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Abstract

We investigate some solitary wave results of time fractional evolution equations. By
employing the extended rational exp((—%)(n))—expansion method, a few different
results including kink, singular-kink, multiple soliton, and periodic wave solutions are
formally generated. It is worth mentioning that the solutions obtained are more
general with more parameters. The exact solutions are constructed in the form of
exponential, trigonometric, rational, and hyperbolic functions. With the choice of
proper values of parameters, graphs to some of the obtained solutions are drawn. On
comparing some special cases, our solutions are in good agreement with the results
published previously and the remaining are new.
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1 Introduction

In the exceptional development of nonlinear sciences and engineering, during the last
few decades, many researchers seem to be interested in obtaining exact and numerical
solutions for nonlinear partial differential (NLPD) equations. One used the modified vari-
ational iteration algorithm-II [1], the direct algebraic method [2], the extended trial equa-
tion method [3], the enhanced (%)—expansion method [4], the GERFM method [5, 6] us-
ing generalized fractional integral conditions [7], applying the non-compact measure and
Monch’s theorem [8—10], the modified simple equation [11], the function transformation
method [12], the extended modified mapping method [13], the function transformation
method [14] and the reductive perturbation method [15]. The study of exact solutions
of nonlinear evolution equations plays a major role to explore the internal mechanism of
nonlinear phenomena [3, 13]. Fractional calculus is a dominant tool in several nonlinear
fields such as plasma physics, fluid mechanics, solid-state physics, optical fibers, quantum

field theory, biophysics, chemical kinematics, electricity, chemistry, biology, geochemistry,
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propagation of shallow water waves and engineering [7, 10, 16]. For this purpose many
techniques were used such as the homogeneous balance method [17], the exp-function
method [18], the improved extended F-expansion method [19], and the homotopy per-
turbation method [20]. The Camassa—Holm (CH) equation is

Uy + 2Kty — Uy + BUlly = 2Upllyy + Ulkry. (1)

The above equation gained the fame as a model describing the unidirectional propagation
of shallow water waves over a flat bottom [21] and in this perception, if g is positive, the
solitary solutions are smooth solitons. In Eq. (1) K and § are some parameters, u(x, ¢) is the
dependent variable, while x and ¢ are the spatial and temporal variables. It is also consid-
ered as an equation with a bi-Hamiltonian structure, particularly, when g = 0, the above
stated equation has a peakon type solution. So, the CH equation has some other peakon
solutions and smooth solutions. Song and Tian investigated the modified Camassa—Holm
(MCHE) equation in [22],

U + 2Kty — Uyyr + Bty = 2l + Uk 2)

Further, one assumed that the soliton changes with n = x — V¢, where V is the speed of
wave propagation and ¢ is the temporal variable. For V' > 0, the wave moves in the positive
x-direction, whereas for V' < 0, the wave moves in the negative x-direction, then the terms
Uy Uy + Ulkyyy Of Eq. (2) will be very small and the above equation becomes

Uy + 2kt — Uy + Busts, = 0. (3)

Consider Eq. (3), the modified Camassa—Holm (MCH) equation [22], which is known as
the simplified modified Camassa—Holm (SMCH) equation

Uy + 2kt — Uy + P 11, = 0. (4)
In this paper, we consider n = 2,
Uy + 2Kty — Usyy + Bulu, = 0. (5)

With the help of He’s semi-inverse method [23] we have obtained the analytical solu-
tions of the CH equation and the SMCH equation, Abbasbandy via the homotopy method
[24] obtained traveling wave solutions of the SMCH equation. Recently many solitary so-
lutions of SMCH equation were obtained [25, 26]. Here, we utilize the extended ratio-
nal exp((—'ﬁ—;)(n))—expansion method for solving the simplified modified Camassa—Holm
(SMCH) equation.

2 Description of method
We will explain the extended rational exp((—%’)(n))-expansion method for establishing

solitary solutions. Suppose the fractional PDE is

W (4, D2u, D1, Dttty thyy,..) =0, 0 < <1,£>0, (6)
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where DYu, DSu, D, u, are fractional derivatives, & is any unknown function and  is
a polynomial involving u and its different derivatives. So as to solve (6), the steps are as
follows.

