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Abstract: The current paper is concerned with a modified Homotopy perturbation
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1 Introduction

Some important problems in dynamical systems, diffusion wave, heat conduction, cellular systems, oil
industries, signal processing, control theory, fluid mechanics and other areas of science and engineering
would be more accurate to be modeled by utilizing fractional differential equations; for instance, see
Podlubny [1]. Managing numerical techniques to accomplish an approximate solution of the fractional
differential equations have been studied by various researchers [2,3]. Throughout this work, the Homotopy
perturbation method (HPM) will be modified and implemented to acquire a numerical approximation of the
Bagley—Torvik equation (BTE), considering Caputo’s sense. BTE governs the motion of a rigid plate
submerged in a Newtonian fluid of infinite extent and connected by a massless spring of stiffness K to a
fixed point, as was modeled by Bagley et al. [4]. It may be formulated as follows:

au”(t) + bD*u(t) + cu(t) =f(t), p—1<a<p, p€eN, (1)
with initial conditions

o*u(0)
otk

=h, k=0,1,..., p—1, (2)
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herein, f(¢) is a continuous function, a = M, b = 2a,/ip, ¢ = K, 1 is the viscosity, p is the fluid density, and
M is the mass of the rigid plate.

Al-Mdallal et al. [5] found out the existence and uniqueness of the BTE with a Dirichlet boundary
condition. It is very difficult to obtain, analytically, the solution of the fractional differential equations.
Therefore, many pieces of research utilized widely approximate and numerical methods; for instance, see
[6—11]. A lot of numerical processes have been proposed of the BTE by many researchers. Ray et al. [12]
suggested the Adomian decomposition method (ADM) in solving the initial value problem of the
Bagley—Torvik type. Others introduced fractional linear multi-step methods and a predictor-corrector
method of an Adams type. The latter method is based on the finite difference methods to analyze the
initial value problem of the BTE; for instance, see Diethelm et al. [13]. Saadatmandi et al. [14] tried to
solve the fractional differential equations using the Legendre operational matrix method. However,
Yuzbasi [15] implemented a mixture of collocation points and first-order Bessel functions and he named
it the Bessel-collocation method for the boundary value problem of the BTE.

A lot of work nowadays aims to deduce a method to achieve the exact solutions of the linear as well as
nonlinear fractional differential equations. One of these methods is the Homotopy perturbation method
(HPM). It was first initiated by He [16-22] for solving linear, nonlinear differential and integral equations
with integer or fractional order. It’s not saying that it always gets the exact solution. However, if the exact
solution is not reached, an accurate approximation for the solution is deduced. Some modifications have
been made by utilizing the HPM; for instance; see Siddiqui et al. [23]. Wazwaz [24] has proposed a
useful alteration of the Adomian decomposition method by putting a new operator in the picture to solve
a class of differential equations called the Lane-Emden equations. These methods may be used effectively
to solve equations with many types of linearities, such as the Klein-Gordon equation.

Lately, El-Dib et al. [25] introduced a merging between a power series formula and the Homotopy
technique to find an exact solution of linear as well as nonlinear differential equations. In the current
method, the solution of the functional equations is considered as a summation of an infinite series. In
most cases, this series converges to the exact solution, and therefore, the modification is done. As we cut
off the series at its first order term and equate it to zero then all the higher-order terms, which are
dependent on the first-order term, will be vanished. In other words, the whole series will fall directly into
exactly one term which will be the zero-order term and it will be the exact solution itself. All of that is
done with the aid of the initial guess which has been formulated as a power series in the undetermined
coefficients and obtaining these coefficients will lead to the exact solution.

In this work, the same technique as was given by El-Dib et al. [25] will be used after minor
modifications. These modifications enable us to solve fractional differential equations. A class of
fractional differential equations that is famously named as the Bagley-Torvik fractional differential
equation is tested [26]. To clarify the organization of the paper, the rest of the manuscript is organized as
follows: Section 2 is devoted to introducing the essential relations and preliminaries. The convergence
and the error analysis are displayed in Section 3. The algorithm of the solution, using the proposed
method, is presented in Section 4. Some illustrated examples are acquainted within Section 5. Finally, a
summarize of the outlines of the manuscript is introduced as concluding remarks in Section 6.

