smooth solution [23]. In
addition, to present the numerical schemes, we let x; = Ih,
0<Il<MMh=Lt,=kr,0<k<N,and Nt =T;h
is the space step size, and M and N are grid points. We will
start with the implicit scheme.

3.1 Implicit Scheme for the Main Problem. It is important to
recall that the finite difference approximation for the second-
order spatial derivative is known as follows [23]:

0%V (xpp tysy) _y (115 terr) = 2V (X tgeyy) + v (X215 Ery)

Ox? h?
+0 (hz) .

€

The discretization of the Caputo-type time-fractional-order
derivative can be presented as follows:

0" (xp )

ot
- ﬁ (v (3 tipr) = v (3 )
k
+ Z [v (%0t ) = v (it )] 10
=1
<[+ = ()"]),
v (xp i1 _ v (o tien) = v (30 1) + 0 (At)

Now, substituting (9) and (10) into (1), we obtained the follo-
wing expression:

v (% ter) = v (x5 1) T
At r2-ow

X (V (% trar) = v (2 ty)

k
t2 [v (0 tiany) = v (3 1)

j=1
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<[+ =()"])
i [V (X ) = 20 (50 i) + v (%01 tryr)
- : )

+0v(xpty) = f(xpty).

(11)
For ease, let
k
v =v(xt), fi = flopte),
(12)
k . 1-« 1o
a(xpt)=a,  (j+1) " -() " =b;:
Then, (11) can be rephrased as follows:
- k
T k+1
At + —— +2—
(3 F=ay 1 )
" k. k+l
=<At+r(2—_“)+8>vl +alvl+1 (13)
k_k+1 k—j+1
+av) - F(2 (X)Z[ J _Vz ]b + £,
—a 1
At+ —~ 28 gk 000
r2-«) "W !
—a 1 0
k 2
-a, At+ +2-—=
g TC-a) K 0
k T
- At
-2 T2-a
00 00 —d*
k
a
ff- h_gV(O) t)
£
= ;
fm—Z
ko
a
fr,;l—l h )

3.1.1. Stability of the Implicit Difference Scheme. In this
subsection, we present the stability analysis of the implicit
difference scheme for solving the time-fractional parabolic
- Vlk, with
Vlk being the approximate solution of the main problem at
the point (x;,),k = 1,...,N;1 = 1,..., M; in addition, ¢* is
the transpose of the matrix (-, (;‘, . wa].

equation (1). To accomplish this, we let Clk = vf

It is important to inform that if k = 0, then the term of the
sum of the right-hand side automatically vanished. Then, (13)
can be divided as follows:

A T° all 111 1.1
t+m+2ﬁ Vi—q Vi —q vV,
(14)
e
:(At+m+8)1/?+flo, k:O,
A T @\ gt kel ke
t+m+2ﬁ Vi GV T d Vi
o
= (At+—l"(2—(x) +6> v (15)

I k .
T2-a Z[ ] d; b+ £

whered; = b;,, - b;.
The above equation can be written in matrix form as
follows:

(16)

To analyze the stability, we exploit the Fourier method
[22], and the expression of { k can be defined as follows:

h h

k.

, ifx——<x<x+—,

Gk ifx-<xsx s
1=1,2,....M—-1, 17)

0, ifL—§<xSL.

¢ (x) =



Then, the function {*(x) can be expressed in Fourier series as
follows:

F= S 6, (mexp 2],

m=—co (18)
1t 2immx
Oy (x) = EL p (x)exp[ I ]dx,
It was proven in [22, 29, 30] that
2 m=00
I, = X 1o oml. (19)

Let us now examine the stability of the implicit scheme of the
main problem

- k
T G\ k1
At + +2—
( I2-a) h2>’

T k+1 k+1
:(At+m+6>q +alCl++1 +a a; l+1

(20)
T« k-
a8 b
k=1,...,M.
‘We next assume that
¢} = S exp [iplk] (21)

with p being the real space wave number and i = v~1. Then,
by replacing (21) into (20), we obtain the following:

T ) h\ af
(At+ 2w +2s1n2<%> h—é)ékﬂ

k
e (8] d; + by + £

k=0,...,M-1.

