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1 | INTRODUCTION AND PRELIMINARIES

Let p and g be a pair of nonnegative conjugate parameters, thatis, 1/p+1/q = 1, p > 1. The celebrated Hilbert inequality
in its integral form (see, e.g., Hardy et al.!) states that

f)g() dxdy < % < / fp(x)dx>p< / gq(y)dy>q €Y)
R? xX+y sm; R, R,

holds for every pair of nonnegative integrable functions f,g : Ry — R. In addition, the constant =/ sin% is the best
possible in inequality (1). This means that it cannot be replaced by a smaller positive constant so that the inequality
remains valid.

Although classical, inequality (1) is still a research topic by many authors. In the last few decades, Hilbert-type inequal-
ities have been extensively studied by numerous mathematicians. A whole series of generalizations included inequalities
with more general kernels, weight functions, and integration domains, as well as improvements of the basic Hilbert
inequality (1). For more details about Hilbert-type inequalities, the reader is referred to monographs!- and the references
therein.

The basic task of the local fractional calculus is to handle diverse nondifferentiable problems appearing in complex
systems of the real-world phenomena. For example, the nondifferentiability occurring in engineering and science has
been modeled by the local fractional ordinary or partial differential equations. On the other hand, the local fractional
calculus also plays an important role in pure mathematics. Namely, in the last few years, a whole variety of classical
inequalities have been extended to hold on fractal spaces (see previous studies*!! and the references therein).

For the reader’s convenience, we give now basic definitions and properties of the local fractional derivative and integral
developed in Yang!? (see also Yang!3).
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Let R*, 0 < a <1, be an a-type fractal set of real numbers. Then, R* is a field with addition and multiplication defined
by x* 4+ y* = (x + y)* and x* - y* = (xy)%, x%, y* € R?. Clearly, the additive identity is 0%, while multiplicative identity is 1*.

A nondifferentiable function f : R — R is said to be local fractional continuous at Xy, if for any € > 0, there exists
5> 0, such that |x—xo|<6 implies that |f{x) — f{x,) |[<e®. The set of local fractional continuous functions on interval I is
denoted by C,(I). The local fractional derivative of f of order « at x =X, is defined by

/@ _ o TA+ () = ()

(o)
SR = T |, TR (X — X0)°

k)

where I is a usual Gamma function defined by I'(a) = [ ~'e~'dt, a> 0. If f “(x) is well-defined for every x € I, we say
that fbelongs to D, ().

The local fractional integral is defined as follows. Let fe C,[a,b] and let P = {to,t1, ... ,tx}, N € N, be a par-
tition of interval [a,b] such that a=t, <t < ... <ty_1 <ty=b. Moreover, let Atj=t,1—¢, j = 0, ... ,N — 1, and
At = max{Aty, Af,, ... , Aty_1}. In this setting, the local fractional integral of f on the interval [a, b] of order a (denoted
by aIl()”) f(x)) is defined by

oIy f00) = / S)(d0* = Zf(t )AL

1
r(1+ ) a1+ )Aro

The above definition implies that oy fx)=0 ifa=b and oy f(X) = =I5 f(X) if a < b. The Newton-Leibnitz formula on
fractal space asserts that if f=g® € C,[a, b], then oI} f(x) = g(b) — g(a). In particular, if f{x) =x**, k € R, then

b I'd+ ka)
ka a _ (k+Da _ (k+1D)a
/ X (o) = ra+k+ l)a)(b . ) )

rai+a
A change of variables theorem in the above-described setting asserts that if g is a differentiable transformation and
(fog) € Cylg(a),g(b)], then holds the relation

oI £ og)O)IE ()] =g % £ (X). 3)

Clearly, if @ = 1, then the local fractional calculus reduces to classical real calculus. For more details about the above
presented concept of fractional differentiability and integrability, the reader is referred to Yang!? and the references
therein.

