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Abstract: This article scrutinizes the efficacy of analytical
mathematical schemes, improved simple equation and
exp(—¥(¢))-expansion techniques for solving the well-
known nonlinear partial differential equations. A long-
itudinal wave model is used for the description of the
dispersion in the circular rod grounded via transverse
Poisson’s effect; similarly, the Boussinesq equation is
used for extensive wave propagation on the surface of
water. Many other such types of equations are also
solved with these techniques. Hence, our methods
appear easier and faster via symbolic computation.

Keywords: longitudinal wave equation, Boussinesq equa-
tion, improved simple equation method, exp(-¥(¢£))-
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1 Introduction

Many nonlinear physical phenomena in nature are
described by nonlinear partial differential equations
(PDEs). For deliberative speedy development of symbolic
computation systems [1-5], the search for the exact
solutions of nonlinear equations has attracted a lot of
attention [6-9] as the exact solutions make it possible to
research nonlinear physical phenomena comprehen-
sively and facilitate testing the numerical schemes
[10-14]. In the last two decades, various approaches

have been proposed and applied to the nonlinear
equations of PDEs, such as homogeneous balance
method [15,16], extended tanh-function method
[17-20], Jacobi elliptic function expansion method [21],
simple equation method [22-24], (G/G’)-expansion
method [25-27], Hirotas bilinear method [28], Exp
function method [29], general projective Riccati equation
method [30], modified simple equation method [31-33],
improved direct algebraic technique, [34,35], auxiliary
scheme [36] and so on [37-44]. Recently, authors in [45]
discussed the exact solutions of the longitudinal wave
model by implementing the extended trial technique
similarly in [46] derived the exact solutions of the
Boussinesq equation via the (G/G')-expansion technique.
But our central focus is to investigate solitary solutions
of these models via improved simple equation and
exp(—¥(£))-expansion schemes. The derived solutions
are more general and simple as compared to the previous
solutions discussed in [45,46]. Hence, our investigated
methods are fruitful tools for solving other complex
nonlinear wave problems in mathematical physics.

The remnant structure of the article is arranged as
follows: description of the proposed methods is given in
Section 2. Applications are given in Section 3. Results
and discussion and summary are illustrated in Sections 4
and 5, respectively.

2 Description of the proposed
methods

Consider
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2.1 Improved simple equation method

Let (3) have the solution:

N
V=) AVYL (4)
i=-N
Let ¥ gratify,
Y =co+q¥+ ¥+ ¥l (5)

Substituting (4) along with (5) in (3), the required
solution of (1) is obtained.

2.2 Exp(-W(&))-expansion method

Let (3) have the solution:
V = ay(exp(-¥())N +---, ay # 0. (6)
Suppose V¥ satisfies,
W' = exp(-¥(¢)) + nexp(¥(§)) + A. @)

Substituting (6) with (7) in (3), the solution of (1) is
obtained.

3 Applications

3.1 Applications of improved simple
equation method

3.1.1 Longitudinal wave model

Longitudinal wave equation has the form [45]:

Wit — APy — (%uz + bunj = 0. (8)

pog

Substituting (2) in (8) by twice integrations with an
integration constant equal to zero yields

2V(k? - a?) — aV? - 2bk?V" = 0. 9
Let (9) have the solution:

A, A
V=A2\112+A1\V+V22+V1+A0. (10)

Substituting (10) in (9) along with (5), the following
system of equations is obtained.
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Casel: =0

Family I

A= - 2(a§7cl2 + 2abc0c2)’ A, -0,

bc{ - 4bcog + 1
12abc?
A4=0, Ah=—73—"2 —, (11)
—-bcf + 4bcoo - 1
A= - 12abc 6 K = a

be? - 4bcocy + 1

Jbci — 4bcoo + 1 .

Substitute (11) in (10) with (5), then the solution of
equation (1) is achieved as,

_ 2(abci + 2abcoc)
bci - 4bcog + 1

12abc o
bci - 4bcye + 1

[4cocy — c2
G - \J4coq — cf tan (m’#(f + {0)]

26

v =

12abc?
-bci + 4bcoo - 1

I 2
!’ — 2
G — \J4coo — ¢f tan (VZ'CO%)({ +&,)

bl

(12)

26

X 4CoG > CP.
Family II

12abc

~ 2(abc} + 2abcy o) ~
2 —bc? + 4bcoe — 17

bei — 4bco +1°
_ 12abcyq
-bci + 4bcoey - 17

A =0, A=0, k=

Ay =

A, 13)

a

Jbci — 4bcoo + 1 '

Substituting (13) in (10),

v o- 2(abc} + 2abcy o) ~
g bc - 4bcye + 1

12abcyq
-bci + 4bcoo — 1

26
6 - ey - ¢ tan (Laac - ¢t 6+ &)

12abc}
—bc + 4bcoc - 1

(14)

§ 4¢}
2
(- aceo — 7 tan (aecr - ¢ + £9))

X 4CoG > CP.

