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Abstract

In this paper, we obtain a unique common coupled fixed point theorem by using
(¥, o, B)-contraction in ordered partial metric spaces. We give an application to
integral equations as well as homotopy theory. Also we furnish an example which
supports our theorem.
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1 Introduction

The notion of a partial metric space (PMS) was introduced by Matthews [1] as a part of
the study of denotational semantics of data flow networks. In fact, it is widely recognized
that PMSs play an important role in constructing models in the theory of computation
and domain theory in computer science (see e.g. [2-9]).

Matthews [1, 10], Oltra and Valero [11] and Altun et al. [12] proved some fixed point
theorems in PMSs for a single map. For more work on fixed, common fixed point theorems
in PMSs, we refer to [6,13-27].

The notion of a coupled fixed point was introduced by Bhaskar and Lakshmikantham
[28] and they studied some fixed point theorems in partially ordered metric spaces. Later
some authors proved coupled fixed and coupled common fixed point theorems (see [16,
29-35]).

The aim of this paper is to study unique common coupled fixed point theorems of Jungck

type maps by using a (¥, @, B8)-contraction condition over partially ordered PMSs.

2 Preliminaries
First we recall some basic definitions and lemmas which play a crucial role in the theory
of PMSs.

Definition 2.1 (See [1,10]) A partial metric onanon-emptyset X isafunctionp: X x X —
R* such that, for all x,y,z € X,

(1) x=y < pxx)=pxy) =p©»,),
(2) plx,x) < p(x,9),p(y,y) < pxy),
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(p3) px,y) =ply,x),
(Pa) p(x,y) < p(x,2) + p(z,y) - p(z,2).

The pair (X, p) is called a PMS.

If p is a partial metric on X, then the function d, : X x X — R*, given by

dy(x,9) = 2p(x,y) — p(x, %) = p(3,9), @
is a metric on X.

Example 2.2 (See e.g. [10, 14, 20]) Consider X = [0,00) with p(x,y) = max{x,y}. Then
(X, p)isa PMS. It is clear that p is not a (usual) metric. Note thatin this case d,, (x, y) = |x—y|.

Example 2.3 (See [19]) Let X = {[a,b] : a,b € R,a < b} and define p([a,b],[c,d]) =
max{b,d} — min{a, c}. Then (X, p) is a PMS.

Each partial metric p on X generates a T, topology 7, on X which has as a base the
family of open p-balls {B,(x,¢),x € X, & > 0}, where B,(x,¢) = {y € X : p(x,y) < p(x,%) + ¢}
forallx € X and € > 0.

We now state some basic topological notions (such as convergence, completeness, con-
tinuity) on PMSs (see e.g. [1, 10, 12, 14, 20, 22]).

Definition 2.4

1. A sequence {x,} in the PMS (X, p) converges to the limit x if and only if
plx,x) = lim p(x,x,).

2. A sequeryllc_)eo?xn} in the PMS (X, p) is called a Cauchy sequence if . Vlﬂir_r)loop(xn,xm)
exists and is finite. ’

3. APMS (X, p) is called complete if every Cauchy sequence {x,} in X converges with
respect to 7, to a point x € X such that p(x,x) = . yl}goop(x,,,xm).

4. A mapping F : X — X is said to be continuous at a‘co € X if, for every € > 0, there
exists 8 > 0 such that F(B,(xo,8)) € B,(Fxo,€).

The following lemma is one of the basic results as regards PMS [1, 10, 12, 14, 20, 22].

Lemma 2.5
1. A sequence {x,} is a Cauchy sequence in the PMS (X, p) if and only if it is a Cauchy
sequence in the metric space (X, d,,).
2. A PMS (X, p) is complete if and only if the metric space (X,d,) is complete. Moreover,

lim d,(x,%,) =0 & plx,x) = lim p(x,x,) = lim p(x,,%,,). (2)
n— 00 n—00 n,m—> 00

Next, we give two simple lemmas which will be used in the proofs of our main results.
For the proofs we refer [14].

Lemma 2.6 Assume x, — z as n — 00 in a PMS (X,p) such that p(z,z) = 0. Then
lim p(x,,y) = p(z,y) for every y € X.
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Lemma 2.7 Let (X, p) be a PMS. Then
(A) ifpx,y) =0, thenx =y,
(B) ifx#y, then p(x,y) > 0.

Remark 2.8 If x = y, p(x,y) may not be 0.

Definition 2.9 ([28]) Let (X, <) be a partially ordered set and F : X x X — X. Then the
map F is said to have mixed monotone property if F(x, y) is monotone non-decreasing in

x and monotone non-increasing in y; that is, for any x,y € X,
x <Xxo implies F(x1,y) X F(xp,y) forallye X

and
y1 <y, implies F(x,y2) < F(x,y1) forallxeX.

