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1 Introduction

Fractional mathematical models have shown the ability to describe the dynamics of some
natural phenomena and nonlocal systems that inherit memory properties [1-3]. They are
ubiquitous in many areas such as physics, chemistry, biology, control theory, signal and
image processing, and economics. For this reason, many of the existing nonlinear PDEs
that describe different phenomena have been remodeled in the sense of fractional deriva-
tives, and their chaotic behavior and solutions have been reported in many cases by us-
ing developed methods based on wavelets and B-spline collocation ideas [4—9], fractional
power (M-)series [10—16], finite difference schemes [17—19], variational iteration methods
[20, 21], and (q-)homotopy analysis approaches [22-25].

To mention a few recent works in fractional calculus, a series of interesting results ap-
peared in the literature. For example, the existence and controllability have been investi-
gated for fractional neutral functional (integro)differential equations with nonlocal con-
ditions and with infinite delay in Banach spaces [26—30]. The dynamical structures and
the epidemic prophecy have been studied for the novel coronavirus (2019-nCoV) with a
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nonlocal operator defined in the Caputo sense [31, 32]. The nondifferentiable behavior of
heat conduction of the fractal temperature field in homogeneous media was shown in [33].
A fractional epidemiological model describing computer viruses with an arbitrary order
derivative having a nonsingular kernel was analyzed in [34]. The dynamics of hepatitis B
viral infection with DNA-containing capsids, the liver hepatocytes, and the humoral im-
mune response via fractional differential mathematical models are presented and investi-
gated in [35]. A new immunogenetic tumor model with nonsingular fractional derivative
was studied in [36].

Various fractional derivative operators are proposed in the literature. The Riemann—
Liouville and Caputo fractional operators are the most common approach of defining
fractional derivatives. One common characteristic of these operators is the singularity of
their kernels. Although these fractional derivative operators played a vital role in mod-
eling several real-life phenomena, certain phenomena related to material heterogeneities
cannot be well modeled in the sense of these fractional derivatives [37]. As a result, general
fractional derivatives with nonsingular kernels in terms of the Mittag-Leffler, exponential,
trigonometric, Bessel, and Rabotnov fractional-exponential functions were submitted and
utilized in modeling many different real-life problems [37-45].

The central focus of almost all the proposed methods was mainly exploring the influ-
ence of the time-fractional derivative. However, several studies have revealed that the
power-law memory instilled in process and materials could also be in the space coordi-
nate [46, 47]. Motivated by this lack, some analytical methods were recently developed to
handle and study mathematical models embedded entirely in a fractional space [48-51].
Continuing in this direction, this research examines the joint influence for the existence
of both time and space fractional derivatives in higher-dimensional PDEs. To this end, we
merged a new analytical solution representation endowed with multifractional derivative
parameters together with the classical power series technique to find the solution of the
mathematical models living entirely in a fractional space. Also, we graphically studied the
behavior of the obtained solutions and noticed that these solutions converge homotopi-
cally, when the Caputo fractional derivatives move from zero to one, to the solution of the
integer version of the problem. In some sense, this supports the idea that these fractional

derivative parameters act as memory indices.

2 Analytic solution ansatz of higher-dimensional FPDEs

Here we propose an analytic solution ansatz of higher-dimensional partial differential
equations entirely living in the fractional space. Then we provide a theoretical frame of
the solution ansatz convergence.

Definition 2.1 A trivariate Maclaurin y-series (abbreviated by ¥ -Maclaurin) is a rear-

rangement for a fractional Cauchy product series in the form

o0
C1y1 laya ol
g Ebg, 05t X2y = Egg 4+ E1go™ + Eo10%7? + Eoo1y”P -+
£1+£9+03=0 ’
zﬁfeggN* £1+£3+£3=0 01 +bp+03=1
n i
n=i)y1 (i) v A j
+ 2 :2 :En-i,i-j,jt( MgliDragivs o (2.1)
i=0 j=0

L1+lo+Ll3=n
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where ¥ = (1,72, ¥3) € (0,1)3, {t,x,y} is a set of nonnegative variables, and &, ¢, ¢, are real
constants.

We point out here that the ¥ -Maclaurin can be naturally adapted to accommodate the
problem under consideration by making the series coefficients as functions in extra vari-
ables as follows:

o]

Z £ty 0 ts (z)tflylezyzy‘fays‘ (2.2)

£1+0p+£3=0

In what follows, we present some convergence theorems related to the y-Maclaurin (2.1).
A similar analysis can be adopted to expression (2.2). It should be mentioned here that

comparable arguments were presented in a lower-dimensional fractional space in [52].

