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Abstract: By using the contemporary theory of inequalities, this study is devoted to proposing a
number of refinements inequalities for the Hermite-Hadamard'’s type inequality and conclude explicit
bounds for two new definitions of (p1p2, 4192)-differentiable function and (p;p2, 4192)-integral for
two variables mappings over finite rectangles by using pre-invex set. We have derived a new auxiliary
result for (p1p2, 4142)-integral. Meanwhile, by using the symmetry of an auxiliary result, it is shown
that novel variants of the the Hermite-Hadamard type for (p1p2, q142)-differentiable utilizing new
definitions of generalized higher-order strongly pre-invex and quasi-pre-invex mappings. It is to be
acknowledged that this research study would develop new possibilities in pre-invex theory, quantum
mechanics and special relativity frameworks of varying nature for thorough investigation.

Keywords: quantum calculus; post quantum calculus Hermite-Hadamard type inequality;
strongly pre-invex mappings; co-ordinated generalized higher-order strongly pre-invex mappings;
co-ordinated generalized higher-order strongly quasi-pre-invex mappings

1. Introduction

In the study of quantum calculus, it is the non-limited analysis of calculus and it is also
recognized as g-calculus. We get the initial mathematical formulas in g-calculus as g reaches 1.
The commencement of the analysis of g-calculus was initiated by Euler (1707-1783). Subsequently,
Jackson [1] was launched the idea of g-integrals in systematic way. The aforementioned results lead
to an intensive investigation on g-calculus in the twentieth century. The idea of g-calculus is used
in numerous areas in mathematics and physics such as number theory, orthogonal polynomials,
combinatory, basic hypergeometric functions, mechanics, and quantum and relativity theory.
Tariboon et al. [2,3] discover-able of g-derivatives on [§1, §>] of R, unifies and modify numerous new
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concepts of classical convexity. From the last few years, the topic of g-calculus has become an interesting
topic for many researchers and several new results have been established in the literature, see for
instance [4-10] and the references cited therein. In addition, recent developments in the framework
of the above concepts have been identified by Tung and Gov [11-13], named as ((p, q)-derivative and
(p,q)-integral over [¢, ] of R. Kunt et al. [14] is obtained generalized (p, q)-Hermite-Hadamard
inequalities on the finite interval and some relevant results that are linked to (p, g)-midpoint type
inequality. The (p, q)-calculus is currently being reviewed predominantly by many researchers, and a
variety of refinements and generalizations can be identified in the research [15-17] and the references
cited therein.

Integral inequalities are considered a fabulous tool for constructing the qualitative and
quantitative properties in the field of pure and applied mathematics. The continuous growth of interest
has occurred in order to meet the requirements in needs of fertile applications of these inequalities.
Such inequalities had been studied by many researchers who in turn used various techniques for the
sake of exploring and offering these inequalities [18-32].

Recalling the definition of convex function as follows:

Let¥ : K C R — R. The function ¥ said to be convex on K(convex set), if the inequality

Y(t¢1+ (1 —71)62) < T¥(81) + (1 —1)¥(&2),

holds for all 1,8, € Jand T € [0,1].

For convex functions, many equality or inequalities have been established by many authors;
for example, Hardy type inequality, Ostrowski type inequality, Olsen type inequality and
Gagliardo-Nirenberg type inequality but the most celebrated and significant inequality is the
Hermite-Hadamard type inequality [33], which is defined as:

G1+ & 1 G Y¥(81) +¥(82)

If ¥ is a concave function, the two inequalities can be held in the reverse direction. These inequalities

have been extensively improved and generalized. Since then numerous scientists have broadly used
the ideas of (1) and received several new generalizations via convex functions and their refinements,
we refer the reader to References [34-36].

Because of recent progress in convexity, Hanson [37] was contemplated and investigated the notion
of invex functions,which is generalization of convex functions. The definition of pre-invex functions
was introduced by Weir et al. [38] and implemented in non-linear programming to define adequate
optimal conditions and duality. The well-known C condition was introduced by Mohan et al. [39].

The notion of strongly convex functions was contemplated and investigated by Polyak [40], which
has a significant contribution in fitting most machine learning models that involves solving some
sort of optimization problem and concerned areas. A solution is focused on the strongly convex
functions of nonlinear complementarity problem [41]. Zu and Marcotte [42] explored the convergence
by applying the strong convex functional principle of iterative techniques for addressing variational
inequalities and equilibrium issues. The novel and innovative application of the characterization
of the inner product space was discovered by Nikodem and Pales in [43] with the help of strongly
convex functions. The convergence of stochastic gradient descent for the class of functions satisfying
the Polyak-Lojasiewicz condition depends on strongly-convex functions as well as a broad range of
non-convex functions including those used in machine learning applications [44]. For more features
and utilities of the strongly convex functions, see References [45-50] and the references therein.

During this whole paper we are going to take S = [¢1,&] € Rand let H = [¢1, &) x [&3,E4] € R?
with constants q,gx € (0,1), k=1,2

Noor et al. [51] has proven the quantum integral inequalities of Hermite-Hadamard for
pre-invex functions.
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Theorem 1. Let ¥ : S — R is a pre-invex function on S. Then, we get

261 +1(G2, Cl)) 1 S1+n(Ca) q¥(¢1) + ¥ (S2)
‘P< 1+q : 77(52,51)/ F()erdgs < I+g

)

The following Hermite-Hadamard type inequalities for co-ordinated convex functions on a
rectangle from the plane R? have been introduced by Dragomir [52]

Theorem 2. Assume that ¥ : H — R is co-ordinated convex function on H with {1 < & and {3 < 4. Then,
one has the inequalities:

1II<€12+§2’§342r€4> = % [52151/ 1II(S/%erczl)dwrfb1554 /541F(§1;€2't> dt]

S GG /;/g s asdt < {czicl (/5 M”/ Ms)

1 (glr §3> +1P(§2/ ‘:3) +‘P(§1r 64) + lP(‘:Z/ 64)
tamg (L vana [Treon)] < 1 |

In addition, Humaira et al. [53] showed that the g;4>-Hermite-Hadamard type inequalities were
resolved by the use of quantum calculus for the co-ordinated convex functions.

