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In this article, we propose the integrator circuit model by the fractal-fractional operator
in which fractional-order has taken in the Atangana-Baleanu sense. Through Schauder’s fixed point
theorem, we establish existence theory to ensure that the model posses at least one solution and via
Banach fixed theorem, we guarantee that the proposed model has a unique solution. We derive the

results for Ulam-Hyres stability by mean of non-linear functional analysis which shows that the
proposed model is Ulam-Hyres stable under the new fractal-fractional derivative. We establish
the numerical results of the model under consideration through Atanaga-Toufik method. We sim-
ulate the numerical results for different sets of fractional order and fractal dimension.
© 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction and background materials

Mathematical modeling plays a key role in the various field of
applied sciences. The modeling of circuit problems has become
a potential area of research in recent years to study various
properties of circuit problems. Researchers and engineers are
interested in the study of the complex behavior of circuit prob-
lems through different mathematical methods and models. But
in most cases, ordinary differential operators fail to analyze
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the desired behavior of non-linear problems. Due to memory
and non-locality, different fractional-order operators have
been used for the more critical study of physical problems
[1-6]. It is seen that model involving fractional order integral
and differential equations are more accurate instead of classi-
cal model [12-18].

Numerous indigenous events can be described precisely by
the fractional calculus [7]. In the fractional controllers systems,
the difficulty is the choice of the fractional values to fulfil the
variables of the fractional order [8]. The fractional operator
s” is the main constructing any fractional order systems block.
There are two main problems in the effectuation of this circuit
block that need to be fixed: efficiency problem in realization
and reducing the number of components. In electronic, the
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reduction of the number of constituents in the effectuation of a
circuit system can give lots of benefits: the reduction of the cost
of effectuation, the reduction of the heating of constituents
and the effectuation of a reduced model of circuit. Approxima-
tion of fractional order integrator and differentiator has con-
structed many techniques [9-11]. In [8], the authors proposed
a circuit integrator model as

0 Dix(k) = y(k),

WDiplle) =3 (x6) +3 (=00 = 1)) ). ()
$€Diz(k) = =y(k) = 32(k) + y(k)=(k)

The idea of fractal derivative solves many problems in nat-
ure. Recently, Atangana [19] proposed a fractal derivative of
the convolution of function with three major definitions,
namely power law, exponential decay law, and the generalized
function of Mittag-Leffer. These new types of derivatives have
two parameters, first one represents the fractional-order, and
the other represents the fractal dimension. These operators tend
to model more complex phenomena than fractional-order oper-
ators. Chaotic systems are almost one of the most important
and applicable types of nonlinear circuit problems. Therefore
in many cases, the exact solution is not available for such equa-
tions. On the other hand, the use of new derivative operators in
structures of chaotic systems has made significant development
in this field. In some cases the researchers have obtained desir-
able attractors, which were not achievable by common integer-
order operators. This fact highlights the importance of new
derivative operators in other real-world models. Therefore,
we will study the model (1) through newly Atangana-Baleanu
fractal-fractional operator. We consider the system (1) under
fractal-fractional derivative in Atangana-Baleanu sense with
fractional order y, and fractal order S as follows

oD (K) = y(k),
oD () = 5 (x(k) +3 (2 = 1)p(0)) ), 2)
oD () = — (k) = 32(k) + y(k)=(k).

with initial conditions x(0) = xo, y(0) = ,,2(0) = z,. In the
present article, we will study the existence and stability, and
Atanaga-Toufik numerical scheme of the model (2). The defi-
nition Atangana Baleanu fractal-fractional derivative and its
corresponding integral is given by

Definition 1.1 [19]. Let u(k) be continuous in (a, b) and fractal
differentiable on (a,b) with order . Then, the fractal-
fractional derivative of u of order y is given by:

., AB(y) d [* -y ;

FFM yr$ _ da E Ly
D u(k) T 2 1 u(z)E, i (k=z) )dz, 0<vy,p<1,
©)

where AB(y) is the normalization function such that
AB(0) = AB(1) = 1.

Definition 1.2 [19]. Let u(k) be continuous in (a,b). Then the
fractal-fractional integral of u with order y is presented as:

FFMOIZ;ﬁu(k) = % /0 >Zﬂ7'u(z)(k _ Z)"Hdz
_ p-1
e @

We organized the paper as: Section | deals with the intro-
duction of the article and basic notions of the fractal-
fractional calculus. Section 2 deals with existence and unique-
ness of solution of the proposed model via fixed point theory.
Section 3 provides the Ulam-Hyres stability of the model. The
proper numerical scheme and simulations is given in Section 4.
The conclusion of the article is given in Section 5.

