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1 Introduction

Fractional arithmetic theory has gained a special place in various sciences. In recent years,
numerous works have been published in the field of fractional integro-differential equa-
tions such as g-differences [1-6], positive solutions [7, 8], fractional integro-differential
equations [9-13], approximate solutions [14—16], hybrid problems [17, 18], and applied
modelings [19-23]. It has been showed that one of the best methods for mathematical
describing of complicate phenomena is modeling of the problems as singular fractional
integro-differential equations (see [24—26]) which have been studied by some researchers
(see, for example, [27-30]). Note that most published works on singular fractional equa-
tions have studied weak singularities, while it is important we try to review strong singu-
lar fractional integro-differential equations. There are a few works on strong singularities
[31-33].

In 2014, Jleli et al. studied the existence of a positive solution for the singular frac-
tional boundary value problem D*u(t) + f(¢,u(t)) = 0 with boundary value conditions
u(0) =4/ (0)=0and #'(1) = ZZIZ B (&), where0<t<1,2<a <3,0<& < <&ua<1,
f:(0,1] x R — R is a continuous function, f(¢,x) is singular at ¢t = 0, and D* is the Ca-
puto derivative [8]. In 2016, Shabibi et al. reviewed the multi-singular pointwise defined
fractional integro-differential equation D*x(t) + f (¢, x(t), & (£), DPx(¢), I’ x(¢)) = 0 under dif-
ferent boundary conditions, where u € [2,3) or u € [3,00),0 <t <1,x € C![0,1], B,&,n €
(0,1), p > 1, D* is the Caputo fractional derivative of order u and f: [0,1] x R®> - Ris a
function such that f(z,, -, -, -) is singular at some points ¢ € [0, 1] [28].

In 2018, Baleanu et al. investigated the existence of solutions for the pointwise de-
fined problem D“x(t) +f(t,x(t),x/(t),Dﬂx(t),f(; h(&)x(&)dg, p(x(t))) = 0 with boundary
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value conditions x(1) = x(0) = #”(0) = x”(0) = 0, where @ > 2, A, u, 8 € (0,1), p: X —> X
is a mapping such that [|¢(x) — ¢(W)|| < bollx — y|| + 61]lx" — ¥'|| for some nonnegative
real numbers 6y and 6; € [0,00) and all x,y € X, D* is the Caputo fractional derivative
of order o, f(t,x1(¢),...,x5(t)) = fi(t,x1(2),...,25(2)) for all £ € [0,A), f(¢t,x1(2),...,x5(t)) =
folt,x1(8), ..., x5(2)) for all £ € [A, u] and f(t,21(2),...,x5(t)) = f(t, x1(¢),...,x5(t)) for all t €
(w, 1, A - -)and f5(¢, -, -, -, -) are continuous on [0, A) and (i, 1], and fo(¢, -, -, -, -) is multi-
singular [25]. They published another work on a three-step crisis integro-differential equa-
tion [26]. In 2020, Talaee et al. reviewed the existence of solutions for the fractional
differential pointwise defined problem D%x(t) = f(¢,x(t), % (¢), DPx(t), fo x(£) d&) with
boundary value conditions x(u) = fo h(z)x(z) dz and x(0) = x(0) = 0 for 2 <j<n-1,
where ¢ > 2, n=[a] +1, u,8 € (0,1), g,k : [0,1] — R are mappings such that g,zk €
L'[0,1] and f € L' is singular at some points [0, 1] [30].

By using the main idea of these works, we investigate the existence of solutions for the
strong singular fractional differential equation

D¥x(t) = f (&, %(0), "' x(2), ..., [P x(2)), 1)

with some boundary value conditions, where o« > 1, p1,...,p, >0, m > 1, D* is the frac-
tional Caputo derivative of order o and f(¢, -, . .., -) is strong singular at some points [0, 1].

The Riemann-Liouville integral of order p with the lower limit 4 > 0 for a function
f:(a,00) — R is defined by 2. f(¢) = f ‘(t — s)P~1f (s) ds provided that the right-hand
side is pointwise define on (a, 00) [34]. \X/e denote I(If+ f(t) by If(¢). The Caputo fractional
derivative of order « > 0 is defined by °D*f(¢) = ﬁ fot (t_{;% ds, where n = [a] + 1 and
f:(a,00) = Ris a function [34].

Let ¥ be the family of nondecreasing functions ¥ : [0,00) — [0,00) such that
Y o2 () < oo for all £ >0 [35]. One can check that y(¢) < ¢ for all ¢ > 0 [35]. Let
T:X— Xand a:X x X — [0,00) be two maps. Then T is called an o-admissible map
whenever a(x,y) > 1 implies «(Tx, Ty) > 1 [35]. Let (X, d) be a metric space, ¢ € ¥, and
a: X XX — [0,00) beamap. A self-map T : X — X is called an «-1/ -contraction whenever
alx,y)d(Tx, Ty) < ¥ (d(x,y)) for all x,y € X [35]. We need the next results.