Definition 2.10 ([28]) An element (x,y) € X x X is called a coupled fixed point of a map-
ping F: X x X — X if F(x,y) =x and F(y,x) = y.

Definition 2.11 ([30]) An element (x,y) € X x X is called

(g1) a coupled coincident point of mappings F: X x X — X and f: X — X if fx = F(x,y)

and fy = F(y, ),
(g2) a common coupled fixed point of mappings F: X x X - X andf: X - X ifx = fx =

F(x,y) and y = fy = F(y, ).

Definition 2.12 ([30]) The mappings F: X x X — X and f : X — X are called w-
compatible if f(F(x,y)) = F(fx,fy) and f(F(y,x)) = F(fy,fx) whenever fx = F(x,y) and fy =
F(y,x).

Inspired by Definition 2.9, Lakshmikantham and Ciri¢ in [31] introduced the concept of

a g-mixed monotone mapping.

Definition 2.13 ([31]) Let (X, <) be a partially ordered set, F: X x X - X andg: X - X
be mappings. Then the map F is said to have a mixed g-monotone property if F(x,y) is
monotone g-non-decreasing in x as well as monotone g-non-increasing in y; that is, for
any x,y € X,

gx1 < gx; implies F(x1,y) < F(xp,y) forallyeX
and

gy1 < gy, implies F(x,y,) < F(x,y) forallxeX.

Now we prove our main results.
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3 Results and discussions

Definition 3.1 Let (X, p) be a PMS, let F: X x X — X and g: X — X be mappings. We
say that F satisfies a (¥, «, B8)-contraction with respect to g if there exist ¥, «, 8 : [0,00) —
[0, 00) satisfying the following:

(3.1.1) v is continuous and monotonically non-decreasing, « is continuous and 8 is lower
semi continuous,

(3.1.2) ¥(t)=0ifand onlyift=0,a(0)=p(0)=0,

(3.1.3) ¥(t) —a(t)+ B(t) >0 fort >0,

(3.1.4) v (p(F(x,9),F(u,v)) < a(M(x,y,u,v)) — B(Mx,y,u,v)), YV, y,u,v € X, gx < gu, gy =

gvand
M(x,y,u,v)
~ p(gx, gu), p(gy,gv), p(gx, F(x, %)), p(gy, F (¥, %)), p(gu, F(u,v)), p(gv, F (v, u)),
= max P E(x9)p(ey,F(yx) Pl F(u)p(gv,F(v,))
1+p(gr,gu)+p(gy,gv)+p(F (x,9),F (u,v))” 1+p(gx,gu)+p(gy.gv)+p(F (x,9),F (u,v))

Theorem 3.2 Let (X, <) be a partially ordered set and p be a partial metric such that (X, p)
isaPMS.Let F: X x X — X and g : X — X be such that

3.2.1) F satisfies a (V,a, B)-contraction with respect to g,
3.2.2) F(X x X) C g(X) and g(X) is a complete subspace of X,
3.2.3) F has a mixed g-monotone property,

—~ o~~~

3.2.4)  (a) ifa non-decreasing sequence {x,} — x, then x,, < x for all n,
(b) if a non-increasing sequence {y,} — y, then'y <y, for all n.

If there exist xo,yo € X such that gxo < F(x0,Y0) and gyo = F(yo,%0), then F and g have a
coupled coincidence point in X x X.

Proof Let x9,y0 € X be such that gxg < F(xo,y0) and gyo > F(¥0,%0). Since F(X x X) C
g(X), we choose 1,y € X such that

gxo X F(x0,y0) =gx1 and  gyo = F(yo,%0) = gn
and choose %3, 9, € X such that
gy =F(x1,y1) and  gyy = F(y1,%1).
Since F has the mixed g-monotone property, we obtain
gxo <gx1 2gxy and  gyo > gy > gy
Continuing this process, we construct the sequences {x,} and {y,} in X such that
gxp1 = F(xyy,) and gy =Fwx,), n=0,12,...
with

gro <gx <gxy <--- and
oZNnz=gnr=z .

D
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Case (a): If gx,, = gx,11 and gy,, = g¥ for some m, then (x,,,y,,) is a coupled coinci-
dence point in X x X.

Case (b): Assume gx,, # gx,,,1 or gy, # gy, for all n.