Lemma 8. Assume that §,.(k =0, ..., M —1) verified (14) and
that for all (1,k), 8 < af[W* +d,(I = 1,...,N;k = 1,..., M);
then, the following inequality is satisfied:

6k < [60], k=1,2,...,M. (23)
Proof. To prove this lemma, we make use of the recursive
method on the natural number # from (3) and (15), we have
that, foralll=1,...,Nand fork =0,
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And for k > 1, we have

T ) h\ af
(At+ 2w +2s1n2<%) h_lz)6k+l

T . h
=<At+r(2_“)+2$1n2(%>6—d1>5k (25)

T—OL

F(2 oc)

Z 6% J] d; +b.,,0,.

Observe that § < a/h* + d, then, the following is obtained:

(At +77%/T (2 - a) + 2sin® (ph/2) 8 — d; )

1= — ) 0 (26)
(At +77%/T (2 — &) + 2sin* (ph/v) (a) [h?))

Applying the absolute value on both sides of (20), we have
6] < [80] - (27)

Now, let us assume that (18) is true for all 2 < m < k; then,

T i h
i1 = <<At+ o) +2s1n2(%>8—d1>5k

T (2 «) Z [(Sk_j] dj + bk+180> (28)

— kL
x| At + —— +2sin2<P—h>a—l
-« 2 ) K
Now, applying the absolute value on both sides of (28), and

making further use of the inequality theorem, we arrived at
the following:

T ) h
61| < ( ‘At+ T +2$1n2(%)5—d1

|64l

- k-1
T
LA 1d. (29)

-1
—a alk
X —

At +

T .2 ph
2 [
T2-a 0 (2 )h2

Making use of the induction hypothesis and factorizing |8/,
we obtain

T ¢ ) h
61| < [(At+ re-a) + 2sin’ (%)6—011
- k-1
T
+—F(2—oc)j_zidj+bk“>

{

At + T +2sin2<p—h>a—l
r2-o 2




Abstract and Applied Analysis

But we have that

k-1
Zdjzl_qﬂ, 0<d;<1. (31)
j=1

Therefore,

At + 77T (2 - &) + 2sin* (ph/2) § - d,

Pl = | ot = » 25 (oy2) ()] | Pl
(32)

Thus,
|8ki1] < |8] - (33)
O

Theorem 9. The implicit difference scheme for the time-
fractional parabolic equation (1) is stable providing that, for

all k)8 <a'/W?+d(1=1,...,N; k=1,...,M).

Proof. From (19) and Lemma 8, we obtain

[, = 1°[. (34)

and this proves that the implicit difference scheme for the
time-fractional parabolic equation (1) is stable. O

Remark 10. Ttis observed that, from Theorem 9, the statement
of stability of implicit difference scheme for time-fractional
parabolic equation (1) depends on the evolution of the
function a(x,t). It follows that the stability condition can
change in time advancement and space position.

3.1.2. Convergence Analysis of the Implicit Difference Scheme.
Assuming that v(x;,t) (I = 0, M-1;k=0,...,N-1)is
the exact solution of (1) at the point (x;, ¢;.), then, by defining,
ﬁ;‘ = v(xp,t) — vf‘, and f* is the transpose of the matrix
(/311‘, ﬁ];, e ﬁlf\,); here, B° is neglected because of being equal
to zero. Therefore, we have the following relation for the
implicit difference scheme for the time-fractional parabolic
equation (1) and from (13):

—a 0
At+T—+2a—l
rQ-a) H?

_aloﬁll—l _flo =T!, fork=0,

— k —a

T 9 k+1 T k
At + ——+2— At + ——
( t+1“(2—oc)+ h2) < t+I’(2—oc)+8) g

k+1 k+1 k
-9 /31+1 - 1 o~/

- k=j
= mZﬁl b +Tl’ for k > 1.