Lemma 1 ([35]) Let (X,d) be a complete metric space, Y € ¥, a : X x X — [0,00) be a
map, and T : X — X be an a-admissible a-v-contraction. If T is continuous and there
exists xo € X such that a(xo, Txo) > 1, then T has a fixed point.

Lemma2 ([34]) Letn—1<a <nandx e C(0,1). Then I*D*x(t) = x(t) + Z?:OI cit' for some
real constants cg,...,Cn_1.

Lemma 3 ([36]) Forall z>0and w > -1, we have fo - $)*7 1% ds = B(z + 1, w)t°*, where
L(o)I(z)

B(Z, ) T T(w+2) °

2 Main results

Now, we are ready for preparing our main results. For the next key result, we use the main

idea of [25] to conclude that it is valid on L'[0, 1].

Lemma 4 Let « > 1, [a] = n — 1, k be a natural number, w € (0,1), ¥1,...,vk € (0,1),
Ay ki >0 and q,...,qx > 0 be such that Zl i F”’ <landf e L'[0,1]. Then the
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solution of the problem D*x(t) = f(t) with boundary conditions x*(0) = - - - = x”~D(0) = 0,
x(0) = fol x(€)dE, and x(1) = Zle Ad%ix(y;) is x(t) = fol G(t,5)f (s) ds, where the Green func-
tion G(t,s) is defined by

() S W VNP L
G ,8) =
A ,21: 0, (@ + )
2(u — g1 — 0, - DA -9)*  (n-9)*"
O, (a +1) 0,1 () ’

whenever s < U, s <t,s<y; <-- <y <1,

k

(t—s)* ! Ay —s)
r@ 2 0,1 (o + )

a+qj-1

G(t,s) =

2(u - 9q+1 - teq -1 -9 _ (- 5)0171
O, (a + 1) 0,1 () ’

whenever s < 1, S <t Y1 < Vo< Vjp-l SS<Yjp <<k <1,

k @i
Glt,s) = (-9 > Ay —9)* 9!
’ I'(a) = 0,1 (o + q5)
n Z(M - 8q+1 - teq - 1)(1 - S)a
0,7 (@ +1) ’

whenever s> [, S<t, Y1 <Yy < <Vjpml S Yo <o <Yk <1,

(t- S)a_l 2(u - 9q+1 - th -1 -9

Gls) =~y 0, (e + 1)

’

whenever s> U, s <t, Y1 <ya<--- ¥k <s<1,

=9 2w =g — 10, - 1)(1 - 5)*
Glt,s) = I'(a) * 0,7 (a+1)

)

whenever s> [, S<t, Y1 <Yy < <Vjpml S Yo <o <Yk <1,

Glt,s) = i Ay —8)** 91 2y — Oge1 — 05— 1)(1 — 8)*
T Gl g) OgI" (o + 1) ’

whenever s> [, s > L, Y1 < Vo< <Vjy-1 SS< Yy < <y <1,and

2(/”* - 0q+1 - teq - 1)(1 - S)a

Glt,s) = 0, (@ +1)

’

q;i+1
ko Ay
i% ) and 0, =

whenever s > |1, S > t, Y1 < Yy < -+ < Yk < s < 1. Here, 0441 ::I—Zizlm
13

k My,vqi
1- Zi=1 I(gi+1)°




Baleanu et al. Advances in Difference Equations (2020) 2020:350 Page 4 of 18

Proof Let x be a solution for the problem. By using Lemma 2, we have
1 t
x(f) = —— / (t—s)"f(s)ds +co+crt +- -+ c,t"
I'(a) Jo

for some real constants Cos---,Cy. Since x2(0) = - - - = x""D(0) = 0, we getcy=---=¢,=0,
and so x(¢ fo $)*7 Y (s)ds + co + c1t. Thus, x(0) = ¢y and

1 1 1 t w1 )
/Ox(t):m/0 /O(t—s) f(s)ds+c0+5

1 ! « C1
:m./o 1-s) f(s)ds+co+§.

Now, by using the condition x(0) = fo x(&) d&, we obtain =—— 01+1 fo (t—9)*f(s)ds+co + ”1 =

co,and so ¢; = m fo —5)%f(s)ds. Hence,

1 t ol 2t 1 o
x(t)—m/o (t—5s) f(s)ds+co—m/o (1-35)%f(s)ds, (2)

and so x(u) = FL fo (i — )" f (s)ds + co a+1 fo — $)*f(s)ds. On the other hand,
we have Iqi(t) = fo (t — 5)%1ds =

