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Abstract In this article, we propose the integrator circuit model by the fractal-fractional operator

in which fractional-order has taken in the Atangana-Baleanu sense. Through Schauder’s fixed point

theorem, we establish existence theory to ensure that the model posses at least one solution and via

Banach fixed theorem, we guarantee that the proposed model has a unique solution. We derive the

results for Ulam-Hyres stability by mean of non-linear functional analysis which shows that the

proposed model is Ulam-Hyres stable under the new fractal-fractional derivative. We establish

the numerical results of the model under consideration through Atanaga-Toufik method. We sim-

ulate the numerical results for different sets of fractional order and fractal dimension.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction and background materials

Mathematical modeling plays a key role in the various field of
applied sciences. The modeling of circuit problems has become

a potential area of research in recent years to study various
properties of circuit problems. Researchers and engineers are
interested in the study of the complex behavior of circuit prob-

lems through different mathematical methods and models. But
in most cases, ordinary differential operators fail to analyze
the desired behavior of non-linear problems. Due to memory
and non-locality, different fractional-order operators have
been used for the more critical study of physical problems

[1–6]. It is seen that model involving fractional order integral
and differential equations are more accurate instead of classi-
cal model [12–18].

Numerous indigenous events can be described precisely by
the fractional calculus [7]. In the fractional controllers systems,
the difficulty is the choice of the fractional values to fulfil the
variables of the fractional order [8]. The fractional operator

sc is the main constructing any fractional order systems block.
There are two main problems in the effectuation of this circuit
block that need to be fixed: efficiency problem in realization

and reducing the number of components. In electronic, the
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reduction of the number of constituents in the effectuation of a
circuit system can give lots of benefits: the reduction of the cost
of effectuation, the reduction of the heating of constituents

and the effectuation of a reduced model of circuit. Approxima-
tion of fractional order integrator and differentiator has con-
structed many techniques [9–11]. In [8], the authors proposed

a circuit integrator model as

0
CDa

kx kð Þ ¼ y kð Þ;
0
CDa

ky kð Þ ¼ �1
3

x kð Þ þ 3
2

z kð Þ2 � 1
� �

y kð Þ
� �� �

;

0
CDa

kz kð Þ ¼ �y kð Þ � 3
5
z kð Þ þ y kð Þz kð Þ:

8>><
>>: ð1Þ

The idea of fractal derivative solves many problems in nat-
ure. Recently, Atangana [19] proposed a fractal derivative of
the convolution of function with three major definitions,

namely power law, exponential decay law, and the generalized
function of Mittag-Leffer. These new types of derivatives have
two parameters, first one represents the fractional-order, and
the other represents the fractal dimension. These operators tend

to model more complex phenomena than fractional-order oper-
ators. Chaotic systems are almost one of the most important
and applicable types of nonlinear circuit problems. Therefore

in many cases, the exact solution is not available for such equa-
tions. On the other hand, the use of new derivative operators in
structures of chaotic systems has made significant development

in this field. In some cases the researchers have obtained desir-
able attractors, which were not achievable by common integer-
order operators. This fact highlights the importance of new

derivative operators in other real-world models. Therefore,
we will study the model (1) through newly Atangana-Baleanu
fractal-fractional operator. We consider the system (1) under
fractal-fractional derivative in Atangana-Baleanu sense with

fractional order c, and fractal order b as follows

0
FFMDc;b

k x kð Þ ¼ y kð Þ;
0
FFMDc;b

k y kð Þ ¼ �1
3

x kð Þ þ 3
2

z kð Þ2 � 1
� �

y kð Þ
� �� �

;

0
FFMDc;b

k z kð Þ ¼ �y kð Þ � 3
5
z kð Þ þ y kð Þz kð Þ:

