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ABSTRACT

ON GENERATING FUNCTIONS

GATEA, Khulood
M.Sc., Department of Mathematics and Computer Science
Supervisor: Prof. Dr. Billur KAYMAKCALAN

November 2014, 46 pages

The Generating Functions play very important role in many areas of Mathematics for
they lead as to explore the properties of functions that they generate.

In this thesis, definitions of generating functions and their kinds and properties are
presented. Their relations to some special functions are discussed. Moreover, and

applications of generating functions in several areas of Mathematics are discussed.

Keywords: Generating Functions, Bernoulli Polynomials, Orthogonal Polynomials.
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UZERINDE URETEN FONKSIiYONLAR

GATEA, Khulood
Yuksek Lisans, Matematik-Bilgisayar Anabilim Dali
Tez Yoneticisi: Prof. Dr. Billur KAYMAKCALAN
Kasim 2014, 46 sayfa

Ureten fonksiyonlar, iirettikleri fonksiyonlarin ozelliklerinin arastirilmalarina
yardimci olduklart i¢in, matematigin her alaninda ¢ok dnemli rol oynarlar.

Bu tezde iireten fonksiyonlarin tanimlari, tiirleri ve 6zellikleri sunulmaktadir. Bazi
Ozel fonksiyonlarla iliskileri irdelenmistir. Ayrica, matematigin bazi alanlarindaki

iireten fonksiyonlarin uygulamalar tartisilmastir.

Anahtar Kelimeler: Ureten Fonksiyonlar, Bernoulli Polinomlar1, Dik Polinomlari.
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CHAPTER 1

INTRODUCTION

1.1 Background

Generating functions are clotheslines on which we hang up a sequence of numbers
for display. These functions provide a powerful tool for solving recursively defined
and combinatorial problems. They were invented in 1718 by the French
mathematician Abraham De Moivre (1667-1754), when he used them to solve the
Fibonacci recurrence relation F,=F,1+F,,. Then they were developed by Euler in
1748 in connection with partition problems, and were extensively treated in the late
eighteenth century and early nineteenth century by Laplace. Who gave them their
name and their first systematic treatment in the course of his great work on the theory
of Probability. Since then, applications have been developed in many areas of

mathematics and physical problems. [1]

These functions are bridges between discrete mathematics, on one hand, and
continuous analysis on the other. They can be tools to solve discrete problems as well
as differential equations [2]. They play an important role in the investigation of
various useful properties of the sequence which they generate. They are used as Z-
transforms in solving certain classes of difference equations which arise in a wide
variety of problems in operations research (including for example, queuing theory

and related stochastic process).[3]

Generating Functions admit a natural splitting into classes. The simplest is the class
of rational functions. It is well studied and huge bunch of problems leading to
rational generating functions is known. The classical orthogonal polynomials

including, for example, Lengendre, Tchebychev, Laguerre and Hermite polynomials
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orthogonal polynomials were developed in the late 19" century and their various
generalizations studied in recent years.

The generalized hyper-geometric polynomials of Bateman, Bedient, Brafman,
Fasenmyer, Gould Hopper, Mittage-leffler, Rice, Shively, Sylvester and others, a
familiar lagrange polynomials (which arise in certain problems in statistics) and so
on [1].

The existence of generating function for a sequence {f,.} of numbers or functions
may be useful for finding X;-;f. by such summability methods as those due to
Abel and Cesaro [1]. Generating functions are used also to count selections and
arrangements with limited repetition, solutions of linear equations, distributions, and
partitions of an integer n. Ordinary generating functions are used to count
distributions of identical objects and arrangements where the order is not important.
On the other hand, exponential generating functions are used to count distributions of
different objects and arrangements where the order is important [4].

Generating functions are also standard topic in most combinatorics. Without
generating functions it is possible to turn in one of the following directions. More
generally, the subject of generating functions belongs to the domain of operational
methods which are widely used in the theory of differential and integral equations.
Algebraic generating functions also appear frequently. In the beginning of 1960s
Schiitzenberger showed that their non-commutative analogues arise naturally as
language generated by unambiguous formal grammars. However, the class of
algebraic functions (in contrast to that of rational ones) is not closed under the
natural operation of the Hadamard product. Generally, the Hadamard product of two
algebraic functions is an algebro-logarithmic function and the class of algebro-
logarithmic functions, which is closed under the Hadamard products seems to be
natural [5].

This thesis maybe considered as a survey on generating functions and some of their
applications. To the extent of our knowledge, there is no work on generating

function, which contains more knowledge on these functions than this work.



1.2. Organization of the Thesis

This thesis contains four chapters and conclusion. All the necessary information
about the Generating Functions, definitions, theorems, examples, properties,some
Special Functions and some applications on Generating Functions.

Chapter 1 is an introduction to the history and background to the Generating
Functions.

In chapter 2, we will present some definitions and properties of generating functions.
In chapter 3, the relation between generating functions and some Special Functions
are discussed.

In chapter 4, some applications of generating functions are mentioned.

Chapter 5 is devoted to the conclusion.



CHAPTER 2

DEFINITIONS AND PROPERTIES OF GENERATING FUNCTIONS

Definition 2.1 [5]

The generating function for the infinite sequence of real numbers < ay,a4,...>
IS the power series

G(X)=ag+a, X+a,X>+. .. =ty a4, x" (2.1)

Example 2.1.1. [3]
The famous Fibonacci sequence is defined by its first two terms f,=f; = 1 and the
relation

farz = fasr + fu- (2.2)

This relation allows one to easily produce the first few terms of the Fibonacci
1,1,2,3,5,8,13,21,34...;
Starting with f,, each element of this sequence is the sum of the two preceding

elements. To compute the generating function

Fib(s)=1+s+25°+3s? + 55% + -, (2.3)
Let us multiply both parts of Eq. (2.3) by s+s*. We obtain

(s+s°) Fib(s) = s+s? + 25 + 35* + 555 + -~
+52+ 5% +25% + 355+ -
= s+25° + 35 + 557 + 85° + -,



Or
(s+s%) Fib(s) = Fib(s)-1,

Whence
1

1-5—35%"

Fib(s) = (2.4)

For functions of two variables we have the following definition

Definition 2.2. [6]
Let {¥, (1)} be a sequence of (possibly constant) functions. If there is a function

g(t,x) such that:
g(tx) = X _ Y, (D2 (2.5)

For all x in an open interval about zero, then g is called “generating function™ for

{¥ (9}

Examples 2.2.1. [7]
The following are simple examples of generating functions
1) Foreach ne N*, let{a,.} be the sequence where

a, _{1, ifr=n

|0, otherwise
That is,
(a,)=(0,0...,0,1,0,0,...)

Then, the generating function for {a,.) is x".