for all 1 < i < k. By using Lemma 3, we

F(q +1
get I%(t) = fo (t —s)%i1ds = —) B(2,g)t> 47! = F(lq_). 1%+;”)’)tq'+1 = Ft(qzlw‘). Since
19]4f(¢) = Iql+“f(t) by using (2) we obtain
s = o | (- s) d “
ix(t) = ——— —8)*™Mif(s)ds + cg———
I'a+gq; 0 I'gi+1)
th”'l
1-
I'(a+1)I( ql+2)/ (-9 ()d
Hence,
Ailx(y;) = / (=57 () ds 4 N
F( o+ ,) F( qi )
24y
. — / —$)f(s) ds
F(a +1)I'(g; +2)
forall1 <i<k,and so
k Vi
f _ Q) i—1
Zu‘fx(yl Y i |, e
)/ k qi+1 1
l
1 _ o d .
+COZ I'(g;+1) Fa+IZ ql+2/ S f()ds

i=

Since x(u) = 25:1 Ail%ix(y;), we get

1 " a-1 2“’ ! o
m/{) (u—s) f(s)ds+co—m/0 (1-2s)*f(s)ds
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k

=Zpa+ql f — )™ 1fs)ds+c022 +1)

=

2 k

)‘iV,'qi+l 1 y
_F((x+1)i2=1: )/0 (1 -5)%f(s)ds,

I'(g;+2

and so

k

A; Vi
= . L getgiel
“ ; 0,1 (o + 1) /0 (vi =) f(s)ds +

1
T( +1)/0 (1-5)*f(s)ds

1 w vl 2 k )Liyiqﬁl 1 .
B 9qF(oe)/o (=9 SO - oD 21: Fig 2 J, 1797 @ds

+1
LV, k )UVZ
where 6,:=1- Y~ 7o and Og1 = 1-3 ) k. Thus,

x(t) = ﬁ / (t —s)*"\f (s) ds

k

Z Fa+q) / (vi — )47 f(s) ds

=1

21 1 "
+m/0 (1-9)*f(s)ds
1 . a-1
- eqr(a) \/0 (/’L_S) f(s)dS

qi+1 1

z)’l N
9F(a+1)2r(ql+2) (1-9)°f (s)ds

2t 1 "
—mfo (1-9)*f(s)ds

or
L e
x(t)‘r(a)/o(t S5 ds

A /h( )ot+q1—1f( '
+— -5 $)ds
O, (a +q1) Jo n

AZ 2 a+ga—1
+m/0 (yo =)™ 27 f(s)ds

Ak T a+qr—1
+m/ (yk — 8)*" = f(s) ds

2(/”“ 9q+1 1) o
9F(a+1) /(l‘s)f(s)ds

— _ -1 _
gqp(a)ﬂ (n—38)*"f(s)ds /G(t,s)f(s),

0

where G(t, s) is the Green function. This completes the proof. d
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Note that in the last result, it remains only the boundary value conditions x(0) =
fo x(&)dé and x(u Zl 1 Aid%ix(y;) whenever 1 <« < 2. It is easy to see

S)ot—l k )\](V/ _S)Ol+q1‘—1
G’ B
| (t, s)| ( ) + ; 6@
2 =1 =10, =1L =9°  (u=5)"
0,7 (a +1) 0,1 ()

and G is continuous with respect to ¢. Consider the Banach space X = C[0, 1] with the sup
norm. Let g : [0,1] x X"*! — R be singular at the points y; < ¥, < - -- < ¥ in [0, 1]. Define
the map F: X — X by

1
Fx(t):/ G(t,s)g(s,x(s),]plx(s),...,Ipmx(s))ds
0

- % /(;t(t -5)*7'g(s,x(5), " x(s), ..., [P x(s)) dis

k

y,
Zm / §) I (5, %(8), 1P x(5), .. 17 x(s)) dls

+2( ;6;+(1a+1) 1)/ (1—5)0‘ S,x(s) Iplx(s) Ipmx(s))

— 87 (5,2(5), 1 x(s), ..., IP"x(s)) s

Let 0=¢) < t1 <+ <toyp <t =1andf(s,-,...,-) is singular at each ¢; for 1 <i <r. Put
no = [ ]+1.Forn2n0,deﬁneF":X—>be

mm0<1<r (tiv1=ti)

Fx(t) = Z / O ) (556 ). P(5) s

r-1

1
— > f (&= 5)*7f (5,%(5), "' x(s), ..., I x(s)) s
) [0.400E+ 3 4111

i=0
k

+IZGqF(x+q})

r—1
X (v = ) U1 (s, %(s), P x(5), ... ., [P x(s) ) dis
<12=0: /[O,Vj]ﬂ[tﬁl tiv1— 5] ' ( )

2(/" - 6q+1 - th - 1)
60, (a +1)

r-1

X Z/ (1- s)“f(s,x(s),]plx(s), ... ,I””’x(s)) ds

i=0 (ti+ 1 b1
1
0,1 ()
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r-1

% Z/[‘o e Lo ](,U« = 8)* 7Y (5,%(), 1P %(s), ..., [P %(s)) ds. 3)

Note that each fixed point of F is a solution for problem (1).