Theorem 3. Let Y : H — R is co-ordinated convex on ‘H, then the following inequalities holds

T(@lﬂlﬁr@z <§3Q2+§4>
14q1 ! 149>

L1 Caq2 + G 1 11+ 6
=2 [52_‘:1/ T<Z, IT+a2 >€1€4q1 54—53/§3T< 1+q >¢3dq2w}

93 92 93
= (62 — gl 64 — (:3 / / Z w ngqzw‘:ld’h (1 +q2)(§2 — gl) / (2163)51‘1%2

1 b2 7
TG e s TE <1+q1><¢4—¢3>/ ¥ (61 w0

1 7192% (81, 83) + 1¥ (81, Ca) + 92F (E2, C3) + ¥ (&2, §4)
+z<1+q1><c4f¢3>/ ¥ (62 gyt < At a0+ )

Following forward with this propensity, we introduce two more general concepts of generalized
higher-order strongly pre-invex and quasi-pre-invex mappings. Several novel versions of
Hermite-Hadamard inequality are established that could be used to identify a uniform reflex
(p1pP2,9192)-integral. These innovations are a mixture of an identity-based auxiliary result that
corresponds with co-ordenated generalized higher-order strongly pre-invex and quasi-pre-invex
mappings. Furthermore there are mathematical approximations of the new Definitions 10 and 11 are
introduced for (p1p2, g192)-differentiable function and (p1p2, 4192)-integral for two variables mappings
over finite rectangles by using pre-invex set. These new definitions will open new doors for pre-invexity
and (p, q)-calculus for two variables functions over the finite rectangles in the plane R2. An intriguing
feature of the present investigation is that it has a potential connection with quantum mechanics and
the special theory of relativity, see [54].

2. Preliminaries

Throughout this paper, we are using continuous bifunctions 7(.,.), 71(.,.), 72(.,.) : R" x R" — R"
Mititelu [55] identified as follows the definition of invex sets
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Definition 1. If O, C R", then )y C R" is said to be invex set

G1+un(82,81) €y, V1,80 €y, vel01].

Often known as the 17-connected set is the #-connected set. Suppose #7(&1,&2) = ¢» — &1 implies
that reverse does not apply.
Weir and Mond [38], has been introduced the definition of pre-invex mapping.

Definition 2. Let a mapping ¥ : )y C R" — R is called pre-invex if
(&1 +vn(82,61)) < (1 —0)¥(&) + 0¥ (¢2)
forall G, € Oy, v € [0,1].

For information see [4,37-39,55].
Noor et al. [56] promoted the idea of strongly pre-invex mappings.

Definition 3. Let a mapping ¥ : )y C R" — R is called strongly pre-invex for some y > 0 if
¥ (61 +vn(62,81)) < (1= 0)¥(&1) +v¥(82) — po(1—0)|[(Z2,E1) |
forall &y, € Oy, v e [0,1].

Humaira et al.[57] established a completely new definitions which mixes the above mentioned
pre-invex mappings with highly pre-invex mappings

Definition 4. Let a mapping ¥ : Oy C R" — R is called generalized higher-order strongly pre-invex for some
u>0and 6 > 0if

¥ (§1+vn(62,81)) < (1= 0)¥(&1) + v¥(G2) — po(1—0) |72, 61)°
forall 1,8 € Oy, v € [0,1].

We are now discussing certain special cases.
(I). Aswe choose y = 0, in the Definition 4, then the Definition 2 is retrieved.
(II). As we choose 6 = 2, in the Definition 4 then Definition 4 will be convert into below Definition,
witch is describe as
Definition 5. Let a mapping ¥ : Oy C R" — R is called generalized strongly pre-invex for some y > 0 if
Y (&1 +0n(82,61)) < (1= 0)¥(&1) + v¥(82) — (1 —v)|I7(Z2, &)
forall 1,8 € Oy, v € [0,1].

(I11). If we choose 1({, &1) = & — &1, then we obtain the following Definition

Definition 6. Let a mapping ¥ : Oy C R" — R is called generalized higher-order strongly convex for some
u>0and6 > 0if

¥ (1- )81 +76) < (1-0)¥(&) + 0¥ (&) — po(1 - v)l|&2 - & [

forall 1,8 € Oy, v € [0,1].
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Definition 7. Let a mapping ¥ : Q) C R" — R is called generalized higher-order strongly quasi-pre-invex
for some y > 0and 6 > 0 if

¥ (61 +0y(82,61)) < max(¥(81), ¥(62)) — po(1 - 0) (&2, 1)]°
forall 1,8 € Oy, v € [0,1].
Let us recall some simple concepts and characteristics of (p, q) derivatives and (p, q) -integral .