2) The generating function for the sequence((3). (3). ... (%).0,0,...} is

T

Z (f}xr =(1+=x)"

r=0

3) The generating function for the sequence (1,1,1,...) is



1
1+xX4+X2+, . = —
1—x

More generally function for the sequence{l.k k?,..), where k is an arbitrary

constant, is

14 kx4 k2x2 k3 %+ . =

1—kx

4) The generating function for the sequence{1,2,3,...} is

1

1+ Ex-l- 3x‘+...= m

5) The generating function for the sequence

() (707 is
T () xm = -

(1—=)"

Formula (2, 3, 4, 5) are very useful in finding the coefficients of generating

functions.

6) Suppose that a, = kik =0,12,...then

G(x) =%+ lix —|-%3t:2 —I-%xa-l-...

G(x)= ¢* for all values of x.

7) Suppose that G(x)=x sinx? is the ordinary generating function for the sequence
{a,). Tofind a,,

GG = x[x: — 5@+ (XEJE] =G6() =x%— a7 +ox

Thus, we see that a, is the k™ term of the sequence,

0,0,0,1,0,0,0 — Ei 0,0,0, 53 0,...

8) There is available an unlimited number of pennies, nickels, quarters and

generating function g(x) for the number h,,of ways of making n cents with these
pieces? The number h, equals the number of non-negative integral solutions of

the equations e,+5e,+10e;+25e,+50e-=n



1 1 1 1

1-x% 1—x*" 1-x%% 1-x57

The generating function is g(x) = ;—x

el ¢ +w53 + -, Where n!=1.2.3...n and

9][1+s]°‘=1+%5+

is an arbitrary complex numbers. Coefficients in this generating function are called

selme—1)..(—n+1)

n!

the binomial coefficient is denoted by [:) =
1 = = 1 3 amwt

10) In () = s +3573s% +

11) Sins=s — ;EE + 555 4o

12) Coss=1— —s® + —s*_..

Theorem 2.3. (Operations on Generating Functions)

Let A(X) and B(x) be, respectively, the generating functions for the sequence (a,.)
and (b,.).[8] Then
(i.) For any numbers o and B,<A(x)+ SB(x) is the
generating function for the sequence (cr), where cr =< a,. + [ br, for
allr;
(ii.) A(X)B(x) is the generating function for the sequence
(c,),where, c.=agb, +a;b,_; +a,b._, +...+a,_ b+a by, forallr,
(i) A?(x) is the generating function for the sequence (c,),

where ¢,.=aga,.+a,a,._;+ a,a,._,+.. +a,_ja, + a.ag, forallr;

(iv.) x™ A (x) is the generating function for the sequence (c,.),
_ { 0 if0o=r=m-—1
& = Qp_,, LfTZ=m;
(v.) A(kx), where k is a constant, is the generating function for

the sequence (¢,.), where

¢, = k"a,, forallr;



(vi.) (1-x)A(X) is the generating function for the sequence (c,.),
where
cy=a, and ¢,=a,-a,_4, forall r = 1;
ie., (c,.)=(ag, a; —ag, a, — aq,...);

(vii.) ‘:%f is the generating function for the sequence (c,.), where
c,=ag+a,+...+a,, forallr;
i.e,(c,)=( ay,aptay,atas+a,,...);

(viil.) A'(X) is the generating function for the sequence (c,),,
where ¢,., =(r+1)a,..,, forall r;

ie., (c.) = (ay,2a,,3a,,...);
(ix.) xA'(x) is the generating function for the sequence (c,.),

where

c,.= ra,, forall r;

ie., (c.) =(0,a,,2a,,3a,,...);

(X.)J:;r A(t)dt is the generating function for the sequence (c,.), where

;=0 and ¢, = %,fﬂr allr = 1,

ie. (c,) = (O,a,},%,?, )

proof:

(1),(i1) and(v) follow directly from the definition whereas (iii),(iv) and(vi) are special
cases of (ii). Also, (viii), (ix) and(x) are straightforward. We shall prove (vii) only.
(vii) by == 1+ x + x? + - Thus

Alx)

1-x o

=ay + (ag+adx + (ag + ay + az)x® +--,

(ap +a,x +ax*+ )1 +x+x*+-)

Hence,
A

1-x



Is the generating function for the sequence (c,.) where

C,=Qg+a,++.. +a,.+,

2.4. Permutations

2.4.1 The number of ways in this theorem

Theorem 2.4.2 [7] Forall r, n € IN, with r< n,
P(n, r) = n(n-1)(n-2)...(n-r+1),
That is

n!

P(n, 1) = (2.6)

(m—r)yl’

Proof:
When we choose r objects in order from n objects, the first object can be chosen
in n ways, leaving n-1 choices for the second object, and so on. After r-1 objects
have been chosen there remain n-(r-1) = n-r+1 objects from which to make the r™
choice. Hence, by the principle of multiplication of choices, the total number of
ways of making these choices is

nXxn-1)x..x(n—r+1).

This number can be rewritten as

nin—1)..(n—r+1}{n-riin—-r—1)..2x1
(n—rlin—r—1)..2x1

And using the factorial notation, we can write this expression succinctly as

n!

(n—r)

By theorem 2.6 the number of ways of doing this is

P(n, n) = :—: n!

So we have:



Theorem 2.4.3 [8] The number of permutations of n objects is n!.
the values of n! grow very fast. Even for quite small values of n, n! is very large.
For example 10!=3628800, and 100! is larger than 10**"

2.5. Combinations [8]
Algebraic proofs of the chief properties of the Binomial coefficients

Theorem 2.6. [8] Forall r,n € |N,withr <n,

cln,r) = ™ 2.7)

(n—r) !

Proof:

We have already discovered that the number of ways in which r objects can be
chosen, in order, from n objects is given by P (n, r) = ni—r} A set of r objects can

be ordered in r! different ways. Thus, P (n, r) gives the number of r-element subsets
of n objects, when each r-element subset is counted r! times. Hence the number of

different r-element subset is

plnr) n!

r! (m—r)ir’

The numbers C(n, r) are very well known. They are usually called binomial
coefficients.

Theorem 2.7. [8, 9] For all r,n € IN, with r < n, we have
C(n,r) = C(n,n —r).

Proof:

Deciding which r objects to select from a set of n objects amounts to exactly the
same thing as deciding which n-r objects not to select. Hence, the

number of ways of choosing r objects from n is the same as the number of ways of

choosing n-r objects from n.

10



2.8. The Binomial Theorem [5, 9, 10]

We begin with the following simplest form of the binomial theorem discovered by
Issac Newton (1646-1727) in 1676.

