
See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/343481210

Exploration of Aluminum and Titanium Alloys in the Stream-Wise and

Secondary Flow Directions Comprising the Significant Impacts of

Magnetohydrodynamic and Hybrid Nanofluid

Article  in  Crystals · August 2020

DOI: 10.3390/cryst10080679

CITATION

1
READS

316

5 authors, including:

Some of the authors of this publication are also working on these related projects:

RG Achievement and Accomplishments View project

Polynomials and properties View project

Kottakkaran Sooppy Nisar

Prince Sattam bin Abdulaziz University

547 PUBLICATIONS   2,158 CITATIONS   

SEE PROFILE

Umair Khan

Sukkur Institute of Business Administration

36 PUBLICATIONS   135 CITATIONS   

SEE PROFILE

Aurang Zaib

Federal Urdu University of Arts, Science and Technology

61 PUBLICATIONS   281 CITATIONS   

SEE PROFILE

All content following this page was uploaded by Kottakkaran Sooppy Nisar on 06 August 2020.

The user has requested enhancement of the downloaded file.

https://www.researchgate.net/publication/343481210_Exploration_of_Aluminum_and_Titanium_Alloys_in_the_Stream-Wise_and_Secondary_Flow_Directions_Comprising_the_Significant_Impacts_of_Magnetohydrodynamic_and_Hybrid_Nanofluid?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/343481210_Exploration_of_Aluminum_and_Titanium_Alloys_in_the_Stream-Wise_and_Secondary_Flow_Directions_Comprising_the_Significant_Impacts_of_Magnetohydrodynamic_and_Hybrid_Nanofluid?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/RG-Achievement-and-Accomplishments?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Polynomials-and-properties?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Kottakkaran_Nisar?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Kottakkaran_Nisar?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Prince_Sattam_bin_Abdulaziz_University?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Kottakkaran_Nisar?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Umair_Khan38?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Umair_Khan38?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Sukkur_Institute_of_Business_Administration?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Umair_Khan38?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Aurang_Zaib2?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Aurang_Zaib2?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Federal_Urdu_University_of_Arts_Science_and_Technology?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Aurang_Zaib2?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Kottakkaran_Nisar?enrichId=rgreq-5176376930d06a92427d6cdc765bf218-XXX&enrichSource=Y292ZXJQYWdlOzM0MzQ4MTIxMDtBUzo5MjE1NTgxNDcxNjIxMTNAMTU5NjcyNzk5MjE2Ng%3D%3D&el=1_x_10&_esc=publicationCoverPdf


crystals

Article

Exploration of Aluminum and Titanium Alloys in the
Stream-Wise and Secondary Flow Directions
Comprising the Significant Impacts of
Magnetohydrodynamic and Hybrid Nanofluid

Kottakkaran Sooppy Nisar 1, Umair Khan 2 , Aurang Zaib 3,4, Ilyas Khan 5,* and
Dumitru Baleanu 6,7,8

1 Department of Mathematics, College of Arts and Sciences, Prince Sattam bin Abdulaziz University,
Wadi Aldawaser 11991, Saudi Arabia; ksnisar1@gmail.com

2 Department of Mathematics and Social Sciences, Sukkur IBA University, Sukkur 65200, Pakistan;
umairkhan@iba-suk.edu.pk

3 Department of Mathematic, The Begum Nusrat Bhutto Women University, Sukkur 65170, Pakistan;
aurangzaib@fuuast.edu.pk

4 Department of Mathematical Sciences, Federal Urdu University of Arts, Science & Technology,
Gulshan-e-Iqbal, Karachi 75300, Pakistan

5 Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City 72915, Vietnam
6 Department of Mathematics, Cankaya University, Ankara 06790, Turkey; baleanu@mail.cmuh.org.tw
7 Institute of Space Sciences, 077125 Magurele-Bucharest, Romania
8 Department of Medical Research, China Medical University Hospital, China Medical University,

Taichung 40447, Taiwan
* Correspondence: ilyaskhan@tdtu.edu.vn

Received: 16 June 2020; Accepted: 2 August 2020; Published: 6 August 2020
����������
�������

Abstract: This exploration examines the nonlinear effect of radiation on magnet flow consisting of
hybrid alloy nanoparticles in the way of stream-wise and cross flow. Many experimental, as well as
theoretical explorations, demonstrated that the thermal conductivity of the regular liquid increases
by up to 15 to 40% when nanomaterials are mixed with the regular liquid. This change of the thermal
conductivity of the nanoliquid depends on the various characteristics of the mixed nanomaterials like
the size of the nanoparticles, the agglomeration of the particles, the volume fraction, etc. Researchers
have used numerous nanoparticles. However, we selected water-based aluminum alloy (AA7075)
and titanium alloy (Ti6Al4V) hybrid nanomaterials. This condition was mathematically modeled by
capturing the Soret and Dufour impacts. The similarity method was exercised to change the partial
differential equations (PDEs) into nonlinear ordinary differential equations (ODEs). Such nonlinear
ODEs were worked out numerically via the bvp4c solver. The influences of varying the parameters on
the concentration, temperature, and velocity area and the accompanying engineering quantities such
as friction factor, mass, and heat transport rate were obtained and discussed using graphs. The velocity
declines owing to nanoparticle volume fraction in the stream-wise and cross flow directions in the
first result and augment in the second result, while the temperature and concentration upsurge in the
first and second results. In addition, the Nusselt number augments due to the Soret number and
declines due to the Dufour number in both results, whereas the Sherwood number uplifts due to the
Dufour number and shrinks due to the Soret number in both results.

Keywords: Dufour and Soret effects; stream-wise direction; cross flow; hybrid alloy nanomaterials;
dual solutions
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1. Introduction

In recent times, numerous scientists and researchers have made significant efforts to offer
different techniques to change the heat transfer rate owing to its incredible demand in applications in
industry and processing. Consequently, the assignment of an enhanced heat transfer rate in common
production equipment is a practical and novel advance for detailed assessment of the development
of heat capabilities. This is commonly used in heat exchangers, microelectronics, nuclear reactors,
bio-medicine, transportation, etc. A group of liquids with superior heat transfer characteristics was
proposed by mixing some representative nanomaterials in the base liquids, such as ethylene-glycol,
oil, and water. Choi [1] exploited nanoliquids for the first time by adding a diluted nanoparticle
suspension to the base liquids. Khanafer et al. [2] considered a model to analyze the performance
of heat transport of nanoliquids within an enclosure. Ali et al. [3] reported the experimental results
of water based ZnO nanoparticles to change the behavior of the heat transport for the radiator of a
car. Ghasemi and Aminossadati [4] considered the free convective flow through an inclined enclosure
occupied with water based CuO nanoliquid. Ahmed and Pop [5] studied the influence of three distinct
nanoparticles on mixed convective flow entrenched in a permeable medium. The characteristics of the
drop of pressure and heat transfer ofTiO2 nanoparticles through a mini-channel heat sink were studied
experimentally by Arshad and Ali [6]. They showed that the thermal behavior of TiO2 nanoparticles
was strongly reliant on the power of heating, but at a lower power of heating, the heat transfer was
more effective. Afterwards, numerous researchers [7–14] discussed the significance of nanoliquids
from different viewpoints. Recently, Saffarian et al. [15] utilized nanofluid to change the heat transfer
(HETR) of a solar collector through a flat surface via the shapes of several flow paths.

