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Abstract

In this paper we study the existence of unique positive solutions for the following
coupled system:

D% x(T) + f1(T,x(7), DI, X(T)) + g1 (T, y(T))
DE.y(x) + (T, y(@), D y(0) + g>(T x(7)) =
Te€(01), n-1<a,B<n;
X00)=y?0)=0, i=0,1,2,....n-2;
D5 y(@emr =k (1), [D5xX(T)]em = kalx(1),

0,
0

’

where the integer numbern>3and 1<y <& <n-21<n<¢<n-2,

fi,6 00,11 x R* x R* — R*, g1,9,:[0,1] x R* — R* and ky, k; : R* — R* are
continuous functions, Dg‘+ and DO’B+ stand for the Riemann-Liouville derivatives. An
illustrative example is given to show the effectiveness of theoretical results.

Keywords: Fractional differential equation; Mixed monotone operator; Normal cone;
Coupled system

1 Introduction

A lot of fractional differential equations and coupled systems have been studied widely; see
[1-19, 24] and the references therein. As is well known, coupled systems with boundary
conditions appear in the investigations of many problems such as mathematical biology
(see [9, 30]), natural sciences and engineering; for example, we can see beam deformation
and steady-state heat flow (see [25, 26]) and heat equations (see [18, 24]). So the subject
of coupled systems is gaining much attention and importance. There are a large number
of articles dealing with the existence or multiplicity of solutions or positive solutions for
some nonlinear coupled systems with boundary conditions; for details, see [7, 8, 10, 11,
20, 21, 27, 29, 32, 33, 35-41].
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In [42] Zhang and Tian considered a unique positive solution for the following problem:

D§.w(t) +f(z, w(r),Dé w(t)) +g(t,w(r)) =0, 7€(0,1),n-1<a<n
w?(0)=0, i=0,1,2,...,n-2; (1)
[Dfw(z)] =1 = k(w(1)),

wheren>3,1<y<g<n-2,f:[0,1] x R* x R* - R*, g:[0,1] x R* - R* and k:
R* — R* are continuous functions, Df, is the Riemann—Liouville fractional derivative
and w' represents the ith (ordinary) derivative of w.

Continuing their work, we establish the existence of solutions for the following coupled
system:

D§.x(t) + fi(z,x(t), D x(7)) + &1(7, ¥(7)) = 0,

DE.y(t) + fo(r,5(x), DL y(1)) + ga(1,2(r)) =0, T€(0,1),n—1<a,B<n
x90)=y?0)=0, i=0,1,2,...,n-2;

(D5 y(t)]e-1 = ki (y(1)), [D§ (7)) -1 = ka((1)),

2)

where the integer number n >3 and 1<y <& <n-2,1<n<¢<n-2,f,£-:[01] x
R* x R* - R*, g1, : [0,1] x R* — R* and ky,k; : R* — R* are continuous functions,

Dj, and Dg+ stand for the Riemann—Liouville derivatives.

2 Preliminaries

Suppose (E, || - ||) is a Banach space which is partially ordered by a cone P C E. We denote
the zero element of E by 6. A cone P is called normal if there exists a constant N > 0 such
that & <x <y implies |lx|| < N|y|.

Definition 2.1 ([22, 23]) A: P x P — P is said to be a mixed monotone operator if A(x, y)
is increasing in x and decreasing in y, i.e., for x;,y; € P (i = 1,2), %1 < %3, y1 > y» imply
A(x1,y1) < A(%,92). The element x € P is called a fixed point of A if A(x, x) = x.

An element u* € D is called a fixed point of A if it satisfies A(u*, u*) = u*. Let i1 > 0, write
Py={ucE|FA, u>0:Ah<u<uh}
Let @ be a class of functions ¢ : (0,1) — (0, 1) with ¢(t) > 7 for 7 € (0, 1).

