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ABSTRACT

VOLTERRA TYPE INTEGRAL EQUATIONS

ALTAMEEMI, Ali
M.Sc., Department of Mathematics and Computer Science

Supervisor: Prof. Dr. Billur KAYMAKCALAN

January 2015, 51 pages

It is truism that, Volterra integral equations have many applications in various
disciplines of sciences. Therefor, these equations have been attracted the attention of
a huge number of mathematicians and scientists who work in the areas in which
these equations appear. Hence, it is worth of note to study these equations from
theoretical and computational points of views. Because of the significance and
broadly usage of these equations in numerous fields of mathematics.

So, in this thesis, the first and the second kind of Volterra integral equations have
been defined. The uniqueness theorems of these equations are discussed by using the
fixed point theory. Many methods to solve linear as well as nonlinear Volterra
integral equations are being considered. Then, methods of solving systems of such
equations are also mentioned. In addition to the above mentioned, an attention is paid

to the singular Abel Volterra integral equation.

Keywords: Volterra Integral Equations, First Kind, Second Kind, Linear, Nonlinear.
v
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VOLTERRA TiPINDEN INTEGRAL DENKLEMLERI

ALTAMEEMI, Ali
Yiiksek Lisans, Matematik-Bilgisayar Anabilim Dali
Tez Yoneticisi: Prof. Dr. Billur KAYMAKCALAN
Ocak 2015, 51 sayfa

Volterra integral denklemleri, cesitli bilim dallarinda bir¢cok uygulama alanina sahip
oldugundan, ¢ok sayida matematikg¢i ve bilim adaminin dikkatini ¢ekmektedir.
Volterra integral denklemlerinin 6nemi ve birgok alandaki yaygin kullanimlar1 g6z
oniine alindiginda, bu denklemleri hem teorik hemde hesaplama agisindan incelemek
onemlidir.

Bu tezde, hem birinci hem de ikinci tipten Volterra integral denklemleri tanimlanir.
Sabit nokta teorisi kullanilarak, bu denklemler i¢in teklik teoremleri tartigilir.
Dogrusal olmayan Volterra integral denklemlerinin yani sira dogrusal olan Volterra
integral denklemlerini ¢d6zmek i¢inde bircok yontem ele alinir. Bu tip denklemleri
iceren sistemleri ¢ozme yontemlerinden de bahsedilir. Ayrica, tekil Volterra integral
denklemleride dikkate alinir.

Anahtar Kelimeler: Volterra Integral Denklemleri, Birinci Tip, lIkinci Tip,

Dogrusal, Dogrusal Olmayan.
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CHAPTER 1
INTRODUCTION
1.1 Background

It is clear that, if someone works in a scientific discipline, this field will enhance us
to understand the world we are living in. However, one should encounter differential
equations, integral equations and integro-differential equations [1]. Among these
equations, integral equations occur naturally in many fields of science such as

elasticity, heat transfer, fluid dynamics, game theory, etc... [2].

Here, J. Fourier in this sense, set out to initial the theory of integral equations when
he worked on the well known Fourier transform and its inversion formula. Abel in
accordance with this, devoted his time to the solution of the so called "Abel's integral
equation”. Abel's efforts encouraged many scientists in this area like Rouche',
Sonine, Bois Reymond, Goursat, Tamalin and Tonellito who worked on integral
equations. They completed the work which has been done by Abel who considers the
various types of integral equations in the late years of the 19™. century and the first

years of the 20", century [3].

Accordinglly, Liouville was also one of the mathematicians who worked on integral
equations. He discovered in 1840's that a certain type of second order linear ordinary
differential equation under some initial conditions is equivalent to an integral

equation known later as a Volterra-type integral equation of the second type [3].

However, in 1895 a new era for the theory of integral equations started under the
term of Volterra, not like other mathematicians who tried to formulize the solutions
of integral equations or worked on special cases. Thus, they paid efforts on the type

of equations named later by Lalesco and picard as Volterra equations. Volterra

1



studied these equations from a functional analytic point of view. So, he was
interested in the existence of the solutions of these equations. Moreover to that, he
was also interested in the applications of these equations. One of the most interesting
applications is 'hereditarary mechanics' which was observed when Volterra was

inspecting a population growth model [4].

Later in the early years of the last century, it was found that Volterra integral
equations have many applications. Since that period of time, the theory of Volterra-
type equations have called attention of many scientists from different countries.
These scientists have been contributing to the development of the theory of these

equations from all aspects until this moment of time [5].

In this thesis, the researcher has studied linear and nonlinear Volterra type equations
and presented their uniqueness theorems and some methods of solutions of these

equations.

1.2 Organization of the Thesis

In this current study, there are six independent chapters which include the sufficient
and major relevant information to the topic ( Volterra Type Integral Equations ).

The researcher covers the kinds, properties, the possible solutions, and the set of
theorms which proved the uniqueness of solution. Therefore, this thesis is organized
as follows:

Chapter one is dealing with the background of the Volterra Integral Equations
affairs.

In chapter two, the study conductor focuses attention on some important definitions
which are related to a scope of understanding the properties of integral equations and
Volterra integral equations.

In chapter three, the researcher presents a set of theorms that confirm the uniqueness
of solution to the Integral Equations in general and to the Volterra Type of Integral

Equations in particular.



In chapter four, the study conductor employs the possible efforts to produce variable
authentic methods to solve the targeted Equation. These methods will deal with these
Equation ( linear and nonlinear ), whether it was isolated or as a system.

Chapter five, is designed to deal with Singular Volterra Integral Equation as well as
their features, trying to find a possible solution in terms of dealing with such
Equations.

Finally, chapter six is assigned to conclusion part of what related to the study

concerns.



CHAPTER 2
DEFINITIONS

In this chapter, we will present some definitions in order to help us to understand the

content of this thesis.
2.1 Basic Definitions

Definition 1. [4-6] An integral equation is an equation that involves the unknown

function u(x) that appears inside of an integral sign. The most standard type of an

integral equation in u(x) is of the form
h(x)
u() = f0)+4 [K(xhubat 2.1)
9(x)
Definition 2. [4-5] If the exponent of the unknown function u(x) inside the integral
sign in (2.1) is one, the integral equation is called linear. If the unknown function

u(X) has exponent other than one, or if the equation contains nonlinear functions of

u(x), the integral equation is called nonlinear.

Definition 3. If the function f(Xx)=0 in equation (2.1), then equation (2.1) is called

homogeneous. Otherwise it is called inhomogeneous [7].

Definition 4. [4-6] Equation (2.1) is called singular if one of the limits of integration
g(x), h(x), or both are infinite, or if the kernel K(X,t) becomes unbounded at one

or more points in the interval of integration.

Definition 5. [8] If at least one limit of the integral in equation (2.1) is a variable so,

is called a Volterra integral equation.



These types of equations are classified into two types, the general form of Volterra

integral equation of the first kind is
f(x)=1 j K (x,t)u(t)dt 2.2)
0

where, the unknown function u(x) appears inside the integral sign.

The second kind given by
u(x) = f(x)+2[ Kyt (2.3)
0

where, the unknown function u(X) appears inside and outside the integral sign.

Generally, it is quite hard to transact with Volterra equations of the first kind [9]. So,
we will convert Volterra integral equations of the first kind to Volterra integral
equations of the second kind by two methods according to the following section of
this thesis.