Despite the practical insights into nanofluids, there have been few types of nanofluids identified as
hybrid nanofluids. Hybrid nanoparticles are developed due to their higher thermo-physical properties,
as well as their rheological performance in conjunction with the increasing heat transport properties.
Hybrid nanoliquids are developed with nanoparticles created from two separate nanomaterials
suspended in a base liquid. This novel class of magnetized heat transport fluids has been studied by
numerous researchers to discover solutions to real-life problems and has been broadly exploited in
many (HETR) fields, like machine and generator cooling, drug delivery, refrigeration, biomedicine,
etc. Sarkar et al. [16] explored the impact of hybrid nanoliquids by utilizing three distinct base liquids
(water, ethylene glycol, and oil). According to their observations, a suitable method of hybridization
might disrupt the thermal effectiveness of the hybrid nanoliquids. Furthermore, Sidik et al. [17] came
to a similar conclusion: the thermal properties of the hybrid nanoliquid (HNAN) were superior to the
nanoliquid and regular liquid alone. The thermo-physical properties, as well as the synthesis of a hybrid
nanoliquid, were explored by Gupta et al. [18]. The types of host liquids (water, ethylene glycol, and oil)
and the types of nanoparticles (metal oxides, metal, metal nitride, and carbon materials), their shape,
and size were amongst the features that could affect the thermo-physical properties. Numerical, as well
as analytical investigations of hybrid nanofluids were made by Huminic and Huminic [19]. Shah and
Ali [20] utilized the fabrication technique along with the features of hybrid nanoliquids to investigate
solar energy systems. They showed that the (HNANs) played a significant role in the augmentation
of power production. A significant assessment of hybrid nanoliquids was presented by Baber et
al. [21]. Recently, Qiu et al. [22] presented an exceptional review on the thermo-physical properties of
nanofluids, as well as hybrid nanofluids.

Fourier’s law illustrates the relation between the temperature gradient and energy flux and
is obtained through the correlation of the concentration gradient and mass flux. The Dufour or
diffusion-thermo happened due to energy flux, which was posed via a composite gradient. Whereas,
the Soret or thermal-diffusion is due to mass fluxes, which are generated by temperature gradient.
In another manner, the Soret influence refers to species discrimination rising in an initial homogeneous
mixture proposed to a thermal gradient and the Dufour impact submitted to heat-flux generated via
a concentration gradient. The influence of the Dufour effect, as well as the Soret effect, in liquids
with superior concentration and temperature gradients is highly critical. The physical insight into the
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liquid’s mechanics is also very critical. Such effects can be calculated in the areas of reactor protection,
solar collectors, combustion flames, and building energy conservation. Prasad [23] discussed the
impact of the electric field on the flow from a vertical surface in a non-Darcy medium through the
influence of the Dufour and Soret effects. Pal and Mondal [24] explored the merged magnetic and
radiation impacts on viscous mixed convective flow by a nonlinear stretched surface in a non-Darcy
permeable medium with the influence of the Dufour and Soret effects. Makinde [25] studied the Soret
effect on magneto hydrodynamic flow across a vertical solid surface with the Dufour number. Chamkha
and Rashad [26] considered the unsteady flow along with the heat and mass transport through a
rotated upright cone. They observed that the concentration and thermal fields were additionally
influenced by the amount of the Dufour and Soret constraints. Zaib and Shafie [27] researched the
impacts of viscous dissipation and chemical reactions on magneto flow from a stretched radiation sheet.
Reddy and Chamkha [28] surveyed the combination of Dufour numbers and as well as Soret numbers
on MHD flow comprised of water-based nanomaterials Al2O3 and TiO2 from a permeable stretched
surface by heat generation and absorption. Dzulkifli et al. [29] discussed the time dependent flow
comprised of water-based copper nanomaterial through a stretched/shrinking sheet with the Dufour,
slip, and Soret effects, and performed a stability analysis. In recent times, Falodun and Idowu [30]
used the spectral relaxation technique to discuss the Dufour non-Newtonian fluid and Soret numbers
from a half-infinite plate.

Secondary or cross flow occurs when the boundary layer portion of the velocity is normal in
the free-stream direction. The transverse motion in these flows is presumed to be fully developed.
The effect of cross-flow can be seen in many engineering cases, including wind flow phenomena and
mechanical aerospace. Jones [31] demonstrated appealing cross-flow solutions where he noticed the
sweep-back effect on the boundary layer. He also reported that the coefficient of lift decreased while
the laminar flow stable area increased. Weidman [32] proposed new results of cross flow for laminar
boundary layers. He examined five distinct problems involving cross flow. The forced convection
flow along with heat transport containing cross flow were explored by Bhattacharyya and Pop [33].
Dual results were found for some values of the moving constraint. Haq et al. [34] scrutinized the impact
of viscous dissipation comprised of single, as well as multiple wall carbon nanotubes through the cross
flow (CRF) and stream-wise (STWE) directions. Khan et al. [35] explored the chemical reaction and
activation energy of Ti6Al4V alloy nanoparticles in the (CRF) and (STWE) directions.

The impacts of the Soret and Dufour effects in the (CRF) and (STWE) direction of nanofluids
containing hybrid alloys have not been considered so far. Here, the single-phase model is considered
in the presence of these effects. The alloy is a metallic solid or a liquid comprised of the grouping
of homogenous and non-homogenous mixtures of two or more nanometer-sized metalloid particles.
The alloy is used in many processes like hip joint replacement, surgical implantation, and several
biological treatments. Thus, this is the impetus of existing works to analysis the impact of the Soret
and Dufour numbers on magneto flow comprised of hybrid AA7075 and Ti6Al4Valloy nanoparticles
through a cross flow with nonlinear radiation. The leading PDEs are modified to nonlinear ODEs via
a similarity method. The transformed ODE system is then worked out via the built-in solver called
bvp4c. The impacts of physical constraints on the flow field are portrayed.

