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Abstract: The Caputo fractional derivative has been one of the most useful operators for modelling
non-local behaviours by fractional differential equations. It is defined, for a differentiable function
f(t), by a fractional integral operator applied to the derivative f’(t). We define a new fractional
operator by substituting for this f’(#) a more general proportional derivative. This new operator can
also be written as a Riemann-Liouville integral of a proportional derivative, or in some important
special cases as a linear combination of a Riemann-Liouville integral and a Caputo derivative.
We then conduct some analysis of the new definition: constructing its inverse operator and Laplace
transform, solving some fractional differential equations using it, and linking it with a recently
described bivariate Mittag-Leffler function.

Keywords: fractional integrals; Caputo fractional derivatives; fractional differential equations;
bivariate Mittag-Leffler functions
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1. Introduction

Much of applied mathematics is dedicated to the study of differential equations and their solutions.
Almost any dynamic process in nature can be modelled by some ordinary or partial differential
equation. When we allow the order of differentiation to be outside of the natural numbers, we obtain
the very rich theory of fractional differential equations [1,2]. These have many useful applications
due to the non-locality of fractional derivatives: many processes with non-local behaviours can be
modelled most efficiently using fractional differential equations [3]. Analytical and numerical solution
methods for fractional differential equations have been much studied in the literature [4-7].

There are many different ways of defining fractional derivatives and fractional integrals:
Riemann-Liouville, Caputo, Marchaud, tempered, Hilfer, and Atangana-Baleanu, to name but a
few [8-10]. These diverse definitions may be categorised into general classes according to their
structure and properties [11].

Of particular interest for fractional differential equations is the so-called Caputo fractional derivative.
In comparison with the classical Riemann-Liouville fractional derivative, the Caputo one requires
more natural initial conditions when it is used for fractional differential equations [12]. These two
are so fundamental that many other fractional derivatives are said to be of “Riemann-Liouville
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type” or “Caputo type” when they are derived from the corresponding fractional integral operators.
The Riemann-Liouville fractional derivative is defined by taking a standard (N-order) derivative of
the fractional integral, while the Caputo derivative is defined by applying the fractional integral to a
standard derivative of the function.

The so-called conformable derivative was presented in [13] in 2014 as a local, limit-based definition.
It was first introduced as a conformable fractional derivative, but it lacks some of the desired properties
for fractional derivatives [14]. This operator and its properties and applications have been intensely
studied in other works, of which we mention [15] in particular. In [15], the following proportional
derivative operator was defined:

PDuf(t) = Ki(a, D (£) + Kola, D) (1), M

where Kj and Kj are functions of & € [0,1] and ¢ € R satisfying certain conditions, and where f is a
differentiable function of t € R. This operator arises naturally in control theory, and it relates to the
large and expanding theory of conformable derivatives.

Our aim in the current paper is to combine the ideas of the Caputo derivative and the proportional
derivative in a new way, to create a hybrid fractional operator which may be expressed as a linear
combination of the Caputo fractional derivative and the Riemann-Liouville fractional integral.
We mention as a comparison the so-called fractal derivative (see for example [16] and the references
therein), which in [17] was combined with Caputo-type integral transforms to create fractal fractional
derivatives. In fact, for differentiable functions, the fractal derivative of [16] is a constant multiple of
the conformable derivative [18]. The proportional derivative which we use here is more general.

The motivation, as usual when creating new types of fractional calculus, is to consider a more
general context which allows for the modelling of real data from a wider variety of systems and
processes. For our definition, in this paper we shall discover a connection, via an elementary
fractional differential equation, to a bivariate Mittag-Leffler function which is emerging nowadays in
various applications.

We organise the paper as follows. We construct the new operator in Section 2 and establish
some of its important properties, such as the Laplace transform and the inverse operator. We solve
some differential equations to find the eigenfunctions of the new operator in Section 3, discovering an
unexpected relationship with some recently defined bivariate Mittag-Leffler functions. We present the
conclusions in the last section.