Theorem 5 Assume that o« > 1, [l =n -1, r,k,m>1, u € (0,1), y1,...,v € (0,1),
Ay =0, q15--,qk > 0, p1,.o s P > 0, Ay, Gy, and Ayq,..., Ay : R — [0,00)
are some functions such that a;(t) = (1 — t)*la;(t) € LI(K) for every compact subset
K; C (tjtp) fori=1,....m+1landj=1,...,r -1, lim,_, 0+Ai— B; > 0, and we have
&1, s Xmi1) = FEYL s Y1) < Zim;{la,(t)A,ﬂx, vil) for all (x1,...,%m41) and
G1se s Ymer) in XY and almost all t € [0,1]. Suppose that

r-1 1 k Iy 2(9 _M+1 el
A + . I Byl i
lzz():<|:F(Ol) ]Zﬂ:@qr((x+qj) qu(a+1) i|Z 7

where ||y ;| := ft“l ”(1 ) taj(s)ds and A := max({1, F(p1+l
there are two maps b and N : X1 — [0, 00) such that (1 —t)*~ 1b(t) elL! (Kj) for every com-
pactsubset K; C (¢, tj,1) forj = 1,...,r—1and N is nondecreasing with respect to all its com-
ponents and hm,Ho+ N(— =1 > 0. Suppose that |f(t,x1,...,%ms1)| < DEIN(x1,...,%p41)
Sorall (x1,...,%ms1) € X"’+1 and almost all t € [0,1]. If

’F(p Y }. Assume that

k

r-1
b 1 2(9q+1 -—MU+ 1) 1 1
"g”b”"”[” ) 219 F(a+q, 6T @rD) eqna)} ) [0’Z>’

then the singular problem (1) has a solution.

Proof Letx,y € X and t € [0,1]. Then we have

|F"x(t) - F"y(¢t)|

¢ 1__

< Z/ ' |G(t,9)||f (5,%(5), P %(5), ..., I"" x(5))

—f(s,x(s),]plx(s), e ,Ipmx(s)ﬂ ds

G(t s)| al(s)A (|x(s) y(s)\) + ay(s) A2(|11’1 (x(s) y(s))|)

ot am+1(S)Am+1(|1"’” (x(s) = (s))|)] ds
For1l <i<mandt € [0,1], we obtain

llxl

I llxll [ ,
Pix(t)| < —/ (£ — )P Y x(s)| ds < —/ (t—sPitds= —— i
| | piJo o) pi Jo I'p:+1)
and so |[[Pix(t)| < p,’:”l. Hence,

|F"x(t) — F"y(t)|
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llx = Il
< Z/ |G(t S)|[a1(s)A (Il = Il +a2(s)Az<m>

+ .-+ am+1(8)Am+1 (%)] a

; — 1 1
Since A := max{l, T m}, we get

r-1 m+1
|F"x(t) - F'y(@)] < Z( / |G(t s)| [Za,(s)A Al - y||)} ) 4)
ic0 \Ytirs
Let € > 0 be given. Smce lim,_, o+ A— =B;forall 1 <j <m + 1, there exists §(¢) > 0 such
that |z| < & implies | —B | <e, where 8 < 8(€). Thus, Aj(z) < (e + B))z for all |z] < §'.

Let &, := min{e, §(¢)} and lz| < &). Then we have Aj(z) < (e + Bj)zforall1 <j<m + 1.
If Allx -yl <8, then Aj(Aflx - yll) < (e + Bj)Allx — yll < (€ + B))y < (¢ + Bj)e for all

1 <j<m+1 Also, Allx - y|| < 3§, implies |x —y|| < %. Let £ € [0,1]. By using (4), we

conclude that

|F”x(t) —F”y(t)|

- '"2*1: /L‘HI% (1 _ S)a—l Xk: )»j(l _ S)a+qi—1
= +
=\ o1 r@) 4 6, (a+q)

2|:u’ - 9q+1 - teq - ll(l - S)O‘ (1 _S)a—l m+1 4 |
’ eqF(Ol + 1) + eqr(a) :| X [;dﬂ(s)(f +Bl/) ds |e
m+1 1 1 X N
J
<€Z€+B <Z<|:F(oz) Z@ e+ q)

2u -6, —t0, -1 1 ti-%
+ |1 = g a1l + X |:/ (1 —s)“laj/(s):| ds||.
O (c + 1) 041 () fel

~ t —% _
If |Gy il = ft,i 1-s) 1azjr(s) ds, then

n n - ! k )Lj
|F"x(t) - F'y(t)| < € Z([F(a) ' 121 fal"(

i=0 o + )

2An -0 -t0,-1 1 |a .
B g inll |-
T @) 6,0 (@) D€+ Byl

j=1

Since 1 - Zl1112+2>1 Zzqu+1 0441 >0, > 10, >0 for all t € [0,1], and so

sup |:u' _9q+1 _teq - ll = sup (|M - 1| + |9q+1 - t9q|) =1 —Kt 9q+1~
te[0,1] t€[0,1]
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Thus, we find

) ) r—1 1 k )‘1'
|F7x—Fry| SGZ I'(«) Z@ (e + )