2. Problem Formulation

Consider a 3D flow problem in the stream-wise direction together with cross flow comprised of
AA7075 and Ti6Al4V hybrid alloy nanomaterials through a heated surface. The problem’s geometry is
revealed in Figure 1. Furthermore, the impact of the Dufour and Soret effects along with nonlinear
radiation are included. The uniform velocity of the moving surface is taken as −λU0 in and out of
the origin and is kept at x = 0; here, x is captured beside the surface, and U0 and λ are the invariable
velocity and moving constraint, respectively. The erratic field of the magnetic number proceeds as
B = B0

√
2x

and normal to the edge. The concentration and temperature, respectively, are calculated as Cw

and Tw, while C∞ and T∞ represent the free-stream concentration and temperature. In addition, it is
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supposed that the extent of the range of secondary flow in the span-wise direction is broad and, thus,
complete. As a consequence, the concentration, energy, and momentum equations are taken to be free
of the z-coordinate. The leading governing equations, in the forms of PDEs by scaling the boundary
layer approximation, are [33–35]:

∂v
∂y

+
∂u
∂x

= 0, (1)

v
∂u
∂y

+ u
∂u
∂x

=
µ̂hbn f

ρ̂hbn f

(
∂2u
∂y2

)
+
σ̂hbn f B2

ρ̂hbn f
(U0 − u), (2)

v
∂w
∂y

+ u
∂w
∂x

=
µ̂hbn f

ρ̂hbn f

(
∂2w
∂y2

)
+
σ̂hbn f B2

ρ̂hbn f
(w0 −w), (3)

v
∂T
∂y

+ u
∂T
∂x

= α̂hbn f
∂2T
∂y2 −

1(
ρ̂ĉp

)
hbn f

∂qr

∂y
+

DmkT

csĉp

∂2C
∂y2 , (4)

v
∂C
∂y

+ u
∂C
∂x

=

(
DmkT

Tm

)
∂2T
∂y2 + D̂hbn f

∂2C
∂y2 , (5)

And through the boundary restrictions:

v = vw = v0

√
ν f
2x , u = −λU0, w = 0, C = Cw, T = Tw at y = 0,

w→ w0, u→ U0, C→ C∞, T→ T∞ as y→∞.
(6)

In the aforementioned system of equations, v, w, and u are the components of velocity along the
y-, z-, and x-axes, respectively.
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Figure 1. Physical diagram of the problem.

2.1. Thermo-Physical Properties of the Hybrid Nanoliquid

The density, heat capacity, dynamic viscosity, thermal conductivity, electrical conductivity,
and mass diffusiveness of the expression of hybrid nanoliquids are given in Table 1.
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Table 1. Representation of the hybrid nanofluid properties [36].

Properties Hybrid Nanofluid

Density ρ̂hbn f =
[
φ2ρ̂s2 + (1−φ2)

{
φ1ρ̂s1 + (1−φ1)ρ̂ f

}]
Viscosity µ̂hbn f =

µ̂ f

(1−φ2)
2.5(1−φ1)

2.5

Mass diffusivity D̂hbn f =
D̂ f

(1−φ1)(1−φ2)

Electrical conductivity σ̂hbn f = σ̂b f

[
σ̂s2 (1+2φ2)+2σ̂b f (1−φ2)

σ̂s2 (1−φ2)+σ̂b f (2+φ2)

]
with σ̂b f = σ̂ f

[
σ̂s1 (1+2φ1)+2σ̂ f (1−φ1)

σ̂s1 (1−φ1)+σ̂ f (2+φ1)

]
Thermal conductivity k̂hbn f =

k̂s2+2k̂nf−2φ2(k̂n f−k̂s2 )
k̂s2+2k̂nf+φ2(k̂n f−k̂s2 )

× k̂n f with k̂n f =
k̂s1+2k̂ f−2φ1(k̂ f−k̂s1 )
k̂s1+2k̂ f +φ1(k̂ f−k̂s1 )

× k̂ f

Heat capacity
(
ρ̂ĉp

)
hbn f

=
[
φ2

(
ρ̂ĉp

)
s2
+ (1−φ2)

{
φ1

(
ρ̂ĉp

)
s1
+ (1−φ1)

(
ρ̂ĉp

)
f

}]

Exercising the Rosseland approximation, the radiative heat flux is known as qr, and its
appearance is:

qr = −

(
16σ∗T3

3k∗

)
Ty. (7)

As previously mentioned, Ty stands for change of partial derivative with respect to the coordinate
y. Further, k∗ and σ∗ represent the mean of the Rosseland coefficient and the Stefan–Boltzmann
constant, respectively.

The similarity transformation is implemented as:

η = y
(

U0
2xυ f

)0.5
,ψ = f (η)

(
2xU0υ f

)0.5
, w = w0g(η),

φ(η) = C∞−C
C∞−Cw

,θ(η) = T∞−T
T∞−Tw

.
(8)

In the above similarity variables, the Greek symbol ψ stand for the stream function,

and mathematically, it is expressed as
{
−
∂ψ
∂x , ∂ψ∂y

}
= {v, u}.

The implementation of the transformations above in Equations (2)–(6) is to obtain a consistent
dimensional form of the ODEs via the well-known table equation (Calculation processes can be found
in Appendix A) as follows:

f ′′′ + β1
{
β2 f f ′′ −Mβ3( f ′ − 1)

}
= 0, (9)

g′′ + β1
{
β2 f g′ − β3M(g− 1)

}
= 0, (10)

θ′′
[
(θ(θw − 1) + 1)3 +

3
4

Rdβ4

]
+

3
4
β5RdPr( fθ′ + Duφ′′ ) + 3(θw − 1)(θ(θw − 1) + 1)2(θ′)2 = 0, (11)

φ′′ + β6
{
Sc( fφ′ + Srθ′′ )

}
= 0. (12)

The major boundary restriction in question is:

S = f (0), g(0) = 0,−λ = f ′(0), 1 = θ(0), 1 = φ(0),
f ′(∞)→ 1, g(∞)→ 1,θ(∞)→ 0,φ(∞)→ 0.