Step I: We assume the following equation:

tot

—xtV— 7
T T ) @)
where V is the speed of the wave propagation, u = u(n).
Equations (6) and (7) yield the ODE
w(u, +Viul kKU, Vi, .. ) =0. (8)
Step 11: Suppose the solution of Eq. (8) is expressed as
al0] + (30 (an(e?™)")
u(n) = i ; , &)
Ym0 (Bule?™)")
' () = wexp(y(n) +exp(=y () + 4, (10)

while, a,,, b, are arbitrary constants and ¥ (n), a, # 0, b, # 0,y (n) satisfies Eq. (1), we got
solutions from Eq. (10) as follows.
Family I: When A2 — 4u > 0,

/(02 —
y(n) = ln{ <—,/ (A2 —4u) Tanh((n + c)%)q)%}.

Family II: When —44 + A2 <0,

/()2 —
v(n) = ln{ (,/ (4 +22) Tan((n + c)%)q) %}

Family I1I: When A #0, u = 0 and A% — 44 > 0,

A
Y(n) = —ln{r}

k)1

Family IV: When 1 #0, A #0and A2 —4u = 0,

@A+ k) +4)
w(")‘ln{ 020 + k) }

Family V: When =0, A2 —4u =0and A =0,

() =In(n + k).

Step 11I: Exploring the value of M from Eq. (8). From Eq. (8) and Eq. (10), we have a
polynomial of Mo, By comparing, we get a system of equations with V, A, u, a,, and
putting in Eq. (9) all cases of Eq. (10), we obtain traveling wave results of Eq. (6).

Page 3 of 15
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3 Caputo’s fractional derivative
Definition 3.1 ([27]) A real function, k4(x), x > 0, is supposed to be in space C,, if there
exists any real number p (> &), such that

h(x) =x"hi(x), where h;(x) € C[0, c0).

Definition 3.2 ([27]) A real function /(x), x > 0, is assumed to be in space if any real
number C', m € NU {0}, if W e C,.

Definition 3.3 ([27]) Let & € C, and o > —1, then for the Riemann-Liouville (R-L) (left-
sided) integral of left-sided order u, 1 > 0, we get

1 t
I'hx,t) = —— / (t-T)" Yhx, T)dT, >0,
I'(n) Jo

where I'(14) is the Gamma function.

Definition 3.4 ([27]) The Caputo fractional derivative of the left-sided function /(x) with

m

respectto t, h € C”}, m e NU{0}, is given as

i 9™
D h(x,t) = —h(x, t), =m

P t) = b0,

m
=I"*—h(xt), m-l<upu<mmeN,
t Btm( ) S u
Yok ¢k

Iyt _
ItDth(x,t)—h(x,t)—lgojﬁ(x,O)E, m—-l<pu<mmeN,
[Mtv — F(\) + 1) tu+v

! '(w+v+1)

4 The simplified modified Camassa-Holm (SMCH) equation
Consider the simplified modified Camassa—Holm (SMCH) equation

D%y + 2Kty — Uy + Bti’u, = 0, (11)

where k € R and B > 0 are parameters. We obtain

ta

Vm7 u(x, t) = u(n),

n=x-
we can convert Eq. (11) into an ODE,
7 1 3
2k -=V)u—-Vu +§ﬂu +P=0, (12)

therefore the trial solution of suggested algorithm is

(ks @€ ™)") + al0]

v Yoo (ba(e? ™)) (13)
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From (10), (12) and (13), we get
H, +Hle<ﬁ(7)) +H262¢(n) +H3€3‘”(") +H4e4‘p(") +H565<ﬂ(7l) +H666‘”(") =0, (14)
where Hy, H, H3, Hy, Hs, Hg are given as follows:

Hy =3V3a1by* — 3VA2agboby — 12VA%a,boby,

Hy = =3V 3a1boby + 21V A2 payby® + 3VA2agh: 2,
Hs = 6V ua,boby + 36V > raiby® + 3VA* uagh, %,
Hy =3V ua, by + 27V u*raybob, + 18V i pa, by,
Hs =9V u2ha1b,? + 18Vl arboby + 381*Aar’,

He =6Vulaib? + Bula’.
We obtained the coefficients of algebraic equations:
[Hy=0,H; =0,H,=0,H3 =0,Hs =0,Hs5 =0,Hs =0]. (15)

Solving these algebraic equations by using Maple, we obtain the solution sets, and by
choosing some specific cases we get the following.