1 0pl
).Bl = Py

(35)

Here, le” is the truncate or the remainder term of the
approximation and has the following expression:

T = v (% ) + Zﬁ

+a(xpty) [v (0 tean)
—2v (X tyyr) + v (Xpops trn)]

+ (v (0 b)) = v (x5 10)) = f (e tye) + 0 (. 1) -
(36)

It follows from (3), (4), and (5) that,

0% (%t )

e + D1

—x

_ T
T T2-«)

X <V (%1 b)) = v (21, 1)

k-1
37
+Zv(x1,tk_j) d;+ dk+1v(xl,t0)> , (37)

j=1
o’y (xl’tk+1) 2
——— " +h'D
0x2

v () = 2v (X ) + v (Xsg Begr)

- = X
OV (X tyyy) + AtD, = v (X ) —V(xl’tk)_

ot At

Thus, from (36) and (37), we have the following:
le“ <D (r“"‘ +H %+ Atro‘) , (38)

where D,, D,, D;, and D are constant. The interested reader
can find the error analysis of the chosen fractional derivative
(the Caputo fractional derivative) in [29, 30].

Lemma 1. One has that | ¥], < DE*) ' [¢7* + K> +
At is true forallk = 0,1,...,M — 1.

Proof. Again we employ the induction method to achieve
this, so that, for k = 0,

st s 2 |- [ - o =
r2-o h? 1 1 [P+l 1 \Pi-1| 2 P>

(39)
) ﬂll - ‘110 /511+1 - alo /511—1

(40)

—a 0
|Tll| = l(At+ —r(;_“) +2;1712
> |B)],

D(bl)_1 (TH“ + W%+ At‘r“) > |Tll| .



Now, assuming that, for all j = 0,...,M - 2, IIﬁjII00 <
DO 7 + 1K + Att], then,

—a k
(AH s +2%) B
(8 gy 81 B o

k+1
> B,

- k
sz a, k+1
A+ ———+2—
< Ir2-a) h2> !
-

T k  kpktl Kk pk+l
| At+ ——— +6 -a -a
( Tz-a >/31 1 P ~ % P

=B

o k-l
7" k-j ki1 K+l
—2/31 o+ T 2 BT
r(z_“)jZI J | |

DT
ﬁ;|ﬁf_j|bf+Tzk”z|ﬁfﬂ|.
(41)

Making use of the induction hypothesis, we obtain the
following:

-a k-1 )
o) O C T R R

(6 + 6" ) (B1) %D [ 4 2K + Ate?]
> B

(bk“)_1 x D[t + 70 + At > |,81k“| .
(42)

This completes the proof. O

Theorem 12. The implicit difference scheme of the time-
fractional parabolic equation (1) is convergent, and there exists
a constant D such that,

'v (%1 1) —vﬂ < D(TH“ + K +AtT°‘),
(43)
for 1=0,...,N-1; k=0,...,M-1).

3.2. Explicit Difference Scheme for Time-Fractional Parabolic
Equation. 1t is important to recall that the finite-difference
approximation for the second-order spatial derivative is

known as follows:
o*v (x;,11.) _Y (o ti) = 2v (6 ty) + v (10, 1) +0 (hz) .

O0x?2 h?
(44)
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The discretization of the Caputo-type time-fractional-order
derivative can be presented as follows:

0% (xp tsn)
ot®

T*Ot

= m (V (%p tgpr) = v (3 ty)
+;Zi [V (x1>tk+1—j) - v(x,, tk—j)] 4
< [G+D™ =)™,

v (x;, ty.) _ v (X405 1) = v (x5 15)
ot At

+ O (At).

Now, substituting (44) and (45) into (1), we obtained the
following expression:

v (x5 1) = v (X )
At

T—OC

+ TC-w (V(xzstku) —v (% ty)

) )]
x[G+D™ =)
_ ( v (X ti) = 2v (x5 1) + v (31, ) )

1 h?