Since gx, < gx,41 and gy, = gyu4, from (3.2.1), we obtain

w(p(gxmgxm—l)) = 1ﬁ(,D(F(xn—lx_yn—l)’F(x;«u_)/n)))
< a(M(xn—lyyn—lyxmyn)) - ﬁ(M(xn—lxyn—l’xn:yn));

p(gxn—l’gxn):p(gyn—lxgyn):P(gxn—l;gxn):

P(@Y1-1,8Yn)s P(&% s §%n:1)s P(&Vns EVn1)s
P(@%n-1,8%n)P(&Yn-1,8Vn)
14+p(gxy-1,8%n)+P(@Vn-1.8Vn)+P(&%n.8%n+1)’°

P(@%n:8%n+1)P(€Yn&Yn+1)
1+p(g%p-1,8%n) +P(@Vn-1,€n) +P (% gxn+1)

M(%y-1,Yn-1, %> Yn) = MAX

But

P(@%n-1,8%n)P(&Vn-1,8Vn)
< max{p(gx,_1,8%:), P(&%n> Z%ns1)
1+ p(@%n-1,8%n) + P&n-1,8Vn) + P& Gns1) (@, gn)p g gin )}

and

D(8%s 8% e1)P(&V > EYns1)
1+ p(gxnfl’gxn) + p(gyn—hgyn) + p(gxmgxnﬂ

) Sp(gymgywrl)'

Therefore

p(gxn—lxgxn):p(gyn—l;gyn);
p(gxmgxnﬂ)’p(gymgynﬂ)

M(xn—liyn—lyxmyn) = max {

Hence
w(p(gx gx 1))<O{ max P(gxn_l,gxn),p(gfyn_l,gyn),
B p(gxmgxnﬂ)rp(gymgynﬂ)
_ 8 [ max P(8%n-1,8%n)s P(&Vn-1,8Vn);
p(gxn’gxnﬂ)’p(gymgynﬂ)
Similarly
p(gxﬂflrgxn))p(gyn—lrgyn%
1/f (gymgy;ﬁl) < o | max
(p ) p(gxmgxnﬂ)’p(gymgynﬂ)

_ [ max P(&%n-1,8%n) P(&Vn-1,8Vn); ‘
p(gxmgxnﬂ))p(gymgynﬂ)

Put R, = max{p(gx,, g%n+1), P(@Vn, &Vn+1)}- Let us suppose that
R,#0 foralln>1. 3)

Let, if possible, for some #, R,_; < R,,.
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Now

¥ (R,) = ¥ (max{p(gxn, g¥ne1)s P(Qns Ens1)})
= max{y (p(g¥n, g%n41)), V (P> @Vns1)) |

<o [ max P(@%n-1,8%n), P(@Vn-1,8Vn),
p(gxmgxml),p(gyn,gyml)

_,3 max p(gxn—lrgxn)rp(gyn—l;gyn);
p(gxmgxnﬂ)’p(gymgynﬂ)

a(max{Rn—l) Rn}) - ﬂ (max{Rn—l; Rn})

= a(Ry) = B(Ry).

From (3.1.2) and (3.1.3), it follows that R,, = 0, a contradiction.
Hence

Rn = Rn—l' (4)
Thus {Rn} isa non—increasing sequence of non—negative real numbers and must converge

to a real number r > 0.
Also

Y (Ry) < a(Ry1) = B(Ry1).
Letting n — oo, we get
Y (r) < a(r) - B(r).
From (3.1.2) and (3.1.3), we get r = 0. Thus

nlingo max {p(gx, gxn:1), PV &ns1)} = 0,
lim p(gxy, gxni1) = 0 = lim p(gy,, &Vus1)- (5)
n— o0 n— 00
Hence from (p,), we have
lim p(gx,,gx,) =0 = lim p(gy,,gy,). (6)
n— o0 n— 00
From (5) and (6) and by the definition of d,, we get
nli)ngo dp(gxn;gxnﬂ) =0= nlingc dp(gyrngynﬂ)- (7)
Now we prove that {gx,} and {gy,} are Cauchy sequences.

To the contrary, suppose that {gx,} or {gy,} is not Cauchy.
This implies that d,(gx,gx) 7 0 or dy(gym,gyn) 7 0 as n,m — oo.
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Consequently

max {d,, (g%, &%n), dp(@Vm&n)} 7 0 asn,m — oco.

Then there exist an € > 0 and monotone increasing sequences of natural numbers {1}
and {n;} such that n; > m; > k. We have

max {dy (&Xmy» &), dp (o &)} = € (8)
and
max {dy, (g% En-1)> Ap(@Vm> Qnp-1)} < €. 9)

From (8) and (9), we have

€< max{dp(gxmk,gxnk),dp(gymk,gynk)}
< max{dp(gxmk,gxnk,l), dp(gymk,gy,,k,l)}
+ max{d, (@1, &%n)» Ap(@Vmi-1,Vn) }
<€+ max{dp(gx,,k_l,gx,,k), dp(gynk_l,gy,,k)}.