Here, in the first method, we assume that K(x,t) and f(x) are sufficiently

differentiable in (2.2) [2], [4-5]. Then by differentiating both sides of (2.2) with

respect to X one finds
f/(X) = K (X, X)u(X) + j K, (x, Hu(t)dt (2.4)
0
the equation (2.4) can be reduced to an equation of the second kind if K(x,x)#0

RN K (x t)
Koo~ 00 j (.

In the second method, equation (2.2) can be reduced to an equation of the second

type by assuming that

D(X) = I(D(t)dt

and execute an integration by parts in (2.2) [2,4].
Then

f(X) = K(X,X)D(X) — I K, (x,t)d(t)dt

thus, if



K(x,x) =0,
then

f(x) K, (X,t)
oo ~200- j—cb(t)dt

the last equation is Volterra integral equations of the second kind.



CHAPTER 3
UNIQUENESS THEOREMS OF SOLUTIONS OF INTEGRAL EQUATIONS

Before we proceed thinking about the current methods to solve Volterra integral
equations, we must contemplate of whether the solution exists and whether or not it
is a single solution.

Henceforth, in this chapter, we will submit a set of theorems that ensure that we have

the solution and guarantee its uniqueness.
3.1 Fixed Point Theorems

We will show in this section some properties of a class of alleged contraction
operators. These properties enable us to get a number of existence and uniqueness

theorems for the solution of integral equation [9].
Definition 1.

Let B be a Hilbert space and N a limited operator on B. N may not be a linear
operator. If there exists a positive constantw < 1

such that
INf, = Nf,| <o/ f, - 1, (3.1)

forall f,,f, in B, then N is called a contraction operator [9].

Theorem 1.

The equation

Nf = f (3.2)



has a unique solution f in B if N a contraction operator on B. Such a solution is

said to be a fixed point of N [9].

Proof. Let f and h be a fixed points so that

Nf = f
Nh=h
Then
| £ =h] =[Nf - Nh|< o] f —h]
and

(1-w)|f -h[<0

because ”f - h” must be non-negative, then
It -1j=0
thus
f=h.
It is being concluded that if (3.2) does have a solution it should be unique. To show
that (3.2) has a solution so that, we shall constitute an iteration procedure. Choose
any f, and then set up a sequence {f, } defined by
fo,=Nf., m=0,1.2,..

First we shall show that this sequence is a Cauchy sequence, and then that its limit is
actually a solution of (3.2). That it has a limit to be followed from the certainty that a
Cauchy sequence essential has a unique limit in a Hilbert space. The limit will

separate of the initial select f,, because it will be a solution of (3.2), which is

necessary to be unique.
We note first that
[ = full = Ny = T
<ol = fo
By the above successive application, we get
|t

- fm” < w“fm - fm%”

m+1

<o’|f,, - ..

<.



<ot 1)
So we have in general, if m>r,
o = = (Fn = fo) + (Foy = Fr) ot (Fry = £))
<[(fp = fo) + (o = fr) + ot (Fy = )
(O + Oy +. v 0,)|(F, = £

(@, + @y, +.)|(F, = )

a)r
Zg”fl — fo|

so that

mgT@”( fm+1 - fr )” =0

we obtained that, {fm} is a Cauchy sequence, and we denote its limit by f.
We shall have to proof that the limit f is a solution of (3.2). In opinion of the fact
that N is a continuous operator so, we have
Nf =N(lim f,)

=lim Nf |

=limf_,,

=f
thus

Nf

Il
—

it follows that
f =lim,  N"f,
There is a generalization of the previous theorem that will show to be specially

favorable for Volterra operators.

Theorem 2.

If N™ is a contraction operator where N an operator on B and m is the nth power

of N . Then the equation



Nf = f (3.3)
has a unique solution f in B[9].
Proof. We can assure that, the equation
N™f=f

has a unique solution by the preceding theorem. We can get the solution by finding
&13)10 N " f, = f
for an arbitrary initial function f.
In special, we see that, by allowing
f, = Nf
&13)10 N "Nf = f.

But we have

N™f=f
and
N f = f
hence
&i_r}gNkme =£i_r)r;NNkmf
- lim
= Nf
thus
Nf = f.

To prove that, this solution is unique so, we note that if
Nf =f, Nh=h
then also we have
N"f=f, N"h=h
hence N™ is a contraction operator with a unique fixed point

f=h.

10



3.2 Uniqueness Theorems for Volterra Integral Equations

The results in the previous section can be applied to Volterra integral equations as

well [9].
Theorem 3.

Let f(x) € L,[0,1] (we consider a finite interval let it be [0,1] and without loss of

generality) and assume that K(X,t) is continuous for X,t €[0,1] and consequently

uniformly bounded, say ’K(X,t)| < A Then the equation
u(x) = f(x)+ ijOXK(x,t)u(t)dt (3.4)

forall 4 and f(x) in L,[0,1], has a unique solution u(x) [6].

Proof. We consider the operator
Nu = f(x)mj:K(x,t)u(t)dt
If Nu has a fixed point, such a fixed point should be a solution of (3.4). And to

prove that, such a fixed point exists we will prove that N™ is a contraction operator

for some m. Then N will have a unique fixed point by theorem 2.

So now
N"u=f+AKFf +...+ A"'K™ f + A"K™u
where
N™ = joKm(x,t)u(t)dt
Thus

!F”‘ul —Tmqu ="

J; KD, O -t )]
We can use the equation
K. (x,t)= jo K(x, 2K, (zt)dz, m=23,.

K,(x,t) = K(x,t)
11



to determine K (X,t)

By hypothesis ‘K1 (x,0)

< A and one can then prove inductively that

m _ m-1
su, 0<t<x
(m-1)!

K, (%,1)
For m=1, the above is clearly true. If it is true for m, then

Kt (1) dz

< j K(x,2)|K,,(z,)

m+l X
< (n)?— 1)J(z—t)m‘ldz
Tt

B Am+1 (X _ t)m
- m

Thus

X

[, @®-u, )t

0

oo -1 < A

(n-1)!

A" A
< m||u1 —u, |
For m sufficiently large

A" A"
(n-1)!

so that N™ is a contraction operator, and therefore (3.4) has a unique solution.

9

Theorem 4.

Let f(x)e L,[0,1], and assume that K(X,t) is such that
11
”|K(x,t)|2dxdt < oo
00

Then the equation

u(x) = f(x)+ zjox K (x,t)u(t)dt (3.5)

12



forall 4, in L,[0,1] has a unique solution [9].

Proof. We assume
X 1
C*(x) :j|K(x,t)]2dt, D*(x) = j]K(x,t)]zdx
0 t

and both C*(x) and D?(t) are integrable by hypothesis.
Let E be such that

1
_[C2(x)dxs E,
0

1
j D?(t)dt < E.
0
In addition, we define the function q(x) by
q(x) = j C*(t)dt, where q(1) <N
0

As in the proof of theorem 3 we consider alternatively of (3.5) the equivalent

equation
u(x) = f(x)+ AKf + PK*f .+ A"'K™' f + A"K™u (3.6)

where

K™ = | K, (x,t)u(t)dt

O Sy <

To estimate ”K m” we examine K (X,t).