+0v(xpty) = f(xpty).

For simplicity, let

flk = f(xpti)s

k
v =v(xpti)s

k 1- 1- (47)
a(xpty) = ay, (G+1) =) " =b;
Then, (37) can be rewritten as follows
vf” = v;{ [B1 +1- rlk - 5] + vﬁl [rlk—Bl]
(48)

k
k k k kil-j Kk
+rlvl_1+Blfl—Z[vl -, ]bj,
j=1

where B, = I(2 - &)7* and rf = (I(2 - a)7%/h*)a}".

3.2.1. Stability of the Explicit Difference Scheme of the Time-
Fractional Parabolic Equation. Following the discussion pre-
sented earlier for the analysis of the implicit scheme, we
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obtain the following roundoff error equation from explicit
scheme equation (1):

lk+1 = ﬁ;c [Bl +1 —rlk—(S] +/31k+1 [”lk_Bl]

k .
+rf B+ B =Y (B dy - dien s (49)
j=1

fork=1,...,M -1,
where

Again, we suppose that ﬁ;‘ in (39) can be given in exponential
form as follows:

BF = 8, (51)

Then, replacing this form into (49), we arrive at the following
expression:

Ore1 = O [Bl +1 —sin® <%h>rlk —8]

k-1
= Y 8 jd; +8ydy,y, fork=0,...,M-1

j=1

(52)

Lemma 13. Suppose that §, is the solution of (40) for all (I =
0,...,N=1; k=0,...,M-1),rf < 1-8+B,, andr} > B, -3,
then, the following inequality holds:

6] < 80|, for k>1. (53)

Proof. To prove this, we make use of the recurrence technique
on the natural number k, and we will examine first the case
for k = 1. Therefore, if k = 1, we have that

h
8, =96, [Bl+1—sin2<%>rlo—8]. (54)
Sincer] <1-38+ By and r{ > B, — &, then, we have

61] < 16| - (55)

We next assume that, forall j = 1,...,k, [6] < |5,[; then

|6k+1| = |6 [Bl +1 —sinz(%h>rlk_5]

(56)
k-1

_Z(sk—jdj +8odys
=

Now, making use of the triangular inequality, we arrive at the
following inequality:

O [Bl +1 —sin2<%h>rlk—6H

k-1
+y |8k_j'dj + 80| dis1.-
j=1

|8k+1| <

(57)

Now, making use of the induction hypothesis, we arrive at the
following:

|8k+1| <

[Bl +1 -sin2<?)r{<-5] + Y d;+diy,

And this produces, since Zl;ll dj+di, =1,

|8k+1| <

h
[B1+1—sin2<%)rlk—6”|60|£|60|. (59)
This completes the proof. O

Theorem 14. The explicit difference scheme of time-fractional
parabolic equation (1) is stable under the condition that, for all
1=01,....N-1;k=0,....M—1),rFf <1-8+B, and
r,k > B, - 6.

Proof. 1t is straightforward from (11) and Lemma 13, that,

1€, = 1, (60)

and this proves that the explicit difference scheme for the
time-fractional parabolic equation (3) is stable. O

3.2.2. Convergence Analysis of the Explicit Scheme

Theorem 15. The explicit scheme is convergent if, for all (I =
0,1,....,N-1;k=0,...,M~-1),rf <1-8+B, andrf > B,~8
and there exists a constant D such that

Vv (xpty)| < D(7+ K+ At). (61)
v

Using the same method in implicit difference, the above
theorem can be proven.

4. Conclusions

Partial differential equations are sometimes very difficult to
be solved analytically. It is, therefore, sometimes easy to solve
them via numerical techniques. In this paper, we solve the
time-fractional parabolic equation (1) via the implicit and
explicit difference schemes. We study the stability and the
convergence of implicit and explicit difference schemes.
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