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Abstract

In this article, the investigation is centered around the quantum estimates by utilizing
quantum Hahn integral operator via the quantum shift operator

Ve =aqs+(1-gn, ¢ elpvln=pn+ ﬁ 0<q<1,w=>0.0urstrategy includes
fractional calculus, Jackson's g-integral, the main ideas of quantum calculus, and a
generalization used in the frame of convex functions. We presented, in general, three
types of fractional quantum integral inequalities that can be utilized to explain
orthogonal polynomials, and exploring some estimation problems with shifting
estimations of fractional order g1 and the g-numbers have yielded fascinating
outcomes. As an application viewpoint, an illustrative example shows the

effectiveness of g, w-derivative for boundary value problem.
MSC: 26D15; 26D10; 90C23
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1 Introduction

Quantum difference operators have played a crucial role in the development of quantum
calculus due to their fertile application, see [1-5]. Roughly speaking, a quantum calculus
substitutes the classical derivative by a difference operator, which allows dealing with sets
of nondifferentiable functions. In [6], Hahn a famous mathematician presented the Hahn

difference operator Dy .

Suppose that /; defined on an interval / C R containing wy := ﬁ is defined as
M@ G g
Dyoh(g) =1 @D (1.1)

W (a0), ¢ = wo,

provided that /; is differentiable at w,, where g € (0, 1) for some fixed @ > 0.
The Hahn difference operator unifies (in the limit) the two most distinguished and ex-

tensively used quantum difference operators: the Jackson g-difference derivative Dy [7],
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where q € (0, 1), defined by

h1(8)-h1(q¢)
g e £ 70 12)

thl(g) =
1,(0), =0,

provided that // (0) exists for w = 0, and the forward difference D, for ¢ — 1 defined by

Dyln(g) = M8+ =)

(1.3)
for some fixed @ > 0. Hahn'’s difference operator has been applied successfully in the con-
struction of families of orthogonal polynomials as well as in approximation problems [8—
13].

In [14], some concepts of fractional quantum calculus were introduced in terms of a
q-shifting operator ,¥4(¢) = ¢ + (1 — q)n.

Consider an interval I = [, v] € R. The two quantum numbers 0 < q <1, w > 0 can
generate a point 7 of Hahn calculus on an interval [p, v] by

1)

= U+ ,
nul_q

which states that n € [u, v] for all consequences of our investigation. The quantum Hahn

shifting operator is stated as

an(§)=Q§+(1—Q)77: QIS [M’V]' (1~4')

It follows that the iterated « -times quantum shifting is introduced by
nlﬂg(() = n'ﬁg_%an(C)) =q“¢+ (1 - qK)fl»

with ,¥2(¢) = ¢ for ¢ € [, v].
Let us demonstrate the preliminaries of quantum Hahn calculus on an interval [u, v]
which are the results in [15] modified according to (1.4).

Definition 1.1 Let /; be a function defined on [u, v]. The quantum Hahn difference op-
erator is defined as

hl({)—hl(n‘ﬁq({))
e $END

WDauli(¢)={ @D* (15)
hl(n)! {#7];

provided that /; is differentiable at 7.

Definition 1.2 Assume that /; : [, v] — Risa given function and two points x, y € [u, v].
The q, w-quantum Hahn integral of /; from x to y is defined by

y y X
/hl(s)ﬂdq,ws:/ hl(s)udq,ws—/ h1(8), g0 (1.6)
"

x n
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where

¢ > ,
[ s = [ = vl©] (v 0) (17)
n i=0

for ¢ € [, v], provided that the series converge at ¢ = x and ¢ = y. The function #; is said
to be g, w-integrable on [, v] if (1.7) exists for all ¢ € [u, v].