Theorem 2.2 ([34]) Let P be a normal cone in E, @ € (0,1) A : P — P is an increasing
sub-homogeneous, B : P — P is a decreasing operator, C : P x P — P is a mixed monotone
operator and that satisfy the following conditions:

1 1
B(—u) > tBu, C(ru, —v) >1t*C(u,v), u,vePrP. (3)
T T

Assume that
(&) 3 ho € Py, such that Ahg € Py, Bhg € Py, C(hy, ho) € Py;
(i) 380 >0 with C(u,v) > o(Au + Bv) for u,v € P.
Then
(1) A:Py, — Py, B: Py, — Py and C: P, x P, — Py;



Afshari et al. Advances in Difference Equations (2020) 2020:111 Page 3 0of 18

(2) Fx0,y0 € Py and r € (0,1) with
rxg < %o < Yo, %0 < Axg + By + C(x0,¥0) < Ayo + Bxo + C(y0,%0) < yo;

(3) the equation Au + Bu + C(u, u) = u has a unique solution u* in Py;

(4) for xo,y0 € Py, we can construct

Uy = Axn—l + Byn—l + C(xn—l:yn—l);
Vn = Ayn—l + an—l + C(yn—lxxn—l); n=12,...

and u, — u* and v, — v*.

Definition 2.3 ([28, 31]) The Riemann-Liouville fractional derivative for a continuous
function f is defined by

o L (aAN' [T f(p) i
P10= (i) | @ e =l

where the right-hand side is point-wise defined on (0, o).

Definition 2.4 ([28, 31]) Let [a, b] be an interval in R and « > 0. The Riemann—Liouville
fractional order integral of a function f € L!([a, b], R) is defined by

1 o flp)
r'a) ), (x-p)}

Lf(x) =

’

whenever the integral exists.

Lemma 2.5 ([42]) Let h € CI0, 1], then the unique solution of the linear problem

D§x(t)+h(r)=0, 1€(0,1),n-1<a<mn; (4)
¥0)=0, i=0,1,2,3,...,n-2; (5)
[Dfex(0)],_, =k(x(1), 1<B<n-2 (©)
is given by
! INGES:)
*(1) = / Gz, (o) dp + 2P k(1)) e,
0 ') (x(D)
where
1) P p) ! <p<1<1:
G =1 o1 T P UEPEEET )
T A=p)* P 0<t<p<l
@ =t=p=4h

is the Green function.
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Lemma 2.6 ([42]) The Green function (7) has the following properties:

0= (1= p) " 1-(1-p)'] < T(@)G(r, p) <71 - p)* "7,
0<7 7 (1= p)a—ﬂ—l[l —(1- p)ﬁ—y] <I(a- )/)Dg+G(r,p)

<797 lA - p)F L 1, pel01].
Lemma 2.7 ([36]) Kj, = Pp, X Py,, where that K = P x P and h(t) = (hy, hy).

3 Main results

Let E x E C X x X with X = C[0,1] such that E = {x|x, Dy, x, D}.x € X} endowed with
the norm [lx]] = max{maxrejo. |¥(t)], maxrcjo Dy [¥(t)], maxccion D} |(x)1}. For (x,9) €
E x E, let ||(x, )|l = max{||x[|, [|y|}. It is easy to see that (E x E, ||(x,)]|) is a Banach space.
Define P = {x € E : x,D}.x,D}},x > 0}, K = P x P, then K is a normal cone equipped with

the following partial order:
(xy1) = (2,92) & X1 <x,1 <2 (8)
and

Dy, x1(t) < Dy x2(7), Dj.x1(t) < Dy x3(7),

Dy.y1(t) < Dy.y2(7), D}, y1(t) < Dl ya().

By Lemma 2.5 in [42], the unique positive solution for the problem (1) is given by

1
1) = [ (e, ) (o.500), Dxto) dp

1
F(Ol - ,3) 1
+ | G(z,p)g(p,%(p)) dp + ——k(x(1))*,
| 6t 0(o.500) dp + S5 Lk(at1)
where
A ) i L) .
, 0<p=<t<1
G(z,p) = el )af(,)l 9)
Tﬁt)’ 0<t=<p=<l,

is a Green function.
Assume that fi(t,x,%), fo(7,%,y) are continuous, then (x,y) € X x X is a solution of the

system (2) if and only if (x, ) is a solution of the integral equations

x(1) = [y Gi(t, p)fi(p, x(p), D} x(p)) dp

+ [y Gi(r, p)ga (0, y(0)) dp + Ty (x(1)) 7o,
(1) = [y Ga(t, p)fa(0, ¥(0), Diye3(p)) dpp

+ [y Ga(t, )gal,%(p)) dp + Tk (y(1)) 2P,

(10)
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where
%1 (1-p)* 1 (r—p)-!
, 0<p=<t=<1;
Git.0) =] o T g (1)
TG, <t<p<l],
and
P 1a-p)PE-l (z—p)h-t
, 0<p=<t=1
GZ(I: P) = rﬂfl(l—p)ﬂiéé)l (12)
e 0<t=p=1l,
are Green functions.
Let us define the operators A;, By, C1, Az, By, Cy by
1 1
4w = [ Giepa (o) dp, 4000 = [ Gatr, pla(prutp)) d,
0 0
I'a-1¢) 1 rpg-¢) _
B =—"k 1)), B =——k 1))7? 1;
1(u)(7) @) 2(u(D))T H(v)(T) ) 1(v(D)T .

