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This study introduces new special two-derivative Runge-Kutta type (STDRKT) methods
involving the fourth derivative of the solution for solving third-order ordinary differential equa-
tions. In this regards, rooted tree theory and the corresponding B-series theory is proposed to derive
order conditions for STDRKT methods. Besides, explicit two-stages fifth order and three-stages
sixth order STDRKT methods are derived and stability,consistency and convergence of STDRKT
methods are analysed in details. Accuracy and effectiveness of the proposed techniques are vali-
dated by a number of various test problems and compared to existing methods in the literature.
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1. Introduction

In this paper, we focus on initial value problems of third order
ordinary differential equations (ODEs):
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where u € RV f:= R x R x RY x RY — %Vis a continuous
vector functions.

Third-order ordinary differential equations are often uti-
lised to forecast applied scientific obstacles in the fields of phy-
sics, economics, biology and other disciplines. The usual
approach used to solve third-order ODEs is convert the prob-
lem into first-order ODEs system with initial conditions
u(xo) = up, u'(x9) = upy, u"(x9) = uj and solved it using partic-
ular first-order methods such as linear multistep methods and
Runge-Kutta methods. However, local truncation error and
rounding error are generated and caused inaccuracy in
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approximating the numerical problems. Several direct methods
are widely proposed by researchers in solving third-order ODEs
such as iterative method, Traub’s method, residual power series
method, block method and more (see Chun and Kim [1],
Sharma and Sharma [2], Omar et al.[3], Mehrkanoon[4]).

One of the application problems related to third-order
ODEs is nonlinear Genesio equation, which is widely used to
represent jerk dynamical system and major characteristics of
regular and chaotic motion for jerk system are presented (see
Umut and Yasar [5]). Direct solution was proposed for solving
third-order nonlinear Genesio equation through block hybrid
collocation method (see Yap et al. [6]). Runge-Kutta type
direct integrators with collocation technique for solving
third-order ODEs for a class of implicit RKT methods was
proposed (see You and Chen [7]).

In this research paper, a Runge-Kutta scheme which com-
prises of fourth derivatives for the direct solution of general
third order ODEs is proposed. This method is modified from
existing two derivative Runge-Kutta type methods whereby
the multiple increment function Y bk; in third derivative
is removed and replaced by single function f(x,u,u,u") from
the third order numerical problem. The benefits of this method
is to deduct the amount of function evaluation and enhance
the accuracy since the increment function contains of numeri-
cal errors based on the number of stages. Several effective two
derivative Runge-Kutta-Nystrom methods with inclusion of
second derivative has been proposed to solve second order
ODEs (see Fang et al. [§], Chen et al. [9], Ehigie et al. [10]
and Mohamed et al. [11]).

The aim of this paper is to derive high order STDRKT
methods with minimal amount of stage k, consists of two-
stages fifth-order and three-stages sixth-order methods. In Sec-
tion 2, general formulation of STDRKT methods is proposed.
In Section 3, B-series and rooted tree theories of proposed
method will be shown and elements of B-series such as integer
function, fundamental differential and density will be derived.
STDRKT methods are developed based on the order condi-
tions obtained from B-series and the stability and convergence
analysis of STDRKT methods is discussed in Section 4 to exhi-
bit the capability of STDRKT. In Section 5, different types of
numerical test are proposed and used to compare with existing
methods to examine the efficiency of STDRKT methods.
Numerical results are shown in Section 6 and the paper ends
with discussion and conclusion in Section 7.

2. The formulation of STDRKT methods

In deriving STDRKT methods, a fourth derivative is com-
prised in the formulation as follow:

™ (x) = g(x,u(x), (), u"(x))
= fe (o1l (x), " (x))
+/u(x u(x), 0 (x), 0" (x))ud (x)
+ 1o (6, u(x), u (x), " (x) )u" (x)
A S (e u () ' (), " (x0))f(x, u(x), 0 (x), " ().
(2.2)
Evaluation g(x,u,u’,u") is derived from the derivative of third

derivative. A s-stage special two derivative Runge-Kutta type
method for third-order IVPs is prescribed as follow:

, W " n ;oo
Upt1 = Uy + hun + 7 u, + gf(x"’ Uns Uy, u”)
+ h42b,-g(xn + C,‘h, Ui7 U:7 U;’)7

i=1

!

2

h
i o " 1"
urH—l - un + hun + 7»/1‘()("’ u"’umun)

+ 1> big(xy + i, Uy, U, UY),
i=1

i=

K

Uy, =u, + hf(xn, Uy, U, ug) + h2Zb;’g(x,, +¢:h, U, U, Uf.’),

i=1

where
Ui = u, + i, + #u + @f(x,,, Uy, 1L, U
+h4i:A,-Jg<xn + eih, U, U, U;)
=
U =u + ¢l + @f(x,,, Uy, Uy, 1))
+h3§:2i:/~g<x“ + ¢h, U, U;,7 U;.'), (2.3)
=1
Ul =u! —; Ciltf (%, t, 1l )
+hzizf,/g (\ +eh, UL U, U_;’),
=1
where ¢, by, b, b/, A Ay, Aijyi,j=1,...,s are positive inte-

gers. This method is able to be converted into Butcher’s
tableau as shown in Table 1.

STDRKT methods are explicit methods if A4;;, A ;; and Z,»‘,-
equal to 0 for i < j, and are implicit methods otherwise. It just
comprises of one evaluation of f and multiple evaluations of g
for every step, in which total number of function evaluations is
much less than the existing two derivative RK methods which
consist of numerious evaluations of f and g for every step
depending on the amount of stages.

3. Rooted trees, B-series and order conditions for STDRKT
methods

Definition 3.1. STDRKT methods in (2.3) has order p for all
smooth initial value problems in the form (1.1), local trunca-
tion errors for solution and its derivative obey

l[ee(xo + ) =y || = ||ed (xo +h) — || = |Ju" (v + h) — ] || = O ("*").