Before approaching the main definitions of fractional quantum Hahn calculus on [u, v],
we present the n-power function which is stated as follows:

(n—m)fvo) =1, (n—m)ff) = H(n—nwé(m)), k € NU {o0}.
Precisely, if @ € R, then

= (n—,i(m)
@ = Walm) 18
(n—m); L_OI 1= i) (1.8)

with ,¥5(m) =q*m+(1-g°)n, c € R.
The g-gamma function can be defined as

1-qy"

BT

aeR\{0,-1,-2,...}. (1.9)

Obviously, I'y(a + 1) = [or]q(cr), where [c]q = %, ¢ € R, where ¢ is the quantum
number.

Now we consider the concept of Riemann—-Liouville type of fractional derivative and
integral of quantum Hahn calculus on an interval [, v] which is proposed by [16].

Definition 1.3 ([16]) Suppose that a function /; : [, v] — R is said to be fractional quan-
tum Hahn derivative of Riemann—-Liouville type of order o; > 0 if

1

¢
(D) () = mﬂﬁ,w[ (& = nals ))n AV (5) dgo (1.10)
q n

where 7 is the smallest integer greater than or equal to 0;.

Definition 1.4 ([16]) Suppose that a function #; : [, v] — R is said to be fractional quan-
tum Hahn integral of Riemann—Liouville type of order g; > 0 if

(L2841 () = ~a®) " V() dge 01500 €[] (L11)

F(l)

Also, (MIg,whl)(g) = h1(¢) and provided the right-hand side exists.

Theorem 1.5 ([16]) Let 01,02 € R*, & € (-1,00), and n € [u,v.] The following formula
hold:

Iry(v+1)

(T2 (z- W) (@) = m(f - )i,
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Iy +1)

1 (y_ 1)) __ a9
(WD, (z— w)y")(¢) o9 +1)

(-

Fractional calculus has increased a great deal of consideration from analysts because of
their expertise to increase certifiable issues utilized in different fields of science and engi-
neering. Various physical phenomena in signal processing, control theory, electrochem-
istry of erosion, potential theory, acoustics, and electromagnetic are absolutely displayed
by the utilization of its applications [17-19]. The utilities of variants have gained consid-
erable importance among researchers for fixed point theorems and existence and unique-
ness of solutions for differential equations. Numerous numerical and analytical methods
have been recommended for the advancement of integral inequalities [20—39].

Tariboon et al. [40] expounded the concept of g-derivatives over the definite interval
[, v] C R and contemplated several versions on quantum analogues, for example, q-
Cauchy-Schwarz inequality, the q-Griiss—Chebyshev integral inequality, the q-Griiss in-
equality, and other integral inequalities by classical convexity.

In this study we derive several new variants via quantum Hahn fractional integral op-
erator concerning convex functions, reverse Minkowski and reverse Holder inequalities
via quantum Hahn integral operator. The concept is relatively new and appears to have
opened new doors of research towards different areas of research including meteorol-
ogy, quantum mechanics, biosciences, chaos, image processing, power-law, biochemistry,
physics, and several others. The integral inequalities by quantum Hahn integral opera-
tor can focus on a predetermined number of complex problems on one hand, and on the
other hand their applications can likewise catch various sorts of complexities. In this man-
ner assembling these three speculations can help us to comprehend the complexities of
existing nature in a vastly improved manner. Quantum fractional integrals have fascinated
the attention of practically all scientists from various fields of science. It is noted that the
quantum fractional estimate is able to appreciate some kind of self-similarities.

2 Some new generalizations by fractional quantum Hahn integral operator
Assume that for quantum numbers 0 < q; < 1, w; > 0, i = 1,2, and the points 7; € [u,v],
i=1,2, can be defined as

zwi+(1—CIi)M
1-g; )

i

Theorem 2.1 Let fi and hy be two 41, w; -integrable functions defined on [, v],and fi < hy
on [w,v]. If£—11 is decreasing, fi is increasing on [, v], then, for any convex function ® having
©(0) = 0, the inequality

WLy i 1 Za1,0 [O(fi(§))]
1Lt ()] ™ wZ41 e [O (1 (§))]

(2.1)

holds for &€ € [u,v], 01,>0,0<q1 <1, and w1 > 0.