Lemma 2.2 If there exist ty,x0,y0 € Rso such that the set {&,,, ggtllyl lzyzygm :

£1,€9,03 € N*} is bounded, then the y-Maclaurin (2.1) converges absolutely on © :=
[0’ t()) X [07x0) X [Oryo)'

Proof Let to, x0,y0 € R.o. By assumption we have |&;, ¢, ¢ té‘ylxngyggml < MforsomeM €
R.o and all £, £5, €3 € N*. Now, for (£,x,7) € © — {(0,0,0)}, set 0 < 71 = t£;' < 1,0< 13 =

xxy' <1,and 0 < 73 = yy;* < 1. Then

o0 o0
L L ¢ tin lzyz L’sys by _lays _€3y3
Z |5€1"32v’33t a2y 3}/3| = Z |5zl,132 e3lo |T Tl
£1+€p+£3=0 L1+€p+£3=0

z : l E l
<M 1}’1 272 33)’3

£1+L2+€¢3=0
-M erlyl) (Z szyz) (Z 53)/3)
( £3=0
M

CU-ha-a-) -

Thus, the y-Maclaurin (2.1) converges absolutely on ® as desired. Note that if one of t,,
X0, Or Y is zero, then a similar argument can be applied with fewer variables. g

Theorem 2.3 The Y-Maclaurin (2.1) converges absolutely on either R2 or on D :=
[0,7:) x [0,7y) x [0,7)) for some (r;, 1y, 1y) € R;O. In the latter case the set A(t,x,y)
(€0, 00,058 171 x27291373 2 4105, 05 € N*} is unbounded outside D.

Proof Let B:={(t,x,y) € RBZO : A(¢,x,y) is bounded}.
Casel. If B= R>O, then the ¥ -Maclaurin converges absolutely on Rio by the last
lemma.
Case2. If B #R>O, then 083 is a nonempty set since (0,0,0) € B. Let (14,7, 1,) € 0B. By
the definition of (r, rx, 1), if (¢,%,7) € D, then there exist (¢, %0, y0) € B with
(£, %,9) € [0,20) x [0,%0) x [0,50). Thus by the last lemma the y-Maclaurin
converges absolutely. On the other hand, if (¢,x,) € ]Rio with
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(¢, %,9) > (ry, 1y, 1y), then again by the definition there exist (¢1,%1,y1) € R;O -B
with r; < £ <, 7, <x1 <%, and r, < y1 <. Since A(t1,%1,%1) is unbounded,

A(¢,%,y) is unbounded as well. O

Definition 2.4 The triple (;,7,7,) € R3 2o in the last theorem is called the triradius of con-

vergence for y-Maclaurin. Otherwise, we say that the triradius of convergence is infinity.

Remark 1 By a suitable change of variable, it is easy to see that the series

01 2,8
2: &1,@2,443 tlx2y?

L1+€p+€3=0

with (¢,%,y) € R3 has a triradius of convergence (ry, 5, ry) if and only if the ¥-Maclaurin

-1
with (¢,x,y) € R;o has a triradius of convergence (rty1 , rx ,ry )

Remark 2 It is worth mentioning that the ¥ -Maclaurin is the Cauchy product of fractional
power series, after rearrangement, in the domain of absolute convergence. Nevertheless,
the y-Maclaurin enables us to add finite elements on each term instead of adding an entire

row or column with infinite elements.

oo %)
Z €01 tnts tllylxlzyz l3y3 _ (Zd@ tl1y1) (Z bbxlzyz> (Z Clsyfgyg),

01+0+€3=0 £9=0 £3=0

where &, 4,05 = a¢, be,cey. These three fractional power series in a single variable will be
called the components of ¥-Maclaurin. Moreover, the ¥-Maclaurin can be rewritten as

the triple sum

oo U1 £y

Z Z Z Et,_tpy—t303 t(£1*£2)71x(52*53))’2y5373.

£1=04£23=04¢3=0

Theorem 2.5 If the components of y-Maclaurin converge absolutely at ty, %0,y > 0, re-
spectively, then the y-Maclaurin ) 7_, Zgzo ZZ:O Ay —tyboy—gco st 12N x 27030729373
converges absolutely on ®© = [0, o) x [0,x9) x [0, yo).