8>><
>>: ð2Þ

with initial conditions x 0ð Þ ¼ x0; y 0ð Þ ¼ y0; z 0ð Þ ¼ z0. In the

present article, we will study the existence and stability, and
Atanaga-Toufik numerical scheme of the model (2). The defi-
nition Atangana Baleanu fractal-fractional derivative and its

corresponding integral is given by

Definition 1.1 [19]. Let u kð Þ be continuous in a; bð Þ and fractal
differentiable on a; bð Þ with order b. Then, the fractal-
fractional derivative of u of order c is given by:

FFM
aD

c;b
k u kð Þ ¼ AB cð Þ

1� c
d

dkb

Z k

a

u zð ÞEc
�c
1� c

k� zð Þc
� �

dz; 0 < c; b 6 1;

ð3Þ

where AB cð Þ is the normalization function such that
AB 0ð Þ ¼ AB 1ð Þ ¼ 1.

Definition 1.2 [19]. Let u kð Þ be continuous in a; bð Þ. Then the

fractal-fractional integral of u with order c is presented as:
FFM
0I

c;b
k u kð Þ ¼ bc

AB cð ÞC cð Þ
Z k

0

zb�1u zð Þ k� zð Þc�1
dz

þ b 1� cð Þkb�1

AB cð Þ u kð Þ: ð4Þ

We organized the paper as: Section 1 deals with the intro-
duction of the article and basic notions of the fractal-

fractional calculus. Section 2 deals with existence and unique-
ness of solution of the proposed model via fixed point theory.
Section 3 provides the Ulam-Hyres stability of the model. The
proper numerical scheme and simulations is given in Section 4.

The conclusion of the article is given in Section 5.
2. Existence and uniqueness results

We demonstrate the existence of least one and unique solution
of the model under consideration via fixed point results. Con-

sider the model (2) as

0
ABRDc

kx kð Þ ¼ bkb�1Q k; x; y; zð Þ;
0
ABRDc

ky kð Þ ¼ bkb�1W k; x; y; zð Þ;
0
ABRDc

kz kð Þ ¼ bkb�1E k; x; y; zð Þ;

8><
>: ð5Þ

where

Q k; x; y; zð Þ ¼ y kð Þ;
W k; x; y; zð Þ ¼ �1

3
x kð Þ þ 3

2
z kð Þ2 � 1

� �
y kð Þ

� �� �
;

E k; x; y; zð Þ ¼ �y kð Þ � 3
5
z kð Þ þ y kð Þz kð Þ:

8>><
>>:
We can write system (5) as:

0
ABRDc

kN kð Þ ¼ bkb�1K k;N kð Þð Þ;
N 0ð Þ ¼ N0:

(
ð6Þ

By replacing 0
ABRDc

kby 0
ABCDc;b

k and applying fractional inte-

gral, we get

N kð Þ ¼ N 0ð Þ þ bkb�1 1� cð Þ
AB cð Þ K k;N kð Þð Þ

þ cb
AB cð ÞC cð Þ

k

0

kb�1 k� kð Þb�1K k;N kð Þð Þdk;

where

N kð Þ ¼
x kð Þ
y kð Þ
z kð Þ

8<
: ;N 0ð Þ ¼

x 0ð Þ
y 0ð Þ
z 0ð Þ

8<
: ;K k;N tð Þð Þ ¼

Q k; x; y; zð Þ
W k; x; y; zð Þ
E k; x; y; zð Þ

8<
:

For the existence theory, we define a Banach space
B ¼ Y�Y�Y, where Y ¼ C 0;T½ � under the norm

Nk k ¼ max
k2 0;T½ �

x kð Þ þ y kð Þ þ z kð Þj j:

Define an operator Z : B ! Bas:

Z Nð Þ kð Þ ¼ N 0ð Þ þ bkb�1 1� cð Þ
AB cð Þ K k;N kð Þð Þ

þ cb
AB cð ÞC cð Þ

k

0

kb�1 k� kð Þb�1K k;N kð Þð Þdk: ð7Þ

Now we impose growth and Lipschitz condition on non-
linear function K k;N kð Þð Þ as:

� For each N 2 B; 9 constants CK > 0 and MK such that
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K k;N kð Þð Þj j 6 CK N kð Þj j þMK; ð8Þ
� For each N;N 2 B; 9 a constant LK > 0 such that

K k;N kð Þð Þ � K k;N kð Þ� ��� �� 6 LK N kð Þ � N kð Þ�� ��: ð9Þ

Theorem 2.1. Assume that the condition (8) holds. Let
K : 0;T½ � �B ! Rbe a continuous function. Then the proposed
model has least one solution.