1

Cy(v,u)(x) = /0 Gy(t, )fs (9> V(o). Dl () dp,
1

Colu,v)(z) = /O Galt, p)fs (9> (), D v(p)) dp,

for0<t<1.

Theorem 3.1 Assume that
(H1) fi,fa:10,1] x R* x R* — R*, g1,2 : [0,1] x R* = R* and ki, ky : R* — R* are
continuous, also: f1(t,1,0) #Z 0, fo(1,1,0) # 0;
(Ha) fi(t,x,9) and fo(t,%,y) are increasing respect to x € R*, decreasing respect to y € R,
g1, & are increasing respect to y for fixed 0 < v < 1 and ki, ko are decreasing with

ki (y(1)), k2 (x(1)) #0;
(H3) Fay,a €(0,1) such that
AT A2 ly) = 2 f(nxy), A6 ATy) = A2h(n,x,), (14)
and g1, &, k1, ky satisfy

(T, Ax) > Agi(z,%), ki(A'%) = Aki(x), i=1,2, (15)

forre(0,1),0<t<1,xeR%
(Ha) gi(t,0) #£ 0 and there exist positive constants 811, 812, 821 and 83 such that

Ji(t,%,9) > $ugi(t, %),
fi(T:x,y)Zaz'szi()’): (i=1,2),0§f Sl;x;y€R+.

Then

Page 5of 18
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(1) 3 (mo1, 402), (Vo1,ve2) € K CE X E and r € (0,1) such that
r(vo1, Voz2) < (o1, Uo2) < (Vori, Vo2),
that is,

r(vo1, vo2) < (#o1, 4o2) < (o1, Vo2),

r(DE+ Vo1, Dy Voz) < (D3+ uo1, D). uoz) < (Dé Vo1, Dy Voz),

1
(uor, ugz) < (./0 G1(z, p)fi (P, o1 (p), Dy ior (0)) dp

1 —
+/0 Gi(t, p)g1(p, vor(p)) dp + %/@(um(l))r“’l,

1
/0 Gi1(t, p)fr (0> o2 (), Dy i (p)) dp

1
+/ Gi(t, 0)g1 (p,vo2(p)) dp + Lg)kz(uoz(l))r“‘l),
0

( _
I'(a)
1
Dy, (o1, uo2)) < </0 D}, Gi(t, p)f (> tio1 (), Dy o1 (p)) dp

Ia-1¢)

1
+/ D}, Gy(t, p)g1(p,vor(p)) dp +
0

1
/o D}, Gi(t, p)fi (0> toa(p), Dy tioa(p)) dpp

1 p—
R fo DGyt ) (0, ven(0)) dp + - (F“(af)kz(uoz(1>)r“-l),

1
(vor, vo2) = (_/0 Ga(z, p)fa (P, vor(p), Dy vor (p)) dp

rp-:§
r'(p)

1
+/0 Ga(t, p)g2 (0> uor (p)) dp + ky (vor(1)) TP,

1
fo Ga(t, ) (0, Vo2 0), Dl ven(p)) dp

1 -
+/0 Ga(7, 0)g2 (> u02(p)) dp + F(ﬁ%ﬁf)kl(voz(l))rf‘*),

1
D}, (vo1, vo2) > (/ D, Gz(f,P)fz(ﬂ,V(n(P),DgNm(P)) dp
0

rp-¢
I'(p)

1
+/ Dy, Ga(t, p)g2 (0, uor () dp + ki (vor (1)) 7?7,
0

1
/ Dy, Ga(1, p) 2(,0, vo2(p), Dy Voz(/?)) dp
0

1 -
+/0 DY, Ga(t, p)ga(p, uoa(p)) dp + Fi./,g(ﬁ)é)kl(voz(l))fﬁ_l),

where G1(t, p), Ga(t, p) are defined by (11) and (12), respectively.
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(2) The problem (2) has a unique positive solution (u*,v*) in Ky, with h(t) = (hy(t),
hy(7)) = (x>, 1), 0<7t <1
(3) For (xo1,%02), Wo1,Y02) € Py X Py, there are two iterative sequences {(X,1,%m)},