Theorem 2.9. Let X, y be a real number and for any integer number non negative
n=0 (x+y)" = [:E}x” + [f)x”_l}r + [;’)x”_z}rz + -+ [nfl)x y*l 4 [:)}F”

XN (P (2.8)

Proof:
By using mathematical induction for n. The theorem is true when n=0 because the

left side equal (x+y)°=1. Suppose veracity of the theorem when n = k = 0, so that :

x+y) = ()" + (D" + (a2 + -+ ()y*. We want to proof the

veracity of the theorem when n=k+1. So we want to proof

(X+}T:]k+1 — [k;l)xk+1 + [kIl)xk}F_i_ [k:l)xk—l}rﬂ 44 [:Ii)yk+1

notice that:

(x+y)

k+1

=(x+y) (x+y)"

And from the hypothesis induction

(x+y) = e+ 0[(E)x" + )"y + ()2 + -+ ()v*]

()l

11



— [l-:-l}l-l)xk+1 + (k:l)xk}r_l_ (k;l)xk—l}rﬂ + -+ [:Ii)}rk+1

We get the final equal by using Pascal’s identity.
Note that the number of different terms in factorial (x+y)" equal n+1. Called the

kik—1)

series 1+ loe + X0 2 4 KD lemntt)

x™ + .-, (The Binomial Series), and
from calculus we know if was [x|<1 then for all real number k€ R it will be
(I+x)*=14+ke+5ED 244

= Zo()x"

kik—1)..lk—n+l) 5
—_——— X

_|_ nw

0 = 0
1 gom=10
klk—1).ik—n+1)

n!

Such that n integer number and [i) =
;=0

It is Generalized Binomial coefficients in purpose of using in generating functions.
We find now factorial (1-x)™ such that is positive integer number as following:

(1= %)= T 70" = Tpno (D (7)) x"

=14+ Z:::l(_l:]n I:_nﬂl:_m_ﬂ"":_m_”+1}xn

n!

(ml(m+1)..[m+n —1}x -
n!

=1+X7

(m+n—1)..(m+ 1}mx "

n!

=1+27

=1+ 27 (") x"

_ mitn—1 n
- n:D[ n )x

About Binomial coefficients leads to a very well —known method for calculating

their values:

12



Theorem 2.10. [8] For all n,r € IN, with r < n, we have

Cln+1,r)=C(nr)+ C(nr—1).

Proof:
Again we emphasize that our aim is to give a proof of this formula. An algebraic
proof, using the formula for the binomial coefficients is very straightforward, but
hides the meaning of the formula.
Let X be a set containing n+1 objects. We count the number of ways of choosing a
subset of r objects from X. let a be one particular fixed element of X. we divide the
r-element subsets of X into two classes.
The first class consists of those r-element subsets of X which do not include a. such
subsets are made up of r elements chosen from n-element set X\{a}, and hence there
are C(n, r) sets in this class.
The second class consists of those r-element subsets which include a. Such subset
consists of a and r-1 elements chosen from the n-element set X\{a}. Thus there are
C(n,r-1) elements in this class.
These two classes between them include all the r-element subsets of X and no r-
element subset is in both classes. Hence C(n+1,r), the number of r-element subsets of
X, is given by

C (n+1,r) =C(n, r) + C(n,r-1).

Theorem 2.11. [5, 10](Pascal’s Identity)

For any to integer numbers 1 = k = n, then the following identities is fulfill
(&) =) +G2) (2.9)

Proof:

Let A={a,,a,,...,a, } set there are numbers n. let B is a partial set from A their
numbers k. we have two cases: either a,, € B. According to the rule of sum that the
number partial set from A capacity k equal number of partial set from A capacity k
and which not containing a,, adding to its partial set numbers from A capacity k

which contain a,,. Numbers of partial set from A capacity k, which not containing an
13



equal numbers of partial set from {a,} A from capacity k. If equal (**) numbers of

partial set from A capacity k which containing an equal the numbers of partial set

from {a,,a,,...,a,_,} } from capacity k-1, if equal (£~1) for that

)@=+ G2,

In using Pascal identities may make Pascal’s triangle, which containing from

value().

1 5 10 10 3) 1

1 6 15 20 15 6 1

(Figure.1 Pascal’s triangle)
The binomial coefficients from an array, usually called Pascal’s Triangle, after the
seventeenth-century a French mathematician Blaise Pascal, although the triangle was
known much earlier, occurring in Chinese manuscript. The first few rows of Pascal’s

Triangle are shown in figure 1.

2.12. Multinomial Theorem [5, 10]

14



If x4,%,, ..., x,,, real numbers and was n non negative integer number, then:

- 1,72
[xi—l-x:-l-"--l-xm:]”—E( 1” rm)xi' ESANNE Shl

Therefore, the addition was taken for all non-negative integer numbers ry ,15,...,7;,, In
which fulfillment ry +r5+.. .47, =n,

And where

(?'" J?":--u?"m) - r._!r:!!.:..rm! (210)

Proof:
(gt + - +2,)" = (g + x5+ +x,) o (xg T2, + -+ x,),
for that any term from factorial terms will be from the shape

rl,  r2 rm

Bl S

Where 7y ,15,...,1;, integer numbers non-negative fulfillment

L e e o o |

The coefficients of this term is permutation number r; element from type x4 and

element from type x; and... and r,, element from type x,, from Binomial theorem

will be the coefficient =] x7%...x™ it is ( - ] Note: if we put m=2 in

m Py PgeenPiy

multinomial theorem, we will get the Binomial theorem.
Theorem 2.13. (Vandermonde's Identity): [9, 10]

Forall m,n,r € |N,we have
=) =GO+ (D)) + -+ ()E)
=("7") (2.11)

Proof 1.

Expanding the expression on both sides of the identity

15



(1+x)™" = (1+x)" (1+%)"

We have by the theorem (Binomial theorem)

sl G PR [Z:’;D[T)x‘)[ fzﬂ(:‘f}x}')
=) E)+{EE) +GE +{G)E) + ()

ot ()
Now, comparing the coefficients of X" on both sides yields

(77 =@ + (D) + -+ ()E)

Proof 2.

Let x={a,,a,,...,a,,,by,by,....,b,} be a set of m+n objects. We shall count the
number of r-combinations A of x.

Assuming that A contains exactly i a’s, where i=0,1,..,r, then the other r-i elements of
A are b’s; and in this case, the number of ways to form A is given by [T)[i E.).

Thus, by (AP), we have

_ +
(D) =077).
For a closer look on generating function, it proves the following important theorem.

Theorem 2.14. [12]( About the inverse function).
Let a function
B(t)=byt + byt?+byt*+. ., (2.12)

Be such that B(0)=b,=0, and b, #0. Then there exist functions
A(s) =a;s+ a,5® +ays® +---,A(0) =0,

and C(u) = c;u + c;u* +cqu® + -+, C(0) =0,
Such that
A (B(t)) =t and B(c(u)) =u.
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Each of the functions A and C is a unique function possessing this property.
The function A is said to be left inverse and the function C is said to be right inverse

to the function B.

Proof.
Let us proof the proof the existing and uniqueness of the left inverse function. For
the right inverse function is similar. We compute the coefficients of the function A

step by step. The coefficient a; is the solution of the equation a,;=1, whence
1

b,

a,=

Now suppose the coefficients a4, a,,...,a, are already known. Then the coefficient
a,+1 is the solution of the equation a@,+1b%*! + --- = 0, where dots denote some
polynomial in ay,...,a,...and, by ..., b,,. Hence, the equation is a linear equation
with respect to a,., and the coefficient of a,., isb?**. This coefficient is non-
zero, therefore, the equation has a unique solution and the proof of the theorem is

completed

17



CHAPTER 3

GENERATING FUNCTIONS AND SPECIAL FUNCTIONS

In this chapter we will give some important results on generating function in

Bernoulli polynomial and special functions of classical orthogonal polynomial.