Proof Since © is convex having ®(0) = 0, then @ is increasing. This and the fact that
1(§) = i (§) gives

o) _ @nE)
AE) T m(E)
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Also, fi and %&) are increasing, then the function @f(ﬁg)) is also increasing. Clearly % is

decreasing. Thus, for all A, p € [u, &), we have

O%0)  Ofilp >(f1) ﬁ(x))

(ﬁ(x) 7o) )\ " moy ) = as
It follows that

O () filp +@(f1 A0 Oh() fild)  OGHM) itk .

700 )T ARG m) T A mp) RO hlm ‘
Multiplying (2.3) by 41 (A)h1(p), we have

@f(’x”ﬁ(mhl(x) . @f(f(” ) o)

@f(f ) o) - @f(f;” (o) = 2.4)

~ (e1-1)
Multiplying (2.4) by %

spect to A on [u, &), one obtains

, A € [, &) and taking the q;, w;-integration with re-

1-1)
/(E m\bm()“ @(fl fl(,O)h1 )\)dqlwl

Iy, (01) A6
(- qul(x))“ M Ofi(p)
*/ @) fite) Wm0 daimt

/(s Va2 O (p)
rql(gl) £i(p)

&~V D5 OFi0)
/ Iy, (01) 0 (M h1(p) dgy A = 0. (2.5)

ﬁ(ﬁ)hl(k) Ay,

From this it follows that

ﬁ(pnfﬁi,wl(%@))hl@))+(@(ﬁ(p” ) 72, (R(©)

fi€) filp)
B ( flzp) fl(p))/’“Igl w1 (hl(‘i:)) h(p) qlwl( flzi‘_) fl(é)) >0. (2.6)
Again, multiplying both sides of (2.6) by % € [11,&) and taking the ¢y, o1

integration with respect to p on [u, &), one obtams

W I8, (fi(8)) qm<@(ﬁ( hl(é,r)) +u q;wl(@Ws”hl@))uzﬁ;m(ﬁ(s))

£(®) f(®)
>, I8, (@), I8, (O(\E) + I8, (O () Tok (mi(&)). (2.7)
It follows that
wLaro (AE) Iﬁ%m(o(ﬂ@))

qlwl(hl(s» W Tt (S (1 (£))
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Now, since fi < /3 on [p,v] and < (S is an increasing function, for A, p € [w, &), we have
® O(h (A
(h(x < (i (2)) (2.9)
fl()») hi(A)
o . (E=ny Vqy NV .
Multiplying both sides of (2.9) by W A € [, &) and taking the ¢1, wi-

integration with respect to A on [u, ), one obtains

/ﬂsmwdmml@mum“Md N
q1,01
1

Iy, (01) A

B /E (& = Ve, 0N O ()
“Ju Iy (e1) h(x)

h1(A) d gy o 2o (2.10)

which, in view of (2.7), can be written as

L (Oh) 1
“Igl,m( lef) hl(f)) Iﬁlwl( (hl()\)))~ (2.11)

Hence, from (2.8) and (2.11), we get (2.1). O

Theorem 2.2 Let f; and hy be two q;, w;-integrable functions defined on [, v],i = 1,2 and
fi <hyoon [u,v]. Ifi—‘1 is decreasing, f is increasing on [, v], then for any convex function
O having ©(0) = 0, the inequality

1L on )] L300 [O (1 (E)] + 1 Za5 05 (11 (6)] L o0 [© (11.6))]
1Lt o ()] L3, [O FLEN] + L5 0 [11 ()] Lo o [O(FL(E))] —

> 1 (2.12)

holds for & € [u,v], 01,02 >0,0<q;<1,and w; > 0,i=1,2.

o)
f1(8)

Proof Since f; is increasing along with the function , using the convexity of ® having