Solution 1

_ay(hbo - by) hay(-pata,” + 3Vb,” - 6kby?)

do by 30,7

)‘-:)‘-r bOZbO’ b1=b1, a) =ay, ﬁ:ﬁ; ,Uv:O

Case I1I: Whenever u = 0and A #0, and A2 — 4 > 0,

ﬂl()xbo - bl))»
ui(n) = E o .
by (ble Tla+l) +Aby — bl)

Case IV: When, A #0, A2 -4 =0 and u #0,

ay(Abg — by)A*( pgfjl) )

by (\2tho gy — 20b1 gy — 22xbo + 22xby + 2b1)

us(n) =

Case V:If £ =0,and A =0,

s(n) = ay(Abo — by)
bi1(by rz;tjl) —xb1 — bo)
Solution 2

b1=b1, alzoi ap = ao, P=0, ,B=01
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VIV =2k) b1/ V(V =2k)
=—V 5 bo:—V—Zk ) /,LZO

Case I1I: Whenever u = 0and A #0, and A2 — 4 > 0,

(%ﬂc) VV=2K)
JV(V =2k)age 14
Vb,

us(n) =

Case IV: When A #0, A2 — 44 = 0, and u #0,

ag(V = 2k) (s — %)

I'(a+1)

b (VVV =28 s = VIV =2K)x - 2V)’

Case V: While © =0,and A =0,

us(n) = -

ﬂo(V—Zk)
us(n) = Vta .
b (Zk j+ Ve - —) —2kx + /V(V =2k))
Solution 3
b —b _0o _ b bV (V —-2k)
1="01, ar =\, ap = ao, 0= V 2k ’
JV(V =2k
P=0, A:—¥, B =0, uw=0.

14

Case I1I: Whenever = 0and A #0, and A2 — 4 > 0,

e zk)(W )
ape” v (WVV(V =2k))
Vb, '

u;(n) = -

Case IV: When 11 #0,and A #0, A2 —4u =0,

aog(V - 2k)( a+1) - X)
bhi(WV(V =2k Ffjl VIV =2k)x+2V)

Case V: When u=0,and A =0,

ug(n) =

aO(V—Zk)
ug(n) = - =y o
by(= Vi + 2kx + 225+ JVV = 2K) - 2k s
Solution 4
2AbV
by = by, =0, = do, A=A, =—
ey @ 0= o 0T Va2V —ak
24V (V2 - 4kV + 4k*)b,? Va2 +2V — 4k
P=0, B=- 3 ) W=———.
(VA2 +2V — 4k)ag? v

Case 1I: Whenever p #0, and A2 — 44 < 0,

ao(v)\2 +2V —4k)/2
bV Va5 15

u1o(n) =
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Case I1I: While A #0, and u =0,

(vx2 +2V —4k)ray
Vo
bl(e (T ™Ya2 4 VA2 + 2e M T ™y _ge7 T V2V + 4k)

un(n) =

Case IV: When pu #0, A2 — 4 =0,and A #0,

ag(Va2 + 2V — 4kA (s — x)

I(a+1)

2b1(-VA2 =20V — 4k =5 "t‘* —dock) = 2V + 4k + 202 E)

I'(a+1)

up(n) = -

Case V: When =0, and A =0,

(VA2 +2V - 4k)a0

ulS(n) == Vto‘ V2 \°
by(—xVA? =2V A — 4k —2Vx+ 202 5y + 4kx + A2 (a+1))
Solution 5
po - boVh+ V2 -2kV) po_GG(VA+ VV2-2kV) - V22 -V +2k)
' 2V ’ - 2b, ’
VA2 -V +2k