Proof By assumption, Y7 |ae, 7| < Ly, Y7o 1be,x272| < Ly, and Y57 leesy373] < Ly

for some Ly, Ly, L3 € R,. For each £; € N, let E, (£o, %0, o) = Z -0 ZZ:O At -ty Dey-t5Ce5 X
t(()ll -02)y1 E)Kz @3)V2yf)3y3'Then

Ll 6
(31 =)y, (L2~€3)y2, L3Y3
|Ezl(t0,xo,yo)| = E E agy—t,bey—e5Ce5ty X0 Yo

£2=04¢3=0
S

Z1 ~02)71 (L2~£3)y2 {3v3

< E E |ae,-est |[Ber-e3%0 |lees 0™ |

€7=01¢3=0

0
< Z|ﬂelfezf(€1 —02)n1 | Z|b tp—t 1’2 £3) V2||C£3y€3}’3|
[



Jaradat et al. Advances in Difference Equations (2020) 2020:364 Page 5 of 14

0 lo £
< Z ’ﬂél—lz téf]-fZ)yl | (Z\bez_egxé“’“)” ‘) (Z ’%ygm ’)

€p=0 £3=0 £3=0
o0 o0 o0
(e1-€2)y1 (L2~€3)y2 {373
= Z’“h—lzto | Z‘béz—ﬁzxo ‘ Z’Cfsyo ’
€p=0 £3=0 £3=0

< L1L2L3 < Q.

This shows that the sequence {Ey, (fo, x0,0)} is bounded. Therefore the ¥ -Maclaurin con-
verges absolutely on ® by Lemma 2.2, as desired. O

Remark 3 1t is evident that if the above fractional power series components of the ¥ -
Maclaurin have a radius of convergence ry, ry, r,, respectively, then the y-Maclaurin has a

triradius of convergence (r,7y,7y).
Notation 1 For simplicity, we will alternatively write I"(€y + 1) as I, (£).
Now, as our goal is to furnish an analytical solution of higher-dimensional FPDEs, we

take into account the Caputo fractional derivative, which is defined for an appropriate

function as follows:

1 Low(t,x, dr
D [wlt.x,y)] = / (T,%,))
0

Ir'l-a) it (-7’ 23)

where y € (0,1) is the Caputo fractional derivative order. Accordingly, immediate compu-
tations lead to

I(c+]) 4y
t7, ¢>0,
Dg’ [tc] — { I(c-y+1)

2.4
0, c=0. 24)

The following theorem shows the mixed Caputo fractional derivatives of analytic func-

tions in fractional sense of ¥ -Maclaurin [53, 54].

Theorem 2.6 Let w(t,x,y) have a y-Maclaurin on © = [0,r;) x [0,r,) x [0,7;). If
D DD [w(t,x,9)] € C(0,7,) x (0,75) x (0,1y)) for i,j,k € N. Then

D' DD w(t,x,9)]

o0 . .
Ly (i + €0) T, ( + €2) Ty (k + £3)
= Z Eiverjrtokres - T (le )’}i(] @ )21" V(Se ) & thnytarzytars, (2.5)
L1+ +¢3=0 Y\t Ly \E2) 0 3 (L3

In (2.5), upon substituting (¢,x,y) = (0,0,0), we obtain the coefficients in terms of the

mixed Caputo fractional derivatives as

fol 71 D£2WD§3V3 [(0,0,0)]

’ .6
F}’l (Zl)ryz(ﬂz)rn(ﬂs) (2 )

010003 =

which is the fractional version of the classical multivariate Maclaurin coefficients.
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3 An application of y-Maclaurin series

In this section, the ¥ -Maclaurin series is merged in the power series technique to furnish

analytically the solution of the PDEs endowed with multimemory indices. It is worth re-

calling here some necessary fractional functions that will be frequently used in the sequel:
Mittag-Leffler function: E, (£) = Y-, FL

1)Ee20

. »
Trigonometric functions: sin,, (£) = Coen cos, (t) = > 0 ry F e

=0 Iy (20+1)
tzm 2t

Hyperbolic functions: sinh, (£) = Y ;o @ Coshy =37 70"

Example 1 In our first illustrative example, we consider the following hyperbolic y-wave-

like equation:
1
D w(tx,9)] = 2 (D0t 5,5)] + D)7 [w(t5.9)]), (3.1)
constrained by the fractional initial conditions

w(0,%,y) = siny, (£72) cos,, (y?) + cos,, (x72) sin,, (y*),

DI [a)(O, X, y)] =sin,, (xVQ) sin,, (y”3) — COSy, (x”z) COS,, (y”3).