(13)

in which:
β1 = (1−φ1)

2.5(1−φ2)
2.5,

β2 =

(
(1−φ2)

{
(1−φ1) + φ1

ρ̂s1

ρ̂ f

}
+ φ2

ρ̂s2

ρ̂ f

)
,

β3 =

(
σ̂s2(1 + 2φ2) + 2σ̂b f (1−φ2)

σ̂s2(1−φ2) + σ̂b f (2 + φ2)

)(
σ̂s1(1 + 2φ1) + 2σ̂ f (1−φ1)

σ̂s1(1−φ1) + σ̂ f (2 + φ1)

)
,
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β4 =

 k̂s2 + 2k̂nf − 2φ2
(
k̂n f − k̂s2

)
k̂s2 + 2k̂nf + φ2

(
k̂n f − k̂s2

) 
 k̂s1 + 2k̂ f − 2φ1

(
k̂ f − k̂s1

)
k̂s1 + 2k̂ f + φ1

(
k̂ f − k̂s1

) ,

β5 =

(1−φ2)

φ1

(
ρ̂ĉp

)
s1(

ρ̂ĉp
)

f

+ (1−φ1) + φ2

(
ρ̂ĉp

)
s2(

ρ̂ĉp
)

f

,

β6 = (1−φ1)(1−φ2).

The proprietary, dimensionless parameters in Equations (9)–(13) are expressed in mathematical
form as:

Pr =
ν f
α̂ f

, M =
σ̂ f B0

2

ρ̂ f U0
, Rd =

k∗k̂ f

4σ∗T3
∞

, Sc =
ν f

D̂ f
,

S = v0
√

U0
, Du =

DmkT(Cw−C∞)
ν f cs ĉp(Tw−T∞)

, Sr = DmkT(Tw−T∞)
ν f Tm(Cw−C∞)

.

where the above-mentioned constraints are known as the radiation (Rd), Prandtl (Pr), magnetic (M),
suction/blowing (S), Schmidt number (Sc), Soret (Sr), and Dufour numbers (Du), respectively.

2.2. Skin Friction

The skin friction coefficient along the stream-wise and cross flow directions are signified as

C fx =

µ̂hbn f

(
∂u
∂y

)
y=0

ρ̂ f U2
0

=
µ̂hbn f

µ̂ f

f ′′ (0)

(2Rex)
1/2

, (14)

C fz =
µ̂hbn f

(
∂w
∂y

)
y=0

ρ̂ f w2
0

=
µ̂hbn f

µ̂ f

g′(0)

(2Rex)
1/2(w0/U0)

. (15)

2.3. Nusselt Number

The local Nusselt number is defined as and then simplified to the non-dimensional form as follows:

Nux =

x
[(
−k̂hbn f

∂T
∂y

)
y=0

+ (qr)w

]
k̂ f (Tw − T∞)

= −
k̂hbn f

k̂ f
(Rex/2)1/2θ′(0)

{
1 +

4
3Rd

(1 + θ(0)(θw − 1))3
}

. (16)

2.4. Sherwood Number

The local Sherwood number is described as and to write in the non-dimensional form as follows:

Shx =

x
(
−D̂hbn f

∂C
∂y

)
y=0

D̂ f (Cw −C∞)
= −

D̂hbn f

D̂ f
(Rex/2)1/2φ′(0), (17)

where the expression of the Reynolds number is Rex = xU0/ν f .

3. Results and Discussion

In this section, we look at the problem formulation where the model consists of highly nonlinear
partial differential equations (PDE) [1–5], and the exact solution of such a model is quite complicated
and seems impossible if the number of parameters involved in the problem is greater than the control
of the solution. In our case, the problem was, firstly, tackled numerically through the bvp4c package
in MATLAB, where we could exercise the similarity transformations along with the aforementioned
PDEs transmuted into nonlinear ODEs [9–12] with the related constraint equation [13]. The pertinent
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parameters in the problem that were taken to be fixed for computational purposes throughout the
process were the following [37]: Du = M = 0.2, Rd = Sc = 0.5, θw = 0.5, Sr = 0.3, φ1 = φ2 = 0.1,
S = 1.5, and λ = 0.5. The values of the hybrid nanoparticle volume fraction and the Prandtl number
lay in the range (0 ≤ φ1 < 1, 0 ≤ φ2 < 1) and (6.2), respectively. On the other hand, Oztop and
Abu-Nada [38] investigated the regular viscous fluid when φ1 = φ2 = 0. The dual solutions (more than
one solution) were obtained numerically to analyze the MHD impact on non-linear radiative hybrid
nanoliquid flow for the hybrid alloy nanomaterials made of AA7075 and Ti6Al4V nanoparticles along
with the base fluid, water. The (Sr) and (Du) numbers imposed in the concentration and energy
equations were taken, respectively, also travelling along the secondary or stream-wise and cross flow
directions. Physically, the stable and unstable solutions, called the upper and lower branch solutions
for the corresponding parameters, respectively, were plotted in various graphs. In the entire study,
the smaller solid red circles display the critical points at which both branches change their solutions.
For computational purposes, the thermo-physical features of the AA7075 and Ti6Al4V hybrid alloy
nanomaterials, along with the host fluid, water, are shown in Table 2. Figure 2 is prepared to test the
numerical scheme via the accessible graphical results of Bhattacharyya and Pop [33] in the case of the
stream-wise direction in the restrictive case. The assessments confirm a marvelous harmony between
the current and available graphical results.

Table 2. Illustrates the features of the thermo-physical both nanoparticle and base fluid [39].

Thermo-Physical Properties H2O Aluminum AA7075(φ1) Ti6Al4V (φ2)

ρ̂ 997.1 2810 4420

ĉp 4179 960 0.56

k̂ 0.6129 173 7.2

σ̂ 0.05 26.77 × 106 5.8 × 105Crystals 2020, 10, x FOR PEER REVIEW  9 of 34 
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Figure 2. Comparison of the velocity profile f ′(η) for λ.

Figures 3 and 4 display the impact of the S parameter against the shrinking/stretching parameter λ
for the skin factor coefficients along the stream-wise direction (2Rex)

1/2C fx and the cross flow direction
(2Rex)

1/2C fz, while the influences of the same parameter against λ on the heat transfer (Rex/2)−1/2Nux

and the mass transfer (Rex/2)−1/2Shx rate are emphasized in Figures 5 and 6, respectively. The solution
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behavior and the critical values of the local skin factor coefficients
(
(2Rex)

1/2C fx, (2Rex)
1/2C fz

)
, the local

heat transfer (Rex/2)−1/2Nux, and the mass transfer (Rex/2)−1/2Shx against λ(λc = 0.58193, 1.08110)
for the two changed values of the parameter {S = 0.5, 1.0} are exposed in Figures 3–6, respectively.
It can be discerned from Figure 3 that the lower branch solution failed to increase, while the upper
solution was boosted with increasing S. It was further noted that the solution for the (2Rex)

1/2C fx
was coarser in the shrinking case (λ < 0) than that detected for the case of stretching (λ > 0). Figure 4
illustrates the same behavior as in Figure 3 for the skin coefficient along the cross flow direction
(2Rex)