Table 1 STDRKT methods in Butcher tableau.
C A A A

bT bIT b//T
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3.1. Rooted trees and theory for B-series

For simplicity purpose, the dependence of u on x will be
ignored in deriving rooted tree for STDRKT methods. Thus,
non-autonnomous problem (1.1) converted into following
autonomous system

0
= o |,
S, v, v
Xo 1 0
vixo)= | u |, V(xo)=|u |, V(xo)=1]11],
Vo Vo vy
(3.5)
where v=(x,u")" and f(v,v,v") = flx,u,u/,u"). Then,

STDRKT method (2.3) is applied to the autonomous system
(3.5) to yield

Xi= xo+ch, X;=1, X/ =0,

i

N2 3 S
U= o+ cihuty + 002y 4 ' +h4ZA,-:,~g(X,, U, U, U;/,)
=1

Y a
U= ug+c,-/mg+%f0+h3zf1ug(xj,U,-,U;.,U/>,
=

U;', - 146' + Cihﬁ) + hzzzi,jg <)(/7 Ui? U]’7 (/]H> ”

J=1
i: 17"'751

X = ,’C0+h7

S
w = uy+hig+5ul +2f + 1 hig(Xi, U, UL UYL
i=1
xXi= 1,
S
uy = u6+hug+hff6+h32b;g(Xi,U,-,U;,U;.'),
i=1
xX{= 0,

S
W= uj+hfo+i7y ble(X., U, ULUY).
i=1

(3.6)

By comparing (3.6) and (2.3), application of STDRKT
methods (2.3) to non-autonomous problem (1.1) provides the
same numerical solution as autonomous form (3.5) (see Chen
et al. [9]). Hence, autonomous problem will be considered as
follow

wnt = flu,u',u”)

u(x0) = o, (3.7)

/

W (x0) =uy, u'(xo) = ug.

For obtaining a general formula for higher derivatives of
analytical solution of problem (3.7), we consider the expression
of first to seventh derivatives of the analytical solution u(x) at
X = Xp.

d =i u® =i 4O =f, =g,

U =g +g " +gl.f,
u® =gy 4 2g2 " 4221 f+ g2 u
2 . 2 .
20 g f A g+ g f 88,

u =gy + 3¢ + 3g,(3,3,,, u?f+ 3g,<i), Juu"”

uuu’
3 3 3 im0 6) 2, () g
+6820 1B gl 43¢, i f43¢8), L 4gl),

2 2 2 . 2 . 2
+3gDuu’ +3g0uf +3g0 g+ 3¢ (43¢0 w30 g

2 2 2 o, 2
+388) fe+ 20 gQu” + 28,0 gD +28,, 80l f+ g, gf(,z), u'"

2 2 2
28t [+ 8 8o + 8 G+ 8o G+ 8 G

2

+8.S+ 808+ 38t +38 S s
(3.8)

where the arguments (xo) and (u(xg),u (x0),u"(xo)) are sup-
pressed. The complexity of the expression increases as the
order increases. Thus, geometric representation is utilised to
simplify the expression. There are four types of vertices with
branches connecting them, including “black circle”, “white
rectangle”, “white circle” and “black triangle”.
1. A black circle vertex, white rectangle, white circle and black
triangle are used to represent «',u”, f and g respectively.
2. A black triangle vertex comprised of k branches connecting
up to black circle vertex, followed by heading up to white
rectangle vertex with [/ branches, white circle vertex

branches with m branches and black triangle vertex with

: k+1+m+
n branches, is used to represent each gimm,f".u,:fzmu//fmf, the

k-th partial derivative in terms of u, [-th partial derivative
in terms of )’,m-th partial derivative with respect to u”
and n-th partial derivative in terms of f.

Following describes the essences of the set of rooted trees
for STDRKT methods.

Definition 3.2. The set RT of rooted trees is recursively
interpreted as

1. The graph “black circle vertex” containing of root with one
black circle vertex, expressed as t;, belongs to rooted tree;
the graph comprises a black circle vertex subsequently by
a white rectangle vertex, expessed as 1,; the graph com-
prises a black circle vertex subsequently by a white rectan-
gle vertex and subsequently followed by white circle vertex,
denoted as ;3 and lastly, the graph comprises a black circle
vertex followed by a white rectangle vertex and succeeded
by white circle vertex and black triangle vertex, denoted

as 145
2. 1f
Hyoostostosls oo by bty ooy by busts ooy ts € RT iy, ... o 8
different from t;, then the graph can be obtained as the
roots of #y,...,t connecting downward to white rectangle
vertex, combining the roots of ¢.,y,...,t, into this white
rectangle vertex, followed by joining the roots #,.1,...,?,

downward to white circle vertex and sequently to the roots

tuytar1, - - -, L, Into @ new black circle vertex, which are com-

ponents of RT. It is expressed as

= [tla"'7tra< Lptyees by > <Imity ooy 10 >, <UIpgi,.. 5 s >]47
(3.9)
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in which new black circle vertex is root of the rooted tree ¢.

Definition 3.3. The order for the integer function p : RT — N,
is recursively denoted as:

L. p(‘[il) =1, ,0(1'2) =2, p(‘L’3) =3, p(‘L'4) =4,

20001 t = [ty by <toptyeeesty > <lyppiyeooyty >]; ERT
0=4+ 390+ 3 (o)~ 1)+ 3 (0le) =)
i=r+1 i=m+1

For every ¢t € RT, the order p represents the amount of ver-
tices z. The set comprised of all rooted trees with order £ is
expressed as RT.

Definition 3.4. For every tree ¢ € RT, the fundamental differ-
ential is a vector function F(¢) : RY x R? x RY — R that is
recursively expressed as follow:

L F(r)(u, o, u") =y, F(r)(u,u,u") = v’ F(t3)(u,u/,u") =

S, "), Frg) (o) = f'(w, ") = g(u,u’ ,u")
2,001 t =ty <tilyeeostn > <y by >, < byid,
.ty >]y €RT
F(t)(u, o, u")
W(u, w U [F(n) (uud u),y .o F(t) (o u)].