(3.2)

We presume that the solution exists analytically in the form (2.1). Now we substitute the
proper formulas from Theorem 2.6 into equations (3.1)—(3.2) and compare the coefficients

of identical monomials in both parties to get the following recurrence relation

Iy, (e +2) 1/ Ty, (6, +2) (5 +2)
80420003 = | 820 F &0 0 0342 (3.3)
Fyl(zl) 1+4,£2,43 2 Fy2(€2) 1,t2+4,63 Fyg(ES) 142,43+
with initial coefficients
(_1)Z2+l3
§0205+1,205 = ,
020126 7 (20, + 1)1, (263)
( 1)£2+Z3

£0,209,203+1 = I, (28,) 1, (245 + 1)’

(_1)42+@3+1
T (D)1, (262) T, (263)°
(_1)(32+53
Ly (1)1, (265 + 1)1 (263 + 1)

(3.4)

51,2€2,253 =

81202412341 =

Next, in light of the initial coefficients (3.4), we recursively solve (3.3) to obtain the follow-

ing general form of the series coefficients:

(_l)zl+zz+z3
I, (201) 1, (205 + 1)1, (265)
(=1)ar+t+ts
Iy, (201) 1, (202) T, (203 + 1)
(—1)la+tarts

[, (201 + 1)1, (202) T, (2¢3)

5251,2l2+1,2€3 =

£201,200,20341 =

(3.5)

52(1+1,252,2(3 ==
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(_1)(1 +lp+€3

[ (201 + 1)1, (205 + 1)1 (263 +1)°

E20141,200+1,20341 =

&¢,0005 =0 otherwise.

Finally, we substitute the resulted coefficient (3.5) into the ¥ -Maclaurin series to get

00
(_1)51*'@2*'53t251y1x(2€2+1)y2 203y3
oty = Y [ y
£1+€p+L3=0 Fyl (zgl)rm(zgz + I)F)/?, (263)

(_1)@1+[2+(3 t2£1 ylxzkzyzy(223+l)y3
T, 200) T, (26,)T, (285 + 1)

~ (_1)[1+52+53t(251+1)y1x2Z2V2y253y3
F)’l (2£1 + 1)1“],2(262)1“),3(%3)
(_1)@1+K2+l3 t(le+1)y1x(252+1)y2y(2€3+1))/3 i|

YT, @6+ )T, (26, + )T, (205 + 1)

(3.6)

As each of these sums converges absolutely in [0, 00)® by the ratio test, Remark 2 implies
that each sum can be written as a Cauchy product of three series. For example, for the first

sum, we have

i (_1)Z1+€2+Z3 t2£1y1x(2€2+1)y2y2€3y3
0 F}’l (2£1)Fy2(2£2 + 1)1—'},3(2&3)

L1+l +L3=

i (_1)41)52511/1 g (_l)izx(%z*rl))/z g (_1)53},2@3)/3
- I, (2¢4) T[22 +1) £ T(265)

£1=0 =0

= cos, (£7) sin,, (x72) cos,, (7).

Therefore the solution (3.6) reduced to the following closed form:

w(t, %,y) = cos,, (£) siny, (¥72) cos,, (y7%) + cos,, (£71) cos,, (x72) sin, (%)

— siny, (£ cos,, (x7?) cos,, (y%) + siny, (£) sin,, (¥"?) sin, (¥"3).  (3.7)

Asa particular case, if ¥ — 1, then we obtain the solution of the wave-like equation in the

integer case:
o(t,x,y) =sin(x + y — £). (3.8)
Figure 1 clarifies the cross-sections of the 10th approximate ¥ -Maclaurin solution (3.6)
for several values of ¥ € (0,1). Their performance shows that the ¥-Maclaurin solution
depends continuously on the fractional derivative parameters to attain the integer case

solution, which in turn reflects some information about memory.