2 Essential Relations and Preliminaries

Throughout this section, the fundamentals of the fractional calculus are presented. The fractional
calculus refers to the analysis of integrals and derivatives with different possibilities of having, a real or
complex number, order to the integral, or the differential operator. It is a generalization and the
unification of the differentiation with integer-order and integration with n-fold. There were existing wide
varieties of books and research papers that study and analyze fractional calculus. Furthermore, a lot of
definitions of the integration and differentiation of the fractional-order, such as Riemann-Liouville,
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Caputo, Grunwald—Letnikov, and the generalized function approach definitions, for instance, see Podlubny
[1] and West [27]. To serve the aim of this article, Caputo’s definition of fractional differentiation is
implemented here. Making use of the Caputo’s approach advantage in which initial conditions for
fractional differential equations with Caputo’s derivatives uses the same traditional form that the integer-
order differential equations use.

Definition 2.1 Caputo defined the fractional-order derivative as follows:

e G
DY (1) = F(p_a)/( e, (b= 1<Re) <p. pen) 3)

in which the constant o is the derivative order. It may be real or, in some cases, even complex and the
parameter o is the function initial value. Here o is assuming as real and positive.

Considering the Caputo’s derivative, one gets

D*C =0, (C is a constant) 4)
o ey perm )

D*P = + f—o 1y PEN ®)
T(F—at1) (F=p=1)

Both of the fractional differentiation and integer-order differentiation have a common property of being
linear operators. Therefore, one can write

D*(Bf (t) + ug(t)) = BD°f(¢) + uD’g(1), (6)

where f3, u are constants.
For building our results, introducing the Riemann—Liouville fractional integral operator as follows:

Definition 2.2 The Riemann—Liouville fractional integral operator of order o« > 0, of a mapping ' € C,,,
> —1, is referred to as

X

J“f(x):/ (x— )" 'f(0)dt, «>0, x>0. (7)

0

The characteristics of the integration operator J* would be seen by West et al. [27] and here only some of
them will be mentioned as follows:

Forfec,u,,uz_la o, ﬁ207 ’})2_1

F(y+1) on»y
INCEENY

U (x) = I f (x), JIPf (x) = JPT°F (x). ®)

oA (x) =1 (x), I =

)

Furthermore, two of its basic properties are needed here as follows:
Ifp-1<a<p, peNandf e, n>—1,then

D*J*f(x) = f(x), J*D*f(x) Z, SO0 %, x>0 )

l'
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For further, a deeper study in the mathematical characteristics of the fractional derivatives and integrals,
you might find what you need in West et al. [27].

3 Convergence and Error Analysis
This section is devoted to demonstrating the uniqueness of the solution of the BTE.

Definition 3.1 Let H = Cla, b] be the set of all continuous functions defined on the closed interval [a, b].
The distance between any two arbitrary functions fi(z), fo(1) € H is defined in the form
d(f1(2),£(2) = max Ifi(¢) — f2(2)]. 1t is known that (H,d) is a complete metric space and the following

a<t<

properties are satisfied:

D difi, £)=0 < fi=AVh L €H
2) dfi +f, L+f)=dhf2) Y A, L EH
3) dfi +f5 L+fa) <d(fifo) +d(fsfa) Yh, S S5, fa€H

Now, consider u(x) is a bounded function for all x € R. Moreover, suppose that the linear and nonlinear
operators L and K satisfy Lipchitz conditions, where

d(L(tbu([l))aL(tZ’ u(l‘z))) < Mld(u(t1)7 u(tZ))’ M, >0, (10)
d(K(t,u(t)), K(t2,u(r2)) < Mad(u(ty), u(r2)), Mz =0, (11)
tl%
Letm(t) = (M) + M) ———.
For the equation
aju () + D*u(t) + cu(t) = bif(t), p—1<a<p, peN, (12)
with initial conditions
O*u(0)
=h, k=0,1, ... - 1. 13
8tk ks y Ay y P ( )
One can write Eq. (12) in the form
1
u(t) = anJ7 (' (1) + e} (u(t) + b () + >, hiry (14)
then suppose that
R
u(t) = JL(u(0) + J7K(u(e) + T (@) + S0 e (15)
where
L(u(0) = and' (1), @y ="
—c
K(u(®) = cuu(t), e =
-1
F(t) =bif(t), by = —. (16)
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Theorem 3.1
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Assuming that inequalities (10) and (11) hold such that 0 < m(¢) < 1, then there exists a unique solution

to the equation

DAu(t) = L{u(t)) + K(u(t) + F () + >0 ey

with initial conditions

9*u(0)
=h, k=0,1, ... —1
otk ky )y 1Ly y P 3
3.1 Proof
Let u and u* be two different solutions for Eq. (17), then one can write
1tk
u(t) = JEL((0) + J7K(u(e) + T (@) + S0 e
* * * p—1 tk
w (1) = JPL( (1)) + Sk () + JF (@) + ) o by
and,
p—1 tk
d(u,u”) = d(J/L(u(t) + S k() + JJF() + ) hkﬁ’
o * o * o pfl tk
JALG () + Ik () + EW) + ), hey)