(3.10)

Definition 3.5. An integer function, o : RT — N is recursively
described as follow:

1. o(t)) = 0(r2) = a(13) = 0(14) =1,

2. for
t=[d, e <At > < > € RT,
with the condition of ¢, . .. twand t,1,...,1,
distinct,

Hul )

in which g; is product of ¢, for i=1,...,n. Referring the
rooted trees of B-series for Runge-Kutta methods devel-
oped by Hairer et al. [12], the set RK of STDRKT methods
in B-series is defined.

sl s brsty e ey

Definition 3.6. For function : RTU{Z} — R, the form

P

BB uud ") = (D) + > ——= BOF(0)(ud ,u"),

o)
is labeled as B-series.

The lemma below is utilised for deriving the order
conditions for STDRKT methods.

Lemma 3.1. Let three  mappings, f:RTU{Z} —
R,B:RT—R and B: RT— R satisfy p(Q) = 1,[;’(‘51) =1
and B(t;) = 1, then

K.C. Lee et al.
0030, (5 0. 0))
also B-series.

4 7 ron P ;o p(pfl)

hg(B(,Bau7u7u)7B<Eﬁ7u7u7u>73(h7ﬁvuu M))
= B(ﬁ(4)7u7 u,7u”)7

with

BUD) = BU(01) = B (12) = fY (1) = 0, pY(rs) =

and for p(t) = 5.

ﬁ<4>z<r’[ﬁ<zxnp < 11 oo >ﬁ<a->),

i=1 i=r+1 i=m+1

in which the summation replaces all the trees t with

1= [fl7~"7f)‘,< fr+17"'7fn1 >, < "Tm+17"wfl’l >]3 = [f\T4]3.
Theorem 3.1. Given the analytical solution u(xo+ h) of Eq.
(1.1) is B-series B(e, Uo, Uy, ug) with real function e prescribed

on RTU{}, then

1 1

6(@) = 17 6(1’[) = 17 3(72) = 57 6(13) 287

andfor L= [tlu' ey by <y, sty >, < [m+17“ <y ln >]3,

m n

1 r
oo~ Dot — 2 L1 LT et T pte)

< (p(t) = De(t).

Proof of Theorem 3.1 By assumption,

e(t) =

u(xg+h) = B(e, Uo, U, u{)’)

= e(D)uy + he()ud' (0) + Ie(ty)ul

+he(t3)f(uo, vy, 1) (3.11)

+ Z me(F() (o, uy, uy).
1€RT\{t1,712,73}
First two derivatives of y(xo + &) are shown below
(u(xo+h))" =5 (u(xo + 1)
e( ' (0) +2he(ta)ugy + 307 e(t3)f (uo, 1] )
s )
T (1) F(1) (g, 1))

teRT\{11, 72,73}
(he MO,UO,HO)
(o + 1)) = (v + ) = 2e(e2)t + G5 (o 1)

_ 1)(1)—2
Y OO o (1) F (o) (o, )
t€RT\{11,12,73}

_3<

From Lemma 3.1,

Le umuo,uo)

(3.12)
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-1
g(B(e, U, uj, ug),B(%e, u, u”),B(%e, u, u"))

B2
—)e”(t)F(t) (uo, 1y, ug)

- e”(rﬂf(um uj, ug) + ;
t€RT\{t1,12,73} 0(

where ¢”(1) = Land for # = [ty, ..., 1, < lri1s oot >, < by
S ta >y € RT\ {11, 12, 73}
11 t) _ He(zi) Hp([’ H p 1) ( ) (313)
i—1 i=r+1 i=m+1

Combining (3.11) and (3.12) into autonomous problem of (1.1)
and coefficients of the fundamental differential are compared
on the both sides, yield

1 1
e(n) = 7 e(r;) = I3
and for E= 1ty by <ty ey b > < lg sy Iy >

S RT\ {‘L’l,’E27’C3}

e(t) =

(1) T o0

i=m+1

,QHe 1L eto)

i=r+1

p(1)(p(1) = 1 )(p(
X (p(l,) — 1)8([[). O

Lastly, by referring to Taylor series expansion of u(xq + h)
around 7 =0, e(F) =e(t)) =1, e(r2) =2, e(t3) =6.

For each ¢ € RT both density and positive integer can be
defined as y(1) = ;f; and o(r) = Jé’(’

be derived based on Themem 3.1.

Two propositions can

Proposition 3.1. For every tree t € RT, density y(t) is defined as
positive integer function on set RT with

Loy(m) =1, y(r2) =2, p(13) =6,
2. for t={t, ety <ty sty > <yt .o by >
€ RT,y(t) = p(t)(p(t) — 1)(p(t) = DI, Yt

() T (1)
p(t:) Hi:"’“ P(ti)('ﬂ(li)*l)'

Proposition 3.2. For every tree t € RT, positive integer o(t)

fulfils

1. D((Tl) = 1 (T2) =1 OC(‘L'3) =1,
2. for  r= (AT <A > < )

et >
€ RT, whereby t,...,t, dlstlnct, trity ..., by distinct and

tusl, - - -, L, distinct,
T (2 \ T o () Y
1) = (p(t) =3[ [ (p(u)z) 11 <<n<z,->—1>!)
i=1 i=r+1

where y; is the product of t;,i=1,...,n

Here, B-series can be defined as

B

=B D+ ——

B(p,u,u',u")
o)

By () () F(0) (u vl u”),

(3.15)

and g(B(B7 u, u’,u”),B(B, u, M’,le”),B(ﬁ, u, u’,u”)) can be
denoted as
g(B(B> u, L/, MU), B(Ba u, ul7 u//) ’ B(ﬁ? u, M’, MU)>

hﬂ(’)—“

= Z /’(t)l ﬁ(4)(z)y(l)oc(z)p(t)(u7 u/’u,/).
teRT\{t1,72,73} .

(3.16)

3.2. Analytical solution and exact derivative on B-series

Theorem 3.2. The analytical solution u(xo + h) and the deriva-
tive u'(xo + h) and u"(xo + h) of the problem (3.7) have the
forms as follow

A p(1)
u(xo+h) =u+ Y a(0)F(1) (ot i) = B<p, ,uo,uo,uo)

(€RT
—B< ug,umu())

(3.17)

, (1) ]

(xo+h —MO+Z(;’(t) F(1) (uo, uy, 1)

{€RT
B( 1),,u0,u6,u{)’> (3.18)
B(h 7”07“07”0)

u'(xo+h) =uy+ Z (hp F(1) (o, uy, 1g)

(ﬁ’uov“m“o) (3.19)

= Bm
— B(”%’;l),uo,ug,ug).