Now
K,(x,t)= JX' K(x,2)K(z,t)dz
t
and by use inequality of the Cauchy-Schwarz
K, (x, 0 sﬁK(x, z)]zdzj|K(x,t)|2dt
t t
<C*(x)D*(1).

Similarly,

13



K, (X,t) =IK(x,z)K2(z,t)dt
t
So that

K5 (x,t) *dz

? sﬂK(x, z)|2dzj||<2(z,t)
t t

< Cz(x)Dz(t)ICZ(z)dz

=C?*(z)dz
= C2(x)D*(®)[q(x) - q(»)]

It is easy to carry through an inductive argument to prove that

2 SCZ(X)DZ(t) [q(x)_q(t)]n_z n>2.

K (1) o

Thus, (3.6) can be written as
u=N"u
where

Nu=f +AKu

N"u, N, = Uo K, (x,Hlu, (t) - uz(t)]dt’2

<j02<x)02<t>[q<x>—q(t)]””o,t
I (m-2)!

X

x [u, @) = u, (O] dy

0

el 0l
S =) { D (t)dt|u, —u,|

By an integration we then find

m—1
R

<Em 2

~ (m=1)!

Ju, |

b

so that if

14



Em
(m-1)!

<1

&

then N is a contraction operator.
For large m that will be the case so that (3.6) and therefore (3.5) as well will have a

unique solution in L,[0,1].

15



CHAPTER 4

METHODS OF SOLUTIONS

In this chapter, we are going to consider some methods and techniques for solving

Volterra integral equations.

4.1 Methods to Solve Linear Volterra Integral Equations

There are many methods to solve linear Volterra integral equations. Some of them
are old and the others are new. As aresult, we will explain the most important of
these methods in this section.

4.1.1 Methods to solve the second Kkind of the Volterra integral equations

4.1.1.1 The Adomian decomposition method

The Adomian decomposition method (ADM) was developed and introduced by
Adomian in 1990. This method arises to work for linear, nonlinear integral equations,

differential equations and integro-differential equations [4,10].

We shall explain the technique of this method by expressing u(x) in the form of a

series
W00 =3 u, (), @1
or equivalently
U(X) =Uy(X)+u,(X)+Uu,(X)+... 4.2)

and the value of U,(X) as the term outside the integral sign of equation (2.3),

hence,

Uy (¥) = f(X)

16



To establish the recurrence relation, we substitute (4.1) into the Volterra integral

equation (2.3) to obtain:
iun x)=f(x)+ ij K(x,t)[iun (x)jdt
or equivalently
Uy (X) + U, (X) + U, (X) +...= F(X) mf K (x,)[u, (t) +u, () +...Jt

We can get the value of the components U,(X), U,(X), U,(X), ..., U,(X),

unknown function u(x) as follows

u,(X) = f(x)

u,(x) = ij K(X,t)u, (t)dt
u,(X) = ﬂ_X[ K(x,t)u, (t)dt
U, (X) = ij K(x,t)u, (t)dt

U, (x)=2 j K(x,bhu_(t)dt, n>0.
0

Then, we can get the solution u(x) by
U(X) = Uy (X)+U, (X)+ U, (X) +U;(X)+...

that converges to a closed form solution.

... of the

(4.3)

In the next example, we will explain the technique of this method. Let us suppose

that, we have the following equation
u(x)=1+ j u(t)dt.
0

Hence,
f(x)=1, A=1, K(x,t)=1.
By substituting (4.2) into both sides of (4.4) gives

[u, () +u, (t)+..pt

Uy(X)+U,(X)+U,(X)+...=1+

O C— <

(4.4)

17



then we set
u,(x)=f(x)=1

to get the value of the other components, we will apply the recurrence relation (4.3)

u,(x) = _[uo(t)dt = jldt =X
0 0
u,(X) = jul(t)dt = jtdt Ly
0 0 2'

u3(x):ju2(t)dt=j% =—x

and so on.

Thus, by using (4.2)
UX)=1+X+—=X" +—=X +...
2! 3!

the series solution U(X) converges to the closed form solution

u(x)=e”
4.1.1.2 The modified decomposition method

If the function f(X) consists of a mixture of two or more of trigonometric functions,
hyperbolic functions, polynomials, and others. The evaluation of the components
u;, j > 0 requires long time and difficult work [S].

We can set the function f(X) as the sum of two partial functions, such as f (x) and
f,(X). In other words, we can set

f(x)=f,(xX)+ f,(x)

we identify the component u,(X) by one part of f(X) to minimize the size of
calculations. We will use the other part of f(x) to find the value of the component
U,(X). In other words, the modified decomposition method introduces the modified

recurrence relation

Uy (¥) = f,(x)
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ux)=f, + AI K(X,t)u, (t)dt

Uy, (X) = A j K (X, t)u, (t)dt. (4.5)

We can get the exact solution u(x) by correct selection of the functions f,(x) and
f,(x) and by using very few iterations, and may be by evaluating only two or three
components. The success of this method depends only on the correct choice of f,(X)
and f,(X), and this can be made through experience only. A rule that may help for
the correct choice of f,(x) and f,(X) could not be found until now.

We can not use this method if f(X) consists of one term only, in this case the

standard decomposition method can be used.
The following example will illustrate the technique of this method. Let us suppose

that, we have the following equation

U0 =2x-(1-e>)+ fe" Cuyt
0

Hence,
f(x)=2x—(1-e)
we set
f,(x) =2X,
Loo=-(1-e™),
thus

Uy (¥) = f,(x) = 2x,

using (4.5) gives
u(x)=—(1-e>)+ j e~ 2tdt
0

—x24t? ]x

_Xz
=—1+e" +[e 0

=—1+e ™ +[e"—e ]

=—1+e ¥ +1-¢
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Uy, (X) = ,zj K(x,tu, (dt =0, k=1.
0

Thus,
u(x) =2x.

4.1.1.3 The noise terms phenomenon method

The congruent terms with opposite signs that appear in the components U,(X) and

U,(X) in Adomian decomposition method are called the noise terms. Among others
components may arise other noise terms. These noise terms may exist for some
equations, and may not arise for other equations [5,11].

The technique of this method is done by canceling the noise terms between U, (X)
and U,(X), the non-canceled remaining terms of U (X), after processing the
cancellations may give the exact solution of the integral equation. The appearance of
the noise terms between U,(X) and u,(X) is not permanently adequate to get the
exact solution by canceling these noise terms. So, it is needful to show that the non-
canceled remaining terms of U,(X) satisfy the given integral equation.

It was officially proved that, for specific cases of inhomogeneous integral equations
the noise terms arise, while homogeneous integral equations do not give rise to the
noise terms. The conclusion about the self-canceling noise terms was based on
solving several specific integral models.

It was officially proved that necessary condition is governed the appearance of the
noise terms. The component U,(X) should contain the exact solution U(X) among
other components. Moreover, it was proved that, the inhomogeneity condition of the
equation does not always guarantee the appearance of the noise terms.

In the next example, we will explain the technique of this method. Let us suppose

that, we have the following equation
u(x) = 6X +2x° — Itu(t)dt.
0

Hence
f(x)=6x+2x’
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U, (X) = f(x)=6x+2x>

u,(x) = —It[6t +2t7 ot

:—[2t3 +3t5}
5 0
=-2x° —gxs,
5

the noise terms F 2x’ arise in U,(X) and U, (X).
Thus, by canceling these terms from the zeroth component u,(X) gives the exact

solution

u(x) = 6x
4.1.1.4 The successive approximations method

In the successive approximations method, we substitute any selective real-valued

continuous function U,(X), called the zeroth approximation, instead of the unknown
function u(x) under the integral sign of the Volterra equation (2.3). The most usually
selected function for u,(x) are 0, 1, and X [2,4], [12].