2. Existence and uniqueness results

We demonstrate the existence of least one and unique solution
of the model under consideration via fixed point results. Con-
sider the model (2) as

o PRDx(k) = PP 2(k, x, y, 2),
OABRD}/;y(k) = ﬁkﬂilW(kvxayvz)a (5)
PR D}z (k) = Bk & (k, x, 3, 2),

where
2(k,x,y,z) = y(k),
Wk, x,v,2) = 3 (00 +3 (2067 = 1) 50 ),
&(k,x,,z) = —y(k) — z(k) + y(k)z(k).

We can write system (5) as:
o BRDIE(k) = B A (K, E(K)),
- - (6)
B(0) = &E.

By replacing (*2Diby (*2¢D;” and applying fractional inte-
gral, we get

B-1r1 _ 4
2(k) = 2(0) + %A(kj(k))
P k/H N =)
Famprg,” T AEEEE
where
x(k) x(0) Dk, x,p,2)
E‘(k) = y(k) 75‘(0) = y(O) 7A(kvE(t)) = W(kv X5 Vs Z)
z(k) z(0) E(k,x,p,2)

For the existence theory, we define a Banach space
B =% x WY x %, where % = C[0, T] under the norm

] = max|x(0) + () + (k).

Define an operator & : B — Bas:

B-1/1 .
Z(E)(k) = E(0) +%§w’)/\(k7s(/€))
VB ‘ p-1 B=1 A7 =71
+Bore,. k- ATAGEDE )

Now we impose growth and Lipschitz condition on non-
linear function A(k,Z(k)) as:

e For each E € B, 3 constants €, > 0 and M, such that
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|A(k, E(k))| < €AlE(K)| + Ma, (8)
= € 8,3 a constant £, > 0 such that

|A(k,E(k)) — A(k,E(k))| < LA|E(K) — E(K)|. 9)

e For each E

Theorem 2.1. Assume that the condition (8) holds. Let
A :]0,T] x B — Rbe a continuous function. Then the proposed
model has least one solution.

Proof. First we have to show that the operator % defined by
(7) is completely continuous. Since A is continuous, therefore,
% is also continuous.

Let H={E€B:|E|| < 2,2 >0}. Now for any E € B,

we have
= - B1(]—y —_

12/(2)]| = max |2(0) + o A, 2(0)
i o (= AL E() di
< E(0) + 50 (44| E]| + Ma)

9B B, \B-1 -
max s 42 2 AGE(D)|di
< E(0) + L0 (6, |1E]| + My)
+ 15k (A= H+MA)T*" A (7, )
< A.

Thus the operator & is uniformly bounded, where #(y, )
denote the beta function.

For equicontinuity of &, let us take k| < k» <
consider

T. Then

- ; 53—
2@ (k) ~ Z (@) k1)] = Bt Ak, Blh)) + gty £ ks

m” ‘(

WAL E())di

B A, B (k) + ey 677 Gk = 27 AGLE()

N /c>\+MA)+,,m,rU<<6A\ (0) + MoK (7. )

AB(y
B (6 [20)| + M) — gty (GAIE(R)| + MK A (3, ),

when # — kythen |Z(E)(ky) — Z(E)(k

quently, we can say that

[Z(E)(k2) = Z(E)(ki)[| = 0, as ki — k.
Hence & is equicontinuous. So by Arzela-Ascoli theorem is

completely continuous. Thus, by Schauder’s fixed point result
the proposed model has at least one solution. [

)] — 0. Conse-

Theorem 2.2. Let (9) holds. If p < 1, where

(BTN 1 —y) B
”‘( AB() | ABOIT(O)

then the considered model has a unique solution.

wr”ﬁ*‘yf(y,m)zm

Proof. For Z,= ¢ B,we have

[x|

|Z(E) — Z(E)|| = max [P0 (A(k, E(k)) — A(k, E(K)))

kel 4B
iy K27 (k= )P A AL E(2)) — A(AE(A))H
)

BT (1)
g[ B T

bl
AB()(7)

Hence & is contraction. So by Banach contraction princi-
ple, the given model has a unique solution. [J

3. Ulam-Hyres stability

Here we are going to demonstrate the Ulam-Hyres stability of
the proposed model.

Definition 3.1. The proposed model is Ulam-Hyres stable if 3
R, s = 0 such that for any € > 0 and for every = € C([0, T], R)
satisfies

" DLPE(k) — Ak E(K))|
and there exists a unique solution Q € C([0, T], R) such that
|=(k) — Q(k)| ke 0,T].