Definition 8 ([11]). Let ¥ : S — R is a continuous mapping, the (p,q)-derivative of ¥ at T € [{1, (o] is

describe as
Y(pv+ (1—p)d1) —¥(qu+(1—9)¢1)
(p—q)(v—"=21) '

Since for a continuous mapping ¥ : S — R, we define D, ;¥ (1) = ling Dyg¥(v).
UV—G1

Cqu‘Y( v) = v # Q1

Definition 9 ([11]). Let a mapping¥ : S — R be continuous, the (p, q)-integral on S is describe as

<pZ+1U + (1 anrl) 61)

holds for v € 8. If &3 € (&1, v), then the (p, g)-definite integral on [¢3, v] is expressed as

v ol n
| ¥ @edpgx = (p-a)(v=2) Y ¥
gl n=0 p

v v §3
/ ‘I’(x)éldmx :/ ‘I’(x)éldp,qx—/ ‘I’(x)éldp,qx.
3 g1 ¢1

Now we develop the theory of (p1p2, q142)-differentiable function and (p1p2, 4142)-integral for
two variables mappings over finite rectangles by using pre-invex set and let U = [&1, &1 + #71(2,81)] %
[&3, &3 + 172(84, &3)] € R? with constants 0 < g < pp < 1,1 <k <2

Definition 10. Let a mapping ¥ : U — R be continuous in each variable; the partial (p1,q1)-, (p2,q2)- and
(p1p2, q192)-derivatives at (s, t) € U are, respectively, describe as:

a9t t) Y@ +pm(s8), ) -Y@+amn(sé)t Lz
&19p1m (P1—q1)1m (s,61) ’ !
920X (5t) (s, G+ pamn (Gat) —¥(s, G+ qom (83) L
G920t (P2 — q2)12 (t,C3) ’ ’
2159 pang ¥ (5:1) _ Y (G +91m (s,61), 83+ 9212 (4,83))
& 910158 9p2.at (P1—q1)(p2 — q2)m (s,61) 112 (£, C3)

Y (&t qm(s,61),8+pn2(tés))
(p1— 1) (p2 —‘h) (s,61) 12 (t,83)

_ Y(61+pimi(s,61), 85 + q212 (£,83))
(P1—aq1)(p2 — q2)m (s, 81) 2 (¢, C3)
Y (61 + pam (5,61) 83 + pana (t,63))
(p1—q1)(p2 — 172) (s,61) 1 (t,G3)"

S#él/ t#é}

As well, higher-order partial derivatives are also presented.
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Definition 11. Let a mapping ¥ : U — R be continuous in each variable, then the definite
(p1p2,q192)-integral on U is described as:

t s
/6 /g ¥ (2, 0)g, dpy s Zesdpnaa® = (1 — 1) (P2 — 32)171 (5, €)1 (£, &)
3 1

n m 3)
X Z Z n+1 m+1 <§1+ pZiﬂl(Srél)/%ﬂL p?nl+1772(t/53)>

m=0n= P2 1 1
for (s,t) € U.
3. Auxiliary Result

The following lemma plays a key role in establishing the main results of this paper.
The identification is stated as follows.

Lemmal. Let ¥ : A C R? — R be a mapping such that (p1p, q192)-derivatives exist on A° (the interior of
A)and 0 < g < pr < 1 where 1 < k < 2. Moreover, zfM

1 p101 023 OpaaP be continuous and integrable on
141563 7P2/492
[61/ 62] [63/ 64] AO, H’le}’l.

7192¥ (1, 63) 1

1 +p201¥ (C1, 83 + 112(84, 83))
p1+q1)(p2 +q2)

1'* , , , T =
(rpainaa) (61,82, 63, Ca) (F) ( 13 (E 4 11 (B E1), )

L +p1p2¥ (81 +171(82,81), 83 +12(84, 83)) |

. 0 féﬂrﬁlﬂl(@'z,@l) ¥ (s, C3)§1dp1,q15
pi(p2 +92)m (82, 1)
+ps fg’il+?1’71(€2r§1) Y (s, &5+ 12 (s, (‘:—3))61‘1!]1’%5
. 0 f§i3+r72'72(§4,§3) T(glzt)g_o,dpz,qu
Cpa(pr +91)12(E4, &)
1 [ETPREE (482,80, Dyt

N 1 /61+P1'11(Czé‘1)/§3+P2’72(é‘4r§3)1¥( De.d ‘g
s, , S
p1111(82,61)pana(Ga, ¢3) Je & G TP

= [ [0+ a00- 2+ a2)p)

% §1r€3a%71 Pz/%qZ\P(gl + 0m1(82,¢1), 83+ p12(8a, E3))
G ap1,q1 Q£§3 aplfqu

Odpqul QOdPZqup'

_ q19271(§2,61)12(84,83)
Where K. = (p1+q1)(p2+42)
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Proof. Utilizing Definitions 10 and 11 we obtain

11 3% ppa0p TG (6281) 8302 (8a.63))
Jo Jo (U= (p1+1)0) (1 = (p2 + g2)p) 1e-at2tz — o bt S 0y 1 Q0o
& P1MSg3 P12

_ —(p1tq1)0) (1= (p2+42)p)
B (Pl*fh)(Pz*qz) 1(62,61)12(64.63) fo fo — op =

x (Y(&1+ 0q1m1(82,61), 83 + pq2112(84,G3)) — ¥ (&1 + 09111 (82, G1), 83 + 0p2112(G4, 83))

=Y (&1 + op1m(2,61), 63 + pq2172(84, C3)) + ¥ (&1 + 0p111(82,G1), &3 + ppan2(€4, G3))) 0dp1,91 009,900

= e REE DL (1= G+ ) (1 G2 ) i
m+1 m
(51 + n+1 ’71 (62,61) 83+ %712 (Car Cs)) -Y (51 + %'71 (62,81), 83+ %772 (Ca, §3)>

¥ (61+ T @) o S @) )+ ¥ (&4 S (€2 80) &+ i (60 80)