{(Vu1,9m2)} for approximating (x*,y*), that is, (Xu1,%m) = &55%), Wm,ym) = &*5%),
where

1
(xnl(f)rx;ﬂ(r)) = <,/0 Gl(r: p) 1(:Orx(n—l)l(p):Dg+x(n—1)l(p)) dp

1 r _
+/0 Gi(t, P)g1 (0 Y-11(p)) dp + %kz(x(mm(l))f‘x—l,

1
/ G1(7, p)fi (0 %(n-1)2(0), D Xu-12(p)) dp
0

I'(a-1t)

1
"'/0 Gl(f,ﬂ)gl(/),y(n—lﬂ(/))) dp + sz(x(nl)z(l))l’a_l),

1
(71 (), (7)) = ( /0 Ga(T, P (05 Y11 (0), Digs Y11 (p)) dp

rg-%)
re)

1
/ Gt Y5 (P Y1201, Dl Yo (0))
0

1
+/ Ga(7, 0)2 (0, %11 (0)) dp + ki (Yoo (1) TP,
0

Ir(g-%)

1
+/0 Ga(T, p)g2 (s %(u12(p)) dp + TG

ki (J’(n—l)z(l))fﬁl),
n=12,....

Proof By Lemma 2.6 we have
Gl(tr ,0); Gz(l’, p)ng+ Gl(T7 p),D();, Gl(t’ p)ng+ Gz(‘[, :O)!D(})/Jr G2(T: p) >0. (16)

Regarding (16) and (H;) in (13) we get A1,A2,B1,By: P— Pand C;,Cy: P x P— P x P.

Obviously A;, A, are increasing and sub-homogeneous, Because g1, g, are increasing
and sub-homogeneous. B;, B, are decreasing (due to this fact, k; and k, are decreasing)
and satisfy in conditions B;(A71x) > AB;(x), i = 1,2, by (15). For any (uy,v1), (u2,2) € K
with (u1,v1) < (s, v2), considering that f1(z,x,y) and f>(7,x, y) are increasing in x and de-
creasing in y, we have

Ci(vi,u1) < Ci(vo,u1) forfixedu; and Ci(vi,u1) > Ci(vi,u,) for fixed vy,

Cy(ur,v1) < Cy(ug,vq) forfixedv; and Cy(ui,vi) = Cy(uq,v2) for fixed uy,
also
C (r,kx,k‘ly) > A Ci(t, %), Cg(r,kx, )Cly) > A2 Cy(t,%,9).

Set A =(A1,A3): K — K,B=(B,B2): K— K,C=(C,Cy): K x K— K. Then A4, B, C
satisfy Eq. (3) of Theorem 2.2, with replacing the cone K for the cone P.
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From Lemma 2.7, we get K}, = Py, x Pj,,, where h(t) = (h1(1), ha(7)) = (z*71, 7#71), also
by condition (i) of Theorem 2.2, we need prove Alhl’Blhl € Py, Azhz,Bzh2 € Py, and
Cl(hh hl) € Phlr CZ(h2yh2) € th'

Indeed

! 1
Ay, (T):./o G1(‘L’,P)g1(,0,h2(p))dp:/0 GI(T»P)g1(,0,pD‘_1)dp

1 oa—L—
zr(x—l/ 1-p)* 1[1—(1—p)f]gl(p’0)dp>0,
0

I'(a)
! 1
Ay, (T):‘/O G1(T;p)g1(,0,h2(,o))dp:/0 Gi(z, p)gr (s 0" ) dp

o [t =p)rtt
< 7@ 1
=T /0 @ gi(p,1)dp.

Let

1 _ a-¢-1 _ _ 4
an ::/ (1-p) [1-(1-p) ]gl(p,())dp>0.
0

I'(x)

1 _ A)a—¢-1
a I=/0 %gﬂp,l)dp.