©®(0) = 0, the function % is increasing.
Thus, for all A, p € [u, &).
1)

Multiplying (2.6) by %

respect to p on [, &), one obtams

T2 (), §iw1(()f(’g)) 1@))

O(fi())
T (D) 221, ()

2w T (1 () ze;wz(@(ﬁ(s»

o fl(é))
wLgton (@f(ﬁg))ﬁ(éo WZE2 ,, (1 (). (2.13)

, p € [, &) and taking the g2, w;-integration with

O(E

Now, since f; < /3 on [u,v] and is an increasing function, for A, p € [w, &), we have

(1) _ OUn®)
AR T ()

(2.14)

Page 6 of 17
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- . €= va, 0"
Multiplying both sides of (2.14) by #
1

integration with respect to A on [, ), one obtains

, A € [, &) and taking the q;, ws-

(€ - qul(x) )V O(f ()
/ Ty (o1) Ay 10 e
(01-1)
/ (€ - nﬂ/’cng;)) @;Iilz)(\))h))hl()‘)dm,m)" (2.15)
Cll

which, in view of (2.7), can be written as

. (@%h©) (),
“Igl,an( f(€) h1(§)> e q1w1< G) 1(5)) (2.16)
Hence from (2.11), (2.13), and (2.16), we get our desired result. O

We further have the subsequent main result.

Theorem 2.3 Let fi, hy, and W be three q1, w1 -integrable functions defined on [, v], i =
1,2, and fy < hy on [u,v]. If% is decreasing, fi is increasing on [, v], then, for any convex
function © having ©(0) = 0, the inequality

7Lt )] _ W I8 o [ORE)WV(E)]

2.17
Iﬁ}wl[hl(é)]_ WLt (O (ENWV(E)] 217

holds for & € [u,v], 01>0,0<q; <1, and w; > 0.
Proof Since fi < h; on [i,v] and % is an increasing function, for A, p € [, &), we have

Oh) _ ©n@)
AR T ()

(2.18)

Multiplying both sides of (2.18) b %

w: -integration with respect to A on [i, & ) we get

(W), A € [, &) and taking the q1,

(& =¥ DY O(h0
./ Iy, (o1) fi ()L) I(A)W()L) dqo
(& = Ve, O O (1)
S'/ﬂ ‘h(@l) hi(A) hl(k)w(k)dql’wl)" (2.19)

which, in view of (2.7), can be written as

IECTR)
T (T

hl(S)W<5)>< WZ8, (O (mE)W(E)). (2.20)

Also, since @ is convex with ©(0) = 0, the function @f) is increasing. As f; is increasing,
so is the function Of(ﬁ . Obviously, the function Z‘(f is decreasing forall A, p € [, &), we
have
O(fi(n) O(fi(p))
W) - W(p) ) (fi(p)hi(X) = fi(A)hi(p)) = 0. (2.21)
(%56 fipy V) RERE) ~f @)
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It follows that

OHM)WVR) O (p))W(p)

BT Sfi(p)h () + YT fi(A)h(p)
Oh(e)W(p OHAWM)
f(—fl h(2) - fl(—k)fl (M)h1(p) = 0.

_ (01-1)
Multiplying (2.22) by %

resulting inequality with respect to A on [u, &), one obtains

G —mwm(x N O (1)
/M ey ORIV

(&= Wa, 00 O (11 (0))
% (@) (o)

B fé (& = 0y Yo, 0D O(fi(0))
" Fql(Ql) Si(p)

/5 (€ =, o, N2V O(f (1))
P Iy, (01) A

f (WA (p)V () dgy ey 2

i (pYm GIWV(p) gy, 2

From this it follows that

Oh)
)

hl(p)W(p)) 72, (h1(5)

AT, (

O(fi(p))
+( fio)

(@(ﬁ filp )W(p)) 81, (m(©))

A
(o), qlwl(@f(ﬁg))ﬁ@)w@))zo

()W (s))