Proof of Theorem 3.2. The conclusion is based on Theorem 3.1
and the expression (3.15). O

3.3. Numerical solution and numerical derivative on B-series

For setting up B-series concerning of numerical solution of u,
and its numerical derivatives, u| and u{ of the problem (3.7)
produced by STDRKT methods, U;, U; and U are expanded

as B-series as U; = B(W;,uo, uy, uy), U. = B(%‘I’,», Uo, U, ug)

and U = B(p(igl)‘lf,-,uo,ug,ug) respectively. Hence, the first

three equations in (2.3) become
B(\P u(hug uo) =uy+¢; hu0+(‘ ih)? //+(( ih)? fo
hAZA”g< W0t 145) B< ‘Pnuo’uo,uo) B(
<_W"”07”07”0) =uo+c[hug+(‘%’)zﬁ]
+h ZA,,g(
B(M%,uo,uwuo) = ul +cihfy

+h” ZA,,g(

1)),

J

-1
W, ug, Uy, 1), ( W g, i), uo) B(”(Z )

! I
).

¥, u, ”07”0) (%‘i’,-,uo,ub,ug) ,B<”(‘;1§l)‘l’,‘,u0,u6,ug>)‘
(3.20)

Referring to (3.15) and (3.16), the previous three equations can
be expressed as
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JEURNT
Juty

teRT

o) (1)t uty, )

e
=+ c;hi +("h) +%f0

ESTST B (00 ) (0t )

J=1 RT\{r1,72,73}

(1)~ ~
(,/:(p,) 1)1‘{1 (Z)/(Z‘)OC(Z‘)F(I) (14071467146')
1€R
=ul)+c;huly + (’h)f
+y N A (0 (00 F () (o, 1y 1)
J=1 RT\{t},72,73}

)2
(;(z) 5 Vi () (1)eu(t) F(t)uo, 1y, ug)

teR

_ . //:(r)f:
=l > G

j=1 RT\{t],12,73}

A (000 F(e) (w1143

(3.21)
It follows
'{Jl(g) = 17 ‘Pz(fl) =cj, ‘Pi(fz) — (612)-7 q!,(r;) — ((é) ,
LIJI(T4) = Al,/\ljj('4) = ZA1/7 ‘Ijz(fl) = 1> \ijt(TZ) = Ciy
j=1 Jj=1
LPi(‘l‘-3) = %7
lill(‘u) = ZAt/lP1(4) = Z;l\ln \PI(TZ) - 15 le(‘Q) =i
j=1 j=1
Wiln) =D 4, =>4y,
j=1 Jj=1
(3.22)
and
0 =Y A0, Vi) =Y 4,97 0), ()
j=1 j=1
=>"4,9 (1) (3.23)
=1

Moreover, for trees t= |1,
.1ty >]; € RT and p(¢ ) = 5,

w0 z(Hw %(n)ﬁ%(z»),

i=r+1 i=m+1
in which the sum replaces all trees 7 satiating
= [[17"'7tr7< Lty e oostn > <lpgly o5 ly >}3 = [I\T4]3-
Inserting (3.23) into (3.24), yields

‘I’(4 <HZA/ P () x ﬁ i:A/,(\P(“

i=1 k i=r+1 k=

<] i@ﬂfﬁ(fa).

i=m+1 k=1

7Zr7 < tr+l RN} tm >7 < tm+l7
Lemma 3.1 obtains

(3.24)

(3.25)

Denote ‘I’E“(z) =
<ttty tn >3 €RT and p(1) =
scribed as

o= 2 (IS 00 < [T 3200000« [T S0 )

i=1 k=1 i=r+1k=1 i=m+1k=1

@;(1) for all trees t=[t1,...,t,,<tpi1,...,ln>,
5. Then (27) can be tran-

(3.26)

where N T P L g A B A O
[t\ {t4}] Propositions below shows the values of ®;(¢) for all
trees in RT.

Proposition 3.3. The function ®; on RT\ {t1,72} can be
calculated coercively as follow:

1. (I),‘('L'3) = O7 (I),-(’L'4) = 1,

2. for
r=[d e < e > <t > € RT,
with #,, ..., distinct and disperate from ty,¢,.,...,t, dis-

tinct and ¢,,,, ...

(1) = (ZA,,@ >“A>< H(ZA,,(D )M

k=r+1

e
< (SAe0)
k=m+1

where p, is the product of t| and p, is the product of t; for
k=2...,n,

3.for t € RT and p(r) = 5.1=[t)",85,... .0, <T ... 0 >,
<t L >]y =\ ]y with b,...1. distinct and dis-
parate from 1, and t.,1,...,t, distinct,

1) = Z‘Di@

where p, is the product of t| and p, is the product of t; for
k=2,...,n

,t, distinct,

(3.27)

Hereby, we indicate the vectors ®(t) = (®;(z), ..., 0,(1)"
SJor t € RT\ {t1,12,13}. The rooted trees with order up to nine
with the values of related functions are listed in Table 2
Elementary weight for y,, expressed as ¢(t) and can be formed
as follow

Zbd)

and elementary weight for ' and u" are expressed as ¢'(t) and
¢" (1) respectively.

Zbd) =b"T0(r)

1) = bTD(r),

=b""0(r).

Zb//q)
(3.28)

Therefore, the numerical solution u, and its numerical derivative,
u, and u] of the numerical problem generated by STDRKT
methods have following B-series



Numerical study of third-order ordinary differential equations 2455

Table 2 Root trees for STDRKT methods up to order nine.