)\2)», bzb, :0, =
0 0 B 1% I

Case I: Whenever p #0, and A2 — 4 >0,

ag(VA2 =V +2k)

uia(n) = -
boy/ Y tan(3 (FE45), 52 Vi
«/7\/(\/ 26)/ -5 tan(3,/ LA (FES)) - AW/ VIV =2K) - V + 2k

CaseIl: If 1 #0,and A2 — 44 <0,

ag(VA2 =V +2k)

b _ V-2 2k tan( (—x;\:tl‘;) _V- Zk)V)»

«/7\/(\/ 2K)/ -2 tan(} [V (V) 4 o VIV = 2K0) + V - 2k

uis(n) = -

Case I1I: Whenever = 0and A #0, and A2 — 4 > 0,

2&0 VA
—x+ Vi .
by (Vae Tt 4 VIV = 2)e T + Va - VV = 20)

CaseIV: When p #0, A #0,and A2 —4u =0,

uis(n) =

agVA2(—x + —FY;H))

bo(W(V =2V lig; - VIV =20)2x = VA = /V(V = 2K))

ui7(n) = -

Case V: Whenever 1 =0, and A =0,

2610V
uig(n) = " ho(22 \;tjl V(V —2k ‘gil Vix -2V - JV(V =2k)x)
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Solution 6
) V2., /VV -V +2k) b o V2b1 VRV =V +2k)
Vv ) 0 2/,LV )
—(V =2k) 6Vb,*
b = b , = , =, P = 0, = — , = .
1=b1 ay =a ao Wi B px n=pu
CaseI: If u # 0 and A% — 44 > 0,
(V 2/()611
uie(n) = " . P
Vb1 tanh —x;\:ﬁl ) 2V 4, _2V- 4()
CaseII: If ;1 #0 and A% — 4 < 0,
(V - 2k)a, /2

uz0(n) =
2Vb1 | V-2k 2k tan % —x:;\:tl‘x _x)\/_ | V-2k 2/<

5 Analogy and analysis

Several authors have been discussed the simplified modified Camassa—Holm (SMCH)
equation by using different techniques for finding exact traveling wave results. Particularly,
Liu et al. [22] used the (G'/G)-expansion method, Najafi et al. [23], used He’s semi-inverse
method applied exp(—¢(n))-expansion method and Redi et al. [19] applied an improved
(G'/G)-expansion method; Gundogdu et al. [28] applied the elliptic function expansion
method to get the traveling wave solutions. Akber et al. [26] obtained solutions u;(¢),
us(¢), ue(9), u7(¢) and ug(¢) that are equivalent to our solutions u10(n), u#19(n) and uyo(n).
For instance, Akber et al. [26] obtained solutions 1 (¢) with suitable values of m, = 0,d = 0,
B=0,V/2=1,A=1 matching with our solution u;4(n) (see Table 1). In the same manner
Akber et al. [26] obtained solutions u5(¢) with suitable values of m, =0, d = 0, VA =1,
A =2 matching with our obtained solution u;¢(n) (see Table 1). Mohyud-Din et al. [29]
obtained solutions u4(n) and u19(n), for k=1, by = %, B=-1,1n=0, ¢; =1 that are equiva-
lent to our obtained solution u;(n) for A=1, u=-1,k=1,a; =23, by =2, b1 =1, t =0,
x = 0. Similarly for different values of Mohyud-Din et al. [29] obtained solutions u;(n),
ug(n), us(n), us(n), u1s(n) and uy3(n) that are equivalent to our solutions u(n), us(n) and
u7(n) (see Table 2). In Table 3, our solutions and those of Lu et al. [25] are compared. For
instance, Lu et al. [25] addressed solution u, for the particular choices of B; = 1, /B = 5,
VB3=1/2,e =1,k=-1,w =1and & = 0 is equivalent to our obtained solution (1) (see
Table 3). The rest of the solutions are new. Hence, our method produces more solutions
than other methods existing in the current literature. In our work all the results obtained
have been verified through Maple to be found to be correct.