(E—ny Pa, ()"

Again, multiplying both sides of (2.24) by )

w1 -integration of the resulting inequality with respect to p on [u, £), one obtains

1 1 @(f(g))
1 Zgt o (1E)) q( ﬁ(ls) hl(s)W(s))

()
T
8 ‘“"”1< f1(8)

> uZg o (1) IE),, (OAEW(E))
T8, (OAEWE)), IS, ().

hl(s>W(s))uI§; o ()

It follows that

LarorAE) _ uLaie (OFHENWVE))
wTaron (R(E) ~ T8, (CHE (g () W(E))

Hence from (2.20) and (2.26), we get our required result.

AM ()W) dgy o =

(2.22)

, & € [, &) and taking the q;, w;-integration of the

(2.23)

(2.24)

, p € [, &) and taking the q,

(2.25)

(2.26)

Page 8 of 17
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Theorem 2.4 Let fi, hy, and Y be three q;, w;-integrable functions defined on [, v],i =
1,2, and fi < hy on [u,v]. If{—‘1 is decreasing, fi is increasing on [|, v], then, for any convex
function © having ©(0) = 0, the inequality
(28 WO TG0 [0 ENWE)] + 1T, A E)]u T3 [ (RENWE)])
/( Igllm[hl(s ] qzwz[o(fl ) ]
+, 22, [m@©)].Z8, [0 (hE)WE)]) = 1 (2:27)

holds for & € [u,v], 01,02 >0,0<q;<1,and w; >0,i=1,2.

Proof Multiplying both sides of (2.24) by %, p € [1, &) and taking the qy, w,-

integration of the resulting inequality with respect to p on [, ), one obtains

VI8 (), qm(@(ﬁ@))hl@)W@))

AE®)
T (Z M OWE) ) 25, ()
= 1Lt ()T, (O (HE)WE))
+ 1L o (O (AE)WE)) WIS, (1(E)). (2.28)

O(E

Now, since f; < /; on [u,v] and is an increasing function, for A, p € [w, &), we have

O¢h(h) _ Om(x)
fl(x) = )

(2.29)

_ (1-1)
Multiplying both sides of (2.29) by %hl(x)wm, A € [, &) and taking the q;,
1

w: -integration of the resulting inequality with respect to A on [, §), one obtains

ﬂsﬁ,wl<@f(ﬁg))h1@)w<s)> T2, (6 (mE)WVE)). (2.30)

-y ¥qy(p

Fiﬁ(mwm p € [1,€) and tak-
ing the gy, w,-integration of the resulting inequality w1th respectto p on [u, £), one obtains

Similarly, multiplying both sides of (2.29) b

®
\ g;,w2< W‘f”hl@)W@)) <, T2 (O(hE)WVE)). (231)
fi1(8)
Hence from (2.28), (2.30), and (2.31), we get our desired result. O

3 New estimates for reverse Minkowski inequality by fractional quantum Hahn
integral operator
This segment comprises our principal involvement of establishing the proof of the reverse

Minkowski inequalities via fractional quantum Hahn integral operator defined in (1.11).
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Theorem 3.1 Forp > 1and w; > 0, letf; and hy be two q1, w,-integrable functions deﬁned
on [0, 00) such that, for all € > w, , Zg: ., W (§) < 0o and , Ig} ., fF (§) < 00.If0 < 6; <

f(k)
0, for 61,0, € R* and for all A € [, &], then
(T E)7 + (T8, €))7
_ 1+6,(61 +2) (. 70, (hy +f1)p(§));‘17 (3.1)

TG+ 102 +1)

holds for & € [u,v], 01 >0,and 0< q; < 1.