1/2C fz against the moving parameter λ as the choice for the numerals of the suction parameter
decreases; the upper solution showed a downtrend in motion while the lower solution showed an
uptrend. Generally, the skin friction augmented as we increased the parameter S against the moving
parameter λ due to the inverse relation with the velocity, and by way of a consequence, the momentum
boundary layer was thicker and blooming in the first solution and thinner in the second solution,
as depicted in Figures 3 and 4. The influences of the mass suction parameter S for the two different
values against the non-dimensional constant λ (say, moving parameter) for the Nusselt and Sherwood
numbers were calculated and presented graphically in Figures 5 and 6, respectively. It is observed
individually for both branches in Figure 5 that when the values of S decreases against λ for the heat
transfer profile, both branches of the solutions changed. Moreover, this solution behavior totally
changes in Figure 6 for the rate of mass transfer, which decreases as the value of S decays. In the
situation in terms of the plate moving into the origin for λ > 0, both the local Nusselt number and local
Sherwood number became smaller as compared to the case out of the origin λ < 0, but in comparison
with Figures 3 and 4, this situation is totally different, such as the mass and heat transfer rate computed
in terms of (Rex/2)−1/2Shx and (Rex/2)−1/2Nux were lower for λ > 0 than examined for λ < 0.
The variation of the magnetic constraint M for the two different values against the shrinking/stretching
parameter λ for the skin factor along the stream-wise and the cross flow directions, the rate of heat, and
mass transfer are mathematically calculated in terms of the expressions like (2Rex)

1/2C fx, (2Rex)
1/2C fz,

(Rex/2)−1/2Nux, and (Rex/2)−1/2Shx, which are behaviorally emphasized in Figures 7–10, respectively.

Crystals 2020, 10, x FOR PEER REVIEW  10 of 34 

Crystals 2020, 10, x; doi: FOR PEER REVIEW  www.mdpi.com/journal/crystals 

 

changed. Moreover, this solution behavior totally changes in Figure 6 for the rate of mass transfer, 

which decreases as  the value of  S   decays.  In  the situation  in  terms of  the plate moving  into  the 

origin  for  0  , both  the  local Nusselt number and  local Sherwood number became  smaller as 

compared to the case out of the origin  0  , but in comparison with Figures 3 and 4, this situation 

is totally different, such as the mass and heat transfer rate computed in terms of    1/ 2
Re / 2x xSh


 

and    1/ 2
Re / 2x xNu



 
were  lower  for  0    than  examined  for  0  .  The  variation  of  the 

magnetic constraint  M   for the two different values against the shrinking/stretching parameter    
for  the skin  factor along  the stream‐wise and  the cross flow directions,  the rate of heat, and mass 

transfer  are  mathematically  calculated  in  terms  of  the  expressions  like   1/ 2
2Rex xCf , 

 1/ 2
2Rex zCf ,    1/ 2

Re / 2x xNu


, and    1/ 2
Re / 2x xSh


, which are behaviorally emphasized  in 

Figures 7–10, respectively. 

 

Figure 3. Influence of  S   on   1/ 2
2Rex xCf . 

Figure 3. Influence of S on (2Rex)
1/2C fx.



Crystals 2020, 10, 679 9 of 28
Crystals 2020, 10, x FOR PEER REVIEW  11 of 34 

Crystals 2020, 10, x; doi: FOR PEER REVIEW  www.mdpi.com/journal/crystals 

 

 

Figure 4. Influence of  S   on   1/ 2
2 Rex zCf . 

 

Figure 5. Influence of  S on   1/ 2
Re / 2x xNu


. 

Figure 4. Influence of S on (2Rex)
1/2C fz.

Crystals 2020, 10, x FOR PEER REVIEW  11 of 34 

Crystals 2020, 10, x; doi: FOR PEER REVIEW  www.mdpi.com/journal/crystals 

 

 

Figure 4. Influence of  S   on   1/ 2
2 Rex zCf . 

 

Figure 5. Influence of  S on   1/ 2
Re / 2x xNu


. 

Figure 5. Influence of S on (Rex/2)−1/2Nux.



Crystals 2020, 10, 679 10 of 28
Crystals 2020, 10, x FOR PEER REVIEW  12 of 34 

Crystals 2020, 10, x; doi: FOR PEER REVIEW  www.mdpi.com/journal/crystals 

 

 

Figure 6. Influence of  S   on    1/ 2
Re / 2x xSh


. 

The skin factor along the (STW) and (CRF) directions, which was computed by the expression 

 1/2
2Rex xCf   and   1/ 2

2Rex zCf ,  is  portrayed  in  Figures  7  and  8,  respectively,  where  the 

parameter  M   is imposed against   , whose critical values are   0.32530,  0.44890c  . Figure 

7 clarifies that as the value of the magnetic parameter decreases, the values of   1/ 2
2Rex xCf went 

down  in both branch solutions  in  the range of   0  , and  then went up  for  the second branch 

solution  in the range  0  . In addition, it was predicted clearly in the figure that the values of 

 1/ 2
2Rex xCf   for the situation of shrinking were lower than the circumstance of stretching. Figure 

8 displays the behavior of the solution as different from Figure 7; here, the values of   1/ 2
2 Rex zCf  

changed with the decrease of magnetic parameter  M . Figure 9,10 elucidate the influence of  M on 

the  rate of heat and mass  transfer
 
along  the dimensionless  constant   ,  respectively. The  critical 

points  along  the  moving  parameter     for  the  two  selected  values  of  M were  considered  as 

 0.32530,  0.44890c    for both the mass and heat transfer rate, respectively. Clearly, from the 

graphical  results,  the  reverse  trend  of  these multiple  solutions  can  be  observed  in  both  of  these 

figures. In a more compact way, it was interpreted that for the finer choices of  M , the first branch 

solution showed a declining behavior, whilst for the second branch solution, an uptrend behavior 

was perceived. In addition, such graphs exemplified that the erratic engineering features like mass 

and heat transfer rate were quite fine for the lower branch as compared to the upper branch solution. 

Figure 6. Influence of S on (Rex/2)−1/2Shx.

