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Abstract: This article deals with the solutions of the existence and uniqueness for a new class
of boundary value problems (BVPs) involving nonlinear fractional differential equations (FDEs),
inclusions, and boundary conditions involving the generalized fractional integral. The nonlinearity
relies on the unknown function and its fractional derivatives in the lower order. We use fixed-point
theorems with single-valued and multi-valued maps to obtain the desired results, through the support
of illustrations, the main results are well explained. We also address some variants of the problem.

Keywords: single-valued map; multi-valued map; Caputo derivative; generalized Riemann-—
Liouville integral

1. Introduction

The subject of the fractional boundary value problem (BVP) has been intensively discussed in
recent years by several researchers and in the literature, for example [1-19] and the references cited
therein, where a variety of findings relevant to both the theoretical and implementation aspects of the
topic can be found. It has improved the classic modeling of many significant materials and processes
with the use of fractional calculus tools as a fractional-order operator can take the history of the
phenomena involved into account. The extensive applications of fractional calculus can easily be seen
in many engineering and technical sciences such as biology, environmental problems, aerodynamics,
electron-analytic chemistry, etc. We direct the viewer to the article [20-28] and the references listed in it
for examples and information. Recently, some authors analyzed the problems of fractional differential
equations and inclusions. Ahmad et al. discussed in [29] the fractional differential equations (FDEs)
and inclusions with nonlocal Erdelyi-Kober integral conditions:

CDIx(t) = f(t,x(t)), T€[0,T] =K,
x(0) = g(x), x(T) =& J*x(&).

and:

Dx(t) € f(t,x(t), T€[0,T]:=K,
x(0) = g(x), x(T) = & J*x(&).

Ntouyas et al. [30] investigated the existence of solutions for fractional differential inclusion.
Salem et al. [31] studied the FDEs and inclusions, under integral-multipoint conditions.
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In this article, we examine a new BVP of FDEs and inclusions:

D%y (1) = g(1,y(1), Dy(7),°D* Ny(v)), TE[0,T):=K, (1)

Dy (1) € G(1,y(1), “Dy(x), D* Ty (1)), TE0,T]:=K, @)
augmented with the boundary conditions given by:

¥0) =0, Y (0) =0, [ ylodr =cr7°y(@), ¥(T) =0, ®

where CD(') denotes the Caputo fractional derivatives (CFDs) of order (+),3 < ¢ <4, 0<¢<1,,J%
denote the generalized Riemann-Liouville fractional integral (GRLFI) of order 0 < w <1, p > 0,
¢ : K xR® — Ris a continuous function, G : K x R® — T(R) is a multivalued map, 7 (R) is all
nonempty subsets of R, and 0 < { < T, ¢ is a real constant.

For0 < 9o <1,lety = {y: y,CDQy,CDQHy € C(K,R)} denote the [0, T] — R continuous
function space of Banach endowed with the |ly|. = [ly|| + |[SD%] + [CD*"y|| = sup {|y(r)| +
Tek

\CDQ]/(T)| + |CDQ+ly(T)|} norm. For a normed space (), || - ||), let T44(Y) = {Z € T(Y) :
Yisclosed}, Tpi(V) = {Z € T(Y) : YVisbounded}, Tepi(V) = {Z € T(Y) : Y is compact}, and
Teptex(V) = {2 € T(Y) : Y is compact and convex}. Define the set of choices G by each C(K,R),

Wey = {9 : LYICR) : ¢(7) € G(,y(1), Dy (1), D" y(7)) forae. T € K}.

The remaining part of the article is structured accordingly. We recall some definitions in Section 2
and establish a lemma regarding the linear problem variant (1)—(3). Sections 3 and 4 include the
consequences of existence. We emphasize that the techniques used in these sections in fixed-point
theory are the standard. Finally, we glance at a new problem similar to (1)—(3) and discuss the approach
to solving them.

2. Preliminaries

Here, we are reminded of some basic concepts in the fractional calculus [23,32,33] and of the
results that we need to accomplish during the upcoming analysis.

Definition 1. A continuous function g : (0,c0) — R is defined by the RLFI of order ¢ > 0:

Tg(r) =

T
T—0) Le(0)do,
5, T s)
provided the right-hand side (RHS) is point-wise defined on (0, c0).

Definition 2. The CFD of order ¢ for a function g : [0,00) — R can be written as:

“Dig(r) = (t—0)" S 1g"(o)do, n—1<¢<n, n=[cg+1,

I(n—g)

where [g] denotes the integer part of the real number [g].