>
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Casell: co==0

12abc}
Ao =0, A,=0, A4=0, Ay=-"3"2,
bcf -1 5
_ 12abgo 3 a 15
1 = , = -
b} -1 1 - bct
Substituting (15) in (10),
_ 12abgc qeas+éo)
P T b -1 (1 - getd) “
Rabci [ cfe?al+s)
T b1\ (1 - gealy ) 470
_ 12abac -qeaétéo
N b — 1| (1 + gea+a)) -
12abcs [ cle?a€+é) 0
- , a<0.
be? -1 (1 + ey | ™
Caselll: = =0
Family I
0=M, A,=0, A,=0,
4bCOC2 -1 18
12abcs A-0 Kk a (18)
2 = 1) 1 = ) == .
4bcyc - 1 N 4bCOC2
Substituting (18) in (10),
v - 4abcyc 12ab
> 4bCOC2 -1 4bCOC2 -1
19
x (o tan \/Co& (€ + §p))*,  &co > O, 19
b <O.
4abcyc 12ab
Ve = -
4bCOC2 -1 4bCOCz -1
20
X (=€ tanh /=CoG (6 + &)))?, ©Co < O, )
b > 0.
Family II
4abcyc 12abc
0=~ -2 = s -1 = 0’
4bCOC2 -1 4bCOC2 -1 (21)
A =0, A =0, kzé.
J1- 4bCOC2
Substituting (21) in (10),
v - 4abcycy 12abc?
! 4bCOCz -1 4bCOC2 -1
c? (22)
X 7> CoC2> 0,
CoG(tan /Co& (€ + &)

b <O.
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v = 4abcoc,  12abcg
8 4bCOC2 -1 4bCOC2 -1
y c? (23)
—coG(tanh =Co (& + &) )
Co6 <0, b>0.
Family III
8abcy 12abc?
Ay = -~ ———, 2=,
16bCOC2 -1 16bCOC2 -1
A4 =0, (24)
12abc} a
A =——, A=0, k= —
2 16bcoc — 1 ! J1 = 16bcyc

Substituting (24) in (10),
__8abco 12ab
16bcoc; — 1  16bcoc — 1
x (co(tan /CoG (& + &))?)
12abcy [ 1 j
16bcoc, — 1{ (tan \/CoG (& + &) )

coc; >0, b<O.

o =

(25)

__8abco, 12ab
16bcoc; — 1  16bcoe, — 1
x (=Coq(tanh /=coG (£ + §,))?) 06
12abcyc, 1
16bcocy — 1 [(tanh J=CoG (& + .{0))2]’

co <0, b>0.

Vip =

3.1.2 Boussinesq equation

The Boussinesq model has the form [46]:

— Uxx + Ut — 3(u2)xx - Upoex = 0. (27)

Substituting (2) in (27), integrating twice with an
integration constant of zero, yields

(k?-1)V-V"-3V2=0. (28)

Let (10) be a solution of (28). Substituting (10) in (28)
along with (5), the following system of equations is
obtained.

Casel: =0

Family I

Ao = %(—Qz - 200), A,=0, A,=0,

A2 = —ZCZZ, (29)

A = -2q0, k=.-c+4coc+1.
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Substitute (29) in (10) with (5), then the solution of
equation (27) is achieved as,
1
Vi = 5(—C12 - 2000) - 266

/ _ 2
G - \4coo — ¢f tan [M#(E+ {0))

2C2

X

(30)

2

/ _p2
G — /4o — cf tan [cho#(f + EO)J

- 2c}
26 ’

4co0 > .
Family II

Ay = - 2000, A = -2c00,

AZZO’
A =0, k=-yc-4coo + 1.

Substituting (31) in (10),

A_2 = —2C§,

(€1

VlZ: - 2C()C2 - 2COC1
26

6 - e - cf tan (1acicy - ¢t € + &)

4c}
2
(o - aerco— <7 tan (3aerco - 76+ )

4cocy > cl.