The skin factor along the (STW) and (CRF) directions, which was computed by the expression
(2Rex)

1/2C fx and (2Rex)
1/2C fz, is portrayed in Figures 7 and 8, respectively, where the parameter M

is imposed against λ, whose critical values are (λc = 0.32530, 0.44890). Figure 7 clarifies that as the
value of the magnetic parameter decreases, the values of (2Rex)

1/2C fx went down in both branch
solutions in the range of (λ < 0), and then went up for the second branch solution in the range (λ > 0).
In addition, it was predicted clearly in the figure that the values of (2Rex)

1/2C fx for the situation of
shrinking were lower than the circumstance of stretching. Figure 8 displays the behavior of the solution
as different from Figure 7; here, the values of (2Rex)

1/2C fz changed with the decrease of magnetic
parameter M. Figures 9 and 10 elucidate the influence of M on the rate of heat and mass transfer
along the dimensionless constant λ, respectively. The critical points along the moving parameter λ
for the two selected values of M were considered as (λc = 0.32530, 0.44890) for both the mass and
heat transfer rate, respectively. Clearly, from the graphical results, the reverse trend of these multiple
solutions can be observed in both of these figures. In a more compact way, it was interpreted that for
the finer choices of M, the first branch solution showed a declining behavior, whilst for the second
branch solution, an uptrend behavior was perceived. In addition, such graphs exemplified that the
erratic engineering features like mass and heat transfer rate were quite fine for the lower branch as
compared to the upper branch solution.

Figures 11–14 illustrate the effect of the Dufour and Soret numbers on the heat and mass transfer
rate against the moving parameter λ, respectively. Furthermore, Figure 11 displays the Dufour
effect of the two different values on (Rex/2)−1/2Nux against λ. The value of the Dufour parameter
increases, and as a result, both branches of the solutions showed a decaying behavior, while the reverse
behavior was detected for (Rex/2)−1/2Shx as the Dufour parameter uplifts, highlighted in Figure 12.
The influences of the Soret (Sr = 0.1, 0.2) parameter against λ for the Nusselt and Sherwood numbers
are investigated in Figures 13 and 14, respectively. The local heat transfer was growing in both branch
solutions along parameter λ as the Soret number upsurges, while the contradictory behavior was
noticed for the mass transfer rate.
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The influence of the magnetic field parameter for the three different selected values in terms
of computing the velocities in the stream-wise direction f ′(η) and the cross flow direction g(η) is
highlighted graphically in Figures 15 and 16. This showed that the first solution, which is also
called the lower branch solution, decreased in both aforementioned graphs and the second solution,
called the upper branch, was growing as the values of M changed. Physically, one could notice this
obvious behavior due to the change of the magnetic parameter creating a large Lorentz (drag) force,
which retarded the motion of the fluids significantly, and thus, the profiles in terms of the velocity and
the boundary layer thickness decelerated as the magnetic parameter increased.
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Figures 17 and 18 display the flow trend of the fields such as temperature θ(η) and concentration
φ(η) for the numerous values of M, respectively. It is discerned from Figure 17 that by increasing M,
the behavior of the solution for the temperature increased in the upper branch. Physically, the strong
Lorentz force dropped to slow down the fluid flow, which, accordingly, caused extra friction amid the
fluid molecules. Thus, additional heat was generated, therefore increasing the temperature of fluid.
However, this trend totally changed in the behavior of the second branch solution; the temperature
profile declined with growing M. A similar behavior is noticed in Figure 18 as in Figure 17, which shows
that the influence of the magnetic field constraint on the concentration profile of the hybrid nanofluid
was increased in the first branch solution, while it decreased in the second branch solution.
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Figure 19 shows the influence of the temperature ratio parameter θw on the temperature profile.
It is observed clearly from its graphical results that both branch solutions became higher for the three
different ascending values of θw. Figure 20 shows that the first solution decreased for the temperature
profile θ(η), and the second solution increased as the radiation parameter Rd became successively
larger. A greater amount of radiation implied the dominance of conduction, and thus, the thermal
boundary layer thickness diminished. The effect of the Schmidt parameter Sc on φ(η) is depicted in
Figure 21. Moreover, its shows that the behavior of the multiple or dual solution and the concentration
of the boundary layer decelerated in both the branches of outcomes due to changing the values of Sc.
The Schmidt number exemplified the ratio of kinematic viscosity to molecular mass diffusivity for
the enhancement of Sc, which differed from a decline in mass diffusivity in the system, and which
consequently lowered the concentration profile.

Figures 22–25 show the impacts of the hybrid nanomaterial parameters φ1, φ2 on the velocity in
the stream-wise direction f ′(η), the velocity in the cross flow direction g(η), temperature distribution
θ(η), and the concentration profile φ(η), respectively. Further, it was observed that when the values of
the hybrid alloy nanomaterials φ1, φ2 increase, the first solution decreases, while the lower solution
increases in the velocities profile, and their graphical behavior is captured in Figures 22 and 23,
respectively. This is apparent from the reality that greater amounts of φ1, φ2 communicate to intensify
the hybrid nanofluids thermal conductivity, which inspires the diffusion of heat so that the heat
impulsively disperses near the surface. Figures 24 and 25 present the importance of the hybrid alloy
nanomaterials φ1, φ2 on the temperature and concentration profiles. More precisely, it is noted that the
temperature and the nanofluid concentration is enhanced in both branches of the solution (lower and
upper) when φ1, φ2 upsurge. Since, the large amounts of φ1, φ2 generate a great quantity of energy
during the flow connected with the uneven progress of the ultrafine materials, they, hence, produce a
substantial improvement in the rate of heat and mass transfer, which consequently augments the
temperature and the concentration.
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4. Conclusions

This research explored the effects of the Dufour and Soret numbers on magneto flow comprised
of two hybrid alloy nanoparticles, namely AA7075 and Ti6Al4V, in the secondary and stream-wise
flow directions. Furthermore, the nonlinear radiation effect was studied. Numerical dual solutions are
achieved through the bvp4c solver. The significant points are gathered as follows:

• For the first solution, the velocity of the nanoliquid increased in the stream-wise and cross flow
directions with a suction parameter, while a change in pattern was observed in the second solution.
For both solutions, the concentration and temperature of the nanoparticles decreased.

• In the first solution, the magnetic field constraint reduced the velocity of the nanofluid, and it
increased in the lower branch result, whereas in the upper branch result, the temperature and
concentration rose and decreased in the lower branch solution.

• The temperature distribution changed due to θw in both results, whereas the impact of radiation
was the opposite manner.

• The nanoliquid velocity decreased in the first result due to the hybrid nanoparticles, while the
opposite pattern was seen in the second test. In both cases, the concentration and temperature
fields increased.

• The Nusselt number increased in the first and second solutions because of the Soret numbers,
while the reverse behavior was seen because of the Dufour numbers.