3.1 Bernoulli Polynomials [11]

In this section we will introduce exponential generating function, because it is the
fundamental of Bernoulli Polynomial.
Definition 3.1

Let {Y,Eﬂ} be a sequence of (possibly constant) functions. If there is a function on

h(t,x) so that

wvki(E)x K
k!

h(tx) = X5,

For all x in an open interval about zero. Then h is called the “exponential

generating function” for {¥,(t)}.

Example 3.1.1. [11]

Let G, (t) = (u(r))" for some function u(r). To compute the generating function
for G,,(r), we must the series

f(r8) = Zroy(u(r)™ s™ = Teg(u(r)s)™
By simply recognizing this to be a geometric series, we obtain the sum

L = f(r,s).

1—ulrls

For |u(r)s|<1. This result can be used to find other generating function using

differentiation,

18



(=) = 2w

1-ulr)s
_uld e I
(1—ulr)s)® E”:'}ﬂ’ (u(T]:] ) )
sulrl n o1
m - angﬂ [UET)) 5 .;.[:S]
So % is the generating function for the sequence {n(u(r))"}.

The exponential generating function for the sequence {(u(r))"} is

ulrls _ e ':?-'-': ?"::':' gt

€ n=0

n!

Definition 3.2. The “Bernoulli Polynomials” B, (t) are defined by the equation

x & e Bz lE)
e* -1 = Zi=o i: x; 3.1)
tx

In other words, :;_ 7 Is the exponential generating function for the sequence

B, ().

Theorem 3.3. The exponential generating function of Bernoulli Polynomials is

given by
x;{ xsrx
Tr BT =2 (3.2)
Proof:
Start with

L Kk
EEalB(0) = BJ % = D s Bi

- (en) ™
= x T T,

Ef‘.‘."

Tet -1

x.e™

_e"—l

Definition 3.4. The “Bernoulli numbers” B, are given by B, =B, (0), the value of
the k™ Bernoulli Polynomial at t=0. We could use equation
19



1 Ak Ak
Y (t) = & 9(t.0) = _=h(0).

To compute the first few Bernoulli Polynomials, but it is easier to use the equation

e 8 -1 B (t) &
e = X",
x Ek'} k!

Then expand the exponential functions on each side in their Taylor series about

zero and collect terms containing the same power of X:

g _ B

tx
EH+

B, Ir}x+Blr} 24 ..

&

= Bo(e) + (22 4 20, 4 (B0 L 2O BO),y .

Equating coefficients of like powers of x, we have

By(t) = 1,B,(t) =t —=,B,(t) = t* —t +§,53(tj =332 424

Then the first eight Bernoulli numbers are

Bo:]., B;L:— Bz— Bg 0 B4— B5 0 Bs 4,” B7 O BgZ——
The first one is easy to compute Bernoulli numbers:

B, = lim -
o e —+0 e¥—1

_hmx—ﬂ} X_q
and =1
B, = li x
1 xl—?é dx (eJE — 1j

20



k 0 1 2 3 4 5 6 8
Bk 1 1 1 0 1 0 1 1
2 6 3 42

(Table.1 Bernoulli Numbers)

And so forth. The first few Bernoulli Polynomials are given by

Bo() = 1,B,(t) =t — 5, B, () =t —t + 5, By () =t° — 27 +3

We present several properties of Bernoulli polynomials in the following theorem

Theorem 3.5. [9]

2) B',(s) = rB,_4(5) (r= 1),
b) AsB.(s)=rs"! (r=0).
¢) B, =B.(0)=5,(1) (r#1).
d) By,. =0 (w=1).
Proof:
) u:ﬂ_:-m _ E;c:ﬂﬁ'f ::is} W T, B:_'::-‘?}ur+1 - :c:ﬁﬁ'f:is} u”

Now make change of index r —+ r — 1 in the left- hand sum:

o Br_y(8) p _ wwoe BEr(s)
=1 -1y u = =0 ur.
Equating coefficients.
AsBr(s) __u [e':”ﬂ“ e
Tl e*—1
r=0
=u ™
e 3"' r+i
= Lp=o
_ o j.."—"_ u."
Ter=l (r—1!

b) Immediately by equating coefficients.
¢)B,.(0) =B, (1)forr = 17

(3.3)
(3.4)
(3.5)
(3.6)
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AB (s)=rs"1r=0
B.(s+1)—B.(s)=r s 1
fors=0:B,.(1)—B,.(0)=10

B,(1) = B,(0) = B, (r # 1)

u g™ _ By (5]
d) ghi—i - ::—I} - u”
S=0
u oo B,
Gl_q  e=r—0rzly u + Bl(nju
Br 1
= X o=t :ur —Zu
ro__u 1
Er‘—ﬂl,r‘:i%u H_q + Eu
u 1
Leth(u) = — +-u
e —1 2
—_—— 1
Thenh(—u)=———-u
g-—1
_—u g _ lu
1-g 2
u
o _E + gt —1
So,

oo
B B
r r
Sw= ) (W
¥l ¥
r—hrzl r—0rzl
==
B
L
—u’ = M TS T
Tl
—Qr=l

Comparing the coefficients, we have

B,=(—1)" B, r#1

If r = 2n,B,, = (—1)"B,,, n =1

If 72020, Bapsr = (_1j2n+152n+1 = —B3,41 = 2B3,4, =0



Corollary 3.6.

Ifr=0,1,2,..., then
Ys" = ﬁﬁs‘rﬂ (s) +ec(s),whenA_(s) =0

Example 3.6.1. Use corollary to show that (r = 1)

w—1

1
Z b" = —y [Brsq(w) — B, 4]

b=1

Solution: Let hb = X b", then by Thm.

ToibT = [Rb]Y = hy, — .

By corollary, we have

h,, =XLw’ = igrﬂ(“’] Tc

=1
Corsr THL
Then
w—1gr _ 1 1
Zyoib +1Br+1(W)_:B?‘+1

=11 (Br+1(W:] B,y )r=1

Example 3.6.2. The result of example 3.6 to compute Xy=7 b*
Solution: by (3.6)

3
Ba(w) =w? —iw?+lw
r—1 -
3 2 6
b=1
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Theorem 3.7. (Euler Summation Formula)
Suppose that the 2b™ derivative of Y(h), Y?°(h), is continuous on [1,w] for some

integers b = 1 and w = 2. Then

:."-:1 Y[:‘r':] = f: Y[:hj dh+w +Ei:1%[y(2n—l}[wj _ Yu:gn_ﬂ[lj] _
1 L

b}:f:- y @) (h) By, (h— [h])dh,

s
I‘.‘

(3.7)

Where Lk] = the greatest integer less than or equal to h,

(called the “floor function” or greatest integer functions™).