Letting k — oo and using (7), we get
kli)rglo max{dp(gxmk,gxnk),dp(gymk,gynk)} =€. (10)
By the definition of d, and using (6) we get

(11)

N ™

Jim max {p(ghm; &%) P&y )} =
From (8), we have

€< max{dp(gxmk,gxnk)ydp(gymk’gynk)}
< max{dp(gxmk,gxmk—l)»dp(gymk’gymk—l)}
+ max{d, (@ —1,8%n,) Ap( -1,V }
< 2max{dy(@%my»&m-1) Ap(&my» &mp-1) )
+ max{dp (@Xm & )» Ap(@Ymyr &V |- 2)

Letting k — 00, using (7), (10) and (12), we get
kll>nolo max{dp (gxmk—ngnk)» dp (gymk—l’gynk) } = €. (13)
Hence, we get

. (14)

N1 M

Jim max{p(@xmy—1,8%n,)» P(my-1,&Vn) | =
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From (9), we have

€< max{dp(gxmk,gxnk),dp(gymk’gynk)}
< max{dp@xmk,gxmk-l),dp(gymk’gymk—l)}
+ max{dp(gxmk_l,gxnku), dp(gymk—l’gynk‘rl)}
+max{d, (g%, +1,8%n ) Ap( &V +1,8Vn) }
< 2max{dp(gxmk,gxmk_l),dp@)’mk»gym—l)}
+ max {dy(@Xmy &ny )s Ap(@Ymy &) }
+2 max{dp(gxnk,gxnku), dp(gynk»g)’nkﬂ)}' (15)

Letting k — 00, using (7), (10) and (15), we get
Jim max{d,(g¥m-1,8%n41) Ap( @1, QYme+1) } = €. (16)
Hence, we have

. 17)

N M

Jim max {p(gxmy—1,8%n 1) P@my -1, 1) | =

Now from (8), we have

€ < max{dy (@, @ )> dp(@mr &)}
< max{dp(gxmk,gxnkn), dp(gymk’gynkﬂ)}
+ max{dy(@n +1,&%n ) Ap( @V +1,&2m) |-

Letting k — oo and using (7), we obtain

€= klinolo max{dp(gxmk’gxnkﬂ); dp(gymkrgynkﬂ)} +0

2p(gxmk;gxnk+1) _p(gxmk;gxmk) _p(gxnk+17gxnk+l);

< lim max
2D(Y g &nye+1) = P> &) — P QVige+1, &Yy 41)

k—o00
=2 lim max{p(@xmy» @ +1)s P @my@m+1) ), from (6).
Thus,
€
5 = Jim max{p(@xmy» 85 +1)> P @myr &1 }-
— 00
By the properties of ¥,
€ .
vl5)= kll)rgoIﬁ(max{p(gxmk,gxnk+1),p(gymk,gynk+1)})

= Jim max{y (P& m11))s ¥ (P& Y1) }- (18)
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Now

w(p(gxmk»gxnkﬂ)) = 1»[/(P(F(xmk—lrymk—l): F(xnk»)’nk)))
= a(M(xmk—lyymk—l’ xnkrynk)) - ,3(M(xmk—l)ymk—l,xnk:ynk))

p(gxmk—ngnk):p(gymk—l’gynk)’P(gxmk—l:gxmk )1

p(gymk—lygymk)’p(‘gxnk:gxnk-#l)rptgynkrgynk+l)x
P&y —1:8%m )P &Yy —1.8Vmy.)
1+p(gxmk—1vgxnk)vp(gymk-bgynk)w@xmk vgxnkfl) ’
P(gxnk vgxnk+1)p(gynk :gynk+1)
1+p(gxmk—1:gxnk):P(gymk—l:gynk)+p(gxmkxgxnk+1)

= | max

p(gxmk—ngnk);p(gymk—bgynk)!p(gxmk—l)gxmk)r

p(gymk—lxgymk ):p(gxnk ’gxnkﬂ)rp(gynk rgynkﬂ);
P&y —1,8%m )P &Yy -1,.8Vmy)
L4p(@my—1:8%m )L &Yy —1,:8Yny. ) +P(@my 8%y 41)”
p(gxnk rgxnk+l)P(gynk ,gynkn)
1+P(gxmk —1:8%n ),chymk-bgynk )+p(@emy ,gxnkﬂ)

— B | max

Letting k — o0, we have

€

it =o(£) (2)

Similarly, we obtain

€

Jim V(D@ Q1)) < (g) -B (5)

Hence from (18), we have

(5)=(5)+(5)

From (3.1.2) and (3.1.3), we get 5 = 0, a contradiction.
Hence {gx,} and {gy,} are Cauchy sequences in the metric space (X, d,).
Hence we have lim d,(gx,,gx,) =0= lim d,(gVu, gVm)-
n,m— 00 n,m— 00

Now from the definition of d, and from (6), we have
im plgw,, gx,n) =0 = 1im p(gy, gym). 19)

Suppose g(X) is a complete subspace of X.
Since {gx,} and {gy,} are Cauchy sequences in a complete metric space (g(X),d,). Then
{gx,} and {gy,} converges to some u and v in g(X) respectively. Thus

lim d,(gx,,u) =0
n— o0

and
lim d,(gy.,v) =0

for some u and v in g(X).
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Since u, v € g(X), there exist x,y € X such that 4 = gx and v = gy.
Since {gx,} and {gy, } are Cauchy sequences, gx,, — u, gy, — v, g%ys1 — uand gy,.1 — V.
From Lemma 2.5(2) and (19), we obtain

p(u,u) = lim p(gx,, u) =p(v,v) = lim p(gy,,v) =0. (20)
n— 00 n—oQ

Now we prove that lim p(F(x,),gx,) = p(F(x,), u).
n— 00
By definition of d,

d, (F(x,y),gxn) = Zp(F(x,y),gx,,) —p(F(x,y),F(x,y)) — plgxn, gxn).