— e T T ¥ (6 + T (@281, 8+ B (6.80))
— T EEaEE) Lret =0 ¥ (51 + %’71 (62,61),83+ %772 (Car 53))
e T T ¥ (614 B (62,80), 65+ B (24,83))
oG g Lneo Lo ¥ (51 + %’71 (62,81), 83+ %772 (Car Cs))

—m Y1 Yon—1 %"P (51 + qf}ﬂh (62,61),83 + %«’72 (C4,83)

+Wﬂn 1 = op“i’(é‘1+ n’71 (€2,C1), €3+L3n’72 (€4,83)

N— ——

+mﬂ’;oiﬁz1ﬁ (514' n771 (62,61) .83+ m’72<‘;‘4/§3)

g1+ n771 (62,61), 83+ ﬁ’?z (€4, C3)

v
_ (p1+q1)
p1i1 (€2, él)’llz (€4,83) Zn 0 Lm=0 Pl ¥ (
b4 (51 + n771 (62,61), 83 + %’72 (€4,C3)

_ (p2+42) L
92111 (82,81)112(84,83) Zn 1 Zm=1 P'"

+m& 1 L= Opm <§1+ »1771 (€2,¢1), C3+%Wz (€4,C3)

“‘%Zn 0 = 1PZ‘Y ¢1+ n’71 (€2,¢1), 53"‘%772(‘34/‘33)

N—— T N N T

m Y0 n—0 v p (f:l + n’11 (62,61), 83 + %’72 (G4,G3)
+ i e T T Y (61 fm (62,80). 8+ Jo (60,83))
m Y0 Lon—1 p—}ﬂf’ (51 + L}lﬂl (62,61), 83 + ,%n’?z (Car C3)>

(p1+q1)

m[ Yo oplT(glJr n771 (82,61),dC3 + 12 (54163))
+ X0 op}1‘f’(§1+ i (52151),53”
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(p1+q) o v 11 < i Q' >
P (B, 601 (G0 63 ; Z:;o P?T &1+ i (62,61), 83+ o 12 (Ca,G3) |,
(P 1 42) 2 )3 %T <§1 + %'71 (82,¢1), 83+ (Lzm’?z (C4s Cs))
—1m=1 P2 p1 P2

g (&2, E)2(Ea, &)

_ (p2+q2)¥ (§1r§3+172( 4
92111 (82, 81)112(84, 63)

_ (P2 +92) % '
32171(2,61)12(G4s 2 <‘: C3+ pm 12 (G4, @3))
9 5

(p2+92) SR
g (&2, E1)12(Ea C3) n:mZ

(p2+92) i i_q

pan1(82,81)n2(8a, 83) /=4 =0 P
B (P2 + q2)
p211(82,81)12(84, 83)

+ Z ZZ ‘I’(g &3 +7772 (Car 53))]

m=0 r2

(51 + n171 (62,61), 83 + Zg,mz (Car 53)) ,

(51 + o L@ &), &+ Z%Zmz (Car 63))

y
-5 B (a2t i o )
2 2

m=0 P

(P2 +92) 72 ﬁ
b s T o (6 T ) 8+ B (083

n= :O

‘12771(5(2’0237?22 (4, 83) ; Z Ly (51 + n771 (¢2,61), 63+ Z—%nz (54,53))
(P2 + )Y (61 + 1 (&2 5) §3+172(§4,g3))
72111 (82, 61)112(84, ¢3)

(P2 + 92) > ﬂ ( ﬂ
@, 6)a(E, B) ; pa G1+m (62,61), 85+ pni'T2 (54153))

(P2+’12) e lb qn 95
G et 2 e+ o (o) o+ pmﬂz E ).

n=1m=1 p2 Pl

(P1ta)p2+92) & = 71 ‘12 ( a1 42 )
719271 (82, &1)112(84, C3) ,1;1,,; Pipy Gty Pt ’71 )ty PT 172 (6085)

(Pt q1)(p2+q2)¥ (61 + 11 (82,81), 83 + 12 (84, G3))
7192171 (82, $1)12(C4s §3)
(P1ta)(p2ta2) 0y
- n92m (82, 8)12(84, G3) Z‘ Pl <§ * p”m (62,81) 85+ 12 (64’63))

 tanrg) & @
0 (s 61 )12 B, ) ; (514-’71 (62,¢1), 83+ pgﬁz (54/53))
(P1taq)(p2atd2) 3 5 9192 1 2
7192171 (82, 1)12(C4, C3) ; Z:: Pi Py <

&1+ q%m (€2,81) .83+ %772 (€4,C3) |,
P1 P2

8 of 20

(4)

©)

©)

@)

®)
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(A2 tge) o TGy ( q >
P2q1171(82,61)12(84,83) EWZ::O pi py 2 + 1 ’71 (€261) ot Py 72 (60, C3)

N legff;;(rég)é?;';;ézz,)éa) mio Pg <§1 e Gt Zg’?z e 63))
b b S o e o sy
et B 5 (o e e )
B mcgféiég)é(j;;(@fz;‘s) i Z; <gl " 1 py ! (B8 B b G (:3))
S LA o e )

Using (4)—(10) and simplifying, we get:

Y (81 +0n1(82,61), 83 + 0112(84,¢3))

& aPl,‘h Qés aPl,‘izp

1,1 52
616 ,
/o /0 (1= (p1+q1)0)(1 — (p2 + qa)p) 22 P1P2 42

7192% (1, 83) + paq1 ¥ (81, 83 + 112(84, €3))
B 1
(5 (p2+92)

+p192% (61 + 171(82,61), ¢3)