Proof. First we have to show that the operator Z defined by

(7) is completely continuous. Since K is continuous, therefore,
Z is also continuous.

Let H ¼ N 2 B : Nk k 6 R;R > 0f g. Now for any N 2 B,
we have

Z Nð Þk k ¼ max
t2 0;T½ �

N 0ð Þ þ btb�1 1�cð Þ
AB cð Þ K t;N tð Þð Þ

���
þ cb

AB cð ÞC cð Þ
t
0k

b�1 t� kð Þb�1K k;N kð Þð Þdk
���

6 N 0ð Þ þ bTb�1 1�cð Þ
AB cð Þ CK Nk k þMKð Þ

þmax
t2 0;T½ �

cb
AB cð ÞC cð Þ

t
0k

b�1 t� kð Þb�1 K k;N kð Þð Þj jdk

6 N 0ð Þ þ bTb�1 1�cð Þ
AB cð Þ CK Nk k þMKð Þ

þ cb
AB cð ÞC cð Þ CK Nk k þMKð ÞTcþb�1H c; bð Þ

6 R:

Thus the operator Z is uniformly bounded, where H c; bð Þ
denote the beta function.

For equicontinuity of Z, let us take k1 < k2 6 T. Then
consider

Z Nð Þ k2ð Þ �Z Nð Þ k1ð Þj j ¼ bkb�1
2

1�cð Þ
AB cð Þ K k2 ;N k2ð Þð Þ þ cb

AB cð ÞC cð Þ
k2
0 kb�1 k2 � kð Þb�1K k;N kð Þð Þdk

���
� bkb�1

1
1�cð Þ

AB cð Þ K k1 ;N k1ð Þð Þ þ cb
AB cð ÞC cð Þ

k1
0 kb�1 k1 � kð Þb�1K k;N kð Þð Þdk

���
6 bkb�1

2
1�cð Þ

AB cð Þ CK N kð Þj j þMKð Þ þ cb
AB cð ÞC cð Þ CK N kð Þj j þMKð Þkcþb�1

2 H c; bð Þ

� bkb�1
1

1�cð Þ
AB cð Þ CK N tð Þj j þMKð Þ � cb

AB cð ÞC cð Þ CK N kð Þj j þMKð Þkcþb�1
1 H c; bð Þ;

when t1 ! k2,then Z Nð Þ k2ð Þ �Z Nð Þ k1ð Þj j ! 0. Conse-
quently, we can say that

Z Nð Þ k2ð Þ �Z Nð Þ k1ð Þk k ! 0; as k1 ! k2:

HenceZ is equicontinuous. So by Arzela-Ascoli theorem is
completely continuous. Thus, by Schauder’s fixed point result
the proposed model has at least one solution. h

Theorem 2.2. Let (9) holds. If q < 1, where

q ¼ bTb�1 1� cð Þ
AB cð Þ þ cb

AB cð ÞC cð ÞT
cþb�1H c; bð Þ

� �
LK;

then the considered model has a unique solution.