We will obtain the first approximation U,(X) by this substitution
u(x)=f(X)+4 j K (X, t)u, (t)dt (4.6)
0

It is evident that, u,(X) is continuous if f(x), K(X,t), and u,(X) are continuous.
The second approximation U,(X) can be obtained similarly by replacing u,(X) in

equation (4.6) by u,(X) obtained above. And we find
U,(x)= F(X)+ A j K (x, t)u, (t)dt
0

we obtain an infinite sequence of functions U,(X), U,(X), U,(X), ..., U (X), ... by

continuing in this technique which satisfies the recurrence relation

u,(x)= f(x)+/1'|x' K, tu, ,(Hdt, n=123,... 4.7)
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The solution u(x) is obtained of the equation (2.3) as
u(x) =limu,(x)

The following example will illustrate the technique of this method. Let us suppose

that, we have the following equation
u(x) = x+ [u(tdt (4.8)
0

first,we set
U, (X) =X
then apply (4.7) gives

ul(x):x+jtdt:x+%x2
: !

h 1., 1, 15
U,(X) =X+ |t+=t)dt =x+—=X"+=x,
;‘; 2! 2! 3!

and so on.
The solution u(x) of (4.8) is given by

U(x) = limu, (%)

=e" -1
4.1.1.5 The method of successive substitutions

In this method, we substitute successively for u(x) its value as given by equation

(2.3) [4,13].We find that

u(x) = f(x)+ /’tj K(x,t){ f(t)+ zj K (t,t)u(t,)dt, }dt
= f(x)+ zi K(x,t) f (t)dt + ,zzj K(x,t)j K (t,t,)u(t, )dt,dt
= f(x)+/1_X[ K(x,t) f (t)dt +,12I KOG [ K, t) (¢, )dtdt

+...+z”j K(x,t)j K(tt,)...
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tho
X [ Kty ot ) F(t,)dt, o dtdt+ R (),
0
where,
X t th
Roo =A™ [KOGO[K (G 1)... [ Kt .t )utt, )dt,..dtdt
0 0 0

is the remainder after n terms. It can be easily shown that limR,,, = 0[14].

n—o0

Thus, the general series for u(Xx) can be written as

ux)=f(x)+ ij K(x,t) f (t)dt

Xt
+/12”K(x,t)K(t,tl)f(tl)dtldt
00

Xty
+ 2 [ [ [KOGOK G )K 1) F (t)dtdtdt +..

000

It is being noted that here, the unknown function u(x) in this method is substituted
by the given function f(X) that makes the assessment of the multiple integrals easily

computable.
In the next example, we will explain the technique of this method. Let us suppose

that we have the following equation
u(x)=1+ j u(t)dt, (4.9)
0
by substitute successively for u(x) its value as given by equation (4.9), we find that

u(x) =1+jdt+ﬁdt2 +'X[j
0 00 00

2 3

=l+X+—+—+..
2! 3

dt’ +...

O G <

X

=e".

4.1.1.6 The Laplace transform method

The general form of the Volterra integral equation of convolution type is
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u(x)= f(x)+ﬂjK(x—t)u(t)dt (4.10)

where the kernel K(x,t) is of convolution type. cos(X—t),(x—t),e*"

such kernel [2,4], [15].

are examples of

So, we can easily solve (4.10) by using the Laplace transform method.
The first step is assigned to begin the solution process, we determine the Laplace

transform of u(X)

L{u(x)}= Te’sxu(x)dx

By using the Laplace transform of the convolution integral, we get
L{ j K(x —t)u(t)dt} = LK) L{u(x)}
0

So, taking the Laplace transform of equation (4.10), we get
LuGof= L{F 00+ ALK O0fL U0
and the solution for L{u(x)} is given by

L{f ()

Huoo}= 1= AL{K (%)}

4.11)

by taking the inverse Laplace transform of both sides of (4.11) we will get the

solution u(x), where
u(x) = [p(x-t)f (Hydt (4.12)
0
where it is presumed that

4 1 _
: %—a‘{mm}}‘w'

The equation (4.12) is the solution of the second kind Volterra integral equation of
convolution type. The following example will illustrate the technique of this method.

Let us suppose that we have the following equation
u(x) =1-[(x=tu(tydt. (4.13)
0

Taking Laplace transform of both sides (4.13) gives
Liueoj= L{t}- Li-tiLfuos,
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thus
L{u(x)}:l—i2 L{u()},
S S

the solution for L{u(x)} is given by

s
241

L{u(x)}

(4.14)

By taking the inverse Laplace transform of both sides of (4.14), we will get the exact
solution

u(x)=cosx
4.1.1.7 The series solution method

We apply this method if u(X) is an analytic function, i.e. u(X) has a Taylor’s

expansion around x =0 [4].

Accordingly, we can express the function u(x) by a series expansion given by

u(x) = ianx” (4.15)

where the coefficients X and a are constants that are desired to be determined.
Substitution of equation (4.15) into (2.3) we get

> ax" = f(x)+ /’tj K(x,H)> a,t"dt

n=0 0 n=0
by using a few terms of the expansion in both sides, we get

a, +a,x+a, x> +a,x’ +..+a x" +...

=f(X)+ 1| K(x,t)a,dt + 1| K(x,t)a,tdt
0 1
0 0

+/1JK(x,t)aztzdt+...+in(x,t)ant”dt+.... (4.16)
0 0

The integral equation (2.3) will be converted to a traditional integral in (4.16) where
terms of the form t",n>0 will be integrated alternatively of integrating the
unknown function u(x) [5].

Notice that, if f(x) includes elementary functions such as exponential functions,

trigonometric functions, etc., then Taylor expansions for functions involved in f(X)
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must be used because we are seeking series solution. In the integral equation (4.16)
we first integrate the right side and then collect the coefficients of like powers of X.
Then, we equate the coefficients of like powers of X in both sides of the resulting

equation to get a recurrence relation in a,,n > 0. This will determine the unknown
coefficients a,,a,,a,,...,4,,...[4-5]. Accordingly, substituting these coefficients
a,,Nn >0, which are determined in equation (4.16), will get us the solution as a series

form.
We will solve the following example to illustrate the technique of this method. Let us

suppose that we have the following equation
u(x)=1-xsin X+ Itu(t)dt.
0

We will write the solutio U(X) and Xsin X in the form of Taylor series to find

3 X
X
A +aX+a,X> +a,X +..=1- x{x——+..)+'[t(a0 +at+a,t’ +a,t’ +..)dt
3|
: 0

Thus, integrating the right side and collecting the like terms of X we find
2 3 1 ERNE SARESDY S S
a, + X+ a,X +a,x +... =1+(§a0 -1x +§alx +(g+za2)x +....

Comparing the coefficients of the same power of X gives the following set of values

a, =1,
a, =0,
1 1
a, —an—l_—a,
1
a3 =§a1 :0,
1
a=—+—4a, :1’
and so on, generally
8y, =0,
a,, :ﬂ, n>o0.
2n)!