• In both results, the effect of the magnetic number induced an increase in skin friction in the
stream-wise and cross flow directions. However, in the first solution, the Nusselt number and the
Sherwood number declined and increased in the second solution.
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Nomenclature

α̂ f thermal diffusivity
B0 intensity of the magnetic field
C Concentration
C∞ ambient fluid concentration
Cw wall concentration
C fx, C fz skin friction coefficients
ĉp specific heat
D̂ f mass diffusivity
Du Dufour number
f , g dimensionless velocities
k∗ coefficient of mean absorption
k̂ thermal conductivity
M magnetic parameter
Nux Nusselt number
Pr Prandtl number
qr radiative heat flux
Rd radiation parameter
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Rex local Reynolds number
S Suction
Sc Schmidt number
Sr Soret number
Shx Sherwood number
T Temperature
T∞ free-stream temperature
Tw wall temperature
U0 constant velocity
w0 transverse velocity
(u, v, w) velocity components
(x, y, z) Cartesian coordinates

Greek Symbols

λ moving parameter
µ̂ dynamic viscosity
φ1,φ2 volume fractions of nanoparticles
θ dimensionless temperature
θw

(
= T f /T∞

)
temperature ratio parameter

χ dimensionless concentration
ν f kinematic viscosity of base fluid
ρ̂ Density
σ∗ Stefan–Boltzmann constant
σ̂ electrical conductivity
ψ stream function
η similarity variable

Subscripts

s1, s2 solid nanoparticles
hbnf hybrid nanofluid
F base fluid

Superscripts

‘ derivative w.r.t. η

Appendix A

To calculate the Equation (9), we need to first find the components (u, v) by using the definition of the stream

function u =
∂ψ
∂y , v = −

∂ψ
∂x . Thus, we get

u = U0 f ′(η) and v =

(U0v f

2x

) 1
2

(η f ′(η) − f (η)), (A1)

u
∂u
∂x

=
−U0

2η

2x
f ′ f ′′ , (A2)

v
∂u
∂y

=

U2
0

2x

(η f ′ f ′′ − f f ′′ ). (A3)

Now, adding Equations (A2) and (A3), we get

u
∂u
∂x

+ v
∂u
∂y

= −
U2

0
2x

f f ′′ , (A4)
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∂2u
∂y2 =

U2
0

2ν f x
f ′′′ , (A5)

B2(x) =
B0

2

2x
. (A6)

Now, putting the above expressions in Equation (2), we get the desired form

−
U2

0
2x

f f ′′ =
µ̂hbn f

ρ̂hbn f

 U2
0

2ν f x
f ′′′

+ σ̂hbn f

ρ̂hbn f

B0
2

2x
(U0 −U0 f ′),

Now, multiply the equation both sides by 2x
U2

0
. Thus,

µ̂hbn f

ρ̂hbn f ν f
f ′′′ + f f ′′ +

σ̂hbn f

ρ̂hbn f

B0
2

U0
(1− f ′) = 0, (A7)

Further simplifying Equation (A7), we get

µ̂hbn f

µ̂ f
f ′′′ +

ρ̂hbn f

ρ̂ f
f f ′′ + M

σ̂hbn f

σ̂ f
(1− f ′) = 0,

Using the thermo physical properties in Table 1, it becomes

f ′′′ + β1
{
β2 f f ′′ −Mβ3( f ′ − 1)

}
= 0, (A8)

in which
β1 = (1−φ1)

2.5(1−φ2)
2.5,

β2 =

(
(1−φ2)

{
(1−φ1) + φ1

ρ̂s1

ρ̂ f

}
+ φ2

ρ̂s2

ρ̂ f

)
,

β3 =
(
σ̂s2 (1+2φ2)+2σ̂b f (1−φ2)

σ̂s2 (1−φ2)+σ̂b f (2+φ2)

)(
σ̂s1 (1+2φ1)+2σ̂ f (1−φ1)

σ̂s1 (1−φ1)+σ̂ f (2+φ1)

)
,

M =
σ f B0

2

ρ f U0
.

Now, to calculate the Equation (10), we need

∂w
∂x

=
−η

2x
w0g′, (A9)

∂w
∂y

= w0

(
U0

2ν f x

) 1
2

g′, (A10)

u
∂w
∂x

=
−η

2x
U0w0g′ f ′, (A11)

v
∂w
∂y

=
w0U0

2x
(ηg′ f − g′ f ), (A12)

∂2w
∂y2 =

w0U0
2ν f x

g′′ . (A13)

Putting Equations (A6), (A11)–(A13) in Equation (3), we get

w0U0
2x

(ηg′ f − g′ f ) −
η

2x
U0w0g′ f ′ =

µ̂hbn f

ρ̂hbn f

(
w0U0
2ν f x

g′′
)
+
σ̂hbn f

ρ̂hbn f

B0
2

2x
(w0 −w0g),

Now, further simplifying the above equation, we get

µ̂hbn f

µ̂ f
g′′ +

σ̂hbn f

σ̂ f
M(1− g) +

ρ̂hbn f

ρ̂ f
g′ f = 0,
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Using the thermo physical properties in Table 1, it becomes

g′′ + β1
{
β2 f g′ − β3M(g− 1)

}
= 0, (A14)

in which
β1 = (1−φ1)

2.5(1−φ2)
2.5,

β2 =

(
(1−φ2)

{
(1−φ1) + φ1

ρ̂s1

ρ̂ f

}
+ φ2

ρ̂s2

ρ̂ f

)
,

β3 =
(
σ̂s2 (1+2φ2)+2σ̂b f (1−φ2)

σ̂s2 (1−φ2)+σ̂b f (2+φ2)

)(
σ̂s1 (1+2φ1)+2σ̂ f (1−φ1)

σ̂s1 (1−φ1)+σ̂ f (2+φ1)

)
,

M =
σ f B0

2

ρ f U0
.

Now, to calculate the Equation (11), we need

∂T
∂x

=
−η

2x
(Tw − T∞)θ′, (A15)

u
∂T
∂x

=
−ηU0

2x
(Tw − T∞) f ′θ′, (A16)

∂T
∂y

=

(
U0

2xν f

) 1
2

(Tw − T∞)θ′, (A17)

v
∂T
∂y

=
U0
2x

(Tw − T∞)(η f ′θ′ − fθ′), (A18)

∂2T
∂y2 =

U0
2xν f

(Tw − T∞)θ′′ , (A19)

∂2C
∂y2 =

U0
2xν f

(Cw −C∞)φ′′ , (A20)

T2 = (θ(θw − 1) + 1)2T∞2 where θw =
Tw

T∞
, (A21)

∂qr

∂y
=
−16σ∗

3k∗

3T2
(
∂T
∂y

)2

+ T3 ∂
2T
∂y2

. (A22)

Putting Equations (A17), (A19) and (A21) in Equation (A21), we get

∂qr

∂y
=
−16σ∗

3k∗

{
3(θ(θw − 1) + 1)2T∞2 U0

2xν f
(Tw − T∞)