We take into consideration a
@ € C[0, T] such that ®(0) = 0. Let

<e kel0,T],

< Nyﬁev
small perturbation

o\(D( )| < efor e > 0.

R (k) = Ak, 2(k)) + (k).

Lemma 3.2. The solution of the perturbed model

oM DE(k) = Ak, E(k)) + O(k),
E(O) = .:.0,
Sfulfills the relation given below

E0k) — (200) + LU A G, Z(0) + gy 27 (k= 2 AGLEW)A) | < O,

BT (1)

where ©, —W+AB O

ST, B).

Proof. The proof is easy so we omit it. [

Lemma 3.3. Under condition (9) along with lemma (1), the
solution of the proposed model is Ulam-Hyres stable if p < 1.

Proof. Let Q € B be a unique solution and E € B be any solu-
tion of the proposed model, then

[E(k) — Q(k)]

S(k) — [9(0) + L2 A, Q(0)
i §7 k= 2 AL Q)|
B(K) — (2(0) + B0 Ak E(K) + gy 527 (k= 9" AGLE() )|

+E(0) + D A, 20)) + ey 47 = 27 AGLE()

~[00) + BGE Ak, Q) +

il §77 k= 2 NG Q)

< 0ot (PG s T LA (5, ) LR () - Q)|
< O+ plE(k) — Q(K)|-

Consequently one can write

12— Qll < O,p¢ + pl|E - Q.

We can write the above relation is

[E-Q <N
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where R, s = —" Hence the solution of the proposed problem
is Ulam- Hyres stable. O

4. Numerical results and simulations

Electronic circuits show the amazing potential to demonstrate
at low cost most of nonlinear phenomena obtained in dynam-
ical systems. We simulate the electronic circuit realization of
the fractal fractional order chaotic system in this section. We
consider the fractal fractional Memristor based chaotic system
as [8]:

4, D x(k) =y ), (10)
D) == 3 (00 43 (2067 = 150, (1)
DI (K) =~y — 22(K) + (k) (12)

The circuital equations reelated to the above system equation
is obtained as [8]:

1 R

FEM pikx = 2 )y 13
Co | \RiR; ’ (13
1 R 1 1

v pirty = — L)ly——x—-—2%|, (14)
C() R3R5 R4 R6
1 R 1 1

FEM pihz — — K 12 )YZ——Y——Z} (15)
C() R|3R9 RlO R]]

We define the parameters for the above system as:

Ri=R,=R;=Rs=R;=Ry=Rjp=Rip=Ri3=10kQ,
Rs =Ry =103kQ, R;=11.62kQ R} =11.49kQ.We
can write the system (10)—(12) as
17- W jo )E. ( (kfr)?)d'[: BE" v (k)
A0 [ (@E (k- ) )de =~ (r +3 (=)
D g 5, (7 (k= o) e = B (= = 32(K) + y(K)=()).

For simplicity, we define

35 3 25 2 45 4 05 0 05 1 15

1.5 Bl 05 0 05 1 15 2

Fig. 1
fractal-fractional derivative operator.

The dynamical behavior of the chaotic attractor for the initial conditions 1,

D(k,x,y,2) = k"' y(k),
Elkx,,2) = =25 (x(0) +3 (20 = 1)3(8) ).
Flk,x,y,z) = ptF! (—y — %z(k) +y(k)z(k)).
Then, we will get

DA [SX(@)E, (k=) )dr = Dlk,x.7,2),
1 dk Jo VT E, (:j - T)v>d1' = E(k,x,y,2),
PO S )E, (k=) )de = Flk,x,,2).
Applying the AB integral yields
x(k) = x(0) = 455Dk, x,p,z jo (k — )" D(t, x, y, z)dr,
(k) — y(0) = T E(k,x,y,z) )fnkkf Y E(z, x, p, 2)dx,
2(k) = 2(0) = 455 Flk, x, y, 4)+AB o) J¥ (=) F(z,x,p, 2)de.

We discretize these equations at ¢,,; as
Xn+1 — XO + AIB;(Z”)D(knJrl’xn’yn’ Z")
Y ki y-1
+m j;) ! (kﬂ+1 71‘-)' D(Tvxayaz)dfv
yn+l — yO + ;B;(?;)E(k"+hxn’ynvzn)
y kn y—1
e Jo ' (ke — )" E(z, x, p, 2)dr,
ZO +AIB;?F(kn+17xaya Z)
/m+| (k _ ‘E)yilF(‘E, X, 9, Z)d‘L'.