Hence, the solution is given by
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thus, the exact solution is

u(x)=cosx.

4.1.1.8 A special case of Volterra integral equation

In the second kind, Volterra equation (2.3) if the kernel K(X,t) can be written as [4]

K(x.t) :%

such that the equation takes the form
u(x)= f(x)+ Ajﬂu(t)dt
o Al

and upon dividing throughout by A(X) yields

v | _[10] 1 u
A(X) A(X) o LA®)

Now define

u _

A) u, (X)
and

fx_

A f,(x)

then equation (4.17) can be written as
ux)=f,(x)+ lj.ul (t)dt
0
Assuming that
u,(x) = jul (t)dt,
0

equation (4.18) can be reduced to an ordinary differential equation

du
d_XZ_ luz = f1 (X)

the general solution of which can be obtained as

(4.17)

(4.18)
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u, () = [’V f, (t)dt +C,. (4.19)
0
Using the initial condition u,(0) =0 at x =0, the equation (4.19) reduces to
U, (X) = je“x’” f (t)dt.
0

But,

du
u, x)= 2
dx
and so the above equation can be reduced to an integral equation in terms of u, by

differentiating according to the Leibnitz rule to yield
U, (x)=A j eV E (tdt + f,(t)
0

Hence, the solution to the original problem can be obtained multiplying throughout

by A(X)
u(x) = f(x)+ ;tje““’ f (t)dt.

Obviously, this formula can also be obtained by the previous method of successive

approximation.
4.1.2 Methods to solve the first kind of the Volterra integral equations

Before we explain methods to solve the first kind, we have to recall that the unknown

function u(x) arises only inside the integral sign for the first kind of the Volterra

integral equations. The usefulness in this section is to point out that, we have two
methods to convert Volterra integral equations of the first kind to the second kind.
So, after the conversion process, we can use the methods in which we presented
previously to solve Volterra integral equations of the second kind. In the next pages
of our research, we will explain two principle methods that are usually used for

solving the first kind of the Volterra integral equations [5].
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4.1.2.1 The series solution method

If the solution u(X) has derivatives of all orders, we will consider it to be analytic,

and it has Taylor series at X = 0[5]. So, the solution u(x) can be written as follows

u(x)=>y a,\x". (4.20)
n=0
By substituting (4.20) into (2.2) will be obtained
T(f00)= [KOub(@, +at+at’ +.)dt (4.21)
0

where the Taylor series for f(x) is T(f (X))

The idea in this method is the integral equation (2.2) which will be changed to an
imitative integral in (4.21), where terms of the form t",n>0 will be integrated
alternatively of integrating the unknown function u(X).

We have to note that, if f(X) contains elementary functions such as exponential

functions, trigonometric functions, etc., then Taylor expansions for functions

involved in f(X) must be used because we are seeking series solution.

In integral equation (4.21), we firstly integrate the right side and then collect the
coefficients of like powers of X. And the next step is to equate the coefficients of
like powers of X in both sides of the resulting equation to get a recurrence relation in

a,,n>=0. This will determine the unknown coefficients a,,a,,a,,...,a,,....

Accordingly, substituting these coefficients a,,n >0, which are determined in

equation (4.21), get us the solution as a series form.
4.1.2.2 The Laplace transform method

If the kernel K(x,t) is of convolution type, in other words, the the kernel K(x,t) in
the form of K(Xx—t1), then Volterra integral equation of the first kind can be written

as follows [5]

f(x)= jox K (x —t)u(t)dt. (4.22)
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The first step in this method is taking the Laplace transform of both sides of (4.22)
we get
F(s)=K(SU(9), (4.23)

where

U(s)=L{u(x)},

K(s) = L{K (%)},

F(s)=L{f (0}
Solving (4.23) for U(s) gives

U= g KO=0 (424)

By taking the inverse Laplace transform of both sides of (4.24), we will get the
solution u(x) where

_ 1 Fe
u(x)=_L {K(s)}'

4.1.3 Systems of Volterra integral equations

It is well known that the systems of integral equations (nonlinear or linear) arise in
the scientific applications in populations growth models, chemistry, physics, and
engineering.

The study of system of integral equation has attracted the attention of many
researchers in applied sciences. The general ideas and the fundamental attributes of

these systems are of extensive applicability [5].
4.1.3.1 Systems of Volterra integral equations of the second kind

The general form of Systems of Volterra Integral Equations of the Second Kind is
given by [5]
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u(x) = fl(x)+j(Kl(x,t)u(t) + K, (X, V(D) +.. )t
(4.25)

V(X) = fz(x)+j(K2(x,t)u(t) + K, (VD) +.jit

And we will use two methods to solve this systems.
4.1.3.1.1 The Adomian decomposition method

The technique for this method boils down to making each solution in the form of an

infinite sum of the components as follows [5]
UX) =D U (X), V(X)) =D v, (X), (4.26)
n=0 n=0

where u(x) and v(Xx) are determined recurrently.

By substitute (4.26) into (4.25) we get

U, (0= f1<x)+f[K1<x,t>iun<x)+ Kl(x,t)ivn(X)jdt

> v, (0= f2<x>+f(l<2<x,t)iun<x)+ &(x,t)ivn(x)jdt

the value of the zeroth components u,(Xx) and Vv,(X) are terms that are not included
under the integral sign

Uy (X) = f,(x)

V()= f,(%)

we can get the value of the other components by the following recursive relations

Uy, (X) = f1 )+ I(K1 (X, t)u, (1) + KI (X, 0V, (t))dt

Vot (0 = 1,00+ [ (K, 000, 0+ R (6,0, ()
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thus, after determining the value of the components U, (X) and v, (X), get a solution

through the equation (4.26). This method can be used in its standard form, or
combined with the noise terms phenomenon. Moreover, the modified decomposition

method will be used wherever it is appropriate.

4.1.3.1.2 The Laplace transform method

If the kernels K (X,t) and Izm(x,t), m =1,2 is of convolution type then, the system

(4.25) will be written in the following form [5]

u(x) = fl(x)+.x[(K1(x—t)u(t)+ K, (X—t)v(t) +...Jt

(4.27)
v(X)= f,(x)+ JX'(KZ(X —OU(t) + K, (X—tV(t) +...)t.
By taking Laplace transform of both sides of each equation in (4.27) get us
U(s)=F,(5)+ K (U () + K (s)V(s)
V(s) = F,(s) + K, (U (s) + K, (SV (s),
where
U(s)=Lux)} F(s)=L{f(0} K,(s)=L{K,x)}
K,(s) = LIK, (0} V (5) = Liv(o)),
F,(s) = L{fz(x)}a K,(s) = L{Kz(x)}’ }Zz (s)= L{Kz(x)}-
Thus
(1=K, (sHU(s) =F,(s)+ K, (S)V ()
(4.28)

(1= K, (9N (¥) = F,(5) + Ky (U (s).
Solving system (4.28) for U(s) and V(S) gives
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F.(5)+ K, (s)V(s)

YO K,(s)
(4.29)
V (S) — FZ (S) + KZ (S)U (S)
1- Kz (S)

The final step to get the solutions is done by taking the inverse Laplace transform of

both sides of each equation in (4.29)

100 = Ll{ Fi(s)+ K5V (s)}
1- Kl(s)

Vo0 = L { Fy(8)+ K,y (5 (s)}_
1- Kz(s)