Letting n — oo, we have

dy(F(x,y), 1) = 2nli)rg10p(1-"(x,y),gx,,) - p(F(x,), F(x,)) - 0, from (6).

By definition of d, and (19), we have
Tim P(F(%,9),g%,) = p(F(x,), 1).

Similarly, lim p(F(y,x),gy,) = p(F(y, %), V).
n— o0
From (p,), we have

P(u,F(%,9)) < p(tt, @%ni1) + p(@8n1, F(%,Y)) — P(@n115Z¥n11)
= p(u, @ni1) + (011, F (%, ).

Letting n — oo, we have

p(uFx,9) <0+ lim p(F(en yu), F(x,7)).

Also from (3.2.4), we get gx, < gx and gy, > gy. Since ¥ is a continuous and non-
decreasing function, we get

¥ (p(w F@,) < lim ¢ (p(F(on yn), F(x,5)))

< lim [a(M(x, 3, %,9)) = B(M %y %,9)) ],

n—00

(g% 18), P(LV1> V), (&% §Xs1)

p(gymgynﬂ):p(uy F(x,y))rP(V»F(%x))»
P(@%n,8%n+1)P(8Vn.&Yn+1)
L+p(gxnu)+p(gyn.) +p(g¥n+1.F (%,9)

PWFx9)p(v,F (%))
L+p(gan,u)+p(gyn.v) +p(gxns1,F (%))

M(xn:ynyx;y) = max

— max{p(u,F(x,y)),p(v,F(y,x))} as 1 — 00.

Therefore

v (p(u, F(x,9))) < (max ip(u,F(x,y)), }) -B (max {p(u,F(x,y)), }) .

pv, F(y,x)) pv, F(y,x))
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Similarly,
p(u, F(x,)), p(u, F(x,)),
v (p(vs F(y,x))) <a (max { (v, F(y,)) }) -B (max { (v, F(5,)) }) .
Hence

v (max{p(u, F(x,9)), p(v,F (5, %)) })
= max{y (p(u, F(x,9))), ¥ (p(v, F (3, %))}

o [max | POE@M L\ g (L FGoy), )
P F(, ) P, F(y,)
It follows that max{p(u, F(x,)), p(v, F(y,x))} = 0. So F(x,y) = u and F(y,x) = v.

Hence F(x,y) = gx =u and F(y,x) =gy =v.
Hence F and g have a coincidence point in X x X. d

Theorem 3.3 In addition to the hypothesis of Theorem 3.2, we suppose that for every
(x,9), (x4, y') € X x X there exists (u,v) € X x X such that (F(u,v), F(v,u)) is comparable to
(F(x,9), F(y, %)) and (F(x',y"), FG',x1)). If (x,y) and (x},y") are coupled coincidence points
of F and g, then

F(x,y) = gx = gx' = F(xl,yl) and

TO,x)=gy=gy' =F(y',«').

Moreover, if (F,g) is w-compatible, then F and g have a unique common coupled fixed
pointin X x X.

Proof The proof follows from Theorem 3.2 and the definition of comparability. O

Theorem 3.4 Let (X, <) be a partially ordered set and p be a partial metric such that
(X, p) is a complete PMS. Let F : X x X — X be such that

(3.4.1) v (p(E(x,9), F(u,v))) < a(max{p(x,u), p(y,v)}) - B(max{p(x,u), p(y,v)}),

Vx,y,u,ve€ X, x <uandy>v, where ¥, and B are defined in Definition 3.1 and
(3.4.2)  (a) Ifa non-decreasing sequence {x,} — x, then x, < x for all n, and
(b) if a non-increasing sequence {y,} — y, then y <y, for all n.

If there exist xy,y0 € X such that xy < F(xo,y0) and yo > F(yo,%0), then F has a unique
coupled fixed point in X x X.

Example 3.5 Let X = [0,1], let < be partially ordered on X by
Xy & x=).