= max |[JIL(u(t)) +J7k(u(0)] = [JPLG" (1)) + Tk (u" (1)) ]|

a<t<b

= max |FLu(0)) — JEL(w (1)) + T2k (u(0)) — T2k (1)

a<t<b

< max ‘J,“L(u(t)) — Jt“L(u*(t))’ + max ’Jt“k(u(t)) — J,“k(u*(t))’

a<i<b a<t<b
= d(JPL((0), JL( (1)) + d (K (), JEK (" (1))
Now, using Lipschitz condition, one gets
d(u,u*) < Myd (J}u(t),Jju* (1)) + Mod (J7u(t), Jiu' (1))

tOC

= My M) ). (1)) = (1 + M) ) s

= m(t).d(u,u"),

then
du,u”) < m(t).du,u").

(17

(18)

(19)

(20)

e2))

(22)

(23)

24

(25)

(26)

@7

(28)
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Accordingly, it’s clear that (m(¢) — 1)d(u,u*) > 0, since d(u,u*) can’t be negative then it is either
positive or zero, However; to get a unique solution d(u,u*) must be equal to zero, then m(¢) — 1 must be
negative, so set 0 < m(z) < 1, then d(u,u*) = 0, which implies that # = »*, under the condition that
My + M, L+ 1)

F(a+1) M+ My

As a special case of the theorem for the non-fractional differential equation, put o« =2 to get the

condition for solving the equation

&Pu(t)
dr?

0<m(t)<lor0< * < 1 which is equivalent to 0 < 7 <

— L(u(t)) + k{u(t) +£ (1), (29)

with initial conditions

ou(0)
0)=4 =B. 30
u(0) =4, = (30)
M, + M.
Let m(t) = ﬁtz, it is found that a unique solution for this problem under the condition that
0<m(r) <1i b?' d, which results in [f] < /%)
m is obtained, which results in —_—.
M + M,

Lemma 3.1

o
Consider a series solution of Eq. (12) is in the form u(¢f) = > a,*" and consider the fractional

derivative operator D* as defined in Eq. (3), one finds n=0
2N T +n)
D* " p—1 : 31
nZ:O ] Z F (n + 1 Tntl-w) ~ P S%%P G
3.2 Proof

Taking the L.H.S.

Z a, 2

Using the Caputo fractional derivative definition, it follows

D” = D"[ay + ait" + @t + a3t + ...]. (32)

L, re ., ') .., r(4) 5.,
= —1 el —_—1 —_—t
[“"m—a) Tty TeTeowt T%Ta—xo" T
x 1
S P B 7R (33)
= 'n+1-—0)
Lemma 3.2

oo
Consider a series solution of Eq. (12) is in the form u(¢) = > a,¢*" and consider D* and I* be the
fractional derivative and integral operators respectively, one gets "=0
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N N -1,
1"D* Z)a,,t“] :Zant +Zizohkﬂ’ p—1<a<np. (34)
n= n=p
3.3 Proof
Taking the L.H.S. and using the proved lemma above, one finds
- - I'(1+n)
I"D” W =17 1" "]. 35
> | S e 9

Using the Caputo fractional integral operator definition

)
Z a, o

n=0

[ee] - tk
D =S @t +Y o= RILS. (36)

n=p

4 An Algorithm of the Proposed Solution

Starting with the fundamentals of the Homotopy technique as given in Eq. (12), one can be
decomposed into L and N, to refer to the linear and nonlinear parts, respectively. For instance, see
[16—22], therefore, one gets

L(u) +3N(u) =f(¢), d €[0,1] (37)
Construct a Homotopy in the form

H(u,d) = (1 =38)(L(u) — L(U)) +3[N(u) —f(¢)] =0, 8 € (0,1], (38)

H(u,d) = L(u) — L(U) +3[L(U) + N(u) — f(¢)] =0, & € (0,1], (39)

where U(¢) is the initial approximation for the solution of Eq. (12), where

H(u,0) = L(u) — L(U) = 0,

H(y,1) =N(u) — /(1) = 0. (40)
Use the Homotopy parameter & to expand u(z)
u(t) = uo(t) + duy (£) + Suar(t) + ... 41)

Suppose that
L(u(1)) = D*(u()),
N(u(t)) = aju”"(¢) + cru(t). (42)

Take the initial approximation as a series in ¢ as

o0

U(t)=>_ ant™, (43)

n=0

wherep — 1 <a <8, deN
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From Egs. (43), (41) and (42) into Eq. (39), one gets
D*uy(t) +8D%u; (t) + ... — D*[U(t)] +

B[ DU (1) + ar (1) + 80 (1) + .. ) + ea(ao(t) + By (1) +...) = £ ()] = 0.