Proof:

Integration by parts gives each r,

[T (h—h] - %j};“[hjdh = j:“(r —r— B}F'Uﬂdh

_ ylrt)4y(r) frr+1}F(h:]dh (3.8)

-
.

Note that in the first integral in Eq(3.8)

h— k] — > = By(h— ).

Similarly, we have by Theorem 3.6(a) and (c)

r+1 ) r+l )
f B, (h— |h])y™ (h)dh = f B (h—r)y™(h)dh

r+1

v':?!:' (T‘ + 1:] _ }FI:”} (T‘]] —L Bn+1(h’_ thj}rln+1:' (h’j dh (39:]

_ Bn+1 [
- 1+n)

41

For n=1,... 2b-1. Summing Eq(3.8)and Eq(3.9) as r goes from 1 to n-1, we have,

respectively,

24



[y By(h—h])y' (R)dh = Eyy y(r) — %[}F(l] +y(w)] (3.10)

— [ y(h)dh,

f wﬁn (h — LR])y"™ (R)dh
1

_ B?‘!‘HL I:n:l
Thn+1 ™ (w)

-y ()] (3.11)
— L [V B . (h— [RDY™ D (h) dh,

Finally we begin with Eq(3.10) and use Eq(3.11) repeatedly to obtain

v y() — (1) + yw) - [y (R)dh

- [ "B, (h— Lk])y' (R)dh

=2 y'w) —y' (D] [} By (h— ()Y@ (W)dh

-
r

b Bon [},E:n—ﬂ (w) _},E:n—l}(lj] —

n=1fan)

1@: [ By (h— Ry (R)dh,

)
I«.‘

Where we have used theorem 3.6 (d). Rearrangement yields the Euler Summation

Formula.
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400 1

Example 3.7.1. Given an estimate for rfl riz,

Solution:

1 400 1y 1.-';_-":5+1 B2
400 2 — 5
r=1] "—_Irl hizdh+ " +T[2

Fa

1

N

— Y+ 22 h7 B, (h— LAl dh.

= [0 1Yo gh s w 241 _|_L{W_1f2 — 1) +§[h_1—_1] 3%
12

1 2 24

(400) ‘241

-
s

s
(400) ‘z-1
= 5 —|—

]
42

+2[(400) /2 —1]

—(w T2—1) < [**°n"V2B,(h— |n])dh

1

1, -1,
<-—mwa-1)

1
Error = 2

3.8. The Classical Orthogonal functions

In this section we will give some results about the classical orthogonal polynomials.
For more details of these polynomials, the reader might refer to [1, 11, 12]
Definition 3.8.1. (Orthogonal Functions) [1, 12]

Functions set {hy(u),h1(v),...,h.(u),...} orthogonal on interval [f,j] with weight

function quantity w(u) if | J;" h(w) h, (W) w() du=0,r=i

.r; hr(u] hi (uj W(u] du=0,r=1
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Theorem 3.9. for all h, t: [f, j]—/R real functions
<ht>w= f; h(w) tlw) wiw) du

Where

w(w) =0 on [f.j] is inner product.

Proof:

For all h, t, y is real functions and a €/R we have

<h,t> =<ht>
<ht+y>=,=<ht>,+<hy>=,
<aht>,=a<ht >,
_

Remark : called scale function h and quantity /< h, A =, and we symbolize to him

in symbol ||h]|.

Some of Orthogonal Polynomials 3.10. [1, 13]
1) Laguerre Polynomials (L% (u})
Definition 3.10.1. (Laguerre Polynomials)
L', (u = 0) Are known Polynomials unit from degree r and they are the solutions

of the following differential equations:

usr+ ut1-wE+rv=0 (3.12)

The following is the generating function of the Laguerre polynomials:
T LY WK = (-0 exp () Ikl < 1 (3.13)
Example 3.10.2. [9] Given that y(v,u)=(1-u)™ exp(ﬁ) =¥= L (¥)u" is the

generating function for the Laguerre Polynomials L.(v), find L_(v) for
0=r=37

_.—E.I.li'::l

Solution: ¥(v,u) = (1 —u) le'=w

9 ey ), ) e
¥ = —1 (=07 )+ 2 -
92 = —2 -3

5 y(v,uw) =el—u((1—u) ™" —v(1l—u)"")
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aH — U
) vivu) =eTu((2(1—u) P —4v(1—w) *+ v (1—uw)"°)

—uw

a — -
32 y(vu) =etu(6(1—uw) ™ —18v(1—w) " + 9w (1—-w) ¢ —v¥(1-
u

w) 7). Thus when u=0, y(v,0)=1, iy(v,o):l-v,

& —p?_ 3 z _
= y(wo)=v?—4v+2,—=—v"+9v" -8v +6

Ly(w) = y(v.0) =1

0
Li(v)= 30 viv,e)=1—v

el

1 d° 1
Lz[v]=i T }r[v,a]=gv‘—2v+1

1 o? 1 3 .
LE(‘UJ:aﬁytﬂ,ﬂj:—giﬂa+iiﬂ‘—3ﬂ+1

2) Legendre Polynomials (P,.(u))
Definition [1, 14] (Legendre polynomials) we say that E. it is Legendre
polynomials of degree r if we have:

S5, P.(w) P,(wdu=0, s#n

P(1)=1 (3.14)
[ EWE,wdu =0, s=n
The following is the generating function of the Legendre polynomials:
LB (kT = =——= -I<v<iK<l (3.15)

Example 3.10.3. [11] Given that ¥ (v, u) = (1 — 2vu + uzj_i is the generating

function for the Legendre polynomials B.(v), find P,(v)for 0<r < 37
Solution: ¥(v,u) = (1 —2vu+u?) =

d —1 L. 3
a Y(v,u) = ?[1 — 2uv + ’Ll'f] 2 (—21’1+ E‘LL:]
0 -
EY{E,D&] =(v—u)(1—2vutu’)z

-

2 -3 -5

u&
3

d S22
a—EY(iﬂ,u] = —9(v—u)(1-2vu+u*)Z +15(v — 3)*(1 — 2vu
u
+ u?
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-7
j:

el
=

d d .
Y(v,0) =1,— ¥(v,0) =0,— ¥(v,0) = -1+ 3v7,
du du-

3

a—aytv, 0) = —gv + 15v°
w

P(v)=Y(v,0)=1

P (v)= ;—u ¥(v,0) =v

-
&

Pa(v) = 2! du?