Order Tree Graph a(t) Density ¢(t) Elementary
p(l) t y(t) differential
1 ° 7, 1 1 u'
2 S z, 1 2 Z
3 l% # 1 6 v
4 % z, 1 24 e g
5 %. Ts 1 120 @ guu'
g T 1 120 @ g“,u"
g Tz 1 120 @ g f
6 \%, h 1 * ¢ & ('su’)
% To2 2 360 e S (u”u”)
\g h 2 * < 2 (45 )
== Tou 1 360 I g, (u"u")
E%P To.s 2 S0 c? o (W5 )
Ckgj T6.6 1 360 @ gu"u"(f’f)
g T6.7 1 360 @ g.u"
%ﬂ T6,8 1 360 @ g S

(continued on next page)
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Table 2 (continued)

Order Tree Graph ()  Density () Elementary
o(1) P () differential
6 g Teo 1 720 Ae 2.8
] \é} o, 1 840 e e (0" u")
\gj o 3 840 i Guua (50’5 0")
\%}‘ 7, 3 840 & o (U1t f)
\g 6. 3 840 & £ (" )
'go T 6 840 c’ S (U'su", 1)
Eo T4 3 840 c? S (U 15 )
E\g: o 1 840 é S (U 0d"u")
EEO Tos 3 840 & S (10", 1)
Ego T, 3 840 I S (W [ f)
? oo 1 840 c? S (S5 2 S)
\g o 3 840 I g, (u'u")
% T2 3 840 63 8w (u" f)
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Table 2 (continued)

Order Tree Graph a(t) Density ¢(t) Elementary
p(t) t }/(t) differential
7 Ep T 3 840 :? g, (1", f)
Ekg: 77,14 g B © S (””’f)
%Fl T7.1s 3 1680 -Ade B (u',f)
\%p T 3 1680 e g (1, 2)
%ﬁ Tra7 3 1680 -Ade B (u', g)
Qg Tois 3 1680 -Ae Sy (/>2)
D§ 710 3 1680 -Ade 8 (u",g)
g 77,20 1 5040 Ac g, gu
g T7.21 1 5040 Ac gu”gu".f
? 77,22 1 5040 Ae 2,8
8 ? T3 1 1680 @ Eurururu (f, ST f)
Q? Tg,2 6 3360 . Ade o (f» VE g)

(continued on next page)
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Table 2 (continued)

Order Tree Graph a(t) Density ¢(t) Elementary
p(t) t y(t) differential
8 : Tes 1 40320 I = @ ()
2
? h . - e e (W 1> 8)
rﬁf h ) o %6226+C'1ae 2, (f>8)
1 40320 = 5
% Ts.6 lAcz + Aec 8,8, J
2
% o5 1 40320 Ae 2.8
2
% Tso i =20 A-de 8,88
9 0{\? 7, 1 3024 :’ S (Lo S S S )
Ty, 15 24192 1 (Ze)z G (1, 2,2)
2
+c-A-Ae
: 2 2 181440 1o oo g (F.S0S)
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Table 2 (continued)

T9,14

1 -
—c’Ae+c- Ae
2

guu' (u”’ g)

Order Tree Graph a(t) Density ¢(t) Elementary
(t) t (t) differential
P 7
° o 3 120960 l(z@ +c22c) 88w (-S)
2
+c- dc
% T 8 45360 c-Ac? L& (u’,u”)
? Ty 10 6048 c*Ae uwwe (W11, 2)
% Ty 10 36288 A-Ae+ A-Ae 2. (g.8)
Tos 1 362880 1., o & (u",u")
2
% Ty 1 362880 Ac g.8.u'
gg h : e %CBZe—'»cz;le i (ur,‘/v,g)
% Do 15 24192 éc3Ze+C-Ae gur (/>2)
Aﬁ To,12 10 36288 c*-Ade 2 (f, g)
E? To,13 e B %C CAc? + Ac? Euuw 8w (u",f)
E% 15 24192
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wi(xo+h) = up+huy +Eup + L f Seventh order:
+ B b(£)y (0o £ F (1) (o, tly, ul), T . (152 . T
teRT\;rz.rs}ﬂ({). et ()( o 0) b ['4:%’ b (%AC2+AC) :ﬁ7 b Ae:WkO’
wy(xo+h) = vy +hyy +2f, b e = ks, b4 (de) = o5, bTede = s,
pe(0)-1 » I / - - 1T (1
+’ER7\;WG’”W (09 (Do(0) F (1) (o 1y 1) P (c-Ac+A) =5, bT(Ae)’ = .
) 4.37
Mo +h) = it ST (00l F() (o, ). (4.37)
1ERT\{11,72.73} The order conditions for u”:
(3.29) Second order:
All the rooted trees for STDRKT methods up to order seven and BTo — 1 (4.38)
selected rooted trees comprised of all order conditions for €= 2" '
STDRKT methods with order eight and nine are shown in Table Third order:
2. The selection of rooted trees with order eight and nine is based '
on the terms of ¢(t) that crucial in deriving all order conditions pTe = 1 ) (4.39)
with order eight and nine. Duplication of the term for ¢(t) will be 6
eliminated and that rooted trees are not listed in Table 2 due to Fourth order:
the concern of yielding large quantity of pages. | |
e = o b Ae = 5% (4.40)
4. Development of STDRKT methods Fifth order:
. . . . nr 3 1 nr oo 1 nr—
Coefficients of STDRKT methods are determined as given in b = 20" b Ae = 20" b Ac
(3.5).
. . . 1 - 1
Order conditions for explicit STDRKT methods are listed =120’ b cAe = 0 (4.41)
as follow.
The order conditions for u: Sixth order:
Fourth order: _ ~
] it =, bT(3AC + dc) =5, P e =5k,
bT =_—. 4.29 1 i nT— (4 nT 7
€= (4.29) b de =L, b'TA- (de) = s, b"ede =,
Fifth order: b"T(c - Ac+ Zcz) = 3}—‘0, b”T(Ze)2 = .ﬁ
r,_ 1 (4.30) (4.42)
120 Seventh order:
Sixth order: . r o r -
| | PTE=h, Be(M(Ae) + A de) =, BT A =g,
bt = —, b e = — 431 _ _ Z _ -
© 7360 ‘7720 (*31) B (A + ¢ Ae) =5y, B (VA 1 At de) =k,
Seventh ;)rder: 1 b"Tc3~Ze:8l47 bI/T(%c,Zc2+AL-2) =g b"Tc2~Ze:2—;2
T3 _ Ty, _ T nT (15 A T(F Aol A. o)
& =g - e B (3Ac e Ae) =5, 07 (A-Ae+ A de) =k,
T(1 ™4 T
= L? b cde = ——. (4.32) b (A +Ac) =g, b e Ae=r5,
5040 1680 b (Ac-Ae+cA-Ae) =-L.
The order conditions for u': (4.43)
Third order:
| The simplifying assumption is utilised in generating parame-
ble = G (4.33) ters of STDRKT methods as follow:
n 4
Fourth order: ZA;,; = %’4 (4.44)
1 i
T,
b e = a (4.34)
Fifth order: 4.1. Two stage STDRKT method of order five
bTe? = ij b 4e = L (4.35) Order conditions up to order five in the equations u, v’ and u”,
60 120 comprised of Eqgs. (4.29), (4.30), (4.33), (4.34) and (4.35),
Sixth order: (4.38), (4.39), (4.40), (4.41) and (4.42) are used to derive the
. 1 , 1 — 1 fifth-order STDRKT method. Simplified assumption (4.44) is
T = 120° b Ae = 70’ b Ac= 730" used to obtain parameters of the methods. This system
o 1 has no free parameter but yield a unique solution.
b'cAe = 240" (4.36)  Truncation error norms for u,u, and u! are given by
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[[©]] =1.389 x 1073,||7"® || =2.196 x 10~
the global truncation error term,