Comparing the coefficients of powers of &

o0
8" : D*uy(t) = D Z a,t™ |, integrating o — times to get
n=0
> p—1 tk
. — on -
sup(t) = Z a,t™ + 0 hy R

n=p

' : Duy (1) = —D"

> ant“”] — ayuy(t) — crup(t) — £ (1),
n=0

"

8% 1 up(t) = ayu, (t) + crun (1),

"

8t us(t) = ajuy(t) + crua(2),

8" uy(t) = ayu, (1) + cru,_1 (1), n>2, nisan integer

CMES, 2020, vol.124, no.3

(44)

(45)

(46)

47

(48)

(49)

(50)

Equating u;(¢) = 0 in Eq. (47) will result in all u,’s (n > 2, n is an integer) will be equal to zero.

oo

> ant“”] — ayuy(t) — crup(t) — f(£) = 0

n=0

ul(t) = -D*

This expression will be expanded and the coefficients of powers of ¢ will be compared to calculate the
undetermined coefficients a/ns, and substitute into Eq. (46) to get the zero-order exact solution of Eq. (12).

5 Tlustrated Examples

A numerical proof Section with various examples, at which the proved algorithm presented in Section 4,
is applied to some BTE’s. The obtained results, here, show that the method is accurate, easier, and reliable.

Example 5.1

In this example, presenting the inhomogeneous BTE of initial value type; for instance, see [28,29],

therefore, one finds
D*u(t) + Du(t) + u(t) = 1 +1,

with the initial conditions (I.C.)
u(0) =u'(0) = 1.

62))

(52)
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For his purpose, set

L(u) = Diu(t),N(u) = u"(t) + u(t) — 1 — ¢, (53)
= f: ant?, (54)
n=0

Substituting into the Homotopy in Eq. (39), then applying the recurrence relation in Eq. (50),
one gets

0 D2u0 =D Z anﬂ” , applying the integral operator J  to get (55)
DS PF  SL  P 56
—Z:Za,,t +Zk:0 kE—Zzant + +t7 ( )

S! :D2u1 — D Z anﬁ”] — “0 —up(1), (57)

8% ur(t) = uy (t) + u (1), (58)

8 1 us () = uy (t) + ua(2), (59)

8 s uy(t) =u,_(¢) + uy_1(£),n > 2, nis an integer (60)

Equating u(¢) = 0 in Eq. (57) will result in all u,’s (n > 2, n is an integer) will be equal to zero,
one gets

Diu :_Dzzanﬂ]—% —up(t) =0, (61)
ST SYEN | WAL
— n — — — _1 ”
nz:;atz ;<2n><2n ant ZF(%n—2+%+1)
1
—Zanz” g (62)
TGn+3i+1)

Comparing the coefficients of powers of ¢ to get the undetermined coefficients a;,s, which will be
a2:a3:a4:...:O (63)
and substitute into Eq. (56) to get the zero-order exact solution of Eq. (51) in the form
u(t) =1+t (64)

Example 5.2

This example will also discuss the initial value problem within inhomogeneous BTE; for instance, see
[29,30], therefore, one finds
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D*u(t) + 0.5D%u(1) + u(t) = 3 + 7 (ﬁ 9+ 1), (65)
1.C. u(0) =1, «/(0)=0, u(0) = 1. (66)
For this objective, set
L(u) = Dou(t), N (u) = 2u" (1) + 2u(t) — 6 — 2 (ﬁ 79 4 1> , (67)
U= at, (68)
n=0

Substituting into the Homotopy in Eq. (39), then applying the recurrence relation in Eq. (50),
one gets

30 D%uo(t) =Dr Z ant" , applying the integral operator J? to get (69)
n=0
- 1 1 £ - 1
: uo([) = Z:l a," + Zk:() hkﬁ = Z:l a " + 1, (70)
x " 1

d': Doy (1) + D 2|+ 2ug () 4+ 2ug () — 6 — 282 (===t "5+ 1) =0 71
) +D 3 ant |+ 2050 + 200 fagt ) =0 ()
8% un(t) = 2uy (1) + 2uy (), (72)
8 = u3(t) = 2uy (1) + 2ux(2), (73)
8" u,(t) = 2u,_,(t) +2u, 1(t), n>2, nisan integer (74)