Definition 3. The GRLFI of order ¢ > 0 and p > 0, of a function g(t),V 0 < T < oo, is defined as:

1-¢ ,7 p—1
P76 _p g
T80 =t | et

provided the RHS is point-wise defined on (0, 00).
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Definition 4. A multi-valued map G : K x R® — T (R) is Caratheodory if

(i) T — G(T,y,2z,w) is measurable for each y,z, w € R;

o (i) (y,z,w) — G(T,y,z,w) is upper semicontinuous (USC) V T € K; In addition, a G feature of
Caratheodory is called £L1-Caratheodory, if:

e (iii) for each & > 0O, there exists A, € L'(K,R") such that |G(7,y,z,w)|| = sup{|¢| : ¢ €
G(t,y,z,w) < A(T)} Y |lyll, |2ll, ||w]| < & and for almost everywhere T € K.

Lemma 1. Let § € C[0, T|. Then, the unique solution of the linear FDE:
Dy(r)=4(r), TEK, )

subject to the boundary condition (3) is given by:

¥(0) = T9(0) 4 (0 [ T°T4(0) — [ Tog(o)de] + a(n) T g(), ©)

where:
k1 (T) = w, k(1) = M, 8 = 3T%1 — 2Ty, (6)
o T3 gpet? r(2+1) o T+ ggrets r(2+1) . .

Definition 5. A multi-valued operator U : Y — T4(Y) is called:

(a)  1-Lipschitz iff there exists 1 > 0 such that Ay(U(y),U(z)) < 1d(x,y) for eachy,z € ) and
(b)  a contraction iff it is 1-Lipschitz with 1 > 1.

Definition 6. A function y € C(K,R) is said to be a solution of the BVP y(0) = 0, y(0) =
0, fOTy(U')dO' = ¢PTYY(0), v (T) = 0, and there exists a function ¢ € Wyg,y such that ¢(T) €

G(t,y(1),D%(1), D 'y (1)), and:

y(7) = () (1) + 11 (1) [ T“TE9(0) () '/OTI%(a)da} +12(T) ¢ p(0) ().

3. Single-Valued Maps for the Problem (1) and (3)

With respect to Lemma 1, the problem (1) and (3) is turned into a fixed point problem equivalent to:
y=Yy, ®)
where Y : Y — Y is defined by:
+1
(Yy)(v) = Z°(0,y(0), “D°y(0), “D* " y(0))(v)
11 (O[T T8 (0,y(0), Doy (), “D Ty () (@)

- [ Tg(0,(0), “Dy(0), D"y o))

+12(T) T g (0, y(0), Dy (@), S Dy () (7). ©)
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We represent it as suitable for computing;:

TS 7, TS~ 1 c+Hpw (s +1) Ts+1
gy = LR f 26 - 4 , (10)
Ig+1) = T(g) PTE+DT(E+w+1) T(e+2)
pr e T ¢ ggetee T(5+1) Te+1 P T 1 a
PTTe—e+1) T\ o T(E+w+1)  o+1) T T
Te—o—1 5 ¢row  T(541) Te+1 5, TS 1
s = Lo 44 -~ n 2T (12)
Ig—0) T+ p¥ TI(z+w+l) ¢+1 I'(¢)
~ G ~ ¢ - c—e-1
T T T (13)

L R )

Theorem 1. Assume that there exists A € C(K,R™) such that |g(T,y(T),CDQy(T),CDQ+1y(T))| < A7)
for T € K with max |A(T) = ||[A]|. The problem (1) and (3) has at least one solution on K.
TEC

Proof. First, we demonstrate that operator Y is completely continuous. Let # C ) be a bounded set.
Then, use the premise |g (7, y(7), “D%y(1), CDQ—Hy(T))| < A(7),Vy € H; we get:

() ()] £ TAE@) + 11 (0 [FT TN - [ TA@)do] + (0T A0 (),

which yields when taking the norm for T € K,

A
Iyl < AL — Py,

T'(g+1)

ctow  T(2+1) c+1
(Roc TS 1+ T9) + 74 (Cé £ T

+
P T(E+wr1) ¢+l

where max lki(T)| = &;, i = 1,2 x;’s are given by (6). Similarly, we can obtain:
TE

c—e ctow  T(£+1) ¢+l c—1
|CDQY]/||§||/\||[F T L »m (CC p T L T

+ =Py,
(c—e+1) "T+D\ o T(E+w+1) ¢+l F(g)] ?
where ¢; = max |¢;(7), i =1,2 and:

Tell

_ 6T ¢ 12T7 ¢
9T -o) T(4-0)

20T 6117570

(Pz(T) = CDQKZ(T) = oT (3 — 0) - oT (4 — Q)

p1(t) = DK (7)