Proof By the suppositions mentioned in Theorem 3.1, j'ﬁ%\)) <0y, u <\ <Eg,ittendstobe
composed
(M + 1PH (M) < M”(hl(k) +ﬁ(k))p. (3.2)

_1)

_ (e1
€ Yay Wy , A € [, &) and take the qq, w;-

If we multiply both sides of (3.2) with )

integration of the resulting inequality with respect to A on [u, &), we obtain

(M + 1)
Fql(Ql)

¢ (01-1)
(S -_m (pql()"))nl hllj()") d}\ql,a)l

o) (& = 1 ¥q, 00) 27 (1 (1) + AR g (3.3)
q1 H

Similarly, it can be written as

1 (% 1
(T3t M) = 5= (T, U 4 (€))7 (3.4)
In contrast, as mfi (1) < hy(1), it follows
(1+ —) o)< ( ) () + i) (3.5)

(e1-1)
% € [i, &) and take the qy,

w; -integration of the resulting inequality with respect to A on [u, &), we obtain

Again, if we multiply both sides of (3.5) with

1 1 1
(/4 q1,01 l(é))p 0, +1 ( Igllwl m +fl)p($))p (3.6)
Thus adding (3.4) and (3.6) yields the desired inequality. O

Inequality (3.1) is referred to as the reverse Minkowski inequality by fractional quantum
Hahn integral operator.

Theorem 3.2 Forp > 1and w; > 0, letfi and hy be two q1, w1 -integrable functions deﬁned

on [0,00) such that, for all & > pt,  Tq1.0, 1 (€) < 00 and , T5} o, fi (€) < 00.If0 < 61 < 7 (k))
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0, for 61,0, € R* and for all A € [, €], then the inequality

S

(I PEE)F + (T2, £ (E)

=

6, +1)(6,+1 1
< (O UBD o) (2, M) (T ) 3
holds for & € [u,v], 01>0,and 0<q; < 1.
Proof The product of inequalities (3.4) and (3.6) yields
6 +1)(0,+1 1 1
(%ﬁzw_ﬁ( qlwlhll’(g))p( Igiwl 1(5))p
< (80 O /Y @) T (3.8)

Now, utilizing the Minkowski inequality to the right-hand side of (3.7), one obtains

(22, (0 +A)(€)7 T
< [WZ8 €T +, I, fLE)F T

WTO L ENT +, T8 @) +2[ T8, KE) [ I8, KE] (39
Thus, from inequalities (3.8) and (3.9), we attain inequality (3.7). O

4 New bounds for reverse Holder inequality by fractional quantum Hahn
integral operator
This section is dedicated to deriving bounds for reverse Holder inequalities regarding frac-

tional quantum Hahn integral operator.

Theorem 4.1 For p,q > 1 with 1—1] + clz =1and w, > 0, let fi and h; be two q1, w;-integrable
Sfunctions deﬁned on [0, 00) such that, for all & > ju, , Igr o 15 () < 00 and , I3} ., f1 (€) < 0.

If0<0, < f (/\) <0, for 01,0, € R* and for all \ € [u,&], then the inequality

(28, H©)7 (T8, )T < (Z—j)( ol ET©) 1)

holds for & € [u,v], 01 >0,and 0< q; < 1.
()

Proof Under the given suppositions 70 <6y, <n<y,wehave

-1 l

f1 () = 6," hi (). (4.2)
1
Taking product on both sides of (4.2) by /7 (1), it follows that

Y (VAL (1) = 60,7 (3. (4.3)
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. . oy Emg g )Y
If we multiply both sides of (4.3) with e
1

integration of the resulting inequality with respect to A on [u, ), we obtain

, A € [w,&) and take the q;, w;-

-1

i E(s- Wy, (0) Vi (1) dn
Fql(Ql) n > q1 n 1 q1,w;

( 1)
Fql (91) —nWa ), h"(/\)f1 (V) gy (4.4)
Consequently, we have

1 1 1 1 1

0,7 (T8, E)P < (T2, h] (€ (€))7 (4.5)

In contrast, as 01f1(A) < h;(1), therefore we have

1 1

07 fF (1) < b (L). (4.6)