317" = 1.440 x 107 with
<], = 1.463 x 1072
Parameters of the new method are given in Butcher tableau
and denoted by STDRKT2(5) shown in Table 3:

4.2. Three stage STDRKT method of order six

Order conditions up to order six in the equations u, «’' and u”
comprised of Egs. (4.29), (4.30) and (4.31), (4.33), (4.34), (4.35)
and (4.36), (4.38), (4.39), (4.40), (4.41) and (4.42) are used to
derive the sixth-order STDRKT method. The resulting system

contains two free parameters, 4;; and A435,.
1 1 1 1
Ay =-5 (E 10 \/5)/43,1 -5 (5 - Eﬁ) A3
1 1
+ Az + Asp +— 120 600\/§ (4.45)

Minimizing error equations of seventh order conditions are
utilised to select the parameters that generate minimum
value of truncation error norms for u,,u, and «. Minimising
error equations generate ||t = 1,141 x 1074 |77 =
1.731 x 107 and ||7"7|| = 3.460 x 10~° with the global
truncation error of ||t 7)H2 =3.871 x 107%, vyielding, A3, =
. Asp =225 Then, these values are substituted into
(4.44) and obtain A4, —m The coefficients of the new
method presented in Butcher tableau and denoted by
STDRKT3(6) as seen in Table 4:

Next, we discuss the properties of STDRKT methods,
including zero stability, consistency and convergence.

Definition 4.1. The numerical method with order p is zero
stable if numerical solutions remain bounded in the limit

where
2 T —
Ui = n+l’h ”n+1] s Up=-

[un,hu”,hzuﬂ 7E7 = [f;l7 ;'17./;'1]T7 G" = [gn7gl17gn]T7A7B and C
are matrices 3 x 3. In STDRKT methods, knowing that

[“/Hl ) hu

114
A=10 1 1
0 0 1
Then,
&E—1 1 i
IE— A= 0 -1 1
0 0 -1

First characteristic polynomial can be defined as

p(&) = det[I¢ — A = (¢ —1)". (4.47)

Thus, STDRKT method is zero stable by reason of the roots,
& =1,i=1,2,3, are less than or equal to one.

Definition 4.2.
p if and only if local truncational error, T, =
h — 0 (see Suli [14]).

The method is consistent with the order at least
on") as

We considered explicit STDRKT methods in the class as
follow:

r—1

> uri= (Bt Wl 4 B0, )
=0

=0

I
) un

).

r—1
+ /’14 ¢ / i
g Uppr—1yeeesUn Uy qyees Uy Uy qyeee
0

h — 0, with the modulus of roots for the first characteristic (4.48)
polynomial are less than or equal to zero. [13] On putting r = 1, then
STDRKT methods can be transformed into matrix finite
difference equation as follow =1, a=—1, Py=1, p =3 do=4¢,
5
. (4.49)
U, = AU, + (B~ F,) + I*(C- G,), (4.46) B (it X h) =y bk, i=1,2,3,...5
-1
Table 3 The STDRKT2(5) method.
0 0 0 0
3 5t 0 L 0 1 0
1 1 1 1 1 1
40 60 12 12 6 3
Table 4 The STDRKT3(6) method.
0 0 0 0
& Aa 0 A5, 0 Ary 0
a 43 432 0 A3, 432 0 A3 A 0
by by b3 by b} b by by by
where Ax1 = g5, A3 = 7524050 A32 = Tigiss Ay = %’2 = 308808 A3 =04y = g A3 = — oty Az = 7760
b =175, by = 3550553, b3 = g B = 25, 0h = §55% 03 = s D1 = 15065 = 360150 D5 = 5505 €2 = Toses 3 = Tover
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where k; :f(xn iy il ! h42;;1aijkj).