Likewise, we can obtain:

g—o-1 ctow  T(241) c+1 c—1
1D Yyl < AN e e (S8 T ) 28 oy,
Ig—0o) T+ p¥ T(f+w+l) ¢+1 ')
where 6; = max |9;(7), i = 1,2 and:
ekl
6T271 ¢ 12T72¢ 2upTI 0 61120

(1) = D" (1) = (1) = D ia(0) = oT(2—¢) OT(3—0)

T or(2—0) OT(3-0)
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For0 <7 < <TandVy € H, wehave:
— T1g| +2(m —1)°
I(¢+1)
(17 —12)3T? - 2T(5 — 1)
9T (c+1)

ggetee T(5+1) Te+l
pv F(%+w+1)+g+l '

i
|(Yy)(r2) = (Yy)(m)| < [|A] +

(Z— ) —w(5— 1)\ T¢!
¢ I'(¢)

(14)

Similarly, we can accomplish:

(DY) () = (DYy)(m)] < ||A||{ ['Tf" — i 2An - mgﬂ

I(c—0+1)
21/2(T22_Q - le_g) B 61/1(7.'23_9 - T13_Q) Ts !
oI (3—0) or'(4 - o) I'(c)

6T2 (1, C =1 %) 12T(7y *—7 9
9r(3—e) CANC )

Eretrw F(% +1) Ts+1
8 <pwr(g+1)r(g+w+1) ety )| (- W

Likewise, we obtain:

¢—o—-1 _¢—o-1 B o1
|<CDQ“Yy><rz>—(CDQ“Ymes||A||HT2 4 F(gljj)(rz )¢ ]

21/2('(21_9 - Tll_g) B 61/1(722_Q — le_g) Ts !
9r(2-e) 9r (3 —o) I'(g)

6T2(T21_Q - Tll_g) B 12T(T22_Q - le_g)
Or(2—-¢) CANG )

é'é'g-i-pw F(% + 1) Ts+1
X(pwr<g+1>r<g+w+1>+r<g+z> - 19

+

The RHS of the inequalities (14)—(16) tends to zero as 72 — 7y — 0 independently of y. Thus, Y is
equicontinuous. Therefore, by the lemma (see Lemma 1.2 [21]), {Yy : v € H}, {CDQYy ty € H},
and {CDQ+1Yy :y € H} are relatively compact in C(K). Hence, Y(# ) is a relatively compact subset of
Y. Next, we take the set V = {y € Y|y = uYy, 0 < u < 1}, into consideration and prove it is bounded.
Lety € V. Then,y = uYy, 0 < u < 1. For any 7 € K, it follows from y(7) = u|Yy(7)| that:

A
Iyl < A <kng€1+T€>+k1(

ggetew F(% +1) Ts+1
I'(c+1)

+
v T(E+w+l) ¢+l

This indicates that the set V is bounded. Thus, operator Y has at least one fixed point by Theorem (see
Theorem [20]) The problem (1) and (3) has at least one solution on K. O

Theorem 2. Let ¢ : K x R® — R be a continuous function that holds the following conditions:

(G1) 18(T y1,y2,93) — g(T,21,22,23)] < Py —zl + 2 -2/ +lys —2)), VT € K
Y1,21,Y2,22,Y¥3,23 € R, P > 0.
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(G2) |g(T,y(T),CDgy(T),CDQ+1y(T))| < A(t) fort € Kand A € C(K,R") with max IA(T)| = ||A]-

(G3) PP < 1, where § = max{ (1, P2, 3} and Py, Py and 3 are given by (13). The problem (1) and (3) has
at least one solution on K.

Proof. Define B = {y € YV : ||y|| < €}, where € > ||A||p with:

¢ = max{yy, ¥, ¥3}, (17)

where 1, ¢, and 3 are defined by (10)—-(12), respectively. In order to demonstrate the premise of
Theorem (see Theorem 4.4.1 [20]), the operator Y provided by (9) is divided into Y = Y1 + Y5 by Be.

(Y1y) (1) = T5(0, 5(0), D y(0), Dy (0)) (1)
(Xay)() = (1) [£T“ T, y(0), D (@), D () 0)
~ [ 258(0,5(0),“DFy(e), D"y )|
T k2 (01T g0, (@), D% (0), Dy @) (7).