1 92 5 3
Pa[v] ? Y[?ﬂ,ﬂ] = E ?.?3 —E e

3, 1
Y(?.?,l:l:] = E’L‘J‘ —E

3) Hermite Polynomials H,.(u)
Definition  [1, 12] (Hermite Polynomials) Hermite functions H, are defined
follows:

He (v)

Y(v,u) = e ¥ = =Ypso——— u whereu €/R (3.16)

Y(v,u) is called generating function for Hermite Polynomials.
Example 3.10.4. [11] The function ¥(v,u) = exp(2vu—u?) is the generating
function for the Hermite Polynomials H,.(v). Compute H,.(v)for0<r = 3
Solution:
Y(v,u) = e@uu)

% Y(v,u) = (2v— Zu]e':h"‘*_”z}

E'U,j: e (2ru—u?)

u) = (—6+(2v— Eujzj (2v— Zu]e'::’*“‘*'”z}

Y(vl]:]—l—i’(vﬂ:]—zv Y[vﬂ)—-’-w -2

0)=8v:—12v

Hy(v) =Y(v,0) =1

H,(v)= i ¥(v,0) = 2v
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1 8°
H,(v) == - Y(v0)=2v" -1
Hi(v) =3£% Y(v,0) = —=v? —2v

4) Tchebychev Polynomials from first kind (T,.) and second kind (U,.)

Definition: [1, 13] Tchebychev Polynomials is from first kind (T,.) and second
kind (U7,.) on interval 1=[-1,1] as follows:

T (v) = cos(rf)
sin((r+1)8)

gin &

where 8 = cos tu

U?"[:t]:] =

The following is the generating function of the Tchebychev polynomials:

First type:
e r_, 1-K*
o T (K™ =(o ez + 1D-1<v<L [kI<1 (3.17)
o T (VKT = —— (1 — vkV1— 2vk + k?) /2,-1<v<1 K<L (3.18)
o Ll 1—wk _
o Tk Ry 1<v<],|k|<1 (3.19)
Second type:
XU (v)kT = e 1<v<l k<1 (3.20)
E o — 1 ] RN
rmoUp(0)KT = —=—= (1 -vk +V1-2VK + K*) /2-1<v<l k<1
(3.21)

Example 3.10.5. [11] Find the generating function for

A, (v) = cosav. (Hint write cosav = Re (e'*)).
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As(v) = cosav,cosav = Re(e'™) (e'™ = cos(av)+ isin(av))

i [cos(av)u®] = Re (i giav u“‘)

a=0 =0
- 1
= Re Z[e” u)®| == Re (—)
1—eu
=0
1
= Re

11 — (cosv + isinv)

= Re [ 1 (1— (cosv) u+ i(sin vjuj]
(1 — (cosv)u—i (sinv)u) ~ (1 — (cosv)u+i (sinv)u)

- [ 1— (cosv)u . (sinv)u

= Re ~+ i -
[1— 2(cosv)u+u* 1—2(cosv)u+ u?

1 —(cosv)u

" 1+u? —2(cosv)u

1-{cosv)iu

T.(v) = so, Y(v,u) = is the generating function for

1-Z{cosv)utu®

A, (v) = cos(av) = Re[ef'xi‘f‘)
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CHAPTER 4

SOME APPLICATIONS OF GENERATING FUNCTIONS

4.1. The Method of Generating Functions. [3]

A recurrence formula that is to be solved by the method of generating functions.

1) Make sure that the set of values of the free variable (say n) for which the given
recurrence relation is true, is clearly delineated.

2) Give a name to the generating function and look for it. And write out that
function in terms of the unknown sequence (e.g., call it A(x), and define it to be
220 2nam).

3) Multiply both sides of the recurrence by x", and sum overall values of n for
which the recurrence holds.

4) Express both sides of the resulting equation explicitly in terms of the generating
function A(x).

5) Solve the resulting equation for the unknown generating function A(x).

6) The exact formula for the sequence that is defined by the given recurrence
relation, then to get such a formula by expanding A(x) into a power series by any
method you can think of. In particular, if A(x) a rational function (quotient of two
polynomials), success will result from expanding in partial fractions and then handling
each of the resulting terms separately.

Example 4.1.1. How many strings are there of n digits which do not contain
consecutive zeroes?
A string of n digits is simply a sequence d4,d,,..., d, , where each d; is one of the

numbers 0,1,2,...,9. We let a,, be the number of such strings which do not contain
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consecutive zeros. We calculate a, by considering how strings of n digits, not
containing consecutive zeros, can be built up from shorter strings with this property. We
can divide the strings of length n without consecutive zeros into two disjoint classes. The
first class consists of all those strings which do not begin with a zero. The first digit can
those be any of the other nine and the remaining n-1 digit must themselves from a string
without consecutive zeros. There are a,_, these. Hence there are all together 9a,,_4
strings in this class. The second class consists of those strings which start with a zero.
The initial zero must be followed by one of the other 9 digits, and the remaining
numbers make up a string of n-2 digits not containing consecutive zeros. Thus, there are

9a,,_, strings in this class. It follows that for all ng IN¥, withn = 3,
ty = gﬂ'n—l + ga’n—! [:4'1]'

This formula makes it quite straightforward to calculate the value of a, for any particular

value of n, given the additional facts that

“*—’-”} (4.2).

Which can easily be checked, for example, we can calculate as as follows:
a;=9a,+9a,
=891+90
=981
a,=9a,=+9a,
=8829+891
=9720
:=9a,+9a,
=87480+8829
=963009.

As a first shot we could say that a recurrence relation has the form

a,
f(ﬂ‘n—ir ﬂ'n—zr j (4.3:]

This can be defined by the recurrence relation

Ay, TNy (4-4:].
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Together with the initial value az=1 Thus, general recurrence relation has the form

a, =

flna, a0, 5 ..) (4.5)

Where f is some given function. Again, our notation is deliberated vague about the
number of terms of the sequence which are involved on the right-hand side of equation

(4.5) as we wish to allow for such cases as

—_ n—1
d, = Ek=1 Ly

Where the number of terms of the sequence which are involved in the definition of
a,, can vary from the value of n.

Recurrence relations are classified according to the form of the function f which occurs
in the relation. Recurrence relations can be solved by using the device of generating

functions.

4.2. Generating Functions and Recurrence Relations  [8]

The basic idea of generating function approach to recurrence relations is to translate the
recurrence relation into equation involving the generating function of the sequence. If
we can extract from this equation an explicit formula for the generating function, we
may be able to use this to derive a formula for the coefficients in its power series. These
coefficients are, of course, just the terms of the sequence In which we are interested.
Before discussing this method in general we illustrate it in relation to the particular
recurrence relation of (4.1), as given by equation (4.2) and subject to the initial
conditions (4.2).
We let A be the generating function for the sequence {a,, }. Thus,

Alx)= 2 o a,x™

If we multiply both sides of the recurrence relation (1) by x", and sum for all integers

n = 3, for which the relation (4.1) holds, we obtain

Yomapxt =9XF ca, x"+9X  ga, ,x" (4.6)
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The sum on the left-hand side of equation (4.6) is just the power series for A without the
first two terms. Thus

Tooga, x™ = A(x) —ayx — ayx”
= A(x) — 10x — 99x2.
To relate the term

oo n
9 Zn=3 ﬂ":l'z—lx .

Which occurs on the right-hand side of equation (4.6) to the generating function A we
need to pull out a factor x so that a,,_, multiplies x"? as it does in the series for A
9 Xres X" = 9x L, X"
= 9x(A(x) — 10x) (4.7).
(Note that Zo_za,_,x™ = a;xaz;x® + - and so is the power series for A without
the first term, that is, A(x)-a1x, which is where we obtained equation(4.7) from).
In similar way,
9 sty x" =9 B a, "

= 9x2A(x).