X

(32)

-2c¢¢

>

Casell: co = =0,
Ao =0, A,=0, A,=0,
A = -2q0, k= c+1.

Substituting (33) in (10),
Clecl({‘*{o)
(1 - geat+a))

2 ,20(8+&,)
_og| ae
* [(1 - C2e51(€+§o))2j’ q>0.

A2 = —ZCZZ,
(33)

Vi3 = - 2C1C2(
(34)

—G ecl(f‘*'{)
Vi, = - ZCICZ( ! °

(1 + 0 ecl(s"'{o) )
5 C12 ezcl(’f*'{o)

35)
— 2C2 [(1 T Czecl({+§0))2j’ Cl < 0.
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Caselll:q=¢=0

Family I
Ao = %(—Z)CoCz, A,=0, A,=0, 36)
A= -2}, A =0, k=-Jbcoc +1.
Substituting (36) in (10),
s = 3(-2)c06 — 2o tan JaoG(§ + £ o)
GCo > 0.
e =32 oe-2(/=60G tanh V=6 §+§)), 30
GCo < 0.
Family II
1
Ag ==(-2coc, A,=-2¢2, A,=0,
0 3( ) 0L2 2 0 1 (39)
A2 =0, A1=0, k=—1/4C0C2+1.
Substituting (39) in (10),
1 2
Vi = 5(—2)6062 - 2¢;
2 (40)
G
X > >0,
[COCZ(tan Voo (€ + &) J
1 2
Vis =3(=2)coc, - 2¢4
¢ (41)
X S oG < 0.
~CoG (tanh /Co6 (€ + &)
Family III
AO = 4C0C2’ A*Z = _2C§’ A*l = Oy
3 (42)
A = -2¢¢, A =0, k=-16coc +1.
Substituting (42) in (10),
4eoc
Vie =—-2 - 2(coc(tan (GG (£ + &))?)
9 GCo (43)
(tan /CoG (& + &))?
CoG > 0.
Vo = 4C§C2 + 2(co (tanh J=co5;)?)
(44)

_> GCo
(tanh (=CoG (£ + &))? )

Co6 < 0.
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3.2 Applications of exp(-W(&))-expansion For 2 — 4u=0,u#0,1+0,
technique 12abp 12abA

Vs = - 2 ton
-bA* + 4bu +1 DA’ - 4bu -1
3.2.1 Longitudinal wave model ,
[ R(E+ &) ] . lab 50
Let the solution of (9) be: 20 + &) +2)) DA - 4bu -1
4 2
V=ao+ aexp(-¥(E)) + aexp(-2¥())  (45) « Lfo)z C bso.
4(AE + é’o) +2)
Substituting equation (45) along with equation (7) in
equation (9), we have: For > - 4u=0,u=A=0,
_ 12abA o 12abu V. - 12abu
b2 —4bu -1 0 bR+ 4bu+1’ ) %S T TPy abptd
k= - a , ap= zlziab + 12abA 1 51)
J-bA? + 4bu + 1 bA* — 4bu -1 bA® — 4by — 1 E+&)
Substituting (46) in (45) yields 12ab 1
+— p >, b>0
v 12ab}1 bA* - 4 U - 1 (€+ 50)
b+ 4bu+1 For A2 — 4u < 0,
12abA
+ 0 exp(~¥()) (47) 12ab 12abA
bA? — 4bu -1 Ve = — H +
25 = P P
12ab ” -bA* + 4bu +1  bA* - 4bu -1
T exp(-2¥(¥)).
T by~ 1 exp(-2¥(¢))
2u
For > - 4u>0,u+0 x R
Jau — A2 tan | Y -2
—— 12aby , _ l2am [ s [ ;G {O)J j
& -bA% + 4bu +1  bA? - 4bu - 1 . 12ab (52)
bA? - 4bu - 1
X 2 ,
(—\/}l2+(—4}1) tanh(}l+(4m(§+{0j+( /lj x A 5 |
4 - 2
ab 48) («/4;1 - A? tan (L yz &+ fo)) - /1)
+ -
bA% — 4bu - 1 b>o0.
X 4H2
2P o o
( v i) tanh( T ‘foj ‘(- A)j 3.2.2 Boussinesq equation
b <O0. Let equation (28) have the solution form as in equation
¥ (45). Substituting equation (45) along with equation (7)
For A° - 4p >0, p =0, in equation (28), we have:
12abu 12abA
V = - = — = — = 2 _
2 b2 + 4bp+1 | bR — 4bp -1 @=-2A do=-Z k=J¥-turl, @ g
=-2
y A
((exp(}l({ + &) + (_1))] (49) Substituting (53) into (45) yields
. lab [ e V= -2u+-20exp(-¥(£)) - 2exp(-2¥(¢)). (54)
bA% — 4bp — 1| (exp(A(€ + &)) + (-1))* ] For A2 — 431> 0, 1 # 0,