It can be easily shown that for i,z € Be, and using (17), ||(Y1y) + (Y22)|| < [|Allp <, [|[(CD°Y1y) +
(CD°Y,z)| < |Ally < e and ||(CDQ+1Y1y) + (CDQHYZZ)H < ||Aljp < €, that means Y1y + Yoz €
Be. Next, we are going to show that Y3 is a contraction. Let y,z € R, 7 € K. Then, we use the
statement (Gy),

Yoy = Yazl| < Plly 2l sup [ (0) [ T“Z(1) ) + /OT Z8()do| + | (1)|Z71 (1)(7)]
< Pilly -zl < Phlly —z|.
Similarly,
1Dy — CD*Yaz|| < Pially —zI| < Plly — 2|
Likewise,
15D Yoy = D Yozl < Pislly — Il < PElly — =l

This follows from the observation (G3) that the Y, operator is a contraction. Next we are going to
show the Y is compact and continuous. The continuity of ¢ means operator Y is continuous. Y is

. A|TS A|TS +ly ATt
uniformly bounded on Be as ||Y1y|| < %\QHH 1CDOYqy| < FHGHQH) and DT Yy < ngg)
Furthermore, with sup lg(t,y,z,w)| = § < coand T, > 7y, we have:

(Ty,z,w)eX X Be
gt -1l +2(n—1)f
- <
|(Yiy)(r2) — (Yay)(m)| < T(c+1) (18)
Similarly, we can obtain:
5l+5¢ 50 -
cp? Cry0 8l " -1 “[+2(n—m)"
D - (D < .
|CDYay) () — ("D Yay) ()| < [ Tc—o+1) (19)
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Likewise, we obtain:

ngfgfl — Tlgfgfl| +2(m —1)¢ 0t
I'(g—o)

D Yy () — (€D Yoy () < | € 0)

The RHS of the inequalities (18)—(20) tend to zero as » — 71 — 0 independently of y. Thus, Y; is
relatively compact on B.. Hence, by the lemma (see Lemma 1.2 [21]), Y7 is compact on B,. Therefore,
all the claims of the theorem (see Theorem 4.4.1 [20]) are fulfilled. Therefore, at least one solution exists
(1) and (3) for the problem on K. [

Theorem 3. Assume that g : K x R3 — R is a continuous function satisfying condition

18(T y1,y2,y3) —8(T,21,22,23)| < Qlyr — 21| +[y2 — 22| + lys —28]), VT € K, y1,21,92,22,y3,23 € R,
with Q < %, where Y = max{yn, P, Y3}, and Py, P, and 3 are respectively given by (10)—(12). Therefore, a
unique solution exists (1) and (3) for the problem on K.

Proof. We demonstrate that YB, C Be, where Y is described by (9), Be = {y € Y : ||y|| < €} with

€> 1/1479‘/’1/], M = ilelﬁ |¢(7,0,0,0)|. Fory € Be, T € K, we have that:

g(t,y,z,w)| = |g(T,y,2z,w) - g(7,0,0,0) + ¢(7,0,0,0)|
<lg(t,y,z,w) —g(7,0,0,0)| + [g(7,0,0,0)| < Q(|y| + |z[ + |w]|) + M
< Olly|| + M < Qe+ M,

which yields along with the given conditions:

TS 7, T6—1 7 ctow  T(%+41) Te+1
Yyl < fRIP R (&€ —F +
Te+1)  T() T+ p¥ T(E+w+1) ¢+l

< (Qe+ M)pr < (Qe + M)y <e.

Similarly, we can obtain:
1D Yyl < (Qe+ M)yy < (Qe+ M)y <e.
Likewise, we obtain:
Cc~0t1
15D Yy[| < (Qe+ M)z < (Qe+ M)y <e.

Therefore, we get Yy € B, which means YB. C Be. Then, for y,z € ), for each T € K, we have:

¥y =zl < Qlly 2l sup {m)m @[T TmO - | T (1)de] + xzmﬂl(l)(r)}

< Qilly —zll < Qylly — =]l
Similarly,
|°D™Yay — Dozl < Qualy — 2l < Qylly — 2.

Likewise,

o+1

+1
1D Yoy — D Yaz|| < Qyslly —zl| < Qylly —=|.
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Therefore, the operator Y is a contraction in the light of condition Q < % Thus, Theorem (see Theorem
1.2.2 [20]) follows that the problem (1) and (3) has a unique solution on . O

4. Multi-Valued Maps for the Problem (2) and (3)

Theorem 4. Assume that:

(F1) G: K x R3 — T(R) is L -Caratheodory and has nonempty compact and convex values;

(F2) there exists a function y € C(KC,R), and a nondecreasing, sub-homogeneous function A : R™ — R™
such that (ie., A(By) < BA(y) VB > landy € RY):

1G(T,y)ll7 := supflql : g € G(T,y,2,w)} < y(DA(ly] + Izl + [[wl]])

for each (1,y,z,w) € K x R;
(F3) there exists a constant £ > 0 such that:

&
[7[l$A(E)

Then, there is at least one solution for the BVP (2) and (3) on K.