20,01 — p + 1) 1|2 .
¢ 2 + > (e +By)lajiall ),
O (o + 1) 04T () P

and so ||[F"x — F"y|| < €M, where

k )Vj

M Z([F(a) LG ra)

2Bg01 — 1+ 1) R s
B lVl
T M) 8,0 Z(é + Bl il

Since € > 0 was arbitrary, F”x — F"y as x — y for all n> no Thus, F” is continuous. Since

limz_)0+ Az
and so N(Az,...,Az) < (n + €)Az. Since

k

)‘j 2((9q+1—[1,+1) 1 1
”Z”b‘””[r() Zer(a+q,)+ 0,7 (@ +1) +9qr(a)}e[O’Z)’

there is €y > 0 such that

20 -prD) 1 1
n +6°)Z 16 [r( ) Z 0 F(a vq) 6@+l eqr(a)] © [0’ Z)'

Aj/(AZ)

On the other hand, we have lirnz_>0+ =By > 0forall1 <j <m+1.Lete >0begiven.

Choose 8(¢) > 0 such that < Bj + ¢ forall 0 <z <é(e). Hence, Ay(Az) < (By +€)Az

for 1 <j <m+ 1. Since

r-1 k m+1
1 A 20,01 —p+1) 1 n
A / i Byllapiall ) <1
;([F(a) +§9qr(a+q,) Yo re+1) | 0,0(@) 121: il | <

there is €; > 0 such that

. ‘ m+1
1 A 2(9 1~ Mt 1) 1 a
A N j n q + (By + 61)||61",i,n”
520:<|:F(ot) ; 0, (¢ + gqj) Oq 1 ( + 1) Oq 1 () 1’2=1: ] 1
<1.

Let 8; =8(e1), z€(0,8;] and 1 <j < m + 1. Then we have

A//(AZ) < (Bj/ + 61)AZ. (5)

Page9of 18
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Ifrg = mm{r(eo) 2}, then N(Az,..., Az) < (n + €9) Az for all z € (o, ro]. Specially for z = ry,
we have N(Ary,...,Arg) < (n + €9)Arg. Put C = {x € X : ||x|| < ro}. Define the map « :
X2 — [0,00) by a(x,) = 1 whenever x,y € C and a(x, y) = 0 elsewhere. If a(x, y) > 1, then

llx]l < ro and ||y|| < ro, and so

|F ”x(t)|

-1 tz+1_*

G(,5)f (5, %(5), 1P x(5), ..., I x(s)) dis

=l
ME

/ (¢ —s)*t [f(s,x(s),lplx(s), ... ,I””’x(s)) | ds
i—0 Y [0LN[Li+ 5t — 5]

r-1

a2
by (= )"
Z 0,1 (o + q5) <Z< (0.4]N[t+ 2 ti01- 11 !

X [f(s,x(s),l"lx(s), o I””‘x(s)) | ds))

2|:u'_9q+1 1| o
" er(a+1) Z/ (1-)

Lot -1
X [f(s,x(s),]plx(s), ... ,Ip’”x(s)) | ds

1 r-1
t o (n—s)*
64T () ; /[O,M}ﬂ[tﬁ%,tm—%]

X [f(s, ), [P x(s) .,Ip’”x(s))|ds

IA

1 r-1 o ) y
mz /{mmml tm_%](t—s) b(s)N (x(s), IP1x(s), ..., IP"x(s)) ds

1
; (1 — 5y
Z 04 F(ot +q;) (Z (/o yINl+ Lt -1 !

i=0

b(s)N(x(s),Iplx(s), ... ,Ipmx(s)) ds))

20t — Ogur — 0, — 1]
" “L q+1 q | Z/ (1 —S)a
QqF(a + 1) [t yotivr=5]

X b(s)N(x(s),I”lx(s), ... ,I”’”x(s)) ds

r-1

w2,
T (15"
0,1 () ; [0.00N[ti+ £ i1 5]

b(s)N(x(s),Imx(s), e ,Ipmx(s)) ds

r-1

1 / a1 [l¢ll [l
< — E (t—s)~ b(s)N(||x||, yeens )ds
I(e) = Jioaniee L i -11 I'(p1+1) I'(pm+1)
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k r-1
St o
j= q (X + q] i=0 [O,V/‘]m[ti*%vthl_%]

x| Il
b(S)N(Hx”» TFpi+1)"" T(pm + 1)) ds)

20t = Oger — 10, — 1]
+ |:u' q+1 q | / (1 —S)a
OqF(a + 1) [ti+ 3 .tiv1—5]

[ I«
b(S)N(”x”: Fpi+1) " T(p,+ 1)) ds

r-1

o
R (1~ 5)*
Oq 1" () ; 0,100+ L 11— 1]