Example 2 Next, we consider the following y-heat equation:

D' [w(t,%,9)] = %(y2V3D£V2 [w(t,,9)] + xz)’ZDJ%V3 [0(t,%,9)]) (3.9)

Page 7 of 14
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wio(t, 0.5, 0.5)

T

0.2 04 0.6 0.8

(a)2=73=1,2 =y =0.5, and ¢t € [0,1].

w10(0.5, 0.5, y)

wip(0.5, X, 0.5)

0.8
0.6
025 z

0.4

0.2

0.2 0.4 0.6 0.8 0%

(b)n=93=1y=1t=05andz€[0,1].

0.8
0.6

- ‘b('\
04}/ e 3

0.2

0.2 0.4 0.6

Figure 1 Cross-sections of the 10th approximate solution (3.6)

0.8 10”7

(c)y1=72=1,2z=1t=0>5and y € [0,1].

constrained by the fractional initial condition

w(0,%x,y) = y*13.

(3.10)

Again, we presume that the solution exists analytically in the form (2.1). Now we substitute
the proper formulas from Theorem 2.6 into equations (3.9)—(3.10) and compare the co-

efficients of identical monomials in both parties to get the following recurrence relations

foreach ¢, >0

Iy, (e + 1)S
TN 7, N Sl+Le¢e
Fyl(el) 1+1,62,63

0,

Iy, (£2+2)

21*1/2(@2) gfl,ferZ,Zg—Zr

I3 (€3+2)

21211/3(33) $€1,52—2,€3+27

FVZ(K2+2) Fy3(33+2)

21*]/2(52) 541,62+2,€3—2 + 2Fy3(£3) 551,62—2,53+2;

62,53 < 2,
0<¥y<2,03>2,

(3.11)
0,>2,0<4¢3<2,

£y,83>2,

with initial coefficient &y, = 1. Next, we recursively solve (3.11) to obtain the following

general form of the series coefficients:

£ r)ra(2)

201,02 = 157 = a2

! 2204, (2¢7)
rp)ri(2)

E2£1+1,2,0 =

220411, (207 + 1)

&0,,0005 =0  otherwise.

(3.12)

Page 8 of 14
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We now substitute the resulting coefficient (3.12) into the y-Maclaurin series to get

o0 o0
21y .2 201411 .2
o(t,x,y) = E Epy02t Y 4 E 52e1+1,2,0t( 1Dy 22
£1=0 £1=0

14 4 o0 l l1+1
2yazpl(2rl( ) pen ZVzZ B @I, @) o
2207, (207) 22041, (20, + 1)

FO.S 2 FO‘S 2
= y27/3 COShyl (Mtﬂ)
2
r.(2 0.5 FO.S 2 1’*0‘5 2
+ V3( ) X272 sinh,, Mtn . (3.13)
r,(2) 2

As a particular case, if ¥ — 1, then we obtain the solution of the heat equation in the

integer case:

w(t,x,y) = y* cosh(£) + x* sinh(¢). (3.14)

Figure 2 clarifies the cross-sections of the 10th approximate ¥-Maclaurin solution
(3.13) for several values of ¥ € (0,1)3. Again, their performance shows that the -
Maclaurin solution depends continuously on the fractional derivative parameters to at-

tain the integer case solution, which in turn reflects some information about mem-

ory.
wiolt, 0.5, 0.5) wie(0.5, X, 0.2)
25
20 0.5
0.4
15
0.3
1.0 0.2
05 — 0.4
02 o0& 06 o8 10’ 02 04 06 08 0%
(a) v2=7y3=1,2 =y =0.5, and t € [0, 1]. (b)) 1 =7v3=1,y= 0.2,t=0.5and z € [0,1].
w10(0.5, 0.2, y)
1.2
1.0
0.8
0.6
)
0.4} 7 5
“{x’“' 4“15 =
0.2 ?\@0‘3 :
y

0.2 0.4 0.6 0.8 1.0
(c)m=7=12z=02,t=05andyc [0,1].

Figure 2 Cross-sections of the 10th approximate solution (3.13)

Page 9 of 14
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Example 3 Finally, we consider the following ¥ -wave-like equation in 4D:

"o(t,x,9,2)]

= a2 4 g3 4 22
1
+ 2 (xz”zDi”z l[w(t, %9, z)] + y2V3D§)’3 [w(t, %9, z)] + 2w (t,%,y, z)), (3.15)
constrained by the fractional initial conditions