The mapping F : X x X — X defined by F(x,y) = szi—;yjn andp: X x X — [0,00) by p(x,y) =

max{x,y} is a complete partial metric on X. Define ¥, «, B : [0,00) — [0,00) by ¥(¢) = ¢,
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a(t) = £ and B(t) = £. We have

p(F(x,9), F(u,v)) = max{ x+y u* +v? }

8(x+y+1) 8u+v+1)

17 x? u? ¥ v
= —| max , + max )
4 x+y+1 u+v+l x+y+1l u+v+1l
1r 2 2 22
< —|maxy{ —, +maxy —-, —
~ 8L x+1 u+l y+1 v+1
1f x u y v
< —[maxy —, +maxy ——, ——
8L x+1 u+1 y+1 v+1
1
< g[max{x,u} + max{y, V}]
1
= g[p(x,u)+p(y,V)]
1
<3 max{p(x, u), p(y,v)}

= a(max{p(x,u), p(y,v)}) - B(max{p(x,u), p(y,v)}).

Hence all conditions of Theorem 3.4 hold. From Theorem 3.4, (0, 0) is a unique coupled
fixed point of F in X x X.

3.1 Application to integral equations
In this section, we study the existence of a unique solution to an initial value problem, as
an application to Theorem 3.4.

Consider the initial value problem

x'(@) =f(6x(t),x(t)), tel=[0,1],

x(O):xO, (21)
where f : I x [, 00) x [, 00) = [2,00) and xp € R.

Theorem 3.6 Cousider the initial value problem (21) with f € C(I x [%O,oo) X [%",oo))

and

3 oS (s,x(s), x(s) ds — 32,

,%(5),5(5)) d. ‘ 5
/o Slele)y(9) ds < max : i Jof(5,5(5),y(s)) ds - 52

Then there exists a unique solution in C(I, [’%, 00)) for the initial value problem (21).

Proof The integral equation corresponding to initial value problem (21) is

x(t) = x0 + /tf(s,x(s),x(s)) ds. (22)
0
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LetX = C(I[ ,00)) and p(x,y) = max{x — 4,y——}forx,yeX Define ¥, , 8 : [0,

[0, 00) by w(t) =t,a(t) = Et and B(¢) = Et' Define F: X x X — X by

F(x,y)(t) = x0 + /O £ (s,x(s), 5(s)) ds
Now
P(Flx,y)(t), E(u,v)(t))
—max{F(x,y) —, F(u, V)——}
= max{ % + /Otf(s,x(s),y(s)) ds, 34& + /Otf(s, u(s),v(s)) ds}

3% { L[ f(s,x(s),x(s)) ds — 22, }
40 + max K ’
4 fof(s: (s),y(s)) ds — _0

< max .
X
3x0 4f0 (s, u(s), u(s)) ds — 3¢
=) + max 0y
3 fof(s,v(s) v(s))ds — 32
¢ 0)
max {4 - 32,20 - 21
= max ut) xo v(t) xo
max{ 4 _E’T_E}
1 X0 X0 X0 X0
= — maxymaxix(f) — —,ulf) — — ¢, maxyy(£) — —, v(t) — —
3 maxf a0 - 2,00 - 2 max{ 500 - 2. v - %

= % max{p(x,u), p(y,v)}

= a(max{p(x, u), p(y,v)}) - B(max{p(x, u), p(y,v)}).
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o0) —

Thus F satisfies the condition (3.4.1) of Theorem 3.4. From Theorem 3.4, we conclude
that F has a unique coupled fixed point (x,y) with x = y. In particular x(¢) is the unique

solution of the integral equation (22).

3.2 Application to homotopy

In this section, we study the existence of a unique solution to homotopy theory.

O

Theorem 3.7 Let (X, p) be a complete PMS, U be an open subset of X and U be a closed
subset of X such that U C U. Suppose H : U x U x [0,1] — X is an operator such that the

following conditions are satisfied:

(i) x#H(x,y,1) andy # H(y,x, 1) for each x,y € 0U and X € [0,1] (here U denotes the

boundary of U in X),

(ii) ¥ (p(H(x,,1), H(u,v,1))) < a(max{p(x,y), p(u,v)}) - B(max{p(x,y), p(u,v)}) Vx,y €
U and A € [0,1], where ¥, a : [0,00) — [0, 00) is continuous and non-decreasing

and B : [0,00) — [0,00) is lower semi continuous with ¥ (t) — «(t) + B(£) > 0 for

t>0,
(iii) there exists M > 0 such that

P(H(x,y;)»),H(xy%M)) §M|)‘ - /’L|
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for every x € U and A, i € [0,1].
Then H(-,0) has a coupled fixed point if and only if H(-,1) has a coupled fixed
point.

Proof Consider the set
A= {A €[0,1] : (x,y) = H(x,y, 1) for some x,y € LI}.

Since H(-,0) has a coupled fixed point in U, we have 0 € A, so that A is a non-empty set.

We will show that A is both open and closed in [0,1] so by the connectedness we have
A=10,1].

As aresult, H(-,1) has a fixed point in U. First we show that A is closed in [0, 1].

To see this let {A,}52, €A with 1, = 1 €[0,1] as n — 0.