The main goal of this paper is a study of multidimensional fractal Hilbert-type inequalities. Two-dimensional fractal

Hilbert-type inequalities have been extensively studied in the aforementioned papers.>”® Recently, Krni¢ and Vukovic®
k

provided a unified approach to k-dimensional fractal Hilbert-type inequalities. In particular, they proved that if 25 =1
i= i

Di>1, fi € Co(Ry), and s < minj i<k {k + %pi } then holds the inequality

k . .
Ik : [, /i = (dx)*(dx)” ... (dxg)*
1+ a) RE <Z] 1x7)

. @

HI'{—1 I, <—s_k+pi ) k b
= Di 1 a(k—1)—as p; a

< . . i dxi s

ST e 1} lm T a)/&xl Jrlae)

where I',(+), 0 < @ <1, is a local fractal Gamma function defined by

o) =

1 _ oy pa(x—1) a
A Bt ®)
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and E,(») = X1 l"(#kak) is the Mittag-Leffler function. Moreover, it has been showed that the constant appearing on the
right-hand side of (4) is the best possible. For more details about fractal Gamma function defined by (5), the reader is
referred to Jumarie.'

Our main goal is to extend inequality (4) to hold on the fractal space (R‘i")k . To do this, we first need to introduce higher
dimensional spherical coordinates on a fractal space.

2 | CANTOR-TYPE n-DIMENSIONAL SPHERICAL COORDINATES

In this section, we introduce higher dimensional spherical coordinates on a fractal space, which will be necessary in
deriving multidimensional Hilbert-type inequalities. An initial step in this direction are fractal versions of trigonometric
functions. The sine function defined on the fractal set R* is given by

( 1)kx(2k+l)a
(04 ) = Ra
Sina(x") = Zm Tkt Doy * S

while the fractal cosine function is defined by

o (_ 1)kx2ka

——— x€eR
~I(1+ 2ka)

COS.(x*) =

The above functions are related by a basic identity sinZ x + cos2 x = 1, while their local fractional derivatives are given by

- (CoSq(x*)) = —sing (x%).

. (sina(x"’)) = cosa(x"’), %

d
dxe
For more details about fractal trigonometric functions, the reader is referred to monographs!>!> and the references therein.

Now, the n-dimensional spherical coordinates on the fractal set R, usually referred to as the Cantor-type n-dimensional
spherical coordinates, are defined by

x{ = r*cos,.(¢}),
o

X5 = r’sing(¢])cos,(¢5),

x5 = rsing(¢7)sing (¢3)cos,(¢3),

(6)
X,_, = rsing(@])sing(¢53) ... sing(@;_,)cos.(@;_,),
Xy = 1sing (¢f)sing(@f) ... sing(@)_,)sing (@5 _,),
where 0<r<R,0<@1,@2, ... ,@n_2»<r,and 0 < @, _1 <2x. It should be noted here that the above transformation (6) is

an extension of classical n-dimensional spherical coordinates to a fractal space. Therefore, similarly to a classical setting,
using the basic identity sin x + cos2 x = 1, it follows that

X+ X = (7)
Lemma 1. The local fractional Jacobian of transformation (6) is

Jp =T + a)r"™ Y sinf 7 (p%) sinf (%) ... sing(@?_,)sing(¢"_,), 8)

forn>3.
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Proof. We prove our assertion by a mathematical induction. If n = 3, we consider the transformation

x{ = F(r, 1, 92) = r“cos,(¢7),
X5 = G(r, 1, 2) = r’sing(¢7)cos,(¢3),
x5 = H(r, @1, 2) = r*sing(¢])sing (¢5)cos,(¢3).

The corresponding Jacobian is equal to

F(O‘) F(O‘) F(C’)
= det| ¢ G("’) G(”’)
H(ll) H(ll) H(ll)
(1 + a)cosq(@f) —r*sing (@) 0
=det [T+ a)S1na(cp‘f)cQsa(<p§) r“cosa(qoﬁ‘)cQsa(qog‘) —7sing(¢7)sing(¢5)
L1 + a)sing(¢])sing(@3) r*cos,(¢])sing(@3) resing(ey)cos.(@3)
— 20 o3 a
=T+ a)r*sing(¢7),

where we have used basic properties of fractal trigonometric functions, as well as the formula d* /dx*(x** /T(1+ka)) =
x*=De /11 4 (k — 1)a). Hence, formula (8) holds for n = 3.