Then a1y > a1 > 0 and thus
anh(t) <Ay, () <aph(r)) 0<t=<1 (17)

Also,

1

1
Azhz(T)=/0 Gi(7, 0)g2(p, h1(p)) dp:/o Gi(z, 0z (pr 0P dp

112 =£-111 _ (1 = o)t
o / A=pf O] o
0

I'(p)

1

1
Azhz(t)=/0 G1(t,p)g2(p,h1(p))dp:/0 Gi(t, p)ga (0P ) dp

1 (1 _ p)pt-1
ST’H/ ng(p,l)dp.
0

r(g)
Let
11— 0)B-6-111 _ (1 — o)
as i= ; (1-r) FE;) 1-r) ]gl(p,O)d,0>0,
1 1— B-£-1
d 1= %gl(p,l)dn

Then ayy > ay; > 0 and thus

anh(t) <Ay, (1) <axnh(rt), 0=<t<1,

I'a-¢)
I'(x)

. (18)
WD), B)) = ”ﬁ%ﬂf)h(vm)v“’

By (u)(7) =

Page 8 of 18
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therefore

PO e, By = T8 =8 qyer,

By(h)(z) = @ = @)

From k,(u(1)) # 0 and k; (v(1)) £ 0 we get By, € Py, By, € Ppy. We have

1
Cy(hy, )(x) = /0 Gy(z, p)fi (0, h(p), Dl () dp

1 .L.a—l(l _ p)a—f—l a1 F(Ol) a—n-1

1 1 a—¢-1
<o 1/ =PV (5 1,0)dp,
0

)
C (. f (©, ) (0, (), Dl (o)) dp
-] [ oy T@)
= [ (o0 e
(- o) - (1 )] I'(e)
=T, ) fl( O’F(a—n)>d

1
Colln, 1) (x) = /0 Galt, )fs (0, u(p), Dy v(p)) dp

< /1 Mﬁ(p’pﬁ—l, r(p) Tﬁ—y—1> dp
0

6 G-
IR O )
B-1
<t fo e 1.0 dp

1
Colly, y)(x) = /0 Galr, )fs (0> (), Dy () dp

PPl (1 - p)f 1 - (1 - p)f] ( o1
z/o T fa| 0,07,

(L= )
B-1
=T /0 () f2<p’°’ F(ﬂ—y)>dp

We can calculate that

r) Ml) 4
G- p

1
D) = [ DL Gatr, pleso40)

1
Dl a(v(e)) = [ D4 Gale, s, o)

DB (1)(r) = iz i; 2 (1)) 7, Dg+Bz(V)(f)=II:((g:i))kl(v(l))t’s”’_l,

1
D Cu(®) = [ DY Gule, V(o) D)) dp

1
DY, Cola, (1) = fo DY, Golx, p)fs(p,4(0), D)) dp,
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also
1
D 4v(h)0) = [ D Gate, s (o) dp
0
Lrem (1 - p)* i1 - (1 - p)* 7] 1
> p,p*")dp
/0 Fla—n) alo™)
1 () YA-p) 1= (1= p)t ]
> gl (p,0)dp,
Tla—n) Jo @) &
1
D) = [ DGtz (o1 ) dp
0
1 .L.a—n—l(l _ p)a—g—l L
< , 07 )d
_/0 Ta—n a(p, 0% ") dp
1 Tl 1 a=-p)ytt
< o] / (0, 1) dp.
Ta-nl @ *©
Seta); = fol (17")&_[—;{(—;(17”){” 1(0,0)dp and a}, = fo %gl(p, 1)dp, we have

ay,Dy.h < Dy, Ay (h) < a\,Dy.h
and by (17) and (18) we have 4}, < A;(h) < al,h. So min{a1,a);}h < A1(h) < max{a,,

a5 th. Hence A1 (h) € Py.
Again we have

1
Df Ax(h)(e) = [ D3 Gate, s (0" ) o
0

/1 - ) - (A - p) ]
0

> p, 0" ) dp
r-y) gl( )
r 1-p)A=511-1-p)”
o (ﬁ f A=pf =]
rp)
1
D} Ax)) = [ D} Gz, (o1 ) do
0
Lghr-1(1 = p)p-£-1
< 0P ) d
_/0 TGy gi(p, 0" ) dp
(1- p)pt-L
<hrt NG / (p,1)dp.
r6-y) rg) U
Similarly we setay, = [; 1= E;[ég =2 g, (p,0) dp and dyy = [ ﬂgﬂp,l)dP,We