Thus, the exact solutions are given by

(u(x),v(x))= (L-I{FI(SH IZI(S)V(S)}’ L_I{FZ(S) +K,(s)U (s)}}
-G 1=K, (s)

4.1.3.2 Systems of Volterra integral equations of the first kind

The general form of the systems of Volterra integral equations of the first kind can be

written as follows
f.(x) = j(Kl(x,t)u(t) + K, (X, V(D) +... )t
(4.30)

£,(x)= j(Kz(x,t)u(t) K, (G OV(D) + . )t

where the kernels K,(X,t) and }Zi(x,t), and the functions f,(Xx) are given real-

valued functions in advance, and Uu(X),v(X),... are functions that seek to be

determined. We have provided previously that, the unknown functions arise just

inside the integral sign for the Volterra integral equations of the first kind [5].
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4.1.3.2.1 Conversion to a Volterra system of the second kind

We have provided in chapter (2) that, there are two methods to convert Volterra
integral equations of the first kind to Volterra integral equations of the second kind.
We will use the first technique to convert system of Volterra integral equations of the
first kind to system of Volterra integral equations of the second kind.

By differentiating both sides of each equation in (4.30), and using Leibnitz rule, we

get
£1(x) = K, (%, )u(x) + K, (X, X)V(X)

+ (K, xubu) + K, (v +. it
£1(X) = K, (X, X)u(x) + K, (X, X)V(X)

* on (sz (x, Hu(t) + sz (X, Hv(t) + )jt

That can be rewritten as

() — K, (X, X)V(X)

1= K, (X, X)
1 x _
- K, (X,X) J.o (le (x,Hu®) + K, (x,Hv(t) + )jt
V(X) = f;(x) _NKZ(X’ X)U(X)
K, (X, X)
1

o [} (K, (x.Hu) + K, (v +..pit.

The last system is a system of Volterra integral equations of the second kind. This
system can be handled by many different methods such as, Laplace transform

method as we have explained previously. Here it is useful and necessary to recall that
which must be K,(X,X)#0 and IZZ(X, X) # 0 for the system to be converted to a

system of Volterra integral equations of the second kind. But if K,(X,X)=0 and

IZZ(X, X) =0, we can do the derivation process again [5].
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4.2 Methods to Solve Nonlinear Volterra Integral Equations

Our aim in this section is to study the nonlinear Volterra integral equations of the

first and the second kind. The unknown function u(x) arises outside and inside the

integral sign in the nonlinear Volterra integral equations of the second kind. The

general form of nonlinear Volterra integral equation of the second kind is
u(x) = f(x)+/1j0XK(x,t)F(u(t))dt. 431)

While, the nonlinear function F(u(x)) arises only inside the integral sign in the

nonlinear Volterra integral equations of the first kind. The general form of nonlinear

Volterra integral equation of the first kind is
f(x)= Ajox K (x,t)F (u(t))dt. (4.32)

The function f(Xx) and the kernel K(x,t), in these two kinds of equations are given

real-valued functions and F(u(X)) is a nonlinear function of u(X) such as, sin(u(x)),

e"™ and u*(x) [5].
4.2.1 Nonlinear Volterra integral equations of the second kind

In this section, we will use three different methods to solve the nonlinear Volterra
itegral equation (4.31). These methods are the successive approximations method,

the series solution method, and the Adomian decomposition method (ADM).
4.2.1.1 The successive approximations method

Technique of this method is to start with an initial guess which is called zeroth
approximation to finding successive approximations to the solution u(x). Any real-
valued function to suffice for the zeroth approximation that will be used in a
recurrence relation to get the other approximations. Suppose that, we have the
following nonlinear Volterra integral equation of the second kind (4.31), the

recurrence relation [5]
U, (x)= f(x)+/1j0XK(x,t)F(un(t))dt (4.33)
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will be used to get the unknown function u(x). Where, any real- valued function to
suffice for the zeroth approximation U,(X), often we use X, 0, or 1 for u,(x). By
using this value of u,(X) into (4.33), several successive approximations U,,n =1

will be determined in the following
u,(x)=f(x)+ /IIOXK(x,t)F(uo(t))dt
U, () = £ 00+ [ KOGHF (u (D))t

us(x) = f(x)+/1j0XK(x,t)F(u2(t))dt

U, (x)=f(x)+ /IIOX K(x,t)F (u,(t))dt
by using
u(x)=limu,, (x)

the solution u(x) is obtained.

4.2.1.2 The series solution method

We apply this method if u(X) is an analytic function, i.e. u(X) has a Taylor’s

expansion around x =0 [5].

Accordingly, we can express the function U(x) by a series expansion given by
ue) => a,x" (4.34)
n=0

where the coefficients a, will be determined recurrently. By substituting (4.34) into

both sides of (4.31) we get
a, +a,x+a,x> +..=T(f(x)) +j K(x,t)(F(aO +at+ant’ +...))1lt (4.35)
0

where the Taylor series for f(x) is T(f(X)).
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The integral equation (4.31) will be changed to an imitative integral in (4.35) where
terms of the form t",n>0 will be integrated alternatively of integrating the
unknown function F (u(x)).

We have to note that, if f(X) contains elementary functions such as exponential
functions, trigonometric functions, etc., then, Taylor's expansions for functions
involved in f(X) must be used because we are seeking series solution.

In itegral equation (4.35) we firstly integrate the right side and then collect the
coefficients of like powers of X. And the next step is to equate the coefficients of
like powers of X in both sides of the resulting equation to get a recurrence relation in

a;, ] >0. This will give us a complete determination of the unknown coefficients

a,,8,,a,,...,a,,.... Accordingly, substituting these coefficients a,,n>0 which are

determined in equation (4.35), that gets us the solution as a series form.

4.2.1.3 The Adomian decomposition method

In this method, the unknown function u(x) is commonly decomposes into an infinite
sum of components that will be determined recursively by iterations as debate before.
The nonlinear terms such as U’,u®,cosu,e", etc. that arise in the equation must be
expressed by a particular representation which is named the Adomian polynomials
D,,n>0. Adomian gives us a formal algorithm to establish an authoritative
representation for all nonlinear terms forms. The Adomian technique remains the
usually used one to evaluate Adomian polynomials in spite of the development of
other techniques.

To handle the nonlinear integral equations in an authoritative way, we will use the
Adomian algorithm to evaluate Adomian polynomials [5].

