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1 Introduction

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space
H endowed with inner product (-, -). The numerical radius and the usual operator norm of
T € B(H) are given by w(T) = sup |{Tx,x)| and || T|| = sup +/{T%, Tx), respectively, over all
the unit vectors x € H. Also, the nonnegative number m(T) is given by m(T) = inf | (Tx, x)|.
It is well known that the numerical radius w(T') defines an equivalent norm to the usual

operator norm on B(H) as follows [8]:
1
§||T|| =w(T) <|T|. (1.1)

In [9], Kittaneh gives an improvement for the upper bound of (1.1) by using several norm

inequalities

1 1
AT T =wA (D = ST+ |77 (12)

which has been again refined in [1] by using the concept of the generalized Aluthge trans-

form of T as follows:

(1) = S (11 + w(T)), (13)
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where T, = |T|*U|T|'** for t € [0,1]. Another improvement for the two-sided inequality
(1.1) has been provided in [3] by showing that

%,/a+2m(T2) <w(T) < %‘/a+2w(T2), (1.4)

where « = ||| T|? + |T*|?||. This estimation has been recently improved in [12] in the fol-

lowing form:

1 1 1

~c*(T?) + <m(T*P + PT?) + —||P|”

4 8 16

4 Loy Lo 2y, Lo
<w*(T)< -w (T)+—W(T P+PT)+—||P|| , (1.5)
4 8 16

with P = |T|?> + |T*| and ¢(T) = infy-1 infoer | Re(e? T)x|. Moreover, the authors in [2]

xeH
gave a generalization for (1.4) in this fashion:

1 0 B 1
3 B +2m(CB) <w ([C 0]) =5 B +2w(CB), (1.6)
where 8 = |||B]? + |C*|?|.

Let Hy, H; be Hilbert spaces, and let A € B(H;), B € B(H,,H,), C € B(Hy,H>), and D €

B(H,). For our purposes, we recall the following fundamental facts that are relevant to our

work:
[f)‘ ;] - max{lAl, 131}, (17)
L'; ﬁ”max{nAn,an}, (18)
w(}é g:):max{w(A),w(B)}, (1.9)
(2 ) o
N S o s

It is worth mentioning here that the inequalities (1.7), (1.8), and (1.9) remain valid for n x n
operator matrices.

The aim of this paper is to give generalizations for the inequalities (1.3), (1.4), (1.5), (1.6),
and (1.10).

2 Numerical radius inequalities for n x n operator matrices

In this section, we will extend several well-known numerical radius inequalities of 2 x 2
operator matrices. We start by the following characterization for the numerical radius of
T € B(H) [13].
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Theorem 2.1 Let T € B(H). Then
_ i
w(T) = I;lélﬂg”Re(e T)|.

We now state our main results which can be seen as a generalization of (1.10) from 2 x 2
operator matrices to a broad family of n x n operator matrices.

Theorem 2.2 Let Y € B(H) and n be an odd natural number. Then, for arbitrary
)»1,...,)“%1 e C, we have

MY
0 Y
n+l
w hua Y =max{|x;|} 2 w(Y). (21)
AY 0
_)\'IY — nxn
Proof Let
[ 1 0 I]
) I I
U=—1,0 V2I 0
2
V2 -1 I
| -1 0 1]

A direct computation shows that U is unitary operator and

Ay (2 ]
0 AY 524 0
A Y * _ Aps1lY
u n+l u* = ii_
“rp1 Y
2
A Y 0 0
MY L -3 |
Therefore, the result follows by the weakly unitary invariance of w(-) and (1.9). O

As a direct consequence, we have the following generalization of (1.10).

Corollary 2.3 Let Y € B(H). Then, for every n € N, we have
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Proof 1t suffices to show the result in the case when # = 2 and # is an odd natural number.
The first case follows from (1.10), and the second case from Theorem 2.2 by letting A; = 1,

(i=1,2,...,%%).

O

In our next result, we extend inequality (1.3) to arbitrary finite number of bounded linear

operators on a complex Hilbert space.

Theorem 2.4 Let {A;}}, € B(H) and let A; = U;|A;| be the polar decomposition of A;. Then

0 A
Ay

0))

where O; = |Ap1—i|'UilAi|*, t €[0,1].
Proof Note that we have the following polar formulation

0 A 0 U |Aq]
Ay u, |Az|

An 0 un 0 0

Thus the result follows from inequality (1.3).

) (2.2)

|An]

O

It is worth noting here that the inequality (1.3) can now be seen as a direct consequence

of Theorems 2.2 and 2.4 when A1 = A, =---=A,,.

Now, by using Theorem 2.1 together with the inequality (1.8), we have the following

extension of the two-sided inequality (1.6).
Theorem 2.5 Let Hy, H, ..., H, be Hilbert spaces, and let

0 Ay
A

A, 0
with {Am}h.1 € BHy—m+1,Hp). Set E={1,2,...,5} and O ={1,2,

max{di} <2w(T) <max{ck}, forneven,
keE keE

max{d;} <2w(T) < maX{ZW(An_H),C/(}, for n odd,
keO keO 2

...,”;;},then

(2.3)

(2.4)
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where

= 1A+ 145 P + 24y ki)

and

di = \/” |Ar|? + \Af,_,ﬁl ]2H +2m(A k1 Ax).