The condition for (4.47) to be consistent are

r r r—1 r—1
Z“/‘ =0 Z/“f =D B=0 D bu=D =0,
= = = 5

J=0 J=

2 : 2 : <i> " (X0 seeestd (X ) 1 (Xin)yeeestt (X 4 (Xin) oo stt(Xin) X30))
Boy— 5, = o (1 (xn), -t (%, \"uxux w(Xn )X,
E P2,
%

J=0

r

= g(xm u(X,,)7 “,(xn)v u”(xﬂ))'
(4.50)

Applying the conditions (4.49), the necessary and sufficient
condition for STDRKT methods to acquire consistency is

b (5" (en), ¥ (200), (3, X3 0)

s 1
= g(Xnyy Vs V) = sz:ﬁ (4.51)

Here, local truncation error, 7, at x,,; is expressed as the
residual when Upyj, Uy, U replaced by

o Uy is
u(xl1+/)7 u,(xn)

(’Cn) j= 0, 1,Wh1ch 1S

T :u(xn+1)+hu/(,Yn+1)+%u"(x,,+1)
+%f(xn+l 7J’(Xn+1),y'(xn+1),y"(an ))
—[u(x”)+h“/(xn)+§u”(xn)—l—%f(x,,,u(xn),u’(x,,),u”(x,,))]

_h4¢g(u/,(xn)7u/(xn)>u(xn)7xn;h)>
(4.52)

where ¢, is defined in (4.49). Assuming that p is the largest
integer whereby T,,; = O(i”*'), then the method has order
p (see Lambert [16]). We denote by i, the value at x,; gen-
erated by STDRKT methods when the localising assumption,
u, = u(x,) is made. Since
2 3

e
un+1 _un+hu +?u +—

+h4¢g( ”,M umxn;h)~

f(xm Uy, uw un)
(4.53)
Then we have

U(an) +h (’Cn+1) +/2 u' (Xn+1)+ f(‘@wl 7u(xn+l)7”/(xn+l)-,“”(xn+l))
_un+l - Tn+l<
(4.54)

STDRKT methods are consistent if they follow (4.49) that

u(xn+l) +hul(x,1+1 ) +§M”(X;z+l) +%f(Yn+l> (xn+l),ul(xn+l )~,
W' (Xnp1) — [u(x”)Jrhu’(xn)Jrﬁu”(v )+h6 (o, (), 4 (X, u”(x”))}

24 (x,,,u,,,u u,) 24g(x,,,u,,,un,u:,’)+0(h)

(4.55)

By reason of f(x,, u(x,),u'(x,),u"(x,)) = g(xn, Uy, u;,ufj), Tt
for STDRKT methods is equal to O(/’), it shows that
STDRKT methods are consistent if their order is at least 4,
which is in line with our definitions of order for linear multi-
step methods. Since the order of STDRKT methods is at least
4, and hence, this method is consistent.

Convergence is a property of numerical method related
to truncation errors that ensures the numerical solution

converges onto the exact solution and the global truncation
error goes to zero at all step size indices in the limit Al — 0
(see Atkinson [15]). Maximum absolute global truncation error
between the analytical solution and numerical solution the gets
smaller as the step size becomes lesser.

Definition 4.3. The numerical method is convergent iff acquir-
ing the properties of zero stability and consistency. (see Lam-
bert [16])

Since STDRKT methods are zero-stable and consistent,
implies that STDRKT methods are convergent.

5. Problem testing and numerical result

Efficiency of the new methods with order five and six are
examined on selected numerical problems for comparison pur-
pose. Below are the numerical methods utilised to be
compared:

e STDRKT3(6) - Newly proposed special explicit two-
derivative Runge-Kutta type method of six algebraic order
proposed.

e STDRKT2(5) - Newly proposed special explicit two-
derivative Runge-Kutta type method of five algebraic order
proposed.

e RKS - Runge-Kutta fifth-order method (proposed by
Butcher) (Source: Goeken [17])

e RKDP45 - Runge-Kutta Dormand-Prince method (pro-
posed by Dormand [18])

e RK6 - Rung-Kutta sixth-order method (proposed by Luther
[19]) e

e RK6S - Runge-Kutta sixth-order method (proposed by Al-
Shimmary [20])

Problem 1 Consider the linear homogeneous problem
" ==, u(0) =0,4(0) = 1,4"(0) =2, x€][0,20]

whose analytic solution is u(x) = 2(1 — cos x) + sin x.Source:
Yap et al. [6].

204

Fig. 1 Illustration of thin films flow of viscous fluid with

W =ul
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Problem 2 Consider the linear nonhomogeneous problem

u" =1 + (cosx)* —cosx — 1,u(0) = 0,/(0) = 1,u"(0) = 0,
x €0, 10]
whose analytic solution is u(x) = 2u(x)u'(x) —2cosx sinx+

sin x.Source: Mechee et al. [21].
Problem 3 Consider the linear nonhomogeneous problem

W' =o' — i +u+ et u(0) =1,1/(0) = 1,u4"(0) = 0,x € [0,2]

whose analytic solution is u(x) = 1 xe* + cos(x) + 3 sin(x).
Problem 4 Consider nonlinear nonhomogeneous system
" 8 2.

uy == e,

3

1
mno__ 4x /
Uy = se usld,,

"o__ /
3 u, = 2Tuu,

2463
w (0) = 1,41 (0) = —=1,u7(0) = 1,
uz(O) = 17 ulz(o) = 725 u/zl(o) = 47
u3(0) = 1,5(0) = =3,u5(0) = 9, x € [0, 1]
whose analytic  solution is  u(x) = e, us(x) = e,
us(x) = e73*,

Source: Fawzi et al. [22].
Problem 5 Consider linear homogeneous system

mo__ . mo_ . mo__.m
Uy =uy, U, =uy, U, =1u,

w1 (0) = 1,1(0) = 1,4(0) = 1,

-5 T T

55

6

6.5

Iogm(Max global error)

—*%— RK5

—#— RKDP45 1

—6—RK6

—<&— RK6S i
STDRKT2(5)

—=A— STDRKT3(6)

0 0.1 0.2

0.3 0.4 0.5 0.6

Time in seconds

Fig. 2

Maximum global error versus time of computation curves for Problem 1.

-2

3 F

4+

Iogm(Max global error)

TF

—%— RK5

—#*— RKDP45

—&—RK6

—<&— RK6S
STDRKT2(5) |

—4A— STDRKT3(6)

_9 1 1 1
0 0.1 0.2 0.3

0.4 0.5 0.6 0.7 0.8

Time in seconds

Fig. 3 Maximum global error versus time of computation curves for Problem 2.
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121

—*%— RK5

—#— RKDP45

—6— RK6

—<— RK6S
STDRKT2(5) |

—24A— STDRKT3(6)

-13 .
0.01 0.02

0.03

0.04
Time in seconds

0.05 0.06 0.07 0.08

Fig. 4 Maximum global error versus time of computation curves for Problem 3.