2θ′2 + (θ(θw − 1) + 1)3T∞3 U0
2xν f

(Tw − T∞)θ′′
}

,

Further simplified, we get

∂qr

∂y
=
−16σ∗T∞3

3k∗

 3(θ(θw − 1) + 1)2 U0
2xν f

(θw − 1)(Tw − T∞)θ′2+

(θ(θw − 1) + 1)3 U0
2xν f

(Tw − T∞)θ′′

, (A23)

Putting the above expressions in Equation (4), it becomes

U0
2x (Tw − T∞)(η f ′θ′ − fθ′) − ηU0

2x (Tw − T∞) f ′θ′ = α̂hbn f
U0

2xν f
(Tw − T∞)θ′′ +

DmkT
cs ĉp

U0
2xν f

(Cw −C∞)φ′′

+ 1
(ρ̂ĉp)hbn f

16σ∗T∞3

3k∗

 3(θ(θw − 1) + 1)2 U0
2xν f

(θw − 1)(Tw − T∞)θ′2+

(θ(θw − 1) + 1)3 U0
2xν f

(Tw − T∞)θ′′

,

Now, simplifying the expression, it becomes

−

(
ρ̂ĉp

)
hbn f(

ρ̂ĉp
)

f

fθ′ =
k̂hbn f

k̂ f Pr
θ′′ +

(
ρ̂ĉp

)
hbn f(

ρ̂ĉp
)

f

Duφ′′ +
4

3PrRd

{
3(θ(θw − 1) + 1)2(θw − 1)θ′2+

(θ(θw − 1) + 1)3θ′′

}
,



Crystals 2020, 10, 679 25 of 28

 k̂hbn f

k̂ f
+

4
3Rd

(θ(θw − 1) + 1)3

θ′′ + Pr

(
ρ̂ĉp

)
hbn f(

ρ̂ĉp
)

f

(Duφ′′ + fθ′) +
4

Rd
(θ(θw − 1) + 1)2(θw − 1)θ′2,

(θ(θw − 1) + 1)3 +
3
4

Rd
k̂hbn f

k̂ f

θ′′ + 3
4

RdPr

(
ρ̂ĉp

)
hbn f(

ρ̂ĉp
)

f

(Duφ′′ + fθ′) + 3(θ(θw − 1) + 1)2(θw − 1)θ′2,

Using the thermo physical properties in Table 1, it becomes

θ′′
[
(θ(θw − 1) + 1)3 +

3
4

Rdβ4

]
+

3
4
β5RdPr( fθ′ + Duφ′′ ) + 3(θw − 1)(θ(θw − 1) + 1)2(θ′)2 = 0, (A24)

in which:

β4 =

 k̂s2 + 2k̂nf − 2φ2
(
k̂n f − k̂s2

)
k̂s2 + 2k̂nf + φ2

(
k̂n f − k̂s2

) 
 k̂s1 + 2k̂ f − 2φ1

(
k̂ f − k̂s1

)
k̂s1 + 2k̂ f + φ1

(
k̂ f − k̂s1

) ,

β5 =

(
(1−φ2)

[
φ1

(ρ̂ĉp)s1

(ρ̂ĉp) f

]
+ (1−φ1) + φ2

(ρ̂ĉp)s2

(ρ̂ĉp) f

)
,

Pr =
ν f
α̂ f

, Rd =
k∗ k̂ f

4σ∗T3
∞

,θw = Tw
T∞ , Du =

DmkT(Cw−C∞)
ν f cs ĉp(Tw−T∞)

.

Finally, to calculate Equation (12), we get

∂C
∂x

=
−η

2x
(Cw −C∞)φ′, (A25)

u
∂C
∂x

=
−ηU0

2x
(Cw −C∞) f ′φ′, (A26)

∂C
∂y

=

(
U0

2xν f

) 1
2

(Cw −C∞)φ′, (A27)

v
∂C
∂y

=
U0
2x

(Cw −C∞)(η f ′φ′ − fφ′), (A28)

∂2T
∂y2 =

U0
2xν f

(Tw − T∞)θ′′ , (A29)

∂2C
∂y2 =

U0
2xν f

(Cw −C∞)φ′′ . (A30)

Now, putting Equations (A26), (A28)–(A30) in Equation (5), we get the simplified bounded form

−
U0
2x

(Cw −C∞) fφ′ =
(

DmkT
Tm

)
U0

2xν f
(Tw − T∞)θ′′ + D̂hbn f

U0
2xν f

(Cw −C∞)φ′′ , (A31)

Multiplying Equation (A31) both sides by 2x
U0(Cw−C∞)

, we get the required form

− fφ′ = Srθ′′ +
D̂hbn f

ScD̂ f
φ′′ ,

D̂hbn f

D̂ f
φ′′ + Sc( fφ′ + Srθ′′ ) = 0,

Now, using the thermos-physical properties of Table 1, we get

φ′′ + β6
{
Sc( fφ′ + Srθ′′ )

}
= 0, (A32)
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in which
β6 = (1−φ1)(1−φ2),

Sc =
ν f

D̂ f
, Sr = DmkT(Tw−T∞)

ν f Tm(Cw−C∞)
.

Now, to calculate the boundary equations

−λU0 = U0 f ′(0)⇒ f ′(0) = −λ.

v = −

(U0ν f

2x

) 1
2

( f − η f ′)⇒ −v0

√
ν f

2x
= −

(U0ν f

2x

) 1
2

f (0)⇒ f (0) =
v0
√

U0
= S.

w = w0g⇒ 0 = w0g(0)⇒ g(0) = 0.

T = θ(Tw − T∞) + T∞ ⇒ Tw = θ(0)(Tw − T∞) + T∞ ⇒ θ(0) = 1.

C = φ(Cw −C∞) + C∞ ⇒ Cw = φ(0)(Cw −C∞) + C∞ ⇒ φ(0) = 1.

u = U0 f ′(η)⇒ U0 = U0 f ′(∞)⇒ f ′(∞)→ 1

w = w0g(η)⇒ w0 = w0g(∞)⇒ g(∞)→ 1

T = θ(Tw − T∞) + T∞ ⇒ T∞ = θ(∞)(Tw − T∞) + T∞ ⇒ θ(∞)→ 0.

C = φ(Cw −C∞) + C∞ ⇒ C∞ = φ(∞)(Cw −C∞) + C∞ ⇒ φ(∞)→ 0.

Thus, the required boundary conditions are

f ′(0) = −λ, f (0) = S, φ(0) = 1,θ(0) = 1, g(0)= 0,
θ(η)→ 0, f ′(η)→ 1, g(η)→ 1, φ(η)→ 0 as η→∞.

(A33)
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