2. The Hybrid Fractional Derivative Operator
2.1. Preliminaries

We recall [19] the definition of the Caputo derivative to order a € (0,1), with initial point t = 0,
of a differentiable function f(t):

Cra o\
C D £ (1) 170( /f )(t— 1)~ d. @)
This is one of the usual ways of extending the Riemann-Liouville integral, which is defined by
RLIﬂf /f )t —T1)fldr,

for B > 0 and f(t) an integrable function. It is clear from the definitions that the Caputo derivative is

ODEf(t) = REI o f' (1),
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which makes some sense as a definition of fractional derivatives. Other well-known properties of the
Caputo derivative include [20]:

RGIE SDEF(1) = f(t) = £(0);

S8 RGIEF (1) = F(8) ~ 5 lim 5187 (0);

t—0

LIGDEf(D)] =s"Lf(D] —s*71f(0),

where £ denotes the Laplace transform from a function of ¢ to a function of s. We mention these
properties as they will be important later in proving results about our new operators.

Furthermore, we recall from [15] the following general non-fractional differential operator, which
has been called “proportional” or “conformable”:

"Duf(t) = Ki(a, 1) f(£) + Ko(a, 1) f' (1),

where Ky and Kj are functions of the variable t and the parameter a € [0, 1] which satisfy the following
conditions for all t € R:

lim Ko(a,t) =0; lim Ko(a,t) =1, Ko(a,t) #0,a € (0,1]; ©)]
a—0+ a—1-
lim Ky(a,t) =1, lim Ky(a,t) =0; Ky(a,t)#0,a€]0,1). 4)
a—0+t a—1-

This can be seen as a generalisation of the standard differentiation operator Df(t) = f'(t), depending
on an arbitrary parameter «, which is useful in control theory [15].

We shall also be interested in the particular case where the functions Ky and K; are constant with
respect to ¢, depending only on a. Let us denote this case by CP for “constant proportional”:

IDuf (1) = Ka(@)f(£) + Ko(a)f ().
Remark 1. We originally wrote this paper using the specific case
Ko(a,t) = at'™®, Ki(a, t) = (1 —a)t®, (5)

which is afforded special attention in [15]. However, we realised that this example will not be useful in
applications, due to the lack of dimensional agreement in ¥ Dy f (t).

For physical consistency, the two terms Ky (a, t) f(t) and Ko(a, t) f'(t) should have the same dimension.
This means the dimension of Ky should be t times the dimension of Ko. For the functions given by (5), we have

dim [Ky (a, ) f(£)] = dim()* - dim(f),  dim [Ko(a, £)f'(£)] = dim(t)~* - dim(f),

and so the dimensions do not agree. This is not an issue in mathematical analysis, but it is important when the
operators will be used in applications.

2.2. The Main Definition

We propose a new type of fractional operator by starting from the Caputo fractional derivative (2),
which is written as an integral formula, and substituting the expression (1) instead of f'(7) in the
integrand of this formula. Thus we obtain a hybrid fractional operator from combining the proportional
and Caputo definitions:

D) = gy (K0 mf(0) + Ko )(0)) ¢ =)

11—«
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In particular, an important special case is when Ky and K; are independent of ¢ as in the ¥ D, operator.
We formalise the definitions of the new operators as follows.

Definition 1. The proportional-Caputo hybrid operator may be defined in one of two possible ways. Either in
the following general way:

P (1) = e [ (Kala, T (1) + Kolw T)f (1)) (£ 1) dr
r1—a) .o

= R50 (Ku (@ D (1) + Kol (1)) ©)
= (Kalw 1) + Ko, 0 0)) * (51— )

or as the following simpler expression:

DI = g i (K@) + Ko@) (2)) (¢ =) de

= Ky (a) RGI £ (t) + Ko(w) GDE £ (1), @)

the latter being a simple linear combination of the Riemann—Liouville integral and the Caputo derivative. (Here
PC stands for Proportional Caputo and CPC stands for Constant Proportional Caputo.)

In both of these formulae, the function space domain is given by requiring that f is differentiable and both f
and f' are locally L' functions on the positive reals.

Proposition 1. The PC and CPC operators are non-local and singular.

Proof. Non-locality follows from the fact that these operators are defined by integrals: both "§D% f(t)
and “P§D# f(t) depend on values of f(7) for all T between 0 and t.

These integrals are also singular, because they are defined, just like the Riemann-Liouville
operators, using the function (+ — 7) ~* in the kernel. This function has an integrable singularity at the
endpoint T = ¢ of the integral, since 0 < « < 1. O

Remark 2. In the limiting cases « = 0 and o = 1, we recover the following special cases:

hmPCD f()—thPCD“ /f

lim PSDE£(1) = lim CPGDRF() = £'(1),

where the w — 1 case follows from the fact that we are taking a (1 — a)th Riemann—Liouville derivative and the

kernel function tends (in the sense of distributions) to the Dirac delta. This assumes that the limits in (3)—(4) are

uniform in t, so that the limiting process is preserved in the integral expressions for the PC and CPC operators.
Thus, the new operators interpolate in some sense between the integral and the derivative of a function.