[lx]| & x Vertx||
b(s)N , d
(s) <|le| T+ 1) ) ) s

1 r-1
—Z/ (& -5)*b(s)N(Allxl), ..., Allxl) ds
o) = Joani Laa-1)

r-1
x Z(f (yj—s)“"qi‘lb(s)N(AHxH,...,A||x||)ds)
im0 \J0pInlL+ 1 841 -1]

201 = 01 — 10, — 1| -
O (o + 1)

1
b
0,1 () P

r-1
D5

1
[[i‘*'ﬂr[z}l_ﬁ]

(1-5)* BN (Al ..., Allx]) ds

A

k r-1
j a+qi—1
+ —_— (1 =9)*" " b(s)N(Allx]l,..., Allx|) ds
; qu((x + q/) (;): /[‘lﬁi,tm—,l,] ( )

2|,LL _0q+1 ll /
+ (1 =s)*b(s)N(A|xl,...,
6 F(Ol + 1) Z ltity t1+1—%] (
1 r-1
+ 1 =8)*b(s)N(A|lx]l,..., Allxl|) ds
eqr(a) lz=0: /[;l+1 tH—l’%] ( )
N(Arg, ..., Arg) / o
<— (1 -5)*"b(s)ds
F((X) ; [t;+ tz+l_l]

/ (1—s)"‘b(s)N(A||x||,...,Allxll)ds
[ti+ ! ti+l—l]

r-1
> (1 =5 BON (Al ..., All) ds
[0.]N[ti+ 3 tiv1— 5]

A||x||)ds

A . A _ -l
+ N(Ary,. r0)29fa+q,)2/[tl+ M“] $)*1b(s) ds

2l = Oge1 — 10, — 1IN(Ar, ..., Arp) /
+
g1 ( + 1) im0 Y [ttt -]

(1-35)*"b(s)ds
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N(Arg, ..., Arg) / o
gV (1-5)"""b(s)ds
qu(a) lZO: [ti+ tH»l_l]

BYUAZDEYE ST RTINS SN T
= T 47/ ~ i, 0 0 o o~ N i,
) = o = 0,1 (o + q7) R

i=0

20 = g1 — £0, - 77+€0 YA
A b b;
o T@T D) Lo+ "O;H = @ Zn i

k

:(n+eo)A||i9i,n||(F( ) ZB F(OH‘IJ
=1

A —Op1—t0,-1] 1
+
0,7 (a +1) 0,1 ()

= Aéin
<(+e)A ,||<M +Z“a+%)

2(|M_1|+|9q+1_t9q|) + 1 "
0, (o +1) 6,7 () ] °

Lett € [0,1] and # > ng. Then
k
F'x|| < Abm
|F7x| < (n+ o)Al ||[ +Zeqm+ql
j=1

2(1 -+ 9q+1) 1
+ ro < ro,
0,7 (a +1) 0,1 ()

and so F"x € C for n > ny. By using the same reasons, one can conclude that F”y € C for
y € C. Thus, a(F"x, F"y) > 1. Since F"x € C for xy € C, a(xo, F"x¢) > 1 for all n > ny. Now,

letx,y € X, t € [0,1] and n > ny. Then we have

|F"x(2) - F"y(0)]

1 r-1 /
< — (¢ = )% f (s, x(s), IP1x(s), . ..., [P x(s)
I'(a) ; 0,400+ L £~ 1] A )

—f(s,y(s),lply(s), e ,I”’”y(s)) | ds

k r-1
a2
U a+gi—1
+ _— (yj— )™
; Oq 1" (o + gj) ; (0,yj1N0ti+ L i1 - 1]

X [f(s,x(s),l"lx(s), ... ,Ip”‘x(s)) —f(s,y(s),lply(s), . ,I"’”y(s)) | ds)

2 — O — 10, — 1]
+ [ q+1 q | Z/ (1)
BqF(a + 1) [ti+5otiv1—5]

X V(s,x(s),]plx(s), e ,Ipmx(s)) —f(s,y(s),]ply(s), e ,Ip'”y(s)) | ds
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r-1

@,
+ oy (n—s)*
04" () ; [OuINt+ 5 ki1~ 5]

x |f (5,2(8), 1P (s), ..., 2" %(s)) = f (8, 7(8), I 3/(5), ..., [P y(s)) | ds

r-1
FLO!) Z /[0 - 1](t - s)a—l[ﬂl(s)A1(|x(s) —y(s)|)
i=0 Y 0EINE+ 5 b=

+an(8) Az (|17 (%(s) = ¥(5))|) + - + a1 (8) Apmar (|17 (%(5) — 9(9)) |) ] s

IA

k r—1
)"i / a+gj—1

E —z . A -

+],=1 Oy (o + q)) = [ow]nuﬁu,ﬂ_%](% ) [ 41 (x4 -6

+ a(s) Aa (|17 (%(s) = ¥(9)) ) + -+ + i1 () A (| 127 (%(s) - 5(9)) |)] s

2| = Og+ 1
* Mef*lan) Z/ (1 = 5)*[a1(s) A1 (|2(s) = ¥(5)])

tl+ tH—l’;]