Proof. For N;N 2 B,we have

Z Nð Þ �Z N
� �		 		 ¼ max

k2 0;T½ �
bkb�1 1�cð Þ

AB cð Þ K k;N kð Þð Þ � K k;N kð Þ� �� ����
þ cb

AB cð ÞC cð Þ
k
0k

b�1 k� kð Þb�1
dk K k;N kð Þð Þ � K k;N kð Þ� �
 ����

6 bTb�1 1�cð Þ
AB cð Þ þ cb

AB cð ÞC cð ÞT
cþb�1H c; bð Þ

h i
N� N

		 		
6 q N� N

		 		:
Hence Z is contraction. So by Banach contraction princi-

ple, the given model has a unique solution. h
3. Ulam-Hyres stability

Here we are going to demonstrate the Ulam-Hyres stability of
the proposed model.

Definition 3.1. The proposed model is Ulam-Hyres stable if 9
@c;b P 0 such that for any � > 0 and for every N 2 C 0;T½ �;Rð Þ
satisfies

0
FFMDc;b

k N kð Þ � K k;N kð Þð Þ�� �� 6 �; k 2 0;T½ �;
and there exists a unique solution X 2 C 0;T½ �;Rð Þ such that

N kð Þ � X kð Þj j 6 @c;b�; k 2 0;T½ �:
We take into consideration a small perturbation

U 2 C 0;T½ � such that U 0ð Þ ¼ 0. Let

� U kð Þj j 6 �,for � > 0.

� 0
FFMDc;b

k N kð Þ ¼ K k;N kð Þð Þ þ U kð Þ.

Lemma 3.2. The solution of the perturbed model

0
FFMDc;b

k N kð Þ ¼ K k;N kð Þð Þ þ U kð Þ;
N 0ð Þ ¼ N0;

fulfills the relation given below

N kð Þ � N 0ð Þ þ bkb�1 1�cð Þ
AB cð Þ K k;N kð Þð Þ þ cb

AB cð ÞC cð Þ
k
0k

b�1 k� kð Þb�1K k;N kð Þð Þdk
� ���� ��� 6 Hc;b�;

where Hc;b ¼ bTb�1 1�cð Þ
AB cð Þ þ cb

AB cð ÞC cð ÞT
cþb�1H c; bð Þ.

Proof. The proof is easy so we omit it. h

Lemma 3.3. Under condition (9) along with lemma (1), the
solution of the proposed model is Ulam-Hyres stable if q < 1.

Proof. Let X 2 B be a unique solution and N 2 B be any solu-

tion of the proposed model, then

N kð Þ � X kð Þj j
¼ N kð Þ � X 0ð Þ þ bkb�1 1�cð Þ

AB cð Þ K k;X kð Þð Þ
h���

þ cb
AB cð ÞC cð Þ

k
0k

b�1 k� kð Þb�1K k;X kð Þð Þdk
i���

6 N kð Þ � N 0ð Þ þ bkb�1 1�cð Þ
AB cð Þ K k;N kð Þð Þ þ cb

AB cð ÞC cð Þ
k
0k

b�1 k� kð Þb�1K k;N kð Þð Þdk
� ���� ���

þ N 0ð Þ þ bkb�1 1�cð Þ
AB cð Þ K k;N kð Þð Þ þ cb

AB cð ÞC cð Þ
k
0k

b�1 k� kð Þb�1K k;N kð Þð Þdk
��� ���

� X 0ð Þ þ bkb�1 1�cð Þ
AB cð Þ K k;X kð Þð Þ þ cb

AB cð ÞC cð Þ
k
0k

b�1 k� kð Þb�1K k;X kð Þð Þdk
��� ���

6 Hc;b�þ bTb�1 1�cð Þ
AB cð Þ þ cb

AB cð ÞC cð ÞT
cþb�1H c; bð Þ

� �
LK N tð Þ � X tð Þj j

6 Hc;b�þ q N kð Þ � X kð Þj j:

Consequently one can write

N� Xk k 6 Hc;b�þ q N� Xk k:
We can write the above relation is

N� Xk k 6 @c;b�;
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where @c;b ¼ Hc;b