>1,

Proof. Define an operator Ag : C(KC,R) — T(C(IC,R)) by Ag(y) = {u € C(K,R) : u(t) =S(y)(1)}
where:

S = { () (@) + (D) [FTT0(@)Q) ~ [ T9(0)o] + 02D 9(0)(0),9 € Wy,

We will prove that Ag follows the theorem’s assumptions (see 8. Theorem 8.5 [22]). The proof requires
multiple measures. First, we demonstrate that for every C(KC,R), Ag is convex. This phase is evident
as Wg,, is convex, so we skip the proof. Next, we show that Ag maps in C(K, R) bounded sets to
bound sets. Let B, = {y € C(K,R) : ||y|| < €} be abounded ball in C(/C, R) for a positive number e.
Then, for each u € Ag(y), y € Be, there exists ¢ € Wg y such that:

S)(¥) = Tp(0) (1) + 1 (1) [P T°T9(0) ) ~ [ Tp(0)do] + (DT 9(0) (1), 9 € Wy

Then, we have for T € K:

T(g+1)

< pallvllaClylly).

u(1)] < [[IaClyly)

¢+pw F(Q + 1) c+1
(Rog TS+ T) + 7 (gé P T

_|_
¢ T(E+w+1) ¢+1

which yields on the norm for T € IC,
[ull < pallvAlvlly) < ¢allvllAle).
Similarly, we have:

g T¢ !
I'(g)

c—0 c+pow  T(&+1 c+1
||CDQM(T)H < T P1 <‘:€ (P ) T >+

+ +
Tlc—e+1) T+ \ pv TE+w+1) ¢+1
< p2llrliadlylly).

] IvIAaClyly)
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Likewise, we have:

o+1
1D™ ()| < (1A

Ts—e-1 5 gestee T(5+1) T+1 5, TS 1
: < £ vl AClylly)

Me—o) Te+D\ p* T5twtl) c+l)  T(g
< pallvladlylly).

Asu € Ag(y), y € Be is arbitrary, so we have:

186y = I8¢ + ISP Ag ()| + 1D Ag(y)]
< [lrllace) ().

Next, we demonstrate that Ag maps bounded into equicontinuous sets of C(K,R). Let 7y, 7» € K with
T > 11 and y € Be. For each u € Ag(y), we obtain:

Its — 17| +2(2 — 11)¢ (B - —n(n-—1) )T !
lu(m) —u(h)| < { 2 1 NEE) + < 21 3 L > o)
(17 — 12)3T? - 2T(T — ©3)
ol (c+1)

Eretrw F(% +1) Ts+1
x( e ey || GG

Similarly, we can obtain:

1€D%u(1y) — “D%u(m)| < { [ Tl(:|_+QiT12 —nf 1
|<2v2( - Q—le %) 61/1( - Tl ))Tgl
or(3 — o) (4 -0 I'(c)
6T (1, ‘=1 %) 12T(y, ‘-7 %)
oI (3—0) or(4—0)

‘§€€+‘Dw r(g + 1) Tg+1
) (P“’F(g+1) r(s -|p-aJ +1) + T(c+2) [7]lA(e)

Likewise, we obtain:

-1 _ *Q*l —0—-1
+2(np — 1)
Pty () — D ()| < C |
| (2) (1)‘— F(Q—Q)
N 21/2(T2l e —Tll %) B 61/1(’(22_9 - le )\ Tt
oT'(2 - o) o3 —o) I'(g)

6T2(ty *—1 %) 12T(7 *—1 9
oT'(2 - 0) 8T (3 —¢)

EsHew (& +1) Te+
g (pwf(g +1)T( oD Ty )| [I1AE:

+

Clearly, the RHS of the above-mentioned inequalities tends to be zero as 7, — 77 — 0. As Ag fulfills
the premises, the lemma (see Lemma 1.2 [21]) follows that Ag : C(IC,R) — T (C(K,R)) is completely
continuous. We demonstrate that the Ag is USC at the end. It is enough to prove that Ag has a closed
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graph in the lemma (see Proposition 1.2 [32]). Let y,, — y«, un € Ag(yn), and 1, — u,. Then, we have
to prove that u. € Ag(y.); there exists ¢, € Wg , such that for each T € K,

a(7) = T80 (0) (1) + 1 (1) [P T “To(0)(0) — | o (0)d0] + 12 ()T (0) (),

Therefore, it is enough to prove that ¢. € W, exists so that for each 7 € K,

(1) = T59.(0)(0) 4 11 () [T T, (0)() — [ To(0)do] + (0T 90 (0) o)