+an(8) Az (|17 (%(s) = ¥(5))|) + - + Ams1(8) Apmar (|17 ((5) — 9(9)) |) ] s

1 r—1 .
o ZO /mml T (o -0

+ a(s) Aa (|17 (x(s) = ¥(9)) ) + -+ + i1 () A (| 127 (%(s) = ¥(5)) |)] s

1 r-1
| (1! [a1<s>A1(||x—y||)
) im0 ¥ lti+ £t

+ az(s)Az(F”(’;l‘f“l)) by am+1(s)A2<1_,”(;_z”1)):| ds

k r-1
by / ,
+y — (1—8)“*q/'1[al(8)A1 llx -yl
,; g1 (et + q5) ; 0.3j1Nlt+ L i1~ 1) ( )

+ a2(S)A2(1J|(3;1_i]”1)) et am+1(s)A2<1J|(;_illl)):| ds

-1
2| =041 — 10, — 1| S /
(1=9)*ar(s)Ar(llx -yl
Oy 1" (e + 1) ; [ti+ 3 i1 - 5] ( g )

+ ag(s)A2<F||:;l_f”1)) bt ﬂm+1(S)A2<1J|(:_illl)):| ds

r-1
|
N (l—s)“[a ©)Ar(llx -yl
0,1 () ; e+ 2t -2 1 1( ’ )

+ aZ(S)AZ(Fll(J;l_fnl)) bt am+1($)A2<1J|(;_illl)>i| ds

m+1

r-1
ﬁ Z[Z Ai(Allx=yll) 1 —s)“’laj(s)dsj|
i=0

1 1
1 [ti+ 3 otiv1— 3]

IA

IA

k r-1 [[m+1
Aj(Allx-yll) (1-9)*"ay(s) ds
Ol+q 1
j=1 ]

i=0 Lj=1 [+t -1
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m+1

2|,u/_0q+1 t@ —1| -t
+ 6,0+ 1) Z[ZA Allx — yll/ X 1](1—5) g](g)ds:|

[tit otis1—

r— m+1
t FI(Q)Z[ZA Allx—yl / 1](1_s)a—1a,(s)ds},

1
(it otis1—5

If x,y ¢ C, then a(x,y) =0, and so «(x,y) d(F"x, F"y) = 0 < d(x,y) for x,y ¢ C. Hence, ||x —
Y|l <2rg < 2%1 = 8. Now, by using (5), A;(Allx —yll) < (Bj + e1)Allx — y||. Thus,

|[F"x(t) — F"y(2))|

1

Z[Z(B +e)Allx— y||||a,m||}

i=0

k r=1 [ m+1
(Z Tarq )> Z[Z(B/ +e)Allx -yl ||&,,i,n||}
]

i=0 L j=1

20 = 01 = 10, = 1] <[ T .
My rT B DO CAT R LA

i=0 L j=1
1 r=1 [ m+1
L (B + ) Allx =yl lginll |
GqF(a);[; ] "
and so

|Fre—F"y|

1 k e 21-p+6,) 1
= A(F(a) Z 0,0 @+q) 6, @+1) GqF(a)>

m+1
(Z[(B +61)Z||a,m||]>ux—y|| = Mlx =y,

j=1 i=0

where A := A( 1"%0{) + ;l'<=1 eqr?;w,) + 2(91(,_11"‘(;%;)1) ﬁql—l'(a)) X (Zmﬂ [(B) + €1) Y1 ljinll]).
Hence, ||[F"x — F"y|| < A|lx — y|| for all x,y € X. Now consider the map v : [0,00) — [0, 00)
defined by /(¢) = At. Then we have Y57 ¥/(¢) = At + A%t + - -+ = {2 ¢ < 0o forall £ € [0, 00).
Thus, a(x,y) d(F"x, F"y) < ¥(d(x,y)) for all x, y € X. Now, by using Lemma 1, we conclude
that F” has a fixed point x,, for each n > ny, that is, x,,(¢) = F"x,,(¢) for all ¢ € [0, 1]. Here,
the map F” is defined by (3). Let {x,,} be a sequence of the fixed points. By using the proof,
{x,} € C and so {x,} is bounded in X. In fact, we have

x,(t) = / G(t, s)f(s,x,,(s),]plxn(s),...,Ip’”x,,(s)) ds
[0,1]\ LJlro[ttJr tt+1’ﬁ”

for all £ € [0, 1]. Note that G is continuous with respect to ¢ on [0, 1]\{UZ& [ + %, tiv1— %]}
3[011

oy He ce,
n

as well as the maps 29, ..