have
ay Dy h < Dy As(h) < ay,Dy.h

and by (17) we have aj h < Ay(h) < ajyh. So min{as,ay th < Ax(h) < max{as,ay,th,
hence Ay(h) € Py,
Furthermore,

re=0) e et

Bilh) == T@

ky (1)1 (z),
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D Bulh) = o halayee = et L)
r
- oD (),
therefore
T8, 4y T(-8)
By(hy) = ') k()" = () ki (1)ha(7),
e TB-8, . T by TB-8)
B T X (o A 1)
r
- ﬂ(’f )y)k1(1)Dg+h2(T),

from k(u(1)) # 0 and k;(v(1)) £ 0 we get Blhl € Py, Bzh2 € Py,.

1
D3+C1(h1,h1)(f)=/ Dy, Gi(t, p)fi (0 0" D p* ") dp
0
1 .L.a—n—l(l _p)a—{—l ( 1 F(Ol) )
< , a— , _L,oz—n—l d
/o Fa-n T\ " Ta-n g

r@ o [ta=-p)tt
= F(a—n)r ! /0 Wﬁ(p,l,om,@,

1
D8+Cl(hlrhl)(7)=/ D8+G1(T:p)f‘l(prpaierg+pail)dp
0

Fre (1 - p) 1= (1= )]
g

I'(«)
xfi <p, J r (a(o_l)n) r“""l) dp
L [ A=p) T - (- p)f ] I'(«)
o 1
= /0 I'(«) f1<p’0’1(a—f7)>dp,

1
Dg+c2(h21h2)(t)=/ Dg+G2(T;p)JCZ(P7Pﬂ71¢D();+Pﬁ71)dP
0

1 .L-ﬂfl(l _ p)ﬁféfl 41 r'(B) ﬂ—y—l)
5/0 ) fz(”"’ TE-n" )Y

11 _ \B-6-1
0 %fz(p,mw,

< h!

1
Dg+C2(h2»h2)(T):/ Dg+G2(T,P)fz(ﬁxpﬁ_lyngﬁ_l)dP
0

>/1 A1 - p)P 1 - (1 - p)o7]
“Jo re)

-1 r(g) B 1)
Bl gy )

(L= pp )
p-1
=T /o T ) fz(”’o’rw—y))dp'
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Set
. /1 (1= p)* 7M1 = (1= p)* i (p, 0, 7is) i
0 I'(a) (19)
1 a—-¢-1
(1-p)**
Cy = I —— ( 11!0)d 3
2 /0 @ filp p
and
. _/1(1—p)’“‘l[l—(1—p)"‘ylfz(p,0,%)d
3= P>
0 r(p) (20)
L(1-p)pt
Cy = —————f(p,1,0)dp.
! /o re) "

From (H,) and (H,), it is clear that

¢y >c1>681a11 >0, ¢4 > c3> 814 > 0.
Consequently,

c1h < Ci(hh) < eoh, csh < Cy(h, h) < cah.

Next, we show the proof the condition (A;) of Lemma 2.5. By (Hy),

1
Ci(3) = /0 Gy(z, p)fs (93(0), Dl x(p)) dp

1
> 511 ,/0 Gl(Tr p)gl(p’y(p)) dp

= 61141 (%),

1
Dg. Ci(y,x) = /0 Dy Gi(t, p)fi (0, ¥(p), Dgx(p)) dp

1
2511f D} Gy(z,p)g1(p,y(p)) dp
0

= 81D} A; (x).

Then Ci(y,x) > 81141 (x).

1
Coloy) = /0 Galt, )fs(0,2(0), DY () dp

1
> 8 /0 Ga(t, p)g2 (0, %(p)) dp

= 521A2()/),

Page 12 0f 18
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1
Dy, Cy(x,y) = fo D}, Gay(t, p)fa(p:%(0), Dy y(p)) dp

> 8y /0 1D§+ Ga(t, p)g2 (0> x(0)) dp
= 81Dy, Aa(p).
Then Cy(y,x) > 83145(y). From (H,) and Lemma 2.6, we have
1
G@wh[l&hmM@JwM%MMMp

- /1 1= p)* 1= (1= p)]
“Jo I (o)

. ‘Ea—1< 1 in>k1(y(1))

oc—;“_ot
B 1 ( 1 1 )B
“T@-0\a-¢ a-n)