1
Again, if we multiply both sides of (4.6) by f;” (1) and invoke the relation }7 + é =1, it yields

07 fi(h) < b (AT (V). (4.7)

_1)

(o1
wq, (),
a1y , A € [, &) and take the q;, w;-

If we multiply both sides of (4.7) with (5*v1rq1(gl)

integration of the resulting inequality with respect to A on [u, &), we obtain

1

0 (T2, A1) = (T2, ] @)1,

Rl

(4.8)

Multiplying (4.5) and (4.8), the required inequality (4.1) can be concluded. |

Theorem 4.2 For p,q > 1 with 117 + %{ =1and w, > 0, let fi and h; be two q;, w;-integrable
functions deﬁned on [0,00) such that, for all & > p, , I3\, W5 () < 00 and , I3} ., fF (§) < 0.
Ifo<6;, < <6, for 61,0, € R* and for all € [, &], then the inequality

f()»)
2p—19P
(Igfwl 1) < m(“ 78, (I + 1))
2¢-1 .
P(91 +1)? (;L 91,01 (h +h ) ‘i:)) (4.9)

holds for &€ € [u,v], 01>0,and 0<q; < 1.

Proof By the given assumption 2L f ) < 6,, we have

(02 + LPHY(A) < 08 (hy + 1) (L) (4.10)

Page 12 of 17
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. . oy (E—gy Wy O
If we multiply both sides of (4.10) with e
1

integration of the resulting inequality with respect to A on [u, &), we obtain

, A € [,&) and take the q1, w;-

0, + 1) [* (01-1)
Fcn (Ql) (E m wa(}\'))ri hllg()‘) d)LQIrwi
% E(s — o Wy () O £ () (4.11)
= Fql (Ql) n a1 m 1 1 q1,0;* .
It follows that
p

(H q1 wlhllj(‘i:)) (9 ) (;ngll w1 (h1 +fl)p(£:)) (4"12)
In contrast, using 0 < 6; < f1 <A <&, we have

61 + D) < (I +/)I(). (4.13)

01-1)
Again, if we multiply both sides of (4.13) with Em 7:‘” ((A)))'” , A € [, &) and take the q,

w: -integration of the resulting inequality with respect to A on [u, &), we obtain

1
(M q1,01/1 (S)) (9 l)q (l/- q1,01 (hl +f1)q S)) (4'.14)

Now, taking into account Young’s inequality, we get

K)o
h(Wfi(h) < # +J¥. (4.15)
(e1-1)
Now, if we multiply both sides of (4.15) with % € [, &) and take the q;,

w: -integration of the resulting inequality with respect to A on [u, &), we obtain
(, 22, Unfi)() < (Hfgiwlh‘f@)) (Mzsgwl 7(8)). (4.16)
With the aid of (4.12) and (4.14) into (4.16), one obtains

(Zaton D)
p(uzéq wlhllj(S)) (MICQI} w11 (25))

<% (7
T p+ 1)
1

* a1y D O+ 1)16)). (4.17)

(T8, U + )P (6))

Using the inequality (a; + a,)* < 271(a +aj), s > 1, a1,a, > 0, one can obtain

(I3 o U+ i) ) < 2271 ( Z31 ., (MY + ) (6)) (4.18)
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and

(Mff,’ll o (1 +/)1(E)) < 2’1’1(MI§11 o (K] + 1) (). (4.19)
Hence the proof of (4.9) can be concluded from (4.17), (4.18), and (4.19) collectively. [

5 Application
This section is devoted to the application of ¢, w-derivative equations concerning the non-
local q, w-integral boundary value problem of nonlinear fractional equations

(ILIDg,la)p)(g) +.f1 (q‘i: + w,P(qf + (U)) = 0, (5'1)
pw)=0,  pv)=9(.I%p)(0), (5.2)

where ¥ > 0 is a parameter with the assumption that f; is a real-valued continuous func-
tion, where 0 <o <1,q€(0,1),1 <01 <3,0< 03 < 3. Also, MDg}w denotes the quantum
Hahn g, w-derivative operator of order g;.