Consider the linear operator ¥ : £ (K, R) — C(K,R) provided by:

b ¥(9)(R) = T9(0)(0) + 11 (1) [F T T9(0) )~ [ To0(@)io] +ra(0)Z5 (o) (o)
Observe that:
() = s (D) = 159 = 9)() (1) + x1(7) [ T“T (9 — 9)(@)2)
— [T n— ) (@] + (DT~ 42) () (D) - Oasn o

The lemma (see Lemma [34]) follows that ¥ o Wj; is a closed graph operator. We also have u,(7) €
¥(Wg,y, ) Therefore, since y, — y., we have:

() = T5. (0)(7) + 51 (1) [ 87T T (0)(£) — /OTI%* (0)do
+ 12(T)Z¢ 1 (0) (1), for some ¢, € Wa,y.-

Next, we demonstrate that an open set exists V C C(K,R) with y ¢ Ag(y) for any : € (0,T) and all
y € 0V. Lets € (0,T) and y € tAg(y). Then, there exists ¢ € L£(K,R) with ¢ € Wg,, such that for
T € K, we can obtain:

+1
Iylly = Iyl + 1Dl + 19D* il < IvlAUylly) (9)-

This ensures that % < 1. With regard to (C3), there exists £ such that ||y|| # £. Let us set

V ={y € C(K,R): |ly]| < £}. Remember that operator Ag : V — T (C(K,R)) is USC and completely
continuous. There is no y € 9V of the choice of V such that y € 1Ag(y) for some T € (0, T). Therefore,
we deduce from Theorem (see 8.Theorem 8.5 [22]) that Ag has a fixed point V to the problem (2)
and (3). O

Theorem 5. Assume that:
F1) G: K xR3 = Top(R) is such that G (-, y(t ,CDQ T ,CDQ+1 7)) : K — Tep(R) is measurable
p Y y y p
foreachy € R;
(F5) Ag(G(T,y,z,w),G(7,9,2,®)) <s(T)[ly—9|+|z—2|+|lw—D||VeKandy,z,w, 7,2, €
R withs € C(K,R") and d(0,G(7,0,0,0)) < s(t) V T € K. Then, the problem (2) and (3) has at least one
solution for KC if:

Islly < 1. (21)

Proof. Consider operator Ag : C(K,R) — T(C(K,R)) defined in Theorem 4 at the beginning of
the proof. Remember that for each C(IC,R), set Wy, is not empty by Hypothesis (F4), so G has
a measurable range (see Theorem IIL.6 [35]). Now, we prove that the operator Ag fulfills the lemma’s
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assumptions (see Lemma [36]). To show that Ag(y) € T;(C(KC,R)) for each y € C(K,R), let py,,~¢ €
Ag(y) be such that p, — p (n — o) in C(K,R). Then, p € C(K,R), and there exists ¢, € Wy, such
that, for each T € IC,

pa() = T50(0) (1) + 12 (0) [T Tgu0) (@) ~ [ Tgu(o)do] +r2(0) T (o) (1),

Since G has compact values, we move a subsequence (if required) to get p, converging to p in £ (IC,R).
Therefore, ¢ € Wa.y, and for each T € K, we have:

pa(x) = p(0) = T9(0) (1) + (1) [F T T9(0) @) ~ [ Tglo)de] + (@90 (o)

Thus, p € Ag(y). Now, we demonstrate that there exists € := [|s|| < 1 such that A;(Ag(y), Ag(9)) <
elly — 9|y foreach y,7 € C(K,R). Lety,§ € C(K,R) and u; € Ag(y). Then, there exists ¢1(7) €
G(t,y(1),“D(1), CDQHy(T)) such that, for each 7 € K,

1 () = T1(0)() +:1(7) [ T“ T4 (0)(0) — | T8y (0)do] + (1) TS o) ().
By F», we have:
Ai(G(T,y,2,w),G(x,9,2,®)) < s(0)lly = 9] + |z = 2] + [ — @].
Therefore, there exists | € G(T,7,2,®) such that:
191(0) = 1] < s(2)ly(x) = 9(0)| + [2(7) = 2(0)| + w(x) = @(D)]}, T € K.
Define V : K — T(R) by:
V() = {l € R: g (r) = 1] < s(0)ly(7) = 9(7) | + 2(7) = 2(0)| + |wo() — (7)1}