We must show that A € A.

Since A, € Aforn=1,2,3,..., there existx,,y, € U with u,, = (x,,,¥,,) = H(x,,, y,A,). Con-
sider

Py %n1) = P(H Xy Vs n)s H (015 Yt Anan))
< P(H @ Y k) H( X1, Y1 An))
+ P(H @1, Vet M)y H (X1, Yts Anst))
= P(H X1, Yers An)s H (K1 Y An) )

fp(H(xnrym)\'n);H(xn+1:yn+1r )\'Vl)) +M|)\n - )"n+1|~

Letting n — o0, we get

lim p(xnrxnﬂ) = lim p(H(xn:yn; )\n)rH(xn+1;yn+lr )\n)) +0.

n—00

Since ¥ is continuous and non-decreasing we obtain

lim (p(xm xn+1))
n—oQ
< 1im ¥ (p(H (o Y An)s H (s, Y1, 1))

< lim [ (max{p(xn, %41, DO Yne1)}) = B(max{pGn, Xni1)s PO yu1) }) |-

n—00

Similarly

lim 1/’ (p(yn:ynﬂ))

n—00

= nliglo[a(max{p(xmxn+1)’p(ymyn+1)}) - /3(max{p(xmxn+1)’p(yn:yn+1)})]«

It follows that

lim Py %) =0 = Jim PWns Yus1)- (23)
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From (p,),
lim p(x,,x,) =0 = lim p(y,,y,)- (24)
n—oQ n— 00

By the definition of d,, we obtain

lim dp(xmxnﬂ) =0= n11>nolo dp()/n:ywrl)' (25)

n—00

Now we prove that {x,} and {y,} are Cauchy sequences in (X, d,,). Contrary to this hypoth-
esis, suppose that {x,} or {s,} is not Cauchy.

There exists an € > 0 and a monotone increasing sequence of natural numbers {m;} and
{n;} such that ny > my,

max{dy%my s Xy ) Ay Yy Y )} = € (26)
and

max {dy @ongs Fong1)s Qs 1)} < €. (27)
From (26) and (27), we obtain

€< max{dp(xmk,xnk),dp(ymk;ynk)}
< max{dyEpm %m-1) Ap Ymgr Y1) }
+ max{dp(xnk_l, xnk)» dp(ynk—l’ynk)}

<€+ max{dp(x,,k,l,x,,k),dp(y,,k,l,ynk)},
Letting k — oo and then using (25), we get
klir&max{dp(xmk,xnk),dp(ymk,ynk)} =€. (28)
Hence from the definition of d,, and from (24), we get

. (29)

N ™

Jim max { p(Kmg %) DG Y )} =
Letting k — oo and then using (28) and (25) in

|y mgr X 11) = Ay Comgr X)) | < 1, %m,),
we get

lerQo Ay (X115 %) = €. (30)

Hence, we have

. €
klggop(xnkd-l» xmk) = 5 (31)
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Similarly
. €
lim P()’nkﬂ,ymk) =T (32)
k— 00 2
Consider
P(xmk»xnkH) = P(H(xmk’ymk’ )Lmk); H(xnkﬂ;ynkﬂ, )Lnk+1))
= P(H(xmk’ymk’ )\'mk)r H(xmk:ymkx )\nk+1))
+ P(H(xmk;ymk; )"nk+1)rH(xnk+lrynk+l’ )"nk+l))

_p(H(xmkyymk; )\nk+l); H(xmk:ymk: )\nk+l))

< M|Apy = A +p(H(xmk:ymk> )\nk+1)r H(xnkﬂ’ynkﬂ’ )\nk+1))'

Since {X,} is Cauchy, letting k — oo in the above, we get
€ .
E < kIEEOP(H(xmk,J’mk, )"nk+1)r H(xnk+1:ynk+1: )\nk+1))~

Since ¥ is continuous and non-decreasing we obtain

Y (%) = klfgo Ii[’(p(I‘I(ka’ymk’ )‘nk+1)rH(lek+1’y”‘k+1’ k”k+1)))
< i el 607
_ IB(max{p(xmk;xnk+l)7p(ymk’y”k+l)})]
EX] <§> - :3 <§> .