Zn+1 —

+amrn
Then, we obtain

Yl = 0

)(/H|\lz)

+
M‘A

A“ n+l—s)(n—s+2+*,)—(n—s)(n—s+2+2))}

+z)

o

s

/ W D(k—1 X" " 2" ) wr=l et gt

,,Jrl,s)"” 7(n—s)7(n—s+1+}'))}=

\LM

(k XY

-
t
I

<

n

=
+ ()Z{h E(l 1 o e e e \+:+z»,‘>)]
=0

—1,2,y =1 and f =1 using Atangana—Baleanu
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- i [h—;E(k"lllf;igil’ZH) ((n =) — (=5 (n—s+1+ “,'))]z”“

V[ FR X 2
r(r+2)
y n |ih:‘F(k"' | ¥l ,y”" , Zu—l)
AB(y) & I'(7+2)

(n+1—=s)(n—s+2+7y)— (n—s)"'(n—s+2+2y))]

((n =) — (=) (n—s+1+ ‘/))] :

by the method using in [20]. Similar things can be done for the
system (13)—(15). Numerical simulations are demonstrated by
the following figures.

We have simulated the obtained results for the initial con-
ditions x(0) =1,»(0) =1, and z(0) = 2 respectively through

3

25
1.5 -1 05 0 05 1 15

Matlab. Here, we present the numerical results obtained for
the proposed model through 2 phase and 3 phase simulations
for the various fractional and fractal order sets. First of all, we
simulate the proposed model at fractional and fractal dimen-
sions equals 1 in Fig. 1. In Figs. 2, we presented the model
for the fractional-order y=0.98 and fractal dimension f§ = 1.
In Figs. 3-8, we have simulated the results of
x(k),y(k), and z(k) with respect to time for different values
of fractional and fractal orders. We see the dynamics of the dif-
ferent compartments of the model have been changed by vary-
ing fractional or fractal orders. These figures shows limits
cycles behaviors and periodic orbit trajectories of the proposed

Fig. 2 The dynamical behavior of the chaotic attractor for the initial conditions 1,—1,2,7 = 0.9 and f = 1 using Atangana—Baleanu

fractal-fractional derivative operator.

1.5

0 20 40

Fig. 3

60 80 100 120

Numerical simulation for f =1 and different values of y.



3726 A. Akgiil et al.

Proposed Method
2 T T T T T
* a=0.99
a=0.98
151 a=0.97 |
a=0.965
1 - -
15 A ) L L L
0 20 40 60 80 100 120

Fig. 4 Numerical simulation for f =1 and different values of y.

Proposed Method

z(t)

3 . . ) ) )
0 20 40 60 80 100 120

Fig. 5 Numerical simulation for f =1 and different values of y.

model. We have also examined the model’s more complicated 5. Conclusion
behavior in the form of chaotic attractors that can often not be
achieved by ordinary and fractional-order operators. The
fractal-fractional operators are thus better tools to examine
the proposed system’s more complex behavior.

In this manuscript, we formulated the integrator circuit model
by the newly introduced operator, which is the combination of
Atangana-Baleanu fractional operator and the fractal opera-
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1600 T

1400

1200

1000 [

800

X(t)

600

400 r

200

Proposed Method

P~

. a=0.99
. a=0.98
* a=0.97
. a=0.965

1 1

60 80 100 120
t

Fig. 6 Numerical simulation for different fractional orders and ff = 1.

Proposed Method
0 Y r ' .
© a=0.99
. a=0.98
100 + . a=0.97 | 4
. a=0.965
$ 300 .
)
-400 1 1
-500 [ 1
-600 : * !
0 20 40 60 80 100 120
t

Fig. 7 Numerical simulation for different fractional orders and f = 1.

tor. We proved some results about the existence of least one
solution and a unique solution of the given model by Schau-
der’s and Banach fixed point theorems respectively. We estab-
lished the results of the Ulam-Hyres stability of the model by
mean of non-linear functional analysis. We constructed gen-
eral numerical results of the model through Atanagan-Toufik

numerical method. Lastly, we simulated the numerical results
for different fractional and fractal orders. We have observed
the chaotic attractors and more complex behavior in the fig-
ures. From Fig. 1, we conclude that when the fractional-
order and fractal dimension is equal to 1, then we recover
the integer-order simulation of the integrator circuit model.
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Proposed Method

a=0.99
a=0.98
a=0.97
a=0.965

Z(1)

8 ) )
0 20 40

60 80 100 120
t

Fig. 8 Numerical simulation for different fractional orders and f = 1.

Thus, fractal-fractional operators can analyze better dynamics
of the complex behaviour of physical phenomena than the
fractional and fractal operators.
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