Now, suppose that (8) holds for n — 1. Then, the Jacobian of the corresponding n-dimensional transformation can
be rewritten as

, 0
0
J,, = det Cosu(@%—l)‘]’n—l E : s
; 0
, —r%s(0)
(14 a)s(0) r%s(1) ... r%(n—1) |
where (i) = sing(¢¥) ... sing(¢" ,)c08.(@M)sing(¢?,) ... sing(@%_)), 1 <i<n—1,and s(0) = sing(¢?) ... sing(p%_)).

Finally, expanding the previous determinant along the last column and using the induction hypothesis, we obtain

T = (=)D (—r)sing (@9)sing (¢2) ... sing(@%_)(Sing(¢%_ Wu-1)

+ (D)™ rsing (@] )sing(@5) ... sing(@%_,)cosq.(@%_;)(C0Se(@f_ 1 Wn-1)
rsing (@9)sing(¢%) ... sing(@%_,)Ju_1(sinz(¢%_,) + cosz(¢_,))

(1 + a)r*™ Y sing () sing (%) ... sing(e?_,)sing(¢%_,),

as claimed. O

By virtue of Cantor-type n-dimensional spherical coordinates, we will establish some particular Hilbert-type inequal-
ities on the fractal space (]Ri”)k. In order to summarize our further discussion, we use the following abbreviations. For
Xi = (X1, X2, ... ,X%in) € R, i=1,2, ... .k, we define

n

a| 2 2 2a
x| = \/xl.1 +x)+ .+ X
and

k k
X = (%1%, ... x0), (@X)" =[x, @)= [] @x)
i=1

J=Lj#
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In particular, if n = 1, we have that

k k
X = (a,%, ... ,x0 @) =[]@x, @x= ] @)

i=1 J=Li#

In order to pass from Cartesian to spherical coordinates, it is necessary to use the change of variables theorem for frac-
tional integrals, which refers to a nondifferentiable transformation. More precisely, if D, S are fractal surfaces, fe Cy(D),
8 € Co(SP), and x; =g,(U), i = 1,2, ... ,k, is a nondifferentiable variable transformation, then holds

1
k(1 + a)

a1 «
/Df(X)(dX) =i ra) S(ﬁ)f(g1(U), - UL, )

where J denotes the local fractional Jacobian of the corresponding transformation. For more details about the above
transformation, the reader is referred to Yang et al.'>

Remark 1. To illustrate the change of variable formula given by (9), we consider a unit sphere and ball. Let S"~!
denotes a unit sphere in R”, while S”~! stands for the corresponding sphere in R**. Then, passing to n-dimensional
spherical coordinates and using formula (9), we obtain that its area |S""!| is given by

1
Fn(l + (X) Sn—1

1 " H - a a i H a a
= m/o sing (@9 (de1) /0 sing(¢)_,)(d@n-2)
2z

15271 = (dx)*

X (d(pn—l)a~
0
In particular, if n = 3, then
1 1 4 2r
2= ——m— dSZ=—/'a"d”/d“
|Sal Bl+a)/s ra+a) /o Sine(@1)(den) 0 (de2) (10)
(2x)”

= rais a)(l — COS4(m%)).

Let V" be a unit ball in R" and V the corresponding ball in R*". Then, its volume is given by the formula

Vi =—2— [ @xr
Fn(1+(1) yn
— 1 i s =20 a i . a a
it /0 sing “(@)(dp1)* ... /0 sing(@y,_,)(d@n-2)
2z 1 11)
x [ (doy_y, / r“"=V(dr)"
0

0
:lSZ—ll /1 ra(n—l)(dr)a — F(l + a)r(l + (n _ 1)(1)
0

1Sa.
(A + na)

It should be noted here that if « = 1, then (11) reduces to the well-known identity

r@)s"'rm _ s

V" = =
I'n+1) n
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If n = 3, then relations (10) and (11) provide an explicit formula for a volume of unit ball V3:

1 dv? = I'a+ o' + 2a)
31 +a)/ys L1+ 3a)
_ (2m)*T(A+20)
T T+ 3e)

Vil = ISzl

(1 = cosq(7%)).