Proof Let n be an even number. Then

1

[Re(e”7)] = 5 max{ e + e a5 ]}
Now,
e+ e Ay | = (A7 + € Anrr) (€ Ax + €45
= 14k + |45 [+ 2Re(e A, 1A
=< Ck-
Therefore,

w(T) = sup||Re(ei9 T) ||
6eR

1 . y
- 3l )

1
< —maxicCy,
=3 keE{k}

which shows the upper bound of inequality (2.3). To show the lower bound of inequality
(2.3), let ¥ € R be such that ¥V (A, _;,1Ax,x) = |{A,_s;145%,x)| for any unit vector x €
H,_s.1 where s € E. Then

w(T) = [Re(e 7))

> i ear |

1 )
= S VHOAE + 145 ] 2R 4y 1A )

1
- E\/<(|As|2 Az D) + 2] (A A )|

1
= L0+ 14 P+ 2md )

Therefore,

1 1
w(T) > 3 ”Slﬁ?l \/((|A5|2 + |AZ—S+1|2)""C) + 2m(Ap-s1As) = Eds'

As s € E is arbitrary, 2w(T) > maxgeg{dk}, which completes the proof of inequality (2.3).

Page 50of 8
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On the other hand, if # is an odd number, then

o _ L i
[Re(e”T)| = 5 rl?eaox{ZHRe(e A%)

e Ax + e‘iQAZ_k+1 || }

Now, arguing in a like fashion for the remaining steps completes the proof of inequality
(2.4). O

It is clear that the two-sided inequality (1.6) can be obtained as a special case of Theo-
rem 2.5 by taking # = 2 in (2.3). Further, the two-sided inequality (1.4) can be viewed as a
consequence of Corollary 2.3 together with Theorem 2.5 when H; =Hy =---=H, = H.

Theorem 2.6 Under the same assumption of the previous theorem with By = |Ax|> +

|A% ., we have

max{bx} < 16w*(T) < max{ax}, n even, (2.5)
keE keE
max{b;} < 16w*(T) < max{32w(An_+1),ak}, n odd, (2.6)
keO keO 2

where

ak = ||Bill® + 4w (A i1 Ak) + 2W(A ks 1AkBrk + BrA_ri14%),

bi = IBil1* + 4c*(Ap—ks1Ak) + 2m(A i1 AkBi + BeA i1 Ak),
and

C(An—k+1Ak)= HaicIHlfl eifellf;HRe(eieAn_kﬂAk)xH.
xEHn:kH

Proof Let n be an even number. Then
16HRe(eig T) ||4 = I?Eabg({ ||ei9A/( + e”‘QA’f,_k+1 H4}.

Now,

e A+ e A5 | = |Be+ 2Re(E Ay i) |

= | (B +2Re( Ay Ar))’|
< IBil? + 4| Re(2? At Ar) |°
+2|[Re(e*” (A k1 AkBr + Bid i A)) |

< IBell* + 4w (Ay—ks14Ax) + 2W(A k41 AkBk + BrAy_ks14).
Thus,
16w*(T) = sup 16| Re(e” T)|*
feR

< max{a},
keE
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which shows the upper bound of inequality (2.5). To show the lower bound of inequality
(2.5), let ¥ € R be such that eV (A, 1A%, %) = [{A,_s14x,x)| for any unit vector x €
H,_s.1 where s € E. Then

16w*(T) > 16|Re(e¥ T) | *
S R
> |(B2x, %) + 4(Re (€2 A,y_s114,) %, %)
+ 26" (Re(A_ss14B;s + BiAy_s114,)%, %)|

> ”Bsx”2 + 4'02(An—s+lAs) + 2Wl(An—sﬂAsBs + BsAn—s+1As)~
Now, applying the supremum over all the unit vectors x € H,,_s,1 yields

16w*(T) = sup|Re(e” T)|
0€eR

> by,

for any s € E. Thus, we have the lower bound of (2.5).
Following the same argument as above, one can easily show that the inequality (2.6)
holds when # is an odd number. O

It is clear to see that the lower bound provided in inequality (2.5) is preferable over
the corresponding one of (1.2). Also, the upper bound of inequality (2.5) is better than
the upper bound of inequality (1.11). To justify this, we need first to recall the following
lemma from [7].

Lemma 2.7 Let T, Ty € B(H) such that | Ty|| < 1. Then w(Ty T, + T3 Ty) < 2w(T).

Now, by Theorem 2.6 with # = 2 and the last lemma, we have

0 A 1,
{25t

:l4||B ||2+4w2(AA)+2w AA B +£AA [|B1]|
2} " i 2B T By )M

1

< 53 IB1)12 +4w2(A2A;) + 4w(A2A;) | B |
1

=3V |B11l + 2w(A3A,).

3 Conclusion

In the current work, novel upper and lower bounds for the numerical radius of # x n oft-
diagonal operator matrices have been provided. The obtained numerical radius inequali-
ties generalize several well-known related results in the literature. As an application, these
numerical radius inequalities can be naturally utilized to provide new bounds for the zeros
of polynomials over the complex field as in [4, 5, 10].
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Lastly, it is worth mentioning here that several mathematical concepts have been re-
cently modified in the sense of fractional calculus; see for example [6, 11, 14—16]. Our aim
in the future is to extend the ideas that we have discussed here into the fractional sense.
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