(0,%,9,2) =0,
(3.16)
D' [0(0,%,,2)] =27 + y°13 -

We presume that the solution exists analytically in the form (2.2). We substitute the proper
formulas from Theorem 2.6 into equations (3.15)—(3.16) and compare the coefficients of
identical monomials in both parties to get the following recurrence-differential equations
for each ¢; > 0:

r, (6;+2)
Y1
T S01+2,60,03\2
I, (6) &0142,0,65(2)
S22 00 (D) + 2, ly,05<2,
Ty (€
l(pyyzgzzz)éfl 2,43 (Z)
Iy, (€3)
+1—'VVBT3§€1 €o,03 (Z) + Z @1 0o, (3(2)) + 27 zZ: £3 = 2¢
1, Dp(2)
= (ryngz 2) Eil 2,03 (Z) (317)
Ty5(£3) Uy=2 & €3>2,
#521 ENNCIRE 2 TN )RS U e
1, ()
( Tttt ()
F (€3) .
FVY?’TS&I o5 (2) + 2 s (2)) otherwise,

with initial coefficients

1
§0.2.5(2) = 0, &100(2) = - 2,
I, (1)
1 (3.18)
§120(2) = 61,02 = 0, &£1,65,05(2) =0  otherwise.

In light of the initial coefficients (3.18), we recursively solve (3.17) to obtain the following
general form of the series coefficients

ool = L 2
£1,0,0 (Z )
r) 1)
&201,20(2) = W Ea01+1,20(2) = m; (319
rite e
52[1,0,2(Z)= 2 @ 52z1+102( z) = )

2071, (24)° 20T, (201 + 1)

&01,00,05(2) =0 otherwise.

Page 10 of 14
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We now substitute the resulting coefficients (3.19) into the y-Maclaurin series to get

o0 o0 o0
o(t,%,9,2) = Y En00@t + Y E 0@ TE 1Y & 02(2)E 1y

£1=1 £1=0 £1=0
oo
- D 22

=1 Fyl (Kl)
00 -1 0 14

w2 (30 BT @ 3 L e
h 1251 1, (2¢;) h 0251Fyl(2€1+1)
1= 1=

00 £1-1 00 €
+y2}'3 Z Fli(z)tzﬁn + Z FV31 (2) (20+n
26~ IF (261) ol 24 Fl’l (2£1 + 1)
1=

2 r(2)
2
+ 92 <—Fy3(2) (coshy1 ( 205 tVl )

2 0.5 ' F(;S(z)
+ (Fm (2)> sinh,, (VZTt”1>>. (3.20)

As a particular case, if ¥ — 1, we obtain the solution of the wave-like equation in the

integer 4D case:

w(t,%,9,2) =2 (e = 1) + (x* + y*) (cosh(¢) + sinh(¢) — 1)

=z’ + (& +y7)e - (xF +y7 +20). (3.21)

Figure 3 clarifies the cross-sections of the 10th approximate ¥ -Maclaurin solution (3.20)
for several values of ¥ € (0,1)3. Again, their performance shows that the ¥-Maclaurin
solution depends continuously on the fractional derivative parameters to attain the integer

case solution, which in turn reflects some information about memory.

4 Conclusion

In the current work, we provided an analytical simulation of the mutual impact for the
existence of spatial and temporal memory indices in higher-dimensional PDEs in terms
of y-Maclaurin series, which is recently developed for the same purpose. Also, we pre-
sented a theoretical framework for the convergence of the ¥-Maclaurin to support our
idea. Practically, we employ an amendment of the power series technique to furnish an-
alytically the solution of several well-known physical models with spatial and temporal
memory indices together, namely the ¥ -heat and ¥ -wave-like models. The method exhib-
ited a great potentiality in solving such hybrid models, and its performance is validated
by comparing the projection of the obtained solutions with the available results in lower
fractional spaces. Finally, the graphical analysis shows that the ¥ -Maclaurin solutions are
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wi(t, 1, 1,1) wio(1,x, 1, 1)

15
10
5 <
v\:“;\,ms
0.2 0.4 0.6 0.8 1.Ut 0.2 04 0.6 0.8 1.01
(&) e=m=1lz=y=2=1, and t €]0,1]. M)m=ys=1y=z=t=1and z € [0,1].

wi(1, 1.y, 1)

0.2 0.4 0.6 0.8 1.0

(c)m=v=1lLz=z=t=1andyc|01].

Figure 3 Cross-sections of the 10th approximate solution (3.20)

homotopic mappings to attain the integer case solutions, which in turn may reflect some
memory characteristics. For this reason, the Caputo fractional derivatives can be consid-
ered as memory indices.
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