Clearly, if the fractal dimension is equal to 1, then we obtain the well-known formulas for the area of a unit sphere in
R3 and the volume of a unit ball in R3, that is, |S?| = 4z and |V3| = 4?”.

The n-dimensional sphere S"~! will appear naturally in the forthcoming results. The following integral formula will be
crucial in establishing the Hilbert-type inequality on (R2").

k
Lemma 2. Letzlé =1,p>1i=1,2, ..,k Ife>0,s>0andA; € R,i=1,2, ... ,k, then holds the identity
=1

k A-L

1 [Ty 11 (dX)"
Ikn(1 + k §
A+ ) Jipz1, .21 <Zj:1 |x}’|)

a(n—1)+ad;— = (12)
Hk ¢ i
= ISZ'llk/ = ———n".
(Lo}
v (Tas)
Proof. Denote by I the left-hand side of (12). Then, applying the Fubini theorem (see, e.g., Yang'?), we have that
I = ; |Xg|A1_PF_1
Fn(l + a) x¢|>1
k A-£
[l X 7
l"(k—l)nl(l +a) _ i - 5 (@d'X)* [ (dxy)”.
IXE[21, ... IxE 21 <Zj:1 |ng1|)
Moreover, applying the n-dimensional spherical coordinates given by (6), we have
x{; = t7cos.(¢]),
Xy, = tysing (@7, )cos.(@7,),
X5 = t7'sing (@7, )sing(¢7,)co8,(¢15),
Xi,_1 = t78ing(@7,)sing(@7,) ... sing(@7,_,)cos.(o],_,)
x{, = tysing(@],)sing(@7,) ... sing(@7],_,)sing(@7,_,),
where 1 <t; 00,0 < @11, P12, -.. »P1n—2 <7m,and 0 < @1, _1 <2x. The local fractional Jacobian of the above transfor-

mation is equal to

1) .. _n— . n— . .
I+ o)tV sinf (%)) sin 3(@%) ... sin2(@? _,)sing(¢?,_,).
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Now, since |x]| = £], applying the above spherical coordinates, we arrive at the expression

F4 r 2
1 H —. a a 1 a a a
I= m/o sing (@ )(de1)" ... / sing(¢7,_,)(d@1n-2) /0 (dp1n-1)

0
® A —a ;_1 +a(n-1)
X [
1

k A-£
1 [Ty IxT

_— (@) | (dt)”.
PEDAL + @) S, e 1 (ti' + Zf—z |x?'|>s
= J

Finally, repeating the above procedure and using the formula for the area |S”"!| (see Remark 1), we obtain
identity (12), as claimed. O

3 | ACLASS OF HIGHER DIMENSIONAL HILBERT-TYPE INEQUALITIES

Now, our aim is to generalize the Hilbert-type inequality (4) to hold on a fractal space (R*")¥, where 0<a <landn € N,
n> 1. More precisely, we deal with a class of Hilbert-type inequalities involving the homogeneous kernel

k =S
K(X1,Xa, ... ,X) = <2|xg|> : (13)

wheres>0,0<a<1l,andx; e R},i=1,2, ... ,k.
The first step in deriving Hilbert-type inequalities is the famous Holder inequality. A multidimensional fractal version

k
of the Holder inequality (see Krni¢ and Vukovic®) asserts that if Z 5 =1,p;>1,and F; € C,(2%),i = 1,2, ... ,k, where
=1