We now prove a result on Laplace transforms, which will be useful in many other derivations
later, including the solution of some fractional differential equations. This theorem covers only the
CPC operator; the Laplace transform for the PC operator would be more complicated, since it is not
just a linear combination of Riemann-Liouville and Caputo differintegrals.

Theorem 1. The Laplace transform of the CPC operator is given as follows:

c[r5ot10)] = B2+ ko(w)| #Fis) - Kalws* 1 f10), ®
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where f(t) is a differentiable function such that f and f' are locally L' on the positive reals and its Laplace
transform f(s) exists.

Proof. It is known [10] that the Laplace transforms of the Riemann-Liouville integral and the Caputo
derivative are given by

o~

LIRGrfO] =s7F(s), L] SDEF(0)] = 5*F(s) = 5“7 £(0),

for 0 < a < 1. Therefore, for the CPC operator the Laplace transform is

£[PGDEF(H)] = £[Ka (@) REI £(£) + Ko(w) SDEF(1)]
= Ku(@)s™ (70 f(s) + Ko(w) [s(s) = "1 £(0)
= [Ka(w)s" ™! + Ko(w)s" | F(s) = Ko(a)s* " £(0),
which is the desired result. [J

3. The Corresponding Fractional Integral Operator
3.1. Inverting by Operational Calculus

Since both the PC and CPC fractional operators are given by the composition of a Riemann—
Liouville fractional integral with proportional derivatives, namely

PODf(H) = "G [ PDuf(t)] and  CPGDEF(H) = RGP (1)], ©)

it follows that to invert the fractional operators it will be sufficient to invert both the Riemann-Liouville
integral and the proportional derivatives ” D, and ¥ D,. The Riemann-Liouville integral is inverted
by the Riemann-Liouville derivative, and the inverse of the proportional derivative was constructed
in ([15] (Lemma 1.9)). We give the latter result in the following Lemma.

Lemma 1 ([15]). The inverse of the proportional derivative operator " D, is given by

, o ol t Ki(a,s) f(u)
alaf(t) —/a xp |: u Ko(a,s) ds:| Ko(a,u) i,

and this satisfies the following inversion relations:

DAL =0, D) =0 —ew (- [ ) s o

In particular, for the constant-coefficient operator " Dy, the integral formula is

CPIf(t) = Kol(“)/utexp [_28 (t— u)} F(u) du,

and the inversion relations are

DLW = £, DS () = 1)~ exp (3 (-0 ). D
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Note that, if f(a) = 0, then the operators Pp,, IZI,X and °FD,, CIZI“ form pairs of two-sided
inverses to each other.

Proposition 2. The inverse operators to the fractional PC and CPC derivatives (6)—(7) are given by:

ot t RLP1—a u
PEISf(t) = ./0 exp [— ; E;Ez:zg ds] OIZ”(&’{[% ) du; (12)
P = iy o o |~ (¢~ )] 0w (13)

These satisfy the following inversion relations:

58 TSI F(1) = £(8) — g i "hIEA (),

"1 PSR f(0) = 1)~ exp - [ (3 as) £(0),

and, similarly,

i lm S ),
P13 PSS (1) = £(0) - exp (gt S0)

CPEDE TSI £(1) = £(1) -

Proof. The definitions (12) and (13) can be written as operational compositions "§1% = 51, o REDl~#
and 5% = CPCT, o REDI=® 50 the inversion relations follow from composition of operators and the
known inversion relations for the constituent parts of each operator:

(75050 PS1) £ = (%5117 07Dy) o (e o X501 (1)

K1 o REDE) £ (1)

(6) = gy 10

— ) —ewp (- [ (s a) 10)

and similarly for the CPC operators. Here we have used the composition expressions (9) for the PC
and CPC derivatives, the inversion relations [10] for the Riemann-Liouville differintegrals, and the
inversion relations (10) and (11) for the D, and I, operators. [

3.2. Inverting by Laplace Transform

An alternative way of inverting at least the CPC fractional operator is to use the Laplace transform
and the result of Theorem 1. The following derivation using the Laplace transform is not rigorous,
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but it will provide us with an answer which we will then prove rigorously. In order to derive an
appropriate expression for the inverse, we assume that f(0) = 0 and rewrite (8) as

e[r5otrn] = | B + Kow)] 7t

~ Koo |14 05| )

Therefore, writing “"$D% £ (t) = g(t), we have

72{“*”3?(5). (14)

(This series converges only under the condition ‘ ﬁ;—ggs”"

< 1, but we are performing only a formal
derivation here. The series we will find in the t-domain will be convergent everywhere.) From here,
there are two possible ways to proceed in order to write f(f) in terms of g(t).