+p1p2¥ (&1 +11(E2,81), 83 + 12(84, C3))

(P1+a01)(p > g ( A >
i (Ea 51)772 64 63 ; P'qu 61+ pgzﬂl (&2,¢1),6

__pApitq)(pr—q) ql
P19192171 (82, $1)12(G4,G3) = <C * "m (6261) &+ 1m2 @4’53))

[e)

(p2+92)(p2 — 32) a
P22 (&2, E1)12(Ea, C3) Z::o pu (‘5 3+ m’?z (Car §3)>

pi(p2 +q2)(p2 — 92) iﬁ

- 7
p29192111 (62, 81)12(84, G3) o= P5 (gl +11(62,61), 83+ pgnﬂz (54153))

+(P1+Q1)(P2+42)( q1)(p2 — 92)
p1p2919211 (G2, §1>nz(€4, &3)

Y ¥ 7 9 (61 + %771 (62,81), 63+ ;%’72 (‘54'63)) :

n—0m—o P1 P2

).

9 of 20

)

(10)

04p1,q: 008 py,0,0
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[ 1192 (¢1,83)

1 +p21 ¥ (81,83 + 172(84, 83))

T 192 (&2,80) 12 (€4, 83)

+p192¥ (&1 + 11(62,81),63)

L +p1p2¥ (&1 4+ 11(82,81), &3 + 112(84,83))

&1+ $2.61)
- qulm(g}g;)zz)z(@,@)/ s ¥(s,83) adpuns
- qulqzﬂiﬁgflg)z’;)z(ﬁm Z3) /§1+p1”1(é2’§1) ¥ (s, Ca +12(Ca,G3)) e prans
¢+ ,
- szz’?l(éZ/ZCT)IZ)(Q, &3)? / B ‘P(gl’t)ﬁsdpz,tht
+ ,
- P2¢11l1217?171(gz?,2§j)222)(<§4, 83)? /; e ¥ +m (G2 61) esdpaant

(p1+q1)(p2 + q2) /C1+P1771(§2,§1) /§3+P2772(§4,63)
Y(s,t)zd tz=d s. 11
p1p29192171 (82, €1)%112(4, 83)% Jg & Desraaaterpun v

3

Multiplying both sides of (11) by ‘71‘72;711&%1’;7%;'271(5;‘)53) we get the desired equality. [

4. Main Results
Theorem 4. Let¥ : A C R? — R be a mixed partial (p1p2, q192)-differentiable mapping on A° (the interior of

)
A) with WM being continuous and integrable on [&1, &1 + 11 (&2, &1)] X (&3, 83+ 172 (84, 83)] C
2199111983 9p202P

’ < <k< M
A° for 01 (82,81) 12 (Ca,C3) > 0and 0 < q < px < 1where1l < k < 2. If‘ AT

higher-order generalized strongly pre-invex mapping on the co-ordinates, then the following inequality holds

isa

2
21831 pp010, ¥ (61.63)
&19p1.41 023 992,02 0

APM]l Apzlflz

2
81591 Vzqu‘Y(gl 64)
199141923 9p2.020

+Apy g1 Bpag

I (81,82,83,84)(Y)| <K 159 a1 ¥ (62/83)
P1P2,9192\61, 62,63, 64 = 6163 "P1P24192
+-’4p1,q1 Bpl'ql 199141923 9p2.120

6183 af’l Pzrqwz‘y(gz'@*)
41 al’qul 03 al’zrqu

+Bp1,q1 BPz,qz

| +#1(Cpy g1 )12(Cpyygn )11 (82, 61)15 (84, G3) ]
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and Ap, g, Bpyq,» Cpyq, are given by

4 0l(pR =24 2p0) + (2pF + 2 + prai] + 25 — 2
Pl (px + 9x)3 (P2 + prae + 2) '
qak[(5p7 — 4pE — 2p +2) + (6pF — 4pi — 2)qi + (5p — 2)97 + 243
(P + 913 (P2 + peqr + q2)

Bpk/Qk =

2p; —2p} — 2p} +2px
(P +91)3 (P} + prqi + a7)
Cpone = 2(pic + 9i) (P} + 98) — 2(P + Petc + 32) + Pede (P + 32)
(P +a91) (Pk + a0) (P + P+ 4)

and

_ 119271(82,81)12(4, 83)
(p1+91)(p2 +q2)

Proof. By the given supposition, utilizing Lemma 1 and the modulus property

Mppaanan @82, 85, 80 < K [ [0 (pr+00)0) [~ (p2+ 200

15308,0, Y (81 + om (82,61) /83 + o112 (84,G3)

X
£199:02,94,0

Odpqul QOdpz,qu~

(12)

Calculate (12) by using (p1, 41)-integral , we get

(1-0)

& 9101923 9p2,420

1830 pynayan Y (&1 83 +012(84,E3)) ‘

15391 poayn ¥ (62,63 1012(84,83))

Odpl,‘h Q
& 1 Qzy 92400

[la-ermal{

—me(l—a)n{(¢261)

Clzgsa%WZﬂﬂIZT(gl/ s+ o112 (64,63))
&19p1,010239p2,0,0
6169 panas ¥ (62,85 + 0172 (§4.63))

1991,41059p5,0,0
1

—pny (&2, 61)/0 0(1—0)|(1 = (p1+q1)0)|0dp, 4, 0

/01(1 —0)|(1 = (p1+q1)0)|0dp, 4, 0

1
+ /0 Q|(1 —(p1+ Q1)Q)|0dmﬂh@
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Utilizing Definitions 10 and 11, we get