1�q. Hence the solution of the proposed problem

is Ulam-Hyres stable. h
4. Numerical results and simulations

Electronic circuits show the amazing potential to demonstrate
at low cost most of nonlinear phenomena obtained in dynam-

ical systems. We simulate the electronic circuit realization of
the fractal fractional order chaotic system in this section. We
consider the fractal fractional Memristor based chaotic system
as [8]:

FFM
aD

c;b
k x kð Þ ¼y kð Þ; ð10Þ

FFM
aD

c;b
k y kð Þ ¼ � 1

3
x kð Þ þ 3

2
z kð Þ2 � 1

� �
y kð Þ

� �
; ð11Þ

FFM
aD

c;b
k z kð Þ ¼ � y� 3

5
z kð Þ þ y kð Þz kð Þ: ð12Þ

The circuital equations reelated to the above system equation
is obtained as [8]:

FFM
aD

c;b
k X ¼ 1

C0

� R2

R1R3

� �
Y

� 

; ð13Þ

FFM
aD

c;b
k Y ¼ 1

C0

R7

R8R5

� �
Y� 1

R4

X� 1

R6

Z2Y

� 

; ð14Þ

FFM
aD

c;b
k Z ¼ 1

C0

R12

R13R9

� �
YZ� 1

R10

Y� 1

R11

Z

� 

: ð15Þ

We define the parameters for the above system as:

R1 ¼ R2 ¼ R3 ¼ R5 ¼ R7 ¼ R9 ¼ R10 ¼ R12 ¼ R13 ¼ 10 kX;
R6 ¼ R0 ¼ 10:3 kX; R4 ¼ 11:62 kX R11 ¼ 11:49 kX:We

can write the system (10)–(12) as

AB cð Þ
1�c

d
dk

R k

0
x sð ÞEc

�c
1�c k� sð Þc

� �
ds ¼ bkb�1y kð Þ;

AB cð Þ
1�c

d
dk

R k

0
y sð ÞEc

�c
1�c k� sð Þc

� �
ds ¼ � btb�1

3
x kð Þ þ 3

2
z kð Þ2 � 1

� �
y kð Þ

� �
;

AB cð Þ
1�c

d
dk

R k

0
z sð ÞEc

�c
1�c k� sð Þc

� �
ds ¼ bkb�1 �y� 3

5
z kð Þ þ y kð Þz kð Þ� �

:

For simplicity, we define
Fig. 1 The dynamical behavior of the chaotic attractor for the ini

fractal–fractional derivative operator.
D k; x; y; zð Þ ¼ bkb�1y kð Þ;
E k; x; y; zð Þ ¼ � btb�1

3
x kð Þ þ 3

2
z kð Þ2 � 1

� �
y kð Þ

� �
;

F k; x; y; zð Þ ¼ btb�1 �y� 3
5
z kð Þ þ y kð Þz kð Þ� �

:

Then, we will get

AB cð Þ
1�c

d
dk

R k

0
x sð ÞEc

�c
1�c k� sð Þc

� �
ds ¼ D k; x; y; zð Þ;

AB cð Þ
1�c

d
dk

R k

0
y sð ÞEc

�c
1�c k� sð Þc

� �
ds ¼ E k; x; y; zð Þ;

AB cð Þ
1�c

d
dk

R k

0
z sð ÞEc

�c
1�c k� sð Þc

� �
ds ¼ F k; x; y; zð Þ:

Applying the AB integral yields

x kð Þ � x 0ð Þ ¼ 1�c
AB cð ÞD k; x; y; zð Þ þ c

AB cð ÞC cð Þ
R k

0
k� sð Þc�1

D s; x; y; zð Þds;
y kð Þ � y 0ð Þ ¼ 1�c

AB cð ÞE k; x; y; zð Þ þ c
AB cð ÞC cð Þ

R k

0
k� sð Þc�1

E s; x; y; zð Þds;
z kð Þ � z 0ð Þ ¼ 1�c

AB cð ÞF k; x; y; zð Þ þ c
AB cð ÞC cð Þ

R k

0