As the V(1) N G(7,7,2, W) operator can be measurable (Proposition IIL.4 [35]), a ¢»(T) function exists,
which is a selection measurable for V(1) N G(7,7, 2, @). Therefore, ¢»(7) € G(7,7,£,®), and for each
T € K,wehave |1 (7) — ¢2(7)| < s(1)[ly(t) —9(7)| + |z(T) — 2(7)| + |w(T) — @(T)|]. Foreach T € K,
define:

uy(t) = Z¢ (o) (t) + 11(7) {@‘ijIggbz(U)(@) — /OTZ'54)2((7)d(T} + Kz(T)Ig_1¢2(U)(T).
Thus,
(1) = 10| = Zlg1 ~ gal(0)(0) + 11(0) [T lgn — gal()(@) ~ [ T¥lin — ol )]

+12(T) I 1 — o () (T)

[Is]]
—T(g+1)

¢t+ow T(£ —l—l) T6+1 A
e ’ Iy~ 3lly,

_|._
¢ T(E4+w+1) ¢+l

(Roc TS 1+ T9) + &4 (

which yields ||u; — uz|| < ||s||1]ly — 7]|y. Furthermore, we have:

1D ur(7) = D ua ()| < slllly — dlly-
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In a similar manner, we have:
Ccyotl Cyetl N
I5D" ua(t) =D wa(D) < [Isllyslly — 7lly-

As a result, we get || — uz|| < ||s||¢|ly — 7|y Likewise, swap the positions of y and §J; we can get
Ai(Ag(y), Ag(9)) < ||sl||ly — 7||y. Since Ag is a contraction by (21), it follows that it has a fixed point
y by the lemma (see Lemma [36]), which is a solution of the problem (2) and (3). O

5. Examples
Example 1. Consider a fractional BVP given by:

% v &
“D25y(1) = g(t,y(1), “D50y(1), “D50y(1)), T € [0,1], (22)

23

50

/ 1 11 = 31 /

y(0) =0, ¥y (0)=0, [‘yo)dr=75257 y(55) v(1)=0. 23)
94 17 11 31 9 23 )
Here,g——,Q—%,g—%,g—%,T—l,p—g,w—%. We have that with

the data k1 = 20.988457646948103, x, = 1.5906878444726738, v1 = 0.1992226279453819, v, =

0.17972085404600993, ¢ = 0.2382261757441258. Now, we demonstrate the outcomes by selecting different
17 67

¢(1,y(1), S D50y (1), CD50 (7)) values.

o (i) Consider:

17 67 1 y(7)| 17 67
Cp50 Cp50 y\r 2(CpH50 = (CD50
7,y(7), D50y (1), D50y (7)) = +cos*(“D50y (7)) +sin(“D50y(t
8(ty(7) y(1) y(1)) \/m<|y(T)|+1 ( y(1)) ( y( )))
v e
Clearly, ¢(t,y(t), D50y (1), D50y (7)) = \/Tfm = A(T). Therefore, the assumption of Theorem 1

holds. Hence, in Theorem 1, at least one solution has been found for the problem (22)—(23) on [0, 1].

o (ii) To prove that Theorem 2 is wvalid, nonlinear function g 1is taken from the form:

17 67 17 67
17 67 . 67
3(T,y(1), D50y (1), D50y (7)) = M(y(‘f) + 1220uml +cos<Cz>soy<T>)>. With the
€050 y(x)[+1

data given, we get k; = 20.988457646948103, k, = 1.5906878444726738, v; = 0.1992226279453819,
v, = 0.17972085404600993, & = 0.2382261757441258, §; = 0.6727808331171499, ¢, =
0.9525720580682466, 3 = 2.054165331280194, and = max{{1, §, P3} = 2.054165331280194,

By the resulting inequalities
17 67 17 67

18(7,y(7), “D30y(1), “D50y(7)) — g(7,2(1),“D302(7), “D302(7))| = ﬁ(ly —z| +
17 17 67 67

|CD%]/(T) — C'D%Z(TH + |CD%]/(T) - C'D%Z(TH) < Ly — z||, we have P = S;. Therefore,

the hypothesis of Theorem 2 is fulfilled. Consequently, Theorem 2's assumption applies, and the problem

(22)—(23) has at least one solution on [0,1].
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o (iii) Let us consider:

17 67 17 g

$(1,y(1), D0y (1), CD30y(r)) = — L[ y(z) + (CDF0y(x)) + — 2V @L
4/7121 16 67
CD50y(7)| +1

By the resulting inequalities,

17 67 17 67

CPEQ CPEQ CP5RQ CPH50 _
8(7,y(7), “DR0y(1), CDROY(7)) — g(r,2(1),“DH0=(1),*DHOz(7))| = A (ly — 2| +
17 17 67 67

|“D50y (1) — ¢D50z(1)| + [D50y(T) — CD5OZ(T)\> < &lly —z||, we have Q = L. With the
data given, we get k1 = 20.988457646948103, x, = 1.5906878444726738, 1, = 0.1992226279453819,
vy = 0.17972085404600993, ® = 0.2382261757441258, ¢; = 0.7322037594741672, ¢, =
1.0485700387520187, 13 = 2.3824784252186952, and p = max{(y, P2, 3} = 2.3824784252186952.
Therefore, the hypothesis of Theorem 3 is fulfilled. Consequently, Theorem 3’s assumption applies, and the
problem (22)—(23) has a unique solution on [0, 1].