Thus, we can reduce from the equation (4.6) that

A(x) —10x—99x% = 9x(A(x) — 10x) + 9x2A(x) (4.8).

It is now a straightforward matter to rearrange equation(4.8) to give

AR =1 (49).
Thus, we have now achieved the first stage of our objective. We have obtained an
explicit formula for the generating function of the sequence {a,}. More than one
method can be used to derive from this a formula for the coefficients in the
corresponding power series. Probably the most coefficients of these is to rewrite the
formula for A(x) using the technique of partial fractions

1—9x—9x% = (1—o x)(1— Bx),

Where o< and f5 are the reciprocals of the solutions of the equation
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1—-9x—9x%2=0 (4.10).

Thus, o< and £ are the solutions of the equation

yi—9y—9=0 (4.11).

_ 1 =1 pH1Yy
A[x]—x_g(l_xx 1-31) 1 (4.12)

AG) = 5 (o +1) Zrcg ()™ = (B + D B (B0)™) — 1,
And by equating coefficients we can deduce that, for n = 1,

a, = o5 ((c +1) o~ (B + 1)B") (4.13)
With o< and 5 as given above. We have those obtained an explicit formula for a.,,.

4.3. Generating Functions for Combinations [15, 16]

We have seen that the polynomial (1+ax)(1+bx) is the ordinary generating function of
the different ways to select the objects a, b and c.

a ab abc
b ac
c bc

Instead of the different ways of selection, we may only be interested in the number of
ways of selection. By setting a=b=c=1, we have

(1+X)(1+x)(1+x) = (1+x)? = 1+3x+3x°+xC.
Clearly, we see that there is one way to select no objects from the three objects, C (3,0)
three ways to select one object out of three, C (3,1), etc.
Usually, a generating function that gives the number of combinations or permutations is
called an ordinary enumerator. This notion can be extended immediately. To find the

number of combinations of n distinct objects, we have the ordinary enumerator
nLn—l}x: + -4 nln—1)..(n—r+1)

2! r

(14+x)"=14+nx+ x4+t x
=C(n,0) +C(n, 1)x+C(n,2)x*+ -+ C(n,7r)x" + -+ C(n,n)x"
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In this expansion of (1+x)", the coefficients of the term X" is the number of ways the term
X" can be formed by taking rx’s and n-r1’s among the n factors 1+x. It is for the reason

that the C (n, r)’s are called the binomial coefficients. In binomial expansion, [':} is a

common alternative notation for C (n, r).

Examples 4.3.1. [16]

1) From
(0)+ )+ Q)+t ()t (o = 1y

We have the identity (3)+ () +(G) +-+ () + -+ (7)) =27

By setting x equal to 1. The combinatorial significant of this identity is that both sides
give the number of ways of selecting none, or one, or two,.., or n objects out of n distinct
objects. We also have the identity

G- +C) -+ O+ -+ 0 () =0,

by setting x equal to -1.

Writing this as

@+ +E)+=D+ )+ )+

We see that the number of ways of selecting an even number of objects is equal to the

number of ways of selecting an odd number of objects from n distinct objects.

2) The identity
[E)z + [:) 4t [’:) 4t [:) = (), can be provided in two ways.

Method 1:
We observe that the expression on the left-hand side is the constant term in (1+x)"(1+x"

1)n'
Since (1+x)"(1+x)"=(1+x)"(1+x)" x™
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=xX"(1+x)™",
And the constant term in x™(1+x)*" is (*"), we have proved the identity.

Method 2:

We rewrite the identity to be proved as

GG+ ()G + GG + -+ ()G +-+ ()G = (T,

and use a combinatorial argument. To select n objects out of 2n objects, we shall first
divide them(in any arbitrary manner) into two piles with n objects from the first pile
and [n"_i) ways to select n-1 objects from the second pile to make up a selection of n
objects. Therefore, the number of ways to make the selection is Z=o(")(.".) which
is also equal to (7).

To see an application of this result, let us consider the problem of finding the number
of 2n- digit binary sequences which are such that the number of 0’s in the first n
digits of a sequence is equals to the number of 0’s in the last n digits of the sequence.

Since the number of n-digit binary sequences containing r 0’s is [’;}, the number of
2n-digit binary sequences containing r 0’s in the first n digits as well as in the last n
digits is [’;) Therefore, the number of 2n-digit binary sequence which are such that

the sequence is equal to the number of 0’s in the last n-digits of the sequence is
G+ +E) +-+ )+ () = (D)
3) Prove the identity
() +2(3) +3() +++ () + -+ n(n2",
4) Differentiation both sided of the identity

() + (x+ (o +et (a4t (Do = (142"

We have
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(M +2(0)x+3(0)x2+ - +r(Mx™ ++n(M)x™ = n(1 + x)" .

The given identity is obtained by setting x equal to 1.
5) What is the coefficients of the term x** in (1+x°+x%)1%%?

Since x° x® x’=x? is the only way to term x> can be made up in the expansion of
(1+x°+x%)™ and there are C(100,2) ways to choose the two factors x° and then C(98,1)

ways to choose the factor x°, the coefficients of x*
100 = 99

C(100,2)x C(98,1)="22%% % 98 = 485.100,

6) Show the ordinary generating function of the sequence

[E) [1) [:4) [:‘) [2:), ey 1S (1 — 4x]_1f'r2. According to the binomial theorem

(- 1;"'-2 :I l:_ 1;"r2 - 1:' 'z - 1,-"-2 —-r+ 1:|

-1y oo \
(-4 h=1+32,

(—4rx)”

!

a4l |1 ﬂ:| Ef.ﬂ]|.’5Jl.f2:|m[;2?"—1f.fﬂ}]

=14+37, —= — = x"

The binomial theorem is

7l

(143" = 1+Zﬂ,(n—1][n—2] ...(n—‘r-i-l]x

4" [1X3X5X..%X (2r—1
_HZ [ (2r )]x

7l

_1+Z[2” rI)[1 X3 xX5x. x(zr—ljjx

S

= 2r
=1+ Z( )x
T
r=1
As an application of this result we evaluate the sum
Zio(¥)(*I) foragivent.
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since (%) is the coefficients of the term x' in (1—4x) /2 and (%7%) is the

coefficients of the term x in (1 — 4x)” /2, Zi=o(%) (P52F) is the coefficients of the

. -1 -1
term x'in (1 — 4x) /2(1— 4x) /2.

Since (1 — 4xj_1f'r2(1— 4xj_1f’2 =(1—4x)7?