6 Physical interpretation

Now we provide graphical representations of some results with different parametric val-
ues. Figure 1 shows the periodic wave profile of u;(n) for @ =0.2,a; =11, A =1, V = 12,
by = 1, by = 12. Figure 2 represents the multiple soliton solution of u3(n) for o = 0.25,
a1 =11,V =12, by = 11, . = 3, while Fig. 3 displays the profile of solitary wave of u4(n) for
the choice of « =0.30, a7 =11,A =1,V =12,b; =11, u = 3.
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Table 1 Comparing the results of Akber et al. [26] and Liu et al. [22] with our results

Obtained results Results of Liu et al. and Akber et al.
If my (szbk) J-25% =1, then the solution is Ifm;=0,d=0,v/2=1,® =x- s, A=1,then the
" P
Urg = my th(++”) solution is uy = my coth(T‘“”)
If my szbk) -2 =1, then the solution is Ifmy=0,d=0,v/2=1,® =x- r;, A=2,then the
v P
Urg = m> coth(T‘“”) solution is ug = my coth(w)
2
-2 = L and my = DURZZA, then the Ifm;=0,d=0,8=0,1/2=1,& = —w XA=1,
v
solution is u1g = M COt(M) then the solution is us = my cot(n"‘+”)
2
If /-2 = f and m; = 7(V)‘2VZ§V+4K)/then the fm =3,d=0,V/2=1,® = s -x A=2 then
Ve X
X
solution is uyp = m; cot(L @ _) the solution is ug = my cot(—(‘";” )
If /-2 =1 and m; = LQKW then the solutionis ~ Ifm; =1,d=0,v/A =1, q) TosT ~ X A=2 then the
vt B
X
Uto = my coth( r(a;n ) solution is u7 = my coth(Tw)
it -2 1, g, = andmz:Lﬁ;Vzgthenthe Ifmi=1,m=0d=0vA=1, 45 T % A=2
Ve X
solution is uyg = % coth(%) then the solution is us = & coth(%”)
If /-2 = ‘[andmw— (szgﬂw Tthenweget Ifmy =1 my=0d= Of—1 P = i X A=2
PR — =X
Uso = cot((’"z;”) then the solution is ug = cot(%)

Table 2 Comparing the results of Mohyud-Din et al. [17] and Najafi et al. [30] with our results

Obtained results Results of Najafi et al. and Mohyud-Din et al.

fA=1, u=-1k=1,0a=2v3,bo=2b1=1,1=0, Ifk=1,by = %,ﬁz—],nzo,m =1 then the solution is

x =0 then the solution is u1 (17) = -2+/3 us() =-24/3

fA=1,u=-1k=1,a =23,bp=2,b;=1,t=0, fk=1,by= %,ﬂ=—1,n=0,c1 =1 then the solution is

x =0 then the solution is u1 (17) = -2+/3 uo(n) = -2+/3

If)\f\/_,u Jk=1,01=36,bp=+/2,b1 =1, fA=1k=1,b0=1B8=-1,n=0,c =1 u=1thenthe
3v6

V=6+/2,t=1,x=0then the solution is u3(n) = M solutionis ua(m) = {72

&|

5
IfA=2,pw=-1k=1,0=3/6bo=+2b1=1,
NG /6

V=64/2,t=1,x=0then the solution is u3 (1) = % solution is ug (1) = 5

IfV=6,a1=1,t=0,x=0,b; = &, k=3 then the IfA=+/~1,k=1,b9=0,B=1,k=1thenthe solution is
solution is u7 (1) = v/6 um) =6

fV=6,a1=1,t=0,x=0,b; :%,k:%thenthe If)»:«/j,k:hbozo,ﬂztk:W then the solution is
solution is u7 (1) = /6 us(n) = /6

If k=-6, by :j/—%,ﬂ:—hk:f&cw :‘]/—Ethenthe

solutions are uig(n) = U3 () = -2+/3. It matches with
our obtained solution (i) in th\s table

fA=1k=1,bo=1B8=-1,n=0,c =1 u=1thenthe

Table 3 Comparing the results of Lu et al. [25] with our results

Obtained results Results of Lu et al.