b <O.
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V= —2u - 2A A
Vyy = =2u-2A
7o H [(exp(il(f Y E)) + <—1))} 6
2u A2 ]
X -2 .
[—,/Az + (~4y) tanh [“”2“"“ &+ .fo)j + (—/1)] ((exp(/l(f T &) + (-1))
(55)
For % - 4u=0,u+0,A#0,
S 4 Ve = w4 _M( R(E + &) ]
2| -
(_ A2 + (—4y) tanh (7\/"’“2(“"‘)(5 " ,{0)) _ AJ 208+ &) +1+1) 57)

4
Ao}
For A2 — 4u > 0, pu =0, 4AG+ &) + 1+ D)

For 2 -4u=0,u=A1=0,

Figure(l —a)

Figure(1 - 5)

Figure 1: Exact traveling wave solution (17).

Figure 2: Exact traveling wave solution (20).
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4 Results and discussion

Several researchers applied distinct schemes for the
determination of exact solutions of longitudinal wave
and Boussinesq equations. We have presented two
mathematical methods for the construction of new
wave exact solutions. With distinct values of parameters
involving equations (4) and (6), several types of solitary
wave solutions are achieved. However, some of our
constructed solutions are likely the same as others.
Solutions (14) and (16) are the same as solutions (13) and
(15) in [47]. Solutions (48) and (49) have exactly the
same form involving different parameters as solutions

F_i_gure[B -a)

Figure 3: Exact traveling wave solution (26).

Figure(d —a)

60

Figure 4: Exact traveling wave solution (32).
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(36) and (37) in [48]. Our solutions (56) and (58) are
approximately similar to solution us(n) and u,(n) in [49],
respectively. Our solutions (13) and (30) are approxi-
mately similar to solutions (2.54) and (2.63) in [50],
respectively. The remaining discovered solutions are
novel and more general when compared with the
solutions obtained in [47-50].

Figures 1-7 are plotted by assigning these particular
values to the parameters such that, solution V, at a = -3,
b=-5¢=-05,6=1, ¢ =0.5, solution ; at a = -3,
b =0.5,co=1,¢ =-5,&=-0.5and solution Vjg ata = 5,
b=4,co=-1,0=5¢§=-05and ), atcy=1,¢=1,
o=1¢e=05and Vi, atg=-0.5,6=1,¢,=0.5and Vg

Figure(3 - )

w R

10

Figure(4 — 5)

UL |
UL |

I |
|| |‘|||J|l
|l RULL
(WUl
||'H|‘|l
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Figute(5 —a)

Figure(5 - 5)

Figure 5: Exact traveling wave solution (35).

Figure( —a)

R e Z=
B e A gy =7
A e T, =7
6.666x 1077 "0’."«0""’” 727 Z 2
6.664 % 10 x@.’. N %
i . e
6.662x 1077 7 20/
6.66% 10°7 7 2/
. 7/
5/
/4
7/ \
3 / 1 1 1
10 20 10 0 10 20
Figure 6: Exact traveling wave solution (38).
Figure(7 —a)
Figure(7 - 5)
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Figure 7: Exact traveling wave solution (52).
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at co = 0.001, ¢ = -0.001, §, = -0.5 and Vs at a =10,
b1 =10,A =2, u = 8, ¢, = 0.5, respectively. We discussed
the obtained results and graphical representations of
some solutions by giving the particular values of
parameters. Hence, we have found that these methods
provide a rich plate for solving nonlinear wave problems
in mathematics, physics and engineering.

5 Conclusion

In this work, longitudinal wave and Boussinesq equa-
tions were successfully studied by adopting the two
mathematical schemes, improved form of simple equa-
tion and exp(-¥(£)), to generate the exact solutions.
Furthermore, some solutions are plotted graphically to
understand the dynamical behavior of the derived
results. Hence, the proposed techniques are efficient
algorithms for nonlinear PDEs in applied sciences.
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