Iogm(Max global error)

—%—RK5

—#&— RKDP45

—6—RK6

—&— RK6S
STDRKT2(5)

—A— STDRKT3(6) |

-9 :
0.02

Fig. 5
w(0) = 1,u5(0) = 2,u5(0) = 4,

u3(0) = 1,u5(0) = 3,45(0) =9,x € [0, 1]

whose analytic solutions are follow:

14 8 . [V3x) 2
u(x) =-3— 8x+?ex +§e_% sin <T> - ge_f
uy(x ):—8+Ee - < ) "%cos<
uz(x) :% o ——\/* : (g) —g—legcos<@>

0.03

2

0.04

0.05

0.06 0.07 0.08 0.09 0.1

Time in seconds

(1)) = =Cu(1)

Maximum global error versus time of computation curves for Problem 4.

Problem 6 Consider the nonlinear, homogeneous and
dynamic chaotic system, Genesio equation. (see Yap [6])

u" + Au" + Bu' — f(u(r))

0,

where

+ (u())’,

with 4, B and C are constants and contingent on the following
initial conditions:

u(0) =02, /(0)=-03, u"(0)=0.1

Genesio equation is used widely as jerk equation that exhibit
various features of the regular and chaotic motion. (see Umut
[5]) The problem is integrated on the interval [0, 5] with posi-
tive constants, 4 =12,B=2.92 and C = 6 that satisfy
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AB < C for the existence of solution.There is no exact solution
of of this problem, and hence, the numerical approximations
obtained from selected methods compare with the numerical
approximations obtained by Runge Kutta order 4 method
with 1 =0.001.
Problem 7 Consider the nonlinear nonhomogeneous system
of thin film flow equations of liquids. In fluid dyamics, this
system can be used to represent the motion of the fluid on
plane surface and dynamic balance between surface tension
and viscous forces in the fluid layer with the absence of
gravity. (see Tuck [23])Thin film flow equation can be gen-
eralised into

(5.56)

2465
where
Sw) =-1+u?
flu) =—=14 1405+ 8)Wu?— (548>,
f(Z) 7u,2_i,3’ S kS (5.57)
flu) =u?

In this study, we consider nondimensionalised equation of thin
film flow equations, written as follow:

Z4/// -2 .

=u (5.58)

The problem is integrated on the interval [0, 5] with the initial
conditions u(0) =«/(0) = u”(0) = 1. There is no analytical
solution for Eq. (5.58). Numerical approximations obtained
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—A— STDRKT3(6)

'6 T T T
7r
g 8r
(0]
©
o)
o
o 9t
X
©
=3
o
o -0}
o
ME
_12 1 1 1
0 0.01 0.02 0.03

0.04

0.05 0.06 0.07 0.08 0.08

Time in seconds

Fig. 6 Maximum global error versus time of computation curves for Problem 5.
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Fig. 7 Maximum global error versus time of computation curves for Problem 6.
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from selected methods compared with the numerical approxi-
mations obtained by Runge-Kutta order 4 method with
h =0.0001. The illustration of thin films flow of viscous fluid
with a free surface with Eq. (5.58) are shown below:

6. Numerical results

Figures below show the numerical results of selected methods
in term of maximum global truncation error versus cost of
computation measured using time. The model of computer
used in computing the numerical results is Lenovo G50-70
Intel Core 13-4030U (1.9 GHz).

7. Conclusions

In summary, the special class of explicit two-derivative Runge-
Kutta type methods that comprises one f-evaluation and mul-
tiple g-evaluations for solving third order ODEs with initial
value conditions provided were derived. Many researchers
have proposed improved Kutta methods with definitions and
algebraic theories of rooted trees and B-series theory depend-
ing on the theories and concepts presented by Butcher
([24-26]) and Chen et al. ([9]) to solve first-order and second-
order ODEs (see [11,27]).

In this work, essential aspects of B-series, comprised of
integer function, fundamental differential, real function,
density and elementary weights are derived and formulated
to construct B-series specifically for STDRKT methods
depending on algebraic order conditions in the form of
u® = g(x,u, ', u") to solve general third order ODEs directly.
In this paper, we developed two-stages of order five and three-
stages of order six, denoted as STDRKT2(5) and STDRKT?3
(6) methods respectively. STDRKT methods are proved as
efficient direct methods with the properties of zero stability,
consistency and convergence. (see Fig. 1).

Maximum global error versus time of computation curves for Problem 7.

The numerical results are sketched in Figs. 2-8*** and
these figures display the proficiency curves in which the new
proposed methods, STDRKT2(5) and STDRKT3(6) are com-
pared with RK5, DOPRI45, RK6 and RK6S in term of max-
imum global truncation error and computational cost in term
of time using the same computational machine. STDRKT2(5)
method is more efficient than RKS and DOPRI45 while
STDRKT3(6) method is more efficient compared to RK6
and RK6S methods in solving numerical linear problems in
Figs. 2 and 3. Next, STDRKT2(5) method outperforms
RKS, DOPRI45 and similar to STDRKT3(6) method sur-
passes RK6 and RK6S in solving both nonlinear homogeneous
system and linear homogeneous system with analytical solu-
tions provided as shown in Figs. 4 and 6. In Figs. 7 and 8,
we notice that STDRKT2(5) method is more potent compared
to RK5 and DOPRI5 methods and on the other hand,
STDRKT3(6) method is shown better than RK6 and RK6S
in solving application problems with no analytical solution
and the numerical approximations are compared to RK4
methods with & = 0.001.

From the figures above, it is evident that these new Runge-
Kutta methods are more proficient than traditional Runge-
Kutta methods in term of maximum global error versus time
of computation. STDRKT methods with same amount of
stages acquired higher accuracy rate due to their ability to
reach higher algebraic order compared to traditional Runge-
Kutta methods with the inclusion of higher derivative, g-
evaluations. Numerical results showed that STDRKT methods
are well performed methods generating less maximum global
truncation error while requiring less cost of evaluations com-
pared to existing Runge-Kutta methods.
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