If Hy = V20 ,a=0and V=5 then the solution is \ﬂ-ﬁ:%,e:kk:—thtﬂwz
by VVV-20 Bon/-8(B1K2+2)

Uig = H Coth(g -X) VBi=5+p= % and ¢o = 0 then the solution is

ug = Hj coth(3 - x)

_aV-2k) _ o _ VBB _ _
If Hy = bn/\/(\/—z a=0andV =5 then the solution is \f/—hfm,efkkf TLwo=1p=1,
ure = Hy coth(3 - x) /B1=5,/B3 =1 and §o =0, then the solution is

u7 =Hy coth(3 - x)

Page 9 of 15
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5 0 5

Figure 3 Solitary wave solution uy(n) fora =0.30,a1 =11, A=1,V=12,b; =11, u =3

Again the solitary wave solution of u4(n) for @ =0.75,a; =1, A=-1,V =0, b; = 1 is ob-
tained in Fig. 4. Figures 5 and 6 represent soliton solutions of #4(n) and u14(n) for different
values of parameters. Solitons are special types of solitary waves that retain the identity
upon interaction with other solitons and have implications in the field of cosmology of
the universe. Figure 7 shows the kink wave solution of u¢(n) for @ = 0.30, a; = 11, A = 0.77,
by =1, V =10, by = 100. The kink waves are the solitary waves that are rise or descend
from one asymptote state to another. Figure 8 displays the periodic solution of u;,(n) for
a=09,a; =11, 1 =-100, by = 1, V = 10. The periodic solutions are traveling wave results
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15.0004

]
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~+)

Figure 6 Solitonic solution of uz(n) for e =0.30,a; =11, A =0.77,by =1, by =100

that are periodic. Finally, Fig. 9 represents the periodic solution of u;9(n) for o = 0.30,
a; =11,1=0.77, by = 1, V = 10, b, = 100.

Figure 10 shows the soliton solution of #;4(n) for the choice of « = 0.25, 4o = 0.5, A = -1,
V =0.1, by = 2, k = 3. Kink wave solution is obtained in Fig. 11 of #14(n) for & = 0.9, ag =
0.5, 2 =-1, V =0.1, by = 11, k = 3. Figure 12 displays the periodic solution of u;5(n) for
different values of & = 0.1, a;1 =11, A =3, V =12, by = 1, b; = 3. Finally in Fig. 13 we have
found solitonic solution of u#19(n) for« =0.25, k =5,V =12,a; =1, b, = 1.

Page 11 of 15
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20 ——

40

— /
— Y

Figure 7 Kink wave of ug(n) forae =0.30,ay =11,A=0.77,bp =1,V =10, by = 100

Figure 9 Periodic wave solution of ujg(n) fora =030, a1 =11,A=0.77, by =1,V =10, by = 100

7 Conclusions
We have successfully employed the proposed technique to gain the generalized solitary
solutions of the simplified modified Camassa—Holm (SMCH) equation in the article. The

solitary solutions are periodic, trigonometric, hyperbolic, and rational functions. The
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Figure 12 Periodic wave solution of uis(n) forae =0.1,a17 =11, A=3,bp=1,V=12,b; =3

gained results may express a variety of new features of waves. By comparing our results,
we concluded that some of the results are similar to the current literature, while the others
are newly discovered, and were not explored elsewhere. The method is reliable in handling
to initiate new results and we selected a new class of exact solutions. It is investigated that
the physical parameters significantly modify the wave dynamics. The solutions formed
in this paper can be beneficial in the study of wave breaking. Wave breaking is used in
atmospheric gravity waves and in plasma physics. It is also utilized in the analysis for dis-
cussing local well-posedness and global existence in non-peaked solutions. The suggested
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Figure 13 Solitonic solution of ujo(n) fora =0.25,a1=1,by=1,V=12,k=5

procedure fully approved the dependability of our computational work and could be im-

plemented to study other physical problems.

Acknowledgements
Not applicable.

Funding
None.

Availability of data and materials
None.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed to writing the draft and the software and all reviewed and approved the final version of the
manuscript.