Equate u;(¢) = 0 into Eq. (71) will result in all u,’s (n > 2,n is an integer) will be equal to zero.
Therefore, one finds

o 00 I'fn—-—2+1
=S ) o o

50 L(in+1) r 26t 204
. In+1 2 -
2> ant B T ) R (R R (R R () "

Then comparing the coefficients of powers of ¢, yields the undetermined coefficients a;s, which will be

ag=ay=a3=as=...=0, ag =1 (76)
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Substituting into Eq. (70) to get the zero-order exact solution of Eq. (65) in the form
u(t) =147, (77)

Example 5.3

Here the case of homogeneous initial value BTE will be solved; for instance, see [29,30], therefore,
one finds

D*u(t) +u(t) =0, a <1, (78)
1.C. u(0)=1, «(0)=0. (79)

For this objective, set

L(u) = D*u(t),N(u) = u(t), (80)
U= a™ (81)
n=0

Substituting into the Homotopy in Eq. (39) applying the recurrence relation in Eq. (50), it is
found that

8 : D*uy(t) = D* Z a,t™ |, applying the integral operator J* to get (82)
n=0
& 0 &
tup(t) = Z a,t™ + Zk:o hkﬁ = Z a, ™ +1, (83)
n=1 : n=1
3" DMuy (1) + DD at™ | + ) at +1=0, (84)
n=0 n=1
8% uy(t) = uy (1), (85)
8 tus(t) = wo(1), (86)

Equating u;(¢) = 0 in Eq. (84) will result in all u,’s (n > 2,n is an integer) will be equal to zero,
Therefore, one gets

- — T(on+1) *
t)=— " — N - =0. 87
n(f) ;1“” ;“’ T(an+o+1) T(a+1) (87)

Then compare the coefficients of powers of # to get the undetermined coefficients a;s, which will be
-1 1

o TRy

F(e+1) I'2a+1)
-1 1

——, A4 =, . ..

I'Ga+1) I'(4o+1)

(8%)

a) =

ay = (89)
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Substituting into Eq. (83) to get the zero-order exact solution of Eq. (78) in the form

(t)=1+ LI 22 L !
u =
Tla+1) TQa+1) L3+ 1) (4o + 1)

M4

The exact solution is obtained, which is the well-know Mittag-Leffler function.
Example 5.4

In this problem, consider the inhomogeneous BTE; for instance, see Sakar et al. [31]

3

’ 2 3 86
D u(t) + Du(t) +u(t) = + 5t + —, ¢ € (0, 1],
T

L

!

I.C. u(0) =0, u(0)=—1.
For this objective, set

L(u) = D3u(t), N(u) = D*u(t) + u(?),

Ur)=>" a,",
n=0

(90)

C2))

92)

93)

94)

95)

Substituting into the Homotopy in Eq. (39) applying the recurrence relation in Eq. (50), it is

found that

0 D%uo(t) =D , applying the integral operator J o get

& 3
g a,t"
n=0

- 3n 1 tk - 3n
PIOES SYTES S ppr
n=2 : n=2

o0

, 85
+uy(t) +uo(t) — £ — 5t S0 0,

NG

3
a,t?"
n=0

8! : Dy (1) + D?

8% uy(t) = uy (1),

8 L uz(t) = up(2),

(96)

)

(98)

%99)
(100)

Equating u;(¢) = 0 in Eq. (84) will result in all u,’s (n > 2,n is an integer) will be equal to zero,

Therefore, one gets

o = 3n = 3n 3n F(%n_ 1) 3n+4
ul(t)——; a,t —Zan<7)<7—l>%t

n=2
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)tgn+g+6F(2) s T 5 8T()

+1
+3) rg T VAT

£=0 (101)

Then comparing the coefficients of powers of ¢ to get the undetermined coefficients a;s, which will
be

a =1, (102)
otherwise, a, =0, (103)

Substituting into Eq. (83) to get the zero-order exact solution of Eq. (78) in the form
u(t) =1 —t. (104)

6 Conclusion

This article aims to offer an elementary concept of finding an analytical solution to the BTE.
Consequently, the work announced to has a successful algorithm to solve BTE. The announced technique
manipulated the given problems and gave the exact solution in all cases that appeared in this work with
ease. This shows that the technique is powerful, effective, promising, efficient, and reliable in solving
linear fractional differential equations or to be specific BTE. The unity of the solution is demonstrated
and proved. It is clear from the analysis of the results that this method is characterized by accuracy and
ease of implementation as it depends on some of the few steps compared to others.
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