. amxn(tk)
lim
t—>t atl’("
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"G
= lim / —m(tk,s)f(s,x,,(s),lplxn(s),...,I”’"x,,(s)) ds
4=t S0 N U [+ Eotia - 211 0%
"G 0™, (t
=/ —(t,s)f(s,x,,(s),]”lx,,(s),...,Ip’”xn(s)) ds = #n(t)
OANU i+ 5 i1y 08" e

foralll <m <[a]+1andt €0, 1]\{U;:é[ti + %,tm - %]}. Thus, the fixed points x,, be-
long to the space X* = {x : D*x € C[0,1]}. This implies that the sequence {x]} is equi-
continuous, and so {x,} is relatively compact in X. Now, by using the Arzela—Ascoli the-
orem, there exists ¥y € X such that lim,_, ., x,, = x9. One can check that x, satisfies the
boundary value conditions of problem (1). Since x,, € C for all , we have

Xo\Uz [t,'+%,t,'+1—%]}(s) | G(t,s)f(s, %,(8), IP1 %, (s), ... ,Ipmx,,(S)) |

0, @+q) 6, a+1) 6,

k
j=1

) _ 0,.
S(T]+€0)A|:F2a)+ by 21— +6401) 1(00}0

X X0\ U s bt -2 O (1 = 9)7B(s),
where xg(s) = 1 whenever s € E and yxg(s) = 0 whenever s ¢ E. Note that the map (1 —
$)*7!b(s) belongs to L'(K;) for every compact subset K; C (¢}, ¢,1) for j=1,...,r — 1, and
SO X[o,1)\( l(:_&[tﬁ%’tm_%]}(s)(l —5)*"b(s) € L'[0,1]. Now, by using the Lebesgue dominated
theorem, we conclude that

x0(t) = lim x,(¢)

n—00

1
= lim X011\ {;(}[t,~+%,zi+1—%]](S)G(t’S)f(s’xn(s)’lplxn(s),...,Ip"‘x,,(s)) ds

n—00 0

1

/ G(t, s)f(s,xo(s),lplxo(s), ... ,Ip’”xo(s)) ds = Fxo(t).
0

In fact, by using a similar method in (4), we have

I (5% (8), P2 2,4(5), . .., TP 5,4(5)) = f (5,0 (), P 20 (S), . . ., I %0 (5) ) |
m+1

< Z aj(s)A/(A llx, — x_0||).

j=1
Let € > 0 be given. Choose §(¢) > 0 such that A;(A[lx, —xoll) < (€ + B))e for all n > ny with

[l —x0l| < 8(¢). Hence,

[f(s,x,,(s),lplxn(s), o 1P 2,(5)) = f (8, %0(8), I %0 (), .. ,Ip’”xo(s))|
m+1

<€) (€ +B)ays),

j=1

and so f(s,x,(s), I1x,,(s), . . ., IPmx,,(5)) — f(s,%x0(5), [P1x0(S), - .., P x0(s)) as x,, — xo. This

implies that F has the fixed point xy which is a solution for problem (1). O

Now, we provide an example to illustrate our main result.
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Example 1 Consider the strong singular problem
D2x(t) =f (& x(t 12 x(t)), (6)

with boundary conditions x(0) = fol x(&)dé and x(%) = I%x(%), where

ftx1,%2) =

Ll + ).
X1| + X2
(1-12)
Putm—l k=1,t0=0,t; =1, u= %,)»1=1 q = %,)’1= %, (x)=/\2(x)—x:ﬂ1(t)=ﬂ2(t)=
b(t) = 1, and N(x1,%2) = |%1] + [#2]. Then By = By = 1, where B; = lim,_, ¢+ (Z). Note that

(1- t)"‘ la i(¢) € L'(K;) for all compact subsets K; € (t], t41) (G=0,1),0,:=1— Zl L th?ﬂ)

—
(S5

+1
lyl :1_(7)2 =1

1
2)2 _ 2
=1- 15«/2:1 Og1:=1~ Zl 1 T(q;i+2) re) 105727’

1- r

NI

)

Ao Lt 1 ) L)
"ma"{ ’F(p1+1)"“’r<pm+1)}‘ma"{ @}ﬁ

~ N 1-1 101
1Dinll = llajinll < [1 "(1=9)2 3= ds=0.2,
n

V(t,xly .. "xm+1){ = b(t)N(xl) ¢xm+l)x

N(x1,%) = 1] + [2a], 1 2= lim,_0+ Y22 =2 € 0, 00),

A’i 1 +Xk: b 20 -pr 1)
—\| ') p= 0,1 (o + ) 0,7 (a+1)

1 m+1 1 1
N0 F(a)} 2. By1dy ”’") f([?g) "6,

2041 — 2 +1 1
+ (q+l 3+)+ x02]<1
O (cx + 1) 041 (o)

k Aj 2(0g+1—p+1) 1 1 :
and nZ ||b,,,||[1.(a +2 i GqF(ti+q;) + eqqr(a+1) + eqr(a)] € [0, §). Now, by using Theo-

rem (5), we conclude that problem (6) has a solution.

3 Conclusion

There are some phenomena that can be modeled by fractional differential equations. But
most singular fractional differential equations studied by researchers have simple singu-
larity. In this work, by providing a new technique we review a strong singular fractional
differential equation under some boundary value conditions.
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