1
Ay = [ (1= )](1= (b + 200) o0

_ k(P2 =2+ 2pk) + (295 + 24k + prail + 27 — 2px
(P + a3 (P} + prax + 47)

7

1
By = /0 Q|(1 — (px+ qk)Q)|0dequQ
gkl (5pi — 4pE —2pk +2) + (6p7 — 4pk — 2)qk + (5pi — 2)q7 + 243
(Px + q) (P} + prax + q7)
2pf —2p} — 2p; +2px
(P + ax)> (P + prqr + 93)

and

1
Copgr = /0 0(1—0)|(1 = (px + q)0)|0dpy. .0

_ 2(pe+ 30 (P + 90) — 2(pk + prdi + 9) + Prae(pi + 37)
(Pe+ q6) (% + 32) (PR + P + a7)

51,538%’1?2/?1112T(§1' &3+ 12 (54,53))
199101023 9p1,0,0
—1Cpygi 117 (G2, 81)-

p— A ,
P 199101023 9p2,020

[ T o )
P1m

Putting above calculations into (12), we obtain

‘Apllql

¢1.83 a%l pz,qlqz‘lj(gl £3+p12 (‘:4,@3 ) )
2199191 9639p2.920

1
< —_
<K []0=(p2+02) By

1.5 oy ¥ (62.83+012(84,3)) 0dg,0-
19911 9239p2.920

—11Cpy 117 (62, 81)
(13)

As well, calculate (13) by using the (py, 42)-integral, we get

2
A A 163 amﬂz'qmz‘y(él/@)
P11 P22 41 Ipray 93 92400

2
&1.253% paa140 T (81.84)
&19p1.01023%p292P

+‘AP1,571 szxlh

2
1.3 oy T (8283)
199191 9239p2.020

+Apy,g1Bpy .0,

2
81839, Pz,»imzlf(gz":‘l)
199141963 9p2,02P

+Blﬂl,’h BPMZ

L +#1(Cpy g1 )12 (Cpog) 1] (82, 61)15 (84, C3)
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Hence, we deduce the required result. [

Theorem 5. Let ¥ : A C R? — R be a mixed partial (p1p2, §192)-differentiable mapping on A° (the interior of

o i dnp Y00 : .
A) with P AP e being continuous and integrable on [&1, &1 + 11 (€2, &1)] % [E3,83 4+ 172 (&4, 83)] C

be ¥(o0)|"
o < < < 2. $163%p1P2.9192
A° for 11 (C2,81) 12 (€4,83) > 0and 0 < q < px < 1wherel < k < 2. If LTI

is a higher-order generalized strongly pre-invex mapping on co-ordinates for T > 1, then the following
inequality holds

1-1
Uy, poanga) (61,6263, 82) (‘P)’ <K (Dpay Pprap)” °

1
T T

0183 8%71 poaray ¥(61/63)
41 al’l 11983 al’mzp

APl,ql Apzrqz

2
18391 poqy90 T (81.84)

+ A, . B
Pra1=pua $1 Iprag Qé’aaﬁz/qu

2 T
X +B A a5 pp i ¥ (62/63) ’
PLALYEP2A2 | 2 Opy 01 Qg Oppanl

2
a.5%1pp iy ¥ (62/64)
& 1 Qzg 9po.0p0

+BP1#1 BPMZ

| +11(Cprg ) 12(Cpaygo )17 (G2, 61)15 (G4, 83) |

and
p 2 ta—1)
Pl (P +qr)?

K, Apyair Bpyge and Cp, q, are defined in Theorem 4.

Proof. By the given supposition, utilizing Lemma 1 and using the (p1p2, 4192)-Holder inequality,

1 1 -1
| M) @82 880 (0] <K ([ 110 (000 = 2+ 2)0) oy 0

1
2 T AN T
2153912102 ¥ (€163)

1-o)-p) &1 P11 0530202 P

2 T
183 pm YE144)

+1-ap 197101053 92,92P

T

2 x
.83 %P1p2m 12 ¥ (€283) 08 py g1 el -

£19P1419259P2.02P

X /01 /: [(1=(p1+q1)0)(1 = (p2 +92)p)|

+(1-p)e

2 T
1,531 21 ¥ (€280)

+
e £19P14195°P2.92P

L +po(1 = 0)pap(1 — p)y{ (82,81)15 (64, C5)

Considering Definitions 10 and 11, we get

2(pr+aqx—1)

1
Dy :/O 11— (px +q1)0)| 0dppq00 = (r & 70

and Ay, g, By g, and Cp, 4., are defined in Theorem 4.
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We observe that,

Jo Jo (= (p1+41)0) (1 — (p2+ 32)0)ody,, thOdpz 0P
(fo [(1—(p1+q1)e \Odm qu) (fo [(1—(p2+492)0)] Odpz,qu)

- DPlf’h Dpz"hf

Jo Jo =0 =p) |1 =(pr+a)0)] (1= (p2+ en) )| 01,100z 10

= (Jo (1= 1= (pr+a)0) lodpgi0) (Jo (1 =0) (1= (p2+02)0)  0paoP)
- APl 7 ‘APZ q27

Jo Jya— pl (1= (p1+91)0)(1 = (p2+ 92)0) | 0dp1,4, Q0 py. 0,0

= (Jo 1= 1= (pr+a)0) odpgi0) (Jo £ 11— (p2+32)0) 0dps.0)

- APl ‘11BP1 ‘11/

fo fo 1 - (Pl + %)Q)(l - (p2 + qZ) )| Odm,m QOdﬁzﬂhp

= (fo 0 | 1 - (Pl +41)0)] odp,, m@) (fo (1=p) (1= (p2+492)p)| odpz,qu)