One of them is to use the fact that the Laplace transform of the Riemann-Liouville fractional
integral RE1%¢(t) is precisely s~*g(s) for any positive number a. From (14), we therefore have the
following series formula, following in the footsteps of [9,21] and related works:

o0 _K n
f(t) = Z (KO(;)(:JZB

n=0

REIET g (t).

The second method is to think of the right-hand side of (14) as a product of g(s) with a function
given by a power series, and then find the inverse Laplace transform of this power series in order to
get a convolution expression for f(t). We have

=L ; Ko(a)" T "T(a+n)
_ ol 2 K(a) N\
_ﬁ_Ko('X) 0<Ko(oc t) T(n+a)
At —Ki(a) \] .
=2zt (T ) |5

where we make use of the Mittag-Leffler type function E, g which is defined for a > 0by E, 5(x) =

L0 Flaai g
Theretore, we find the following alternative expression for the inverse of the CPC derivative.

8(s)
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Theorem 2. The inverse operator of the CPC fractional derivative is given by:

e 1 e (@
L) = oy o =0 Eun (i - 0)) fr) e

This satisfies the following inversion relations:

t o
CPCya CPC o _ _ s RLya .
oDi oIt f(t) = f(b) T —a) }g’% ol f(t);

P13 EPSDEF (1) = £(6) - oxp (o H5 ) £(O)

Proof. The equivalence of these two expressions for the fractional integral operator is clear from the
series formula approach of [9,21]. In the case where both f(t) and “P§1% f(t) are zero at t = 0, the above
work with Laplace transforms shows that “P§I% is precisely the two-sided inverse of “"§D%. In general,
we can use the composition properties of Riemann-Liouville fractional integrals and derivatives to

prove the inversion results from the series formula:

PGy PG f(1)

— OC

— [Kl( )RLll IX+KO CDIX:| i Rthx+nf()

_ i}ﬁ;gzg:ii(_l)n RLll szLIa-i-nf Oj sz RLIa+nf( )
) B n+1 _

=1 (o) o+ L (R ) GO RbIs ),

From standard properties of Riemann-Liouville operators, we have

d _ _
%D? R%I?H_nf( ) RLll adt RLIot+nf( ) R%I} aR%I?H-n 1f(t).

For any n > 1, this is simply equal to R%I 1 f(t), while for n = 0 we have

_ _ =
§Df “GIEF(6) = M1 KDITF() = £(8) — gy Im BbIE ()

Therefore,

CPGDE PGl £ (1)
_ i (Kl("‘)
=\ K (@)
—K

Kl(a) nRL n _ti imRL o
+nzl< Ko () > olr f(t) + f(1) mﬂx)} 0]

n+1
) REp1£(1)

—0

= F(6) = =y i b1 ),
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as stated. For the other direction of composition,

CPGI CPDE (1

2 Ko(wy
R T VR W ST TR0
- 3 e R + 3 O )
=1 (R ) R + 3 (Forsd) a0 - 1)
~10- ¥ () onso
~700= 3 (o) 0 = s - exp (05 0

Thus, both inversion relations are as stated. [

Remark 3. The inversion relations in Theorem 2 and those in Proposition 2 for the CPC operators are identical.
This indicates that both ways of defining the CPC fractional integral “*SI¢ are the same, which can be confirmed
for certain by expanding the exponential function in (13) as a power series.