Example 2. Consider the following problem of inclusions:

o4 v g
CD25y(t) € G(7,y(7), “D50y(1), “D50y(7)), T € [0,1], (24)
23
1= 20 /31y
y(0) =0, y'(0)=0, / o= 5257 y(5) v =0 (25)

° (i) To show the illustration of Theorem 4, we take G under consideration.

17 67 17
G(7,y(1), “D50y (1), “D50y (1)) = 3\/6215ﬁ <y(T) +sin(“D50y(1))
67
D50y (7)|
+ (67—> +11. (26)

ICD50y(7)| +1

Apparently, v = =, A||ylly) = 1+ |lylly, and state (F3) with € > & is satisfied. Therefore, all criteria
of Theorem 4 have been fulfilled, and at least one solution exists to the problem (24)—(25) with G given in (26)
on [0,1].

e (i) Let us choose G for the example of Theorem 5.
17
— 67
1 cp50 = 1
G(ty(r)) = [o, —— (y(r) PO cos( D8Oy () + )

(27)
T+1
“D30y(7)[ +1

It is clear that:

Au(G(),9(5,9) < gz Iy =9l
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Allowing s(t) = m, we can check easily that d(0,G(t,0)) < s(t) holds ¥V t € [0,1] and that

lIslly < 1. Since we are satisfied with the assumptions of Theorem 5, we conclude that the problem
(24)—(25) with G as indicated by (27) has at least one solution for [0,1].

6. Discussion

We discussed the solutions of the existence and uniqueness for FDEs and inclusions
supplemented by GRLFI boundary conditions. We used fixed point theorems for single-valued
and multi-valued maps to evaluate the desired results. When we fixed the parameters involved in the
problem (p, w, &) (1)—(3), our results corresponded to certain specific problems. Suppose that taking
p = 1 in the results provided, we are given the problems (1) with the form:

W0 =y 0) =0, [ y(e)ic=E7(@), ¥ (1) =0, (28)

while the results are:

! T !/
v =y 0) =0, [ yoyir=0, y(1)=0, )

followed by ¢ = 0. When p = w = 1, we can obtain:

y(0) =/ (0) =0, / da_g/ o)do, v (T) = 0. (30)
Concerning the problem (1) with (28) instead of (3), we obtained the operator ¥ : Y —  defined by:
(Vy)(x) = (1) [e55(0,y(0), “Dy(0), ° D y(0)) @)
~ [ 258(0,5(0), D y(e), “ D"y )|

+ K (1) I (0, 9(0), “D (), “D* Ty (0)) (1)
+ I(e,y(0), S Dy(e), “ Dy (0)) (1),
where:
T23T% — 2T k(1) = 20 — 1y T3
I » 280 = I

3 w+2 4 w+3
Toager T et
3 T(B+4w) 4 TH+w)

x1(T) = , 8 = 3T —2Tw,

V1 =

Similarly, the problem (1) related to operator Y : ) — ) with conditions (29) rather than (3) is:

(V) () = (0T 5(0,y(0), Doy (), D y(0)) (1)
—a @[ [ Falou(0), Do), D y(o))do]

+T5(0,y(0), S Dy(e), ‘D y(0)) (1),

2 T2_2T 3 2 — 3 T3 T4
:’1—3%, Kz(’l’) — %/ 9 = 3T21/1—2T1/2, V1 = ? V) = Z
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Likewise, the problem (1) related to operator Y : Y — Y with conditions (30) rather than (3) is:

(Yy)(r) = (7 [¢ /0é I8(0,y(0), “D*y(@), “D* " y(@)) (v)de

— [ T53(0,9(0), Dy (0), °D* g o)
+ (1) T g (0, y(0), SD%(@), D (@) ()
+ I%g(0,y(0), D%y (0), “D* Ny () (1),

where:

23'1"2_2'1" 3 2., 3
k(1) = g, (1) = R, 8 = 3T — 2Ty,
T3_ 3 T4_ 4
W=TIE T

The existence and uniqueness of solutions for the new problems can be defined by the Y, Y, and ¥
operators similar to those obtained for (1)—(3).
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