= BPlﬂhAPZ/ﬂz'

Jo Jo 0] (1= (pr +q1)0) (1 = (p2 + 92)0) | 0y 4, 00l 020

= (Jy el = (pr+a)0) odpigi@) (Jo 0101 = (P2 +2)0) [0

= Bpqul BPMZ'

Jo Jdzw(1 = )1 —0) [(1 = (p1 +41)0) (1 — (p2 + 42)p )I odpl 01000,

= (Jo Jy et =) (1 = (pr+ a0)@) odpugne) (Jo Jo 0(1 =) 11 = (2 +42)) 020

= CPl,ql CPL‘]Z'

Utilizing the values of the above (p1p2, 4,4, )-integrals, we get our required inequality. [

Theorem 6. Let ¥ : A C R? — R be a mixed partial (p1p2, 4192 )-differentiable mapping on A° (the interior of

a1ty ¥ (@0) | ; ;
A) with P PP being continuous and integrable on [&1, &1 + 11 (&2, &1)] X [€3,83 + 172 (84, &3)] C

81439 Plﬂz 9192 ¥(ep)
199101 023 9p2.02P
1 _

higher-order generalized strongly pre-invex function on co-ordinates for X 7 + 3 = L then the following
inequality holds

A° for 171 (82,81) , 12 (Ca,C3) > 0and 0 < g < pr < 1wherel < k < 2. If is

1
H(PlPZr‘h‘h)(Cl’Cz’ ¢3,Ca) (‘F)‘ < K (EpqiEpra) @

1

2 T T

&% pa ¥ (61/63) E
199101 923 9p2.020

}-Pllf/h FPMz

T

3 Y(¢1.64)
8183 %p1pp190 T \51/54
+F
P Ipran 199101923 9p2.920

2 T
61,1;‘38;0] P21 qZ‘P(€2/§3) ’

1991019392920

+Gp1.01F paa

2 T
$1.63 al’wz/ﬂmzlﬂgz":‘})

51 apl 41983 apz,qu

+gP1ﬂ1 gPMz

| F11(Cpyg0 ) 12(Cpaga)117 (82, 61)115 (84, ) |
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and
€y (72) = (e — aK) A+ (pe+ g — 12 )
kMk 7
(pe+ a0 (e =™
pr+agr—1
F M) ="—"—
Pkﬂk( 1) Pk+ﬂk
1
g ) = .
Pkﬂk( 1) Pk“‘ﬂk

K and Cy, 4, are given by in Theorem 4.

Proof. By the given supposition, utilizing Lemma 1 and the (p1p2, 4192)-Holder inequality

1

1 1 %
Wy poanas) (61,62, 63, 8a) (T)‘ <K (/o /0 |(1 = (p1+q1)0) (1 = (p2+ 2)0)| 2 0dpy 4, Qodpz,qu> :

2 T
a.5% e, ¥ (61463)

1-— 1-—
1-0)1-p) 2199191 9639p2.920
2 T
+(1 _ Q)P 81,891 ppap ¥ (6164)
41 al’qul 95381'2%9
2 T
X +(1-po .89y ¥ (62/83)
61 aPl/‘h Q§38P2/‘72p
+op 81439 P]PZ g1, ¥ (G2, &) |"
& 9101 0839p2,420

| 101 = o)pzp(1 = p)n{ (G2, 61)15 (84, C3) |
We calculate as,

1

Jo 1= (e + 4100 0dpegeo = [ (1 (pr + q)0) 20dp,, qu+f L ((px +ax)e — 1)20dp, g,0. (14)

Considering the first (py, g )-integral from (14) and substitute 1 — (px + gx)0 = p, we obtain:

1
Pk Ak Pk - Qk
/ (1= (px + 9x)0) 20dpy g0 =
0 o (pe+ a0 (p2 =gt

Pk“"ik/ 0 20dpq0 =

Considering the second (py, gx)-integral from (14) and substitute (px + gx)0 — 1 = p, we obtain:

/1 ((px+3K)0 — 1) oy g0 = — /’gkﬂ”_l ©0d
”]qu Pk +4qk)o 0 pk,qu*kaqu 0 0 0% pq0

7+1

_ (k=90 (P + 95— 1)

(pe +a0) (p2 ™ — g™
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After this calculation, we get:

(P — qi) (1 4 (pr + Gic — 1)TZH).
(pe+ax) (p2 ™ — g™

1
Ena (@) = [ 1= (pe+000)| 0.0 =
Finally, we also have:

1
Pr+ar—1
Froae(T1) = /0 (1= 0)odpq,0 = W
1

1
oo (T :/ dy o= —.
proar (T1) 0 Q0% i 9 et dr

Utilizing the values of the above (p1py, 4,4,)-integrals, we get our required inequality. [

Theorem 7. Let ¥ : A C R? — R bea mixed partial (p1p2, §192)-differentiable mapping on A° (the interior of

o iPnp Y00 | : .
A) with 199101 023 OpaaP being continuous and integrable on [&1,&1 + 171 (82, 81)] X [&3, 83 + 112 (€4, &3)] C

o §1:§3alzﬂ1ﬁz/qM2lY(Q'p) i
A° for 11 (G2,81) 12 (Ca,C3) > 0and 0 < g < pr < 1 where1l < k < 2. If LR is

a higher-order generalized strongly quasi-pre-invex mapping on co-ordinates for T > 1, then the following
inequality holds