Author details

!Informetrics Research Group, Ton Duc Thang University, Ho Chi Minh City, Vietnam. “Faculty of Mathematics & Statistics,
Ton Duc Thang University, Ho Chi Minh City, Vietnam. *Department of Mathematics and Statistics, Faculty of Social
Sciences, Institute of Southern Punjab, Multan, Pakistan. “Department of Mathematics, Faculty of Sciences, Government,
College University Faisalabad, Faisalabad, Pakistan. >Centre for Advanced Studies in Pure and Applied Mathematics,
Bahauddin Zakariya University, Multan, Pakistan. ®Department of Mathematics, Cankaya University, Ankara, Turkey.
7Institute of Space Sciences, Magurele-Bucharest, Romania. ®Department of Medical Research, China Medical University
Hospital, China Medical University, Taichung, Taiwan. °Department of Mathematics, College of Arts and Science, Prince
Sattam bin Abdulaziz University, Wadi Aldawaser, Saudi Arabia.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 9 March 2020 Accepted: 3 June 2020 Published online: 22 June 2020

References

1. Ahmad, H, Seadawy, AR, Khan, T.A, Thounthong, P: Analytic approximate solutions for some nonlinear parabolic
dynamical wave equations. J. Taibah Univ. Sci. 14, 346-358 (2020)

2. Seadawy, AR, Lu, D, Yue, C.: Travelling wave solutions of the generalized nonlinear fifth-order KdV water wave
equations and its stability. J. Taibah Univ. Sci. 11, 623-633 (2017)

3. Seadawy, AR, Manafian, J.. New soliton solution to the longitudinal wave equation in a magneto-electro-elastic
circular rod. Results Phys. 8, 1158-1167 (2018)

4. Hossain, AK.S., Akbar, M.A, Azad, M.AK.: The closed form solutions of simplified MCH equation and third extended
fifth order nonlinear equation. Propuls. Power Res. 8, 163-172 (2019)

5. Ghanbari, B, Liu, J.G.: Exact solitary wave solutions to the (2 + 1)-dimensional generalised
Camassa—Holm-Kadomtsev-Petviashvili (K-P) equation. Pramana 94, 21 (2020)

6. Ghanbari, B, Baleanu, D.: New solutions of Gardner's equation using two analytical methods. Front. Phys. 7, 202 (2019)

7. Belmor, S, Ravichandran, C, Jarad, F.: Nonlinear generalized fractional differential equations with generalized
fractional integral conditions. J. Taibah Univ. Sci. 14, 114-123 (2020)



Ghaffar et al. Advances in Difference Equations (2020) 2020:308 Page 15 of 15

20.

21
22.

23.

24.

25.

26.

27.

28.

29.

30.

. Valliammal, N,, Ravichandran, C,, Hammouch, Z,, Baskonus, H.M.: A new investigation on fractional-ordered neutral

differential systems with state-dependent delay. Int. J. Nonlinear Sci. Numer. Simul. 20, 803-809 (2019)

. Ravichandran, C, Valliammal, N., Nieto, J.J.: New results on exact controllability of a class of fractional neutral

integro-differential systems with state-dependent delay in Banach spaces. J. Franklin Inst. 356, 15351565 (2019)

. Jothimani, K., Kaliraj, K., Hammouch, Z,, Ravichandran, C.: New results on controllability in the framework of fractional

integrodifferential equations with nondense domain. Eur. Phys. J. Plus 134, 44 (2019)

. Islam, M.N,, Asaduzzaman, M., Ali, M.S.: Exact wave solutions to the simplified modified Camassa—Holm equation in

mathematical physics. AIMS Math. 5, 26-41 (2019)

. Khater, AH, Callebaut, DK, Seadawy, A.R.: General soliton solutions for nonlinear dispersive waves in convective type

instabilities. Phys. Scr. 74, 384 (2006)

. Seadawy, AR.: Three-dimensional weakly nonlinear shallow water waves regime and its traveling wave solutions. Int.