=1 +4x+ (4x)% + (4x)3 + 4 (4x)"+ -
We have

T (DC) =4

4.4. Generating Functions and Permutations [15, 16]

For permutations, the generating function is a little less inclusive; it is reduced to
enumerator.. in the simplest case, for n distinct things and no repetition, the number of
permutations Kk at a time is P(n, k), where
P(n, k)=k! C(n, k),
Since the positions of the objects in a combination of k may be permuted in k(k-
1)...1=k! ways. Hence we have
(14+ 8" = Xio, Cln, k)t*

=y plmi)et
RS0

The enumerator for permutations is an exponential generating function. When

repetitions are allowed, the enumerator for any object is a series containing a term

tk,’k! for each k in the specification for repetitions.

If an object may appear zero, one or two times, the enumerator is the polynomial
1+t+ Z; ;
If unlimited repetition is specified, it is
1 +t+z—:: + = efetc.
The following examples illustrate a few of the possibilities.
Example 4.4.1.

Consider permutations k at a time of n objects with repetition. The enumerator is

(E t]nzent, and
40



e ED‘: nl‘{r!f
& T Ak=oT

The number of permutation in equation is n¥, a result easily found by other means.
Example 4.4.2.
Consider again the permutations of example (3.7), with the added condition that each

object must appear at least once. The enumerator is (e™-1)",

(€1 =Ef0 (7) (-1 €
Zimag B () D)

If E is the shift operator, Ef(n)=f(n+1) and A= E — 1, then the inner sum may be
written as A™e*, which is equal to n! S(k,n), with S(k,n) astirling number of the second

kind, an ubiquitous number in combinatorics. Thus

I:er—l}n_zm ;?I:k,n}r;{
n! k=0

is the exponential generating function for stirling numbers of the second kind.
4.5. Generating Functions and Finding Averages [17]

To finding means, standard deviations and other distributions, with lower work by power
series generating functions are unusual.
How to find means ( n ) by generating functions ?

p=gz Zn £ () (4.14)
Suppose f(m) represents the number of objects. In a clear set T of M objects, that have
properly m properties, for each m =0, 1, 2,..., with

Znflm)=M
Averages can be computed immediately from generating functions by object power
series generating functions of the sequence {f(m)}, say F(u)ﬁ {f(m)].
In the equation (4.14) way to express the mean p. In terms of F. certain,
w=F'(1)/F(1)
How to find the standard deviation o, of the distribution by generating functions?
0% = = Tper(m(h) — p)? (4.15)
h : represents an object in the set T.

m(h): is the number of properties that h has .
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o : which is known as the variance of the distribution, is therefore the mean
square of the difference between the number of properties that each object has and the
mean number of properties p.

(m(h)-£)*: Every one of the f(m) objects h that has exactly m properties will contribute
(m-£)* to the sum in (4.14), and therefore

u? == %, (m— u)* f (m)

=~ %,.(m*2 p m+p?) f (m)

=~ {(u D) — 2p(u D) + 1*} F(w)

= (F" (1) + (1-2p) F'(1)y+*F (1) /F (1)
=F"(1)/ F(H)+F @Q)/F@Q)—(F' (1)/ F(l]]2
= {(logF)' + (logF)"}

Can also be calculated standard deviation in terms of the values of F and its first two
derivatives at u=1.

In an exponential family F. The average number p (m), of cards in a hand of weight m.
If y (m, r) is the number of hands of weight m that have r cards, then the average is

b (m)= —— T, ry(m,m) (4.16)

Now if we begin with exponential formula

m
il _ -D"-
Zmr}r(m’r:];m?"_ e'l.-'.- I._-J:'

Apply the operator % and then set w=1.

The result is that ZL—M ¥, ryv(m,r) = D(U)e?™) = D(u) y(u) (4.17)

Theorem 4.6.

In exponential family F, the average number of cards in hands of weight m is

p=(m) =[E22] b () y(u)

m!

=—_%.(™) di y(m-i) (4.18)

wim)

Example 4.7. (Cycles of Permutations)
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The averaging relations (4.14) are particularly if y (m) = m!, as in the family of all
permutations. There, (4.14) becomes

p(m) == X(7) (i-1) ! (m i)
L R T

Consequently, the average number of cycles in a permutation of m letters is the
harmonic number y m.
What is the standard deviation? The function F(u) that appears in (4.11), in the case of
permutations, is, for m fixed,

Fu=2Z,y(mr) v

=u(u+1){u+2)..(u+m—1),
By

5[] wr g

s

After taking logarithms and differentiating, following (4.11), we find

F(1)=m!, (log F) (1) = ¥,,, and
(log F)" (1)= -1-1 /4-1 /9-1 /16-...-1/m>.

If we substitute this into (4.11), we find that the variance of the distribution of cycles

over permutations of n letters is

=logm+ Y'Hé + o(1).
Where y is Euler's constant.

Hence the average number of cycles is ~ log m with a standard deviation

—
o~ 4/logm
4.8. Ordinary Differential Equations and Generating Functions. [18]

When deriving generating function for the Bernoulli and Euler sides of the Bernoulli-
Euler triangle we had to solve ordinary differential equations satisfied by these
functions.
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The theorem below solves the problem of existence and uniqueness of a solution for a
large class of ordinary differential equations containing both equations

B’ (x)=B*(X)+1 (4.19)
And
E'(y)=E(y) B(y) (4.20)

Theorem 4.9.
Consider the ordinary differential equation

£ (s) = F(s, f(s)) (4.21)

With respect to the generating function f(s), where F=F (s, t) is a generating function in
two variables, Polynomial in t(i.e., having finite degree in t). Then for each f; Eq. (4.21)
possesses a unique solution with the initial condition f(0)=1;.
For equation (4.19), the function F is
F (s, t) = t3+1,
While for equation (4.20) it is
F(s,t)=B(s)t.

Proof of the theorem:
The proof follows our usual pattern of finding the coefficients of the unknown function f
one by one. Let n be the degree of F with respect to t and let
F (s, 1) = (FootFpq S+Fpp 57+.....0)
+ (Foy +Fiy S+Fyy 574 L )t
+..t
+ (Fon+ Fip S+Fa, 57+, )t",

f(s) = fo+fy s+fr s%+...

Equating the coefficients of s° on the left-and on the right-hand sides of Equation
(4.21) we obtain

fi= Fyg+Fys fot+.. +Fy fo.
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Similarly, the equation for the coefficients of s* yields

2 fo=Fyp +Fp1 it Fus ot AR f  fit Py

More generally, f,, is the root of the equation

nj‘;ﬂ:j':'(ﬂ_ﬂ?2 - (4.22)

Where dots denote a Polynomial in coefficients of F and the coefficients

farfis ... fu—1 Of f For each n>0 Eq. (4.22) has a unique solution.
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CHAPTER 5

CONCLUSION

The subject of generating functions belongs to the domain of operation methods
which are widely used in many areas of Mathematics such as the theory of
differential equations, difference equations, integral equations and Algebra.

These functions also appear in various fields of Sciences and Engineering. These
functions are considered as a link between the discrete analysis and the continuous
one. Such functions play an important role in searching for many useful properties of
the sequence that they generate.

In this thesis, | presented some important definitions, theorems and elementary
operations related to these functions and relations between these functions and some
orthogonal polynomials were discussed some applications of these functions were

considered.
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