Q is a fractal space, then holds the inequality

k 1

k )
1 : o 1 Di a7
T /Q JIFRe0@x” < H(—rk Tra /Q )X > : (14)

i=1 i=1

Another important step in establishing our results will be Cantor-type spherical coordinates developed in the previous
section. In this setting, we will establish a class of inequalities with constants expressed in terms of a fractal Gamma
function defined by relation (5). In addition, we will exploit the following integral formula:

k (r=1) k
1 [T, %™ (dX)" = [1:2) Ta(ry)

k k+1
'+ a) Rk <1a + Zk a>2i:1 T I, <Zi‘:11 ri)

i=1%

, 1 >0, (15)

which has been proved in Krni¢ and Vukovic.®
Now, we are able to derive the Hilbert-type inequality involving kernel (13), on a fractal space (R¥")~.
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k k
Theorem 1. Let Z— =1L pi>1i=12, Jk,andlet Ay, i,j = 1,2, ... , k, be real parameters such that ZAU =0,
i=1
forj=1,2, k Iffl € C,(R}),i=1,2, ... ,k, are nonnegative functions, then holds the inequality

k
1 filxi
_ 1 Hl—l Si( l)s(dX)a
— (16)
k b
(k=D)n—s+p;p; £Pi
lenaw)/ 1% S|
k
where f; = ZAU’ i=1,2, ...,k and
=1
1 4 @) S
- 2a(k—1)n1" (s)
17)
x H Caln+ piAg)" Hra(s— (k= n = pifi + piA) .
i,j=L1,i#j
k

Proof. Since ZAU =0,forj = 1,2, ... ,k, the left-hand side of inequality (16) can be transformed in the following
i=1

way:
— _ 1 Hi=1 fi(xi)s (dX)ot
(1 + a) Ry <Z§_1 |Xa|)
=)
1 1 £ £
= (i) | I 1)dx)”.
I“kn(l + ) Ry (Z/_ |X |> g jl;!

Now, applying the Holder inequality (14) and the Fubini theorem (see, e.g., Yang'?), we have that

|k| o
1
< ™ 4 ) | Pidii 20p)P (X)) (d%;)® ’ .
_izl(r”(1+a)/Ri|X1| (fiwr) (X)(x)> )
where
I]l?= | x& P N
a)ll_)i(xi) — 1 J=Lj#i 1% (de)a-

[k=Dn(] "y k §

Crole (2 m)
Without loss of generality, it suffices to estimate the weight w;(x;). Namely, passing to n-dimensional spherical
coordinates (see also the proof of Lemma 2), it follows that

a)Pl (X ) — |S¢};tl_1|k_1
1\ 2e(=Dn [
b

Hk a(n—1)+ap,A,;
Jj=2"j

(e + 2, )

—(d'T)".
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Now, by a suitable change of variables u; = t;/|x4], (dt;)* = [x{|(du;)*, j = 2,3, ... , k, the previous formula reduces
to
Fk—l(l + a)lsn—llk—l
— (k=1)n—s+p, (f;—A;)
6011)1 (=) = 2a(k—1)na Ixql "t AiAn
k a(n—1)+ap,A
1 Hj=z u, o @vy (19)
=11+ a) Jre k s '
+ (1"‘ + Zj=2 uj")
k
where f§; = ZAi j,fori=1,2, ..., k. Moreover, applying the integral formula (15), we obtain
i=1

TE1(1 + )| S !

' (x1) = 2atDnT (5) Co(s = (k= Dn — p1(fr — An))
k
x [[ratn+ pray x| 0,
j=2
and similarly,
_ 11+ o) St
@' (x4) = St gy~ k=D = pili = Aw)
k (20)
X [ Tatn+ piiy)lxg|<-rsenimn,
J=Lj#
fori=2,3, ... , k. Finally, combining relations (18)—(20), we obtain (16), as claimed. O

We have already mentioned that the constant z/ sinlfJ appearing in inequality (1) is the best possible. The natural

question that now arises is whether it is possible to find the appropriate conditions under which the constant M, given
by (17), is the best possible in inequality (16). To do this, we will first simplify the form of M, so that the product of fractional
Gamma functions does not include exponents. Therefore, we set the following conditions on the parameters A4;;:

n+pAji=s—(k-Dn—-pifi—An), j#1i, i,j € (1,2, ... ,k}. (21)
So if (21) holds, then the constant M defined by (17) reduces to

I e R

M = — T gra(n + Ay, (22)
where the parameters A;, i = 1,2, ... , k, are defined by
Ai=pjA;, i #j. (23)

k
Moreover, it is easy to see that the parameters A; satisfy relation ZAi = s — kn, so in the above-described setting,
inequality (16) reduces to -
1 [T, /i)
k(1 + ) J Ry (zle |X§1|>