To explain the technique for this method, suppose that, we have the nonlinear
Volterra integral equations of the second kind (4.31) and we assumed that, the
function f(x) and the kernel K(x,t) are analytical functions. The standard

technique for this method is started by decomposing u(x) in (4.31) into

U,,U,,U,,U;,..., and assuming that
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rLi_I)I}Q{in(X)} =u(x)
j
and we set

F(u)= i D,

for the non-linear function F(u), where D, ,(m>0) are particular polynomials

known as Adomian polynomials [16]. In [5], close formulas of these polynomials,

for any non-linear function F(u) introduced as follow

D, =~ I E[ S || m=012...
m!dA ) o

in other words, the Adomian polynomials D, is defined by

Do = F(uo)
D, =u,F'(u,)

’ 1 n
D, =u,F (u0)+5ufF uy)
1 n 1 "t
D, =u,F'(u,)+u,u,F (u0)+§ufF (u,)

D, =u,F'(u,) + (%uj + u1u3)F”(u0) +%ufu2F”’(u0) +%ul“F(”)(u0).
Thus, equation (4.31) is read as follows

S, (0= f(0+] (K(x,ni Dm(uo,ul,uz,u3,...,um>jdt
m=0 0 m=0
now let

Uy (x) = F(¥)

and we can get the U;(X), j =1,2,... by using the recurrent formula

U (0 = [ KOGDD, (uy ()., (0, U, (0ot (D) B (4.36)

Therefore, the solution of the integral equation (4.31) in the series form that can be
determined forthwith by using (4.36).
As for the modified Adomian method, there are two techniques [16], in the first

modified technique we assume that, the function f(X) can be splitted as follows
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fO) =)+ f,(x)

then, we calculate the value of u,(X),u,(X) as following

Uy (¥) = f,(X)

u,(x)=f,(x)+ 'X[ K(x,t)D, (t)dt

Upy (X) = 'X[ K(x,t)D,,(t)dt,m>1.

The idea of the second modified technique is replacing the function f(X) by a series
of infinite components. It is obvious to express that, in [17] the function f(X) in

terms of the Taylor series and introduces the recursive formula

Uy(X) = f,(X)
Up (X) =, +I K(x,t)D, (t)dt,m>0

where f,(x),(j=0,1,2,...,m) represents the Taylor series components of f (x).

In [17-18] the modified technique reduces the computational difficulties and

accelerates the convergence which is better than the standard Adomian technique.
4.2.2 Nonlinear Volterra integral equations of the first kind

The first stept to solve equation (4.32) is done by converting it to a linear Volterra

integral equation of the first kind of the form
f(x)=A jox K (x,t)v(t)dt (4.37)

by using the transformation
v(t) = F(u(t))
Consequently, this means
u(t) = F ' (v(t))
And we can use any method that we studied to solve the Volterra integral equation of

the first kind (4.37) [5].
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4.2.2.1 The Laplace transform method

The technique of this method is the same technique that has been used in the method
of Laplace transform for solving Volterra integral equations of the second and the
first kinds. We presume that, the kernel K(x,t) is a difference kernel [5].
We will get

L{f 00} = LIK(x =)} x L{v(x)}
By taking the Laplace transforms of both sides of equation (4.37).
Thus

V(s)= % (4.38)

where
V(s) = Ljv(x)},
F(s)=L{f(x)},
K(s) = L{K ()}

To get v(Xx) we taking the inverse Laplace transform of both sides of (4.38)
v =L
K(s)
thus, by using
u(t)=F " (v(t)

The solution u(Xx) is obtained.

4.2.2.2 Conversion to a Volterra equation of the second kind

There are two steps to convert the nonlinear Volterra integral equation of the first
kind (4.32) to a Volterra integral equations of the second kind. Where the first step is
to convert the nonlinear Volterra integral equation of the first kind to a linear
Volterra integral equation of the first kind as explained in the previous section. The
second step is to convert a linear Volterra integral equation of the first kind to a

linear Volterra integral equation of the second kind as explained in chapter (2).
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After completion of the conversion process we can use one of the methods that have
been presented in this research to solve linear Volterra integral equation of the

second kind [5].
4.2.3 Systems of nonlinear Volterra integral equations

In this section we will study the systems of nonlinear Volterra integral equations of
the second kind and the first kind. Commonly to handle the two kinds of systems
many analytical and numerical methods are used. However, to handle the nonlinear
Volterra integral equations of the second kind and the first kind, we will use the

successive approximations method and the Adomian decomposition method [5].
4.2.3.1 Systems of nonlinear Volterra integral equations of the second kind

The general form of system of nonlinear Volterra integral equations of the second

kind given by

U0 = 1,00+ [ (K, (6 OF () + K D (vt et
(4.39)

V00 = 00+ [ (K DR () + K (x HF, (vt it

The functions F, and IEI for i =1,2 are nonlinear functions of u(x) and v(x). The

function f;(X) and the kernels K;(X,t) and Izi(x,t) are given real-valued functions,
for i =12. The unknown functions u(x) and v(x), that will be determined, arise
outside and inside the integral sign [5].

Every solution decomposes as an infinite sum of components as presented before. In
Adomian decomposition method where these components are determined
recurrently. This method can be used in its standard form or combined with the noise
terms phenomenon. Moreover, the modified decomposition method will be used
wherever it is appropriate.

The technique of this method to solve system (4.39) as follows

first, we express U(X) and V(X) in the form of a series
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u(x) =Y u,(x)
and
V()= 3V, (%)

For the non linear functions F(u) and F(v) we set

F(u)=icn

Fw)=3D,

where C,, D, are the Adomian polynomials which we have explained in a previous

section. Thus system (4.39) becomes

Uy (X)+ U, (X) +...= f,(X) +IOX(K1(x,t)iCn(t) + Kl(x,t)i D, (t)Jdt

Vo(X)+V,(X)+...= f,(X) +IOX(K2(x,t)iCn(t) + Kz(x,t)i D, (t)jdt

then we set
U, (x) = f,(x)
to obtain the other components of the solution u,(X), we will use the following

recursive relations

U (00 = (K, (D, (1) + K, (x, D, (D)t
similarly

Vo(¥) = f,(X)

Vo ()= 1K, (6D, 0+ K, (. )D, () it

the solution u(x) is obtained by
lim{z u, (x)}
Similarly, the solution v(X) is obtained by

ggg{ivmu)}
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4.2.3.2 Systems of nonlinear Volterra integral equations of the first kind

The general form of the systems of nonlinear Volterra integral equations of the first
kind is given by
foo= (K, (O, () + K, (. O F, (v(t) bt
(4.40)

00 = [ (K, (DR, () + K, (O, (v(t) bt

where the functions f;(X) and the kernels K, (x,t) and Izi(x,t) are given real-valued
functions. So, the unknown functions u(x) and v(x), that will be determined which

arise just inside the integral sign for the Volterra integral equations of the first kind.
We need firstly to convert this system to a system of nonlinear Volterra integral
equation of the second kind. The conversion process is done by differentiating both
sides of each portion of the system and using Leibnitz rule [5].

Differentiating both sides of each equation in (4.40), and using Leibnitz rule, we get

/(%) = K, (X, x)u(x) + K, (X, X) F, (V(X))
+f (K, () + K, 06HF (vt it
£(x) = K, (%, X)F, (u(x)) + K, (X, X)v(x)

+ [ (K, LDR () + K, (VD it

That can be rewritten as

f(x) = K, (x, X)F, (v(x))

u(x) = <o
1 X _ N
_ K](X, X) '[0 ( Iy (X,t)u(t)+ le (X’t)Fl (V(t)))jt
V(X) _ fz,(x) - KZ(X, )()F2 (U(X))
Kz(x, X)
1 X N
_ KZ(X, X) J.O ( 2, (X,t) F2 (U(t)) + K2X (X,t)V(t))j]t‘
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The last system is a system of nonlinear Volterra integral equations of the second
kind. This system can be handled by many different methods.

Here are useful and necessary to recall that which is must be K,(X,X)#0 and
Rz (X, X) # 0 for the system to be converted to a system of Volterra integral equations
of the second kind.