1

1—
(1 poai2) (61,6263, 84) (‘P)’ <K (Dp1g:Pprap)” °

Al

T T

6143 3%71 Pz/qu‘Y(gl'g‘*)
41 aPl 11983 al’mzp

2
&1, %1 ppaap ¥ (6183)
01 apl/ql Qg3 apz/qz O

Dy, 41 Dp,,q, max

T T

2
¢1 153817] Pz,qlqz‘{[(é%@)
151 aP]:fh 93 aPsz

2
6183 apl Pz,qlqz‘Y(§2réﬁ’))
199141 Q63902020

+11(Cpyg1 ) 12(Cpyg0 )] (G2, 61)715 (G4, 83)

where IC, Cpy q, and Dy, q, are defined in Theorems 4 and 5

Proof. By the given supposition, utilizing Lemma 1 and using the (p1p2, 4142)-Holder inequality

1 ,1
| Mg @182,80,66) (O] K [ 110~ (pr+000) (1= (2 + 92)0) [0y 10000

1,80, (81 + 01 (62,61) , 83 + o172 (84,83)

X
¢1 aPL‘h 0z, apz,qu
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1 ,1 1_%
H(plpz,qlqz)(gll 2,83, 54) (‘P)‘ <K (/0 /0 ‘(1 - (Pl + ql)Q)(l - (PZ + ‘72)p)| OdplrtllQOdPZﬂZp)

1
T

Jo 1= (p1+41)0) (1 — (p2 + q2)p)]

r 2 T 2 T
.83 %1ppa100 ¥ (6183) 21,5391 poay0 ¥ ($1,84)
1991419239220 1991919239202
X max
2 T 2 T
X 6163 anlnz,qwz‘y(é%@) 8183 ampzqu‘y(@’é‘*) Odpl,ql Qodpz,qu

199101 923 9p2.02P &19p1.01 923 9p2.02P

+u10(1 — @) p20(1 — )17 (82, 81)15 (G4, &3)

and obtain required integrals Cp, 4, and D), 4, that have been calculated in Theorem 4 and Theorem 5.
This complete our result. [J

Theorem 8. Let ¥ : A C R? — R bea mixed partial (p1p2, q192)-differentiable mapping on A° (the interior of

% ¥(op) , . . ,
A) with M being continuous and integrable on [&1, &1 + 11 (&2, 81)] X [€3,83 + 172 (84, E3)] C
¢19p1.01 93 %p2.020
T
a1ty %o ¥ (00) |

isa
199191983 9p2.02P°

A° for 71 (62,61) , 12 (€4,83) > 0and 0 < g < pr < 1where1 < k < 2. If

higher-order generalized strongly quasi-pre-invex mapping on co-ordinates for Til + %2 = 1, then following
inequality holds

1
’ iy, p2.100) (61,62, 63, Ga) (‘P)‘ <K (Epgr€nm) ?

T 2 T £y
$1.63 aP1P2/‘71q2Y(§1’§4) 1

191,01 9239p2.920

2
&8 %1 ppa100 ¥ (6183)
&19p1.91 963 9p2.020

7

max
T 2 T
618391 pp.019, ¥ (62,64)

& 10 Qzg 9po.0p0

2
81839100010, ¥ (62,63)
199141983 9p2,02P

+11(Cpy g0 ) 12(Cpy g0 17 (82,81)115 (G4, C3)

where IC, Cp, q, and &y, 5, are defined in Theorems 4 and 6.

Proof. By the given supposition, utilizing Lemma 1 and using the (p1p2, 4192)-Holder inequality, then
we have

1 r1
| Mipupaguan) €1,82,80,80) (O € [ [110= (pr+a1)0) (1 = (p2 + 2)0)]

1539 mangs (81 + 01 (62,61) /83 + o172 (G4,83)

X
199101983 9p2,20

01,4100 p,,q,0-
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1

2

1 r1
H(plpz,qlqz)(‘;rl/ G2,C3, 64) (T>‘ <K (/0 /O |(1 - (Pl + ‘71)@) (1 - (PZ + qz)p)|T2 Odplm Qodpz,qu>

1
o, 2 T T
a5 pa iy ¥ (61/64) !

&19p1.01 923 9p2.02°

2
21.83% 1 po190 ¥ (§1.63)
1 apl'fh Qs aPz,qu

max
T 2 5t
a8 %1y ¥ (62/64)

& Ip1.01 Qzy 92,020

2
a.5% 1y ¥ (62/63)
& 11 Qzy 9po.0p0

+u10(1 — @) p2p(1 — )17 (82, ¢1)15 (G4, C3)

and obtain required integrals Cy, 5, and &), 4., that have been calculated in Theorems 4 and 6.
This complete our result. O

5. Conclusions

We conducted a preliminary attempt to develop a quantum formulation presumably for new
Hermite-Hadamard type for proposing two new classes of higher-order generalized strongly pre-invex
and quasi-pre-invex functions and presented their (p1p2, §142)-analogues by using the two parameters
of deformation at the quantum scale based on special relativity. An auxiliary result was chosen because
of its success in leading to the well-known Hermite-Hadamard type inequalities. An intriguing feature
of (p1p2,9192)-analogues is that these simple rules lead to Einstein’s velocity-addition formula in
the macroscopic limit by inserting the condition of time in our computed results. Such a potential
connection needs further investigation. We conclude that the results derived in this paper are general
in character and give some contributions to inequality theory, some applications for establishing
the uniqueness of solutions in quantum boundary value problems, quantum mechanics and special
relativity theory. We can formulate the quantum version of the postulates for special relativity and
derived the rules for determining relative velocity at the quantum scale by involving Dirac delta.
This interesting aspect of time is worth further investigation. Finally, the innovative concept of
higher-order generalized strongly convex functions have potential application in parallelogram law of
Ly-spaces in functional analysis and opened new doors for futuristic research.
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