The PC fractional integral PSI% cannot be written in a similar form to Theorem 2, because the integral
formula (12) is not directly a convolution.
xSy

Theorem 3. The CPC fractional integral operator is a special case of the Prabhakar integral operator due

—Ki(a)
0

to [22], namely with the four parameters of Prabhakar being respectively 1, a, 1, and — @

Proof. The Prabhakar fractional integral is defined [22,23] by:

R = [0 B (o - ) f(r)

a

—Ki(a)

fory >0andv > 0. Puttinguy =1, v=a,p=1,and o = Ro(@)

, we obtain immediately

1,1, 50

, 2
CPSIrf(t) =1, W f(t).
O

The class of Prabhakar operators is large enough to include several important types of fractional
calculus within it [24]. It is interesting to see that the hybrid CPC operator is also a special case falling
within the Prabhakar class. The general PC operator, however, seems to have a different type of
behaviour from Prabhakar.
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4. Eigenfunctions of the CPC Operator

10 0of 13

In this section, we solve some differential equations with our new CPC derivative, applying

Laplace transform methods and using Theorem 1.

Example 1. Let us try to solve the following simple fractional differential equation:
CPODEf(t) =0,  f(0) = A.

Applying the Laplace transform to both sides, using (8) and the condition f(0) = A, we find

[Klgm) + Kom)} s"f(s) - Ko(a)s* 1A =0,

and therefore

=~ Ko(a)s* A A
f(S) - Kl(lx)sa—l —I-KO(IX)S‘)‘ - st I[ilig“g'
ol&

Taking the inverse Laplace transform, we find

£(H) = Aexp (I;;Ezgt) .

(15)

Therefore, the set of functions with zero CPC derivative is a specific set of exponential functions. This is an
unexpected result, since exponential functions do not usually have the property of differentiating to zero.

In classical calculus, exponential functions serve the role of eigenfunctions with respect to the
usual derivative operator. A natural question to ask is then, what are the eigenfunctions of the

operators studied in this paper?

Example 2. Let us try to solve, for an arbitrary constant A,

PEDEf() = Af(D,  f(0)=1.

Applying the Laplace transform to both sides, using (8) and the condition f(0) = 1, we find

{Kls(“) + Ko(oc)} $*f(s) = Ko()s* ™! = Af(s),

(16)
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and therefore

Taking the inverse Laplace transform term by term, we find

tanfak+k

Lo (— K@) Ak
HOEDIDY Ko(@)" (k> T(an —ak+k+1)

n=0k=0

Relabelling as | = n — k enables the double sum over n and k to be rearranged as an independent double sum
over k and | both going from 0 to co:

0 00 ( _ ) /\l k + l tﬂél-‘rk
ZZ o(a)kt! kI T(ad+k—+1)
(k+D)! [—Kq(a) ; oA " ! 1
k! KO( ) Ko () F(al +k+1)
This series can be written in terms of the bivariate Mittag-Leffler function which was defined very recently

in [25]: N B
f(0) = Ean (Ko(“)ta' _Kol(l(;)é) t) ' {17)

The above example is important because the differential equation (15) should give the
exponential-type function for our operator. For the original Caputo derivative, the corresponding
differential equation

7<

=
o
—
o

i

X

[e0]

GDEf(t) = f(t),  f(0)=1,

has its solution given by the celebrated Mittag-Leffler function:

f(t) = Ea(t%).

Therefore, the function we discovered in the above example is the equivalent of the Mittag-Leffler
function for our new CPC fractional derivative. We note also that, by putting A = 0, we would recover
from (17) the exponential function that arose as a solution in the previous Example.

The bivariate Mittag-Leffler function which we find emerging here is already known [25] to arise
naturally from the modelling of certain real-world systems. Motivated by this new connection, we hope
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that dynamical systems using our hybrid fractional operators may be useful in fitting efficiently to
different types of real data, e.g., in mathematical biology systems.

5. Conclusions

We presented two new fractional derivatives to the literature in this work, which are closely related
to each other and may be expressed as a combination (or hybridisation) of existing fractional operators
in several different ways. They were first formulated by taking the Caputo fractional derivative and
replacing the simple derivative by a derivative of proportional type. They can also be written as a
composition of a Riemann-Liouville fractional integral with this proportional-type derivative. One of
them, which we called CPC as opposed to PC, is a linear combination of a Riemann-Liouville integral
with a Caputo derivative.

In studying these operators, we learned that the CPC type derivative is usually easier to handle
than the PC type derivative. We calculated its Laplace transform, and found two different (equivalent)
formulae for its inverse operator, as compared with just one formula for the inverse of the PC derivative.

There is a deep connection between fractional calculus and Mittag-Leffler functions, and this
was emphasised here when we came to solve some differential equations using the CPC derivative.
The solution, calculated using Laplace transform methods, is expressible in terms of a new bivariate
Mittag-Leffler function which was defined very recently and is already discovering various applications.
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