J. Comput. Methods 15, 1850017 (2018)

. Khater, AH, Callebaut, DK, Malfliet, W,, Seadawy, A.R.: Nonlinear dispersive Rayleigh-Taylor instabilities in

magnetohydrodynamic flows. Phys. Scr. 64, 533 (2001)

. Seadawy, AR Solitary wave solutions of two-dimensional nonlinear Kadomtsev—Petviashvili dynamic equation in

dust-acoustic plasmas. Pramana 89, 49 (2017)

. Algudah, M.A, Ravichandran, C, Abdeljawad, T, Valliammal, N.: New results on Caputo fractional-order neutral

differential inclusions without compactness. Adv. Differ. Equ. 2019, 528 (2019)

. Jafari, H, Tajadodi, H., Baleanu, D.: Application of a homogeneous balance method to exact solutions of nonlinear

fractional evolution equations. J. Comput. Nonlinear Dyn. 9, 021019 (2014)

. Bekir, A, Glner, O, Cevikel, A.C.: Fractional complex transform and exp-function methods for fractional differential

equations. Abstr. Appl. Anal. 2013, Article ID 426462 (2013)

. Rizvi, STR,, Ali, K, Bashir, S,, Younis, M., Ashraf, R, Ahmad, M.O.: Exact soliton of (2 + 1)-dimensional fractional

Schrédinger equation. Superlattices Microstruct. 107, 234-239 (2017)

Sezer, SA, Yildinm, A, Mohyud-Din, S.T.: He's homotopy perturbation method for solving the fractional
KdV-Burgers—Kuramoto equation. Int. J. Numer. Methods Heat Fluid Flow 21, 448-458 (2011)

Camassa, R, Holm, D.D.: An integrable shallow water equation with peaked solitons. Phys. Rev. Lett. 71, 1661 (1993)
Liu, X, Tian, L, Wu, Y.: Application of (G'/G)-expansion method to two nonlinear evolution equations. Appl. Math.
Comput. 217, 1376-1384 (2010)

Najafi, M., Arbabi, S.: He's semi-inverse method for Camassa—Holm equation and simplified modified Camassa—Holm
equation. Int. J. Phys. Res. 1, 1-6 (2013)

Abbasbandy, S.: Solitary wave solutions to the modified form of Camassa—Holm equation by means of the homotopy
analysis method. Chaos Solitons Fractals 39, 428-435 (2009)

Lu, D, Seadawy, AR, Igbal, M.: Construction of new solitary wave solutions of generalized
Zakharov-Kuznetsov-Benjamin-Bona—-Mahony and simplified modified form of Camassa—Holm equations. Open
Phys. 16, 896-909 (2018)

Alam, M.N., Akbar, M.A.: Some new exact traveling wave solutions to the simplified MCH equation and the

(1 + 1)-dimensional combined KdV-mKdV equations. J. Assoc. Arab Univ. Basic Appl. Sci. 17, 6-13 (2015)

Li, C, Qian, D,, Chen, Y.: On Riemann-Liouville and Caputo derivatives. Discrete Dyn. Nat. Soc. 2011, Article ID 562494
(2011)

Glindogdu, H., Goézikizil, O.F: On different kinds of solutions to simplified modified form of a Camassa—Holm
equation. J. Appl. Math. Comput. Mech. 18, 31-40 (2019)

Mohyud-Din, S.T., Ali, A.: New exact solutions of time-fractional simplified Camassa Holm equation via rational

Exp ¢p(n)-expansion method. J. Comput. Theor. Nanosci. 14, 870-878 (2017)

Khater, AH., Callebaut, DK, Helal, M.A,, Seadawy, A.R.: Variational method for the nonlinear dynamics of an elliptic
magnetic stagnation line. Eur. Phys. J,, D, At. Mol. Opt. Phys. 39, 237-245 (2006)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A novel analytical technique to obtain the solitary solutions for nonlinear evolution equation of fractional order
	Abstract
	MSC
	Keywords

	Introduction
	Description of method
	Caputo's fractional derivative
	The simpliﬁed modiﬁed Camassa-Holm (SMCH) equation
	Analogy and analysis
	Physical interpretation
	Conclusions
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