S (dX)"

(24)
k

* ; a|—n—p;A; £Pi/y,. N n
SM H lr‘n(l +a)'/Ri|Xi| fi (Xl)(dxl) ] .

i=1

Now, our goal is to prove that M* is the best possible constant in inequality (24).
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k k

Theorem 2. Let Z}% =1p>1i=12, .. ,kandletA;i,j=1,2, ...,k bereal parameters such that ZAU =0,
i=1 i=1

forj =1,2, ..., k. Further, suppose that (21) holds and let A; < % i=1,2, ...,k where the parameters A; are defined

by (23). Then, the constant M* is the best possible in (24).

Proof. Suppose contrary that M* is not the best possible constant in (24). This means that there exists a positive real
number M; < M* such that (24) still holds when M* is replaced by Mj.
Now, consider functions f; : R?} + R* defined by

i 07, X7 < 1
fix;) = i=1,..,k

A_t
e 21

where € > 0 is small enough. Our intention is to substitute these functions in inequality (24), where M* is replaced by
M;.
Utilizing the n-dimensional spherical coordinates, we have that the right-hand side of (24) reduces to

k o

1 1
M| [ )
1H lF”(l + ) |xg|21| i (@) ]

i=1
-1 -1
=M1|2‘j§ | /oo t—an—aetan—a(dt)a — Mllsg |
1

2(1"6(1

(25)

On the other hand, let J stand for the left-hand side of inequality (24) for the above choice of functions f;. Then,
applying Lemma 2 and the Fubini theorem, we obtain

k A-=

_ 1 | .o IR
T I+ a) i « k §
( ) J x> <Zj=1 |X;|)

_ (1 + a)| ST K /°° ta(n—1>+ai\1—;’—j
1

(dX)*

Dakn 1

A aE
k a(n—1)+aA;— o

1 i=2 ti N1
X| ——— (d )" |(dtr)°.
=11+« - k §
( ) J(1o0yet (Zj:l t;’)
Furthermore, using the change of variables u; = t’— (dt)* = [ (du;)*,i=2,3, ... ,k, we arrive at the relation
1

. r‘k—l(l + a)lsg—l |k oo aca
- Dakn 1 1

k a(n—l)+aAi—p—i

1 =2 Y d'U)® ¢
pETw ———@uy |
I+ @) Jasm.eop (1"+Zz=z “?)
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Now, it is easy to check the validity of the inequality

S Fk—l(l + a)lst};l_llk 0 aea
- Dakn 1 1

a(n 1)+ah,— %
X

. st —(@v) | @dn)”
=11 + @) S 0,00)1 (10, " Z(c ) u”)
=2

DA+ IS [T e
2akn 1 1

a(n—1)+a/'\l-— ‘;—f
1

x / Mes @ |@n),
k-1
I (1+(X)12 1a+z 2u>
i=
where D; = {(uz, u3, ... ,uk);0<u; < =,0<u; <oo,l#j},j=2,3, ...,k Inaddition, due to integral formula (15),

the above inequality can be transformed in the following way:

Fk_l 1+ Sn—l k B k B
S T a+olS: | Fa<n+A1+s—£>HFa<n+Ai—£>
P/ s

£a20knL(s) i
_Ia+aols /°° R
Dakn 1 1 (26)
a(n—1)+aAi—f
M @) |(dn)"
(1 + a) 1(1+a) &b, (1 v
1 + 21 =2 u; )

Clearly, without loss of generality, it suffices to estimate the integral

a(n—l)+aAi—;’f
1

/ M @,
k- 1(1+(x) 1a+212 )