It follows that € < 0, which is a contradiction.
Hence {x,} and {y,} are Cauchy sequences in (X, d,) and

lim dy(%y,%,) =0= 1im d,yu,ym)
By the definition of d, and (24), we get lim p(x,,%x,,) = 0= lm p(y,, yim).
n,m—00 n,m—> 00
From Lemma 2.5, we conclude (a) {x,} and {y,} are Cauchy sequences in (X, p).
Since (X, p) is complete, from Lemma 2.5(b), we conclude there exist u, v € U with

p(u,u) = lim p(x,,u) = lim p(x,,1,u4)= lim p(x,,x,) =0, (33)
n— 00 n—oQ n,m—> 00

p(v,v) = lim p(x,,v) = lim p(®,1,v) = lim p(yu,¥m) = 0. (34)
n—oo n— 00 n,m— 00

From Lemma 2.6, we get lim p(x,, H(u,v, 1)) = p(u, H(u, v, X)).
n—0oQ

Now,

P (%0 H(w, v, 1)) = p(H (%, Yn» An)s H(ut, v, 1))

< P(H s Y hn)s H(ns Vs 1)) + p(H s s 1), H (14, v, 1))



Rao et al. Fixed Point Theory and Applications (2017) 2017:17 Page 17 of 20

_p(H(xn;ym )\)rH(xmym )L))

< MAy = Al + p(H (&, Yy 1), H(1t, v, 1) ).
Letting # — 00, we obtain
p(u,H(u, v,1)) < lim p(H(x,,,y,,, 1), H(u, v, 1)).
n— 00
Since  is continuous and non-decreasing, we obtain

w(p(u, H(u, v,k))) < nlin;o lﬁ(p(H(xn,y,,,)L),H(u, V,)\.)))
< lim [or(max{p(,, u), p(yu,V)}) = B(max{p(n, u), p(yu,)})]
=0.
It follows that p(u, H(u, v, 1)) = 0. Thus u = H(u, v, A). Similarly v = H(v, u, A).
Thus A € A. Hence A is closed in [0, 1].
Let Ao € A. Then there exist xg, yo € U with xy = H(xo, y0, X0)-

Since U is open, there exists r > 0 such that B, (xo,7) € U.

Choose A € (Ag — €, 1 + €) such that |A — Ag| < ﬁ <e.

Then x € B, (xo,7) = {x € X/p(x,%0) <1+ p(x0,%0)}. We have
p(H(x,y,1),%0) = p(H(x,y, »), H(x0,%0, o))
SP(H(X:)’: )»):H(x,y, )\O)) +P(H(x»)/» AO)rH(xOLyOr)‘O))
_p(H(x¢y1)\'0))H(xryr)\0))

S M|)" - )‘0| +P(H(x,y, A-O)rH(xO)yO:)‘-O))

=<

M”_l +P(H(x,y, A«O)!H(xOJyO’ )‘-0))

Letting # — 00, we obtain

P(H(x,y,1),%0) < p(H(x, 3, 20), H(%0, Y0, 0))-

Since ¢ is continuous and non-decreasing, we have

¥ (p(H(x3,2),%0)) = ¥ (p(H(x, 3, 20), H(x0, 70, 20)))
< a(max{p(x, x0), (3, y0)})
— ¢ (max{p(x,%0), p(5,%0)})-

Similarly

¥ (p(H(,x,1),0))

< a(max{p(x,%0), p(3,50)}) — ¢ (max{p(x,%0), p(3,50)})-
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Thus

o (max o (5. ), 70),p{(H O 2,30) )
< a(max{p(x,%0), p(3, y0) }) — ¢ (max{p(x, x0), p(3,50)})
<y (max{p(x,%0), P, %) })-

Since v is non-decreasing, we have

max {p(H(x,y,1),%0), p(H(y,%,1),50) } < max{p(x,%0), p(3:¥0)}

< max{r + p(xo,%0), ¥ +P()’0»3’0)}’

Thus for each fixed A € (Ao — €, A0 +€), H(-, 1) : By(x0,7) = Bp(xo, 7).

Since also (ii) holds and v and « are continuous and non-decreasing and $ is continuous
with ¥ (£) — a(¢) + B(¢) > 0 for £ > 0, all conditions of Theorem 3.4 are satisfied.

Thus we deduce that H(-, ») has a coupled fixed point in . But this coupled fixed point
must be in U since (i) holds.

Thus A € A for any A € (Ag — €, ¢ + €).

Hence (Lo — €, A0 + €) € A and therefore A is open in [0, 1].

For the reverse implication, we use the same strategy. d

Corollary 3.8 Let (X,p) be a complete PMS, U be an open subset of X and H : U x U x
[0,1] — X with the following properties:
(1) x#H(x,y,t) and y # H(y,x,t) for each x,y € dU and each A € [0,1] (here dU denotes
the boundary of U in X),
(2) there existx,y € U and A € [0,1],L € [0,1), such that

p(Hx,y,1),H(u,v, 1)) < L max {p(x, u),p(y, V)},
(3) there exists M > 0, such that
p(H 1), H(x, 1)) <M - |1 - pl

forallx € U and i, u € [0,1].
IfH(-,0) has a fixed point in U, then H(-,1) has a fixed point in U.

Proof The proof follows by taking ¥ (x) = %, ¢(x) = x — Lx with L € [0,1) in Theorem 3.7.

4 Conclusions
In this paper we conclude some applications on homotopy theory and integral equations
by using coupled fixed point theorems in ordered PMSs.
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