Example 5.1 Suppose that a real-valued continuous function u is the unique solution for
the boundary value problem

(qu/lz,wp)(g) +u(¢/2+m)=0, 1<01<3

(e1

with the assumption that z = I'15(01 + 02)(v — )y~ or+ea-1

—-nl1p(e1)(o =)y > 0 subject

to the boundary condition
p(p) =0, pv) = 9(MI§i,p) (0), 0<0y<3,0<0<1,
is given by p(¢) = f: V(&g ¥12(W)u(A/2 + n) dijp,wh, ¢ € [, v], where

9 -
z

V(& n¥12(M) = ¥(¢, y12(V)) + Ao,y ¥12(1)),

ey *;,[m(v IRVATEIVS) L (VAN /9) | L

V(8 ¥12(0) = w=<y¥1pd) <¢ <v,

I'2(01) oo )
- 1
(v:%(‘) 2¥12(A))y < pY12(A) < ¢ <v,
1 (- (01-1) (01-1)
FIR@) (o 1D =¥y = (0 =y ¥12(W))y "

Ao, ¥12M) =1 p<,¥1p0) <o <v,
(01-1)

(0—p) -1
ﬁ(v — )Y, < () <o <.

n

Proof Suppose that the given system has the following solution:

p(&) = a1 (¢ - ,U«)(Ql_l) +a (s - w)@?

— o 1200) Va2 + ) di o, (5.3)

Fl/z(Ql)
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where a1, a, are free of £, ¢ € [u, v]. Given that p(u) = 0, we have a; = 0. Under the bound-

ary condition p(v) = 9 (,Zg%,p)(c), we obtain

Iplor +02) { 1
a) =

z Ij2(01) / (v- '71/[1/2(”);91_1)”()‘/2 + 1) dij2,0h
m

s

7 (e1+02-1)
o) w12 + n)d A}
(o1 +02) /u (= b )" .

which concludes

p(¢)

Iyao1 +02)(¢ - ,u)ffl_l) { 1 /u o

= V- A u(M/2 +n)dyjp
z Tinton) J. (v =y¥12(0), ( n)dip,

0

’ (01+02-1)
" Toeiroy ] e nvin®) u(r/2+1n)d M}
FI/Z(QI + Qz) /l; ( nwl/Z )n n)ai

1 ¢ B
B m/ (¢- '71/[1/2()»));@1 1)u()h/2 + 1) dyjwoh
o

_ / W&o () 112 + 1) s
nw

9 — )Y
+ e —
z

/ A0, Y2 uOI2 + 1) dy

m

- / V(C Y1) uGuS2 + 1) dijph. .
m

6 Conclusion

We suggested in this paper quantum calculus and fractional calculus conditions under
which a Hahn integral operator with these new generalizations is reached using the quan-
tum Hahn integral operator strategy. We supposed three various cases in the present re-
search study. First is concerned with convex functions, the second one has identified re-
verse Minkowski inequalities, and the last one is the reverse Holder inequalities. In each
case, we presented several new generalizations that meet prerequisites and simultane-
ously are simpler to actualize. It is important that at the limit case, that is, when 0; = 1,
q — 1, and w = 0, we get classical integral inequalities from these quantum Hahn integral
operators. It is hence evident that this new approach which we call fractional quantum
calculus is better than both quantum and fractional calculus. We presented an example in
Riemann-Liouville type g, w-derivative in the boundary value problem to show the appli-
cability of the proposed operator. Also, to catch more complexities of the attractors under
scrutiny in the present research work, new examinations and applications can be investi-
gated with some positive and new results in different fields of science, optics, and fractal
theory. These new investigations will be displayed in future research work being prepared

by the scientist of the present paper.
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