More precisely, we have that

a(n—1)+aAi—’f
L

/ Hl =2 1 (EllU)"
k- 1(1+a) 1“+le )

a(n 1)+ah;— %=
Pi

1 Hl 3 l
_ dus)*(dug)® ... (dug)®
TR0 @ o (10 Zz;3ua>s( ) (o
i=3 4

1 1/t a(n—1)+ah,— =
X —— / u, " (duy)",
Irdi+e Jy
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- -£42
Furthermore, since A; < % i=1,2, ...k, taking into account a change of variable formula (3) with y = u, P22 a8
well as the integral formula (15), we obtain the following estimate:
k a(n 1)+ocA —-—=
d'U)”
] ~
I (1 + ) 10, + Z >
Ir,2n+A; +A2+e— £k g a
< T (ne A £)

Fa(s)<n s + 5) i=3

Consequently, it follows that
k a(n 1)+aA —-—=
d'uy < t"z o, (1),
e [ ~
r (1 +a) 10, + Z >
fori = 1,2, ... ,k, when £ —» 0. Now, taking into account the above inequalities and making use of transformation
n-l_g(1-L1

formula (3) with y = ¢, 2 ( b2 >, we arrive at the following relation:

1 /Do t—as—a

rai+a)f, *
a(n 1)+ahA;— <
H ! 1 a a
o (1+a) @vy [(dn)
= 1a+212”) 27)

i=2

F(l 0 / (e atpz Zoi(l)(dtl)a

_ 0D °°t7“"
Il+a) ), !

2(dt;)* = O(1), when € — 07.
Finally, taking into account (25)-(27), respectively, it follows that M* < M; when ¢ tends to 0, which is opposite to
our initial assumption M; < M*. Hence, M* is the best possible constant in (24). O

We will now consider a special case of Theorem 1 which represents extension of the corresponding result from our
recent paper.® Namely, consider the parameters Ay, i,j=1,2, ... k, defined by

k—s)pi—1 _
Ay = %’ Ay=S2rK i =12k (28)

p; bipj

Then, we have that

k k
_ nk—s)(p; —1 _
ZAUIZS nk+( )gp} ):s nk 21_1 _o,
ey iz, DiPj b; p;j o Pi

k

for j = 1,2, ... ,k. In addition, due to the symmetry, we also have that f; = ZAi ; = 0. Therefore, the above parameters,
j=1

defined by (28), satisfy conditions given by (21). In order to obtain the inequality with a best possible constant, we need to

take into account the set of conditions A; < % i=1,2, ... ,n,whichisin this setting equivalent to s < min; ;< {nk+ % pi}-

Thus, Theorems 1 and 2 provide the following consequence.
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k
Corollary 1. Let Z}% =1L,pi>1i=1,2, ...,k Ifs < minjg<{nk + %p,-}, then holds the inequality
=1

1 15, fix)
(1 + a) J ey (wok
a)J@Rey (ijz |xJ{~|>

5 (dX)*

(29)

k L

I I I 1 ‘ ’

< L* - x.ll. n(k—1)—s Pl : : @ ’
i1 lln(1+a)/l%1| 1| fl (x)(dX) ]

where the constant

P s ) s [ (s=nk+np
206=Dnly(s) 11 ° pi

is the best possible.

Remark 2. It should be noted here that Corollary 1 is a higher dimensional extension of inequality (4) stated in the
Introduction. Namely, if n = 1, then inequality (29) reduces to

k . .
1 Hi=1 fl(xl)s (dX)"
Fk(l +a) R, ¥ <Zk 2xq>
J=2"")

k n
1 a(k—1)—as ,Dp; a

< _ . h i i s
—LIl_:Il lr(l + a)/mx‘ R ]

where the constant

TE1(1 4 a)|SO k-1 & —k+p;
L= ( (X)I aI Hra <S pl> (30)
2a(k—1)1’*a(s) i=1 bi

is the best possible. It remains to show that the constant L coincides with the constant appearing on the right-hand
side of inequality (4). To see this, note that

I+ a)|S2T(1)

VC} = = Sg N
Vel 'a+a 1Sel
by (11). On the other hand, the volume of unit ball V} is equal to
1
Vi =t [ dv'= —1 / (do"
I+ a) /i rdA+a) /,
_ ltl — (_1)(1 _ 2a

T I'l+a TI(Q+a)

Hence, substituting the last relation in (30), we obtain L = FL(S) 1;1 I, (% ), as claimed.
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