1
Dg. Ci(y, %) = /0 Dy G(z, p)fi (0, 5(p), Dy x(p)) dp

= T (L= (1= ) (0,3(0), Dlb(0)

_F(Ol—ﬂ)./o -p (1= =) "fi(p,¥(p), D x(p)) dp
L 1 1

Sl ) L

_1(1 1)D”B
“Te-o\a-¢ a-n) 07

That means C;(x,y) > ﬁ(ﬁ - a—fﬂ)Bzy. Let

S5 —minls 1 1 1
1_mm{uﬂwa—o<a—;_a—n>y

then

Cl (x,y) > 81(A1x + Bgy),

1
Co(,9) =/0 Ga(t, p)fa(p, x(p), Dy ¥(0)) dp

Lop (- p)f - (1 - )]
)

%) f2(p, x(p), Dy.y(p)) dp

i (5-1)
“rp\s-¢ g)*

rh-1 1 1
— k
21%m<ﬁ—s ﬁ—y)Q@“»

1 (1—1)3x
TTB-9\p-¢ p-y)




Afshari et al. Advances in Difference Equations (2020) 2020:111 Page 14 0of 18

1
Dy, Cy(x,y) = fo D}, Gay(t, p)fa(p:%(0), Dy y(p)) dp

NS /1(1 =PV (1= (= P V(s x(0), Dy () dp
“rB-y)J 0
B-v-1 1 1
> - k 1
—F(ﬂ—y)<ﬂ—$ ﬁ‘V> o)

_ 1 ( 1 B 1 )DVBx
r-e\p-¢ p-y) o

That means Cy(y, x) > r(ﬂlfg) (- — 22)Byx. Let

5 —minls 1 1 1
z’mm{ ZZ’F(ﬂ—€)<ﬂ—5_ﬂ—V>}'

Then we have

Co(y, %) = 82(Aax + Byy).

We see that the conclusion (2) in Lemma 2.5 means that there exist g1, 402, Vo1, Vo2 € Py
and r € (0, 1) such that
(1) | (I/t()l, V01), (M()g, V()2) cKCExEandre (0, 1) with

r(vor, vo2) X (401, Uo2) < (Vo1, Voo),
that is,

r(vo1, vo2) < (o1, Uoz) < (Voi, Voz),

V(D())/+ V01,Dg+ Voz) = (D8+ u01,D8+ Moz) < (D3+ V01,Dg+ Voz),

1
(o1, thon) < ( /O Gu(z2 0)fs (9101 (p), Dl s () dp

I'a-¢)
I'(a)

1
+/ Gl(f,P)gl(P,V01(P))d/}+ kz(um(l))fafl,
0

1
/0 G1(z, o) (0 on(0), Dl ton(0)) dp

1
+ f Gi(r ) (0, voa(p)) dp + Mkz(uoz(l))r“1>,
0

I'(a)
1
Dy, ((uo1, ton)) < < /0 D}, Gi(t, p)fi (0> tor(p), Dy o1 (p)) dp

1
+/ Dy Gi(t, p)gi (o> vor(p)) dp
0

+ %kz(um(l))f%l,

1
| DGt 16 (o110 D )
0

I'e-1¢)

W’Q(uoz(l))‘fa_l>,

1
n / Dj. Gi(t, p)gi (0, vo2(p)) dp +
0
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1
(Vo1, vo2) > <f0 Ga(t, p)fa (P, vor(p), Dy vor(p)) dp

reg-:§
r'p)

1
+/ Ga(7, 0)g2 (0, w01 (p)) dp + ki (vor(1)r#71,
0

1
/0Gz(r,p)fz(p,vOz(p),DSwoz(p))dp

1 -
+/0 Ga(t, p)g2 (. uon(p)) dp + FE_I,B(ﬂ)E)kl(VOZ(l))Tﬂ_1>x

1
Dé(m,m) = </ Dé G (1, ) 2(0,V01(P)yDg+V01(,0)) dp
0

rp-%)

Tﬂ)kl (V01(1))7—'ﬂ71,

1
+/ Dy Ga(t, p)g2(p, uor (p)) dp +
0

1
/ D}, Go(t, p)fa (s vor(p), Dy vz (p)) dp
0

1 _
+/O Dy Ga(t, p)g2 (o, uo2(p)) dp + Fﬁ?(ﬂf)kl(voz(l))rﬂ_l),

where h(t) = (h1(z), k(7)) = (r%71, 7#71), 0 < T < 1, and G,(t, p), Ga(7, p) are defined by
(11) and (12), respectively.