But if K,(X,X)=0 and IZZ(X, X) = 0, we can do the derivation process again [5].
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CHAPTER 5
THE SINGULAR VOLTERRA INTEGRAL EQUATIONS

It is evident that, there are variables of scientific applications in order to deal with
such brand of equations such as radar ranging, bio-mechanics, satellite photometry
and seismology [19-20].

In the integral equation of the first kind
B(x)
f(x)= +ﬂ,j o, Keabuat, (5.1)
a (X
or the integral equation of the second kind
B(x)
Uu(x) = f(x)+ﬂ,j ., K(x.bu(tt, (5.2)
a(X

if the kernel K(X,t) becomes infinite at one or more points in the domain of
integration then, the equations (5.1) and (5.2) is called singular. In addition, if £(X)
or a(X), or both limits of integration are infinite then the equations (5.1) and (5.2)

are also called singular equations.
The following are examples of the first type and second type of singular integral

equations, respectively [4-5]
U(x) = e* + J': K (x,t)u(t)dt

-l

u(t)dt.

5.1 Abel’s Problem

The general form of Abel’s integral equations is given by [5,21]
1

f(x)= jox — u(t)dt. (5.3)
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At the same time, the equation (5.3) is Volterra integral equation of the first kind

with

K(x,t):m,

where
K(x,t) >, as t—>Xx
To get the solution of equation (5.3), we will use the Laplace transform method [4].

Taking the Laplace transform of both sides of the above equation which yields

L{F(0)= L{ [ \/‘% dt}

Using the convolution theorem and after a little reduction, the transformed equation

can be written in a simple form

Js
Luo}= N L{f (0}
Here, we have used the result of
re)=vr.

The above transform cannot be inverted as it stands now.We rewrite the equation as

follows:

Lu(x)}= %[ﬁ L{f(X)}}

Using the convolution theorem, it can be at once inverted to yield

u(x) = ﬁ L‘I{S{% L{f (X)}}}

1

1 d1
== f (t)dt
\/;dxlx/;«/x—t ©
:lij f© dt
dxy/x—t

Note that, the Leibnitz rule of differentiation cannot be used in the above integral.
So, we have to integrate the integral firstly and then to take the derivative with
respect to X.

Then this gives
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u(x) =%%{— 2(Vx=tf ()

3+2j\/x—t f ’(t)dt}

ﬁ&ox—t

This is the desired solution of Abel’s problem [4].

:1{w+j KO dt}

5.2 The Generalized Abel’s Integral Equation of the First Kind

The integral equation is given by [2-4], [5,21]

j HO® _f 0, 0<a<l
o (X=1)
Taking the Laplace transform of both sides with the help of convolution theorem,
we obtain
L JLuo}= L{f (0}
or

S Luoo)= L o)

Thus, to rearranging the terms we have

Liu(x)}= ml_a) s{sia L{f (x)}}. (5.4)

By using the convolution theorem of Laplace transform, the equation (5.4) can be

obtained as

1 d [ .
U(X)_m&{l (x—1) f(t)dt}

_sin(za) d | (X=t)*
= { — f(t)

T dx

o +ii(x—t)“ f '(t)dt}
2 0

_ sin(ﬂ'a)i{(x)a f(0)+lji(x—t)“ f'(t)dt}
T a a

dx 0

_ sin(ﬂa){ f(0), t_f'®at }

T X7 (x=t)'™
This is the desired solution of the integral equation.
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Here, it is to be noted that,
()T (1 - ) = SN,
The definition of Gamma function is [4]

r(n)= '[e’xx“"dx.
0

5.3 Abel’s Problem of the Second Kind Integral Equation

The second kind Volterra equation in terms of Abel’s integral equation is written as

u(x) = f(x)+ J’OXK(x,t)u(t)dt,

- f(x)+jox \/L% dt (5.5)

The solution of this integral is attributed by the convolution theorem of Laplace
transform [4].

Taking the Laplace transform of both sides of (5.5)
1

Liu(X)y=Lif(X)s+ Ly—=rLu(x

w0} = Lif (0] {&}{()}

- L{f(x>}+%L{u(x)}

and after reduction, this can be expressed as

L{u<x>}={ Iz }L{ﬂx)}

N
_ Jr
= L{f (0f+ {W}L{f 0} (5.6)
The inversion of equation (5.6) is given by
u(x) = f(x)+joxg(t)f(x—t)dt, (5.7)

where,
g(x)=L" L )
% —x
In reference [22], the Laplace inverse of
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R
Nl
can be obtained from the formula

L {%} =¥ {ﬁ + bebzxerfc(—b\/;}.

In our problem, a=0,b= Jr andso

L {L} ~Jz {% + \/;e”xerfc(—\/ﬂ)}

here, it is noted that,
erfo(—/Ax) = (V).

Hence,

N R

Thus, the solution of the problem is given by equation (5.7) [4].

g(x)=L" {L} = @{L + ﬁe’“erfc(—ﬁ)}

5.4 The Weakly-Singular Volterra Equation

The general form of weakly-singular Volterra-type integral equations of the second
kind, is [4-5]

x A
u(x)=f (x)+_.'0 Tt

X—1

u(t)dt (5.8)

arises frequently in many applications of chemistry and mathematical physics like
electrochemistry, heat conduction, and crystal growth. In (5.8) A1 is a constant
parameter. We will ensure access to a unique solution for equation (5.8), because we

assume that, the function f(X) is sufficiently smooth.

The kernel
K(x,t)= ;
T Ix—t

is a singular kernel.
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We shall use the decomposition method to evaluate this integral equation. To

determine the solution, we usually adopt the decomposition in the series form

W00 = YU, (%), (59)

into both sides of equation (5.7) to get

iun(x)z f(x)ﬂﬁ(i un(t)jdt.

The components u,u,,U,,.. are immediately determined upon applying the
following recurrence relations
Uy (X) = f(x),

ul(X) = IOX Xﬂv—t

u,(t)dt

u,(x) = j:%ul(t)dt

u, (X) = J:%unl (t)dt

It is easy to get into the solution u(x) of equation (5.8) when we determine the
components U,,U,,U,,U,,..., etc. in the form of a rapid convergence power series by
substituting the derived components in equation (5.9).

It is important to note that, the noise terms may appear between various components
u(x), and by canceling these noise terms between the components U,(X) and U, (X)
which may give the exact solution that should be justified through substitution.
Commonly, the appearance of these terms minimizes the size of the computational
work and speeds the convergence of the solution. The use of modified decomposition

method would be appropriate for us sometimes [4-5].
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CHAPTER 6

CONCLUSION

It is worth of note that, differential equations and integral equations are the most
significant types of mathematical equation that occur naturally in the sciences to help
us to understand the natural phenomena and modeling them, mathematically. It
turned out that, numerous significant phenomena in electrical engineering, dynamical
systems of economics, and biology can be modeled by Volterr type integral

equations.

Since Volterra started his work on integral equations, the theory of Volterra type
integral equations have attracted the attentions of many scientists. These scientists
worked in terms of the development of this theory and its applications in numerous

disciplines.

In this thesis, the researcher studied the existence and uniqueness theorems of
Volterra type equations and discussed some methods that solve linear and nonlinear
Volterra integral equations. Systems of these equations are discussed as well. So, this
thesis can be considered as a survey on methods of solutions of Volterra type

equations and systems of both linear and nonlinear.

The study conductor hopes in this research is to enlighten the students in this huge

fields to work forwardly on Volterra type equations.
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