(2) The problem (2) has a unique positive solution (z*, v*) in Kj,;

(3) For (x01,%02), (W01, ¥02) € Py X Py, there are two iterative sequences {(x,1,x,2)} and
{(ym1,yu2)} for approximating (x*,y*), that is, (x,1,%,2) = (x*,¥*) and (¥, Yu2) = &5, 5%),

where

1
(xnl(f)rxHZ(T)) = (/(; GI(T: p)fl (p’x(n—l)l(p):Dg+x(n—1)1(p)) d,O

I'a-1t)

@ ka (6 (a-11 (1) 7,

1
+/ Gi(t, 0)g1 (s Yiu-11(0)) dp +
0

1
/ Gi(7, p) 1(,0;x(n-1)2(/0),Dg+x(n—1)2(/0)) dp
0

I'a-2¢)
I'(a)

1
+/0 Gi(t, 0)g1 (P, ¥r-12(p)) dp + k2(x(,,_1)2(1))r°“1),

1
(1 (1), yna(2)) = ( /0 Ga(t, P)fa (0, ¥n-11(0), Dy Yu-11(p)) dp,

Irg-%)
rp)

1
/ Ga(1, P)g2 (0 x(m-11(p)) dp, ki (Yoo (1) TP,
0

1
/ Ga (7, 0)fa (0 ¥n-1)2(P), Dy ¥ n-1)2(P)) dpos
0

! r
/0 Gz(f,p)gz(p,xm1)z(p))dp,ﬁTf)kl(y<n1)2(1))rﬂ—1),

n=12,....

Page 150f 18
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3.1 Example

Let us consider

DEx(t) + 7% + ((0)F + (o)} + (Dha(r) + 1) E 4120, T€(0,1),

+1{y+m+ L -0, 7€(01),
0+}’(T)+l

2(0) = /(0) =" (0) = 0, (21)
¥(0) =¥'(0) =y"(0) = 0,
(D3 x()]ecr = @(1)5 45, [DEY(1)]em =

3

10
Dyy(t)+t+71

T-
1+y(1)2

Let gi(7,y) = (x(r))% + 12, filt,x,9) = (x(r))%: + (y(7) + 1)‘% + 1 and ki(y) = —1+, also
1+y2
%) =1+, hlr,xy) =1+ 75 + y+1 and ky(x) = x5 + 5.
Obviously, g1, : [0, 1] xR* — R*, f1,£5 : [0,1] x R* x R* — R* and ky, ky : R* — R* are
continuous. It is easy to check that g1(7,¥), g2(7, %) are increasing in y, x, respectively, and
k1(y), ka(x) are decreasing in y,x € R* (respectively) and (7, %, ), fo(7,%,y) are increasing

in x and decreasing in y for fixed t € (0,1). In addition, for any A € (0, 1) we get

1 1

@(r,0y) =12+ ((0)) > 112+ 21 (y(1)) ¥ = Adg(z, ),

Ax X
(T, x) =1+ N > AT +)L1—+x = Ag(T,%),

+nx
e i) =1 @) 423 00+ 1) 120 (60) b +1) )
:)»%f(t,x,y),
Ax 1 Ax

A
+ >T+ + —— > Ma(T,%,9),
1+ix A ly+1 7~ 1+x y+17~ fo(T.%)

fz(r,)»x,)fly) =

1
1 A2 A
ki(x7ly) = r = —— = — = k().
1+(A1y)2 1+y2 1+y2

ko(3712) = (A1) + 5> b k().

Besides, g1(,0) =20, g>(7,0) = T £ 0 Moreover, set §; =3, = 1,

IS
—

filt.xy) = (x(2))* + (y(1) + 1)7% +1> (x(0))* + 1% = 81g(7,%),

1
— >3 L 81g(7,x).

T,%Y) =T+
S(m.27) 1+x y+1 1+x

Then by Theorem 3.1 we deduce that (21) has a unique positive solution (x*,y*) in
(Phpphz)’ where (hlth) = (T%>T%)'

4 Conclusion
In this manuscript, we extend the existence and uniqueness of positive solutions from a
class of fractional differential equations with nonlinear boundary conditions for a new

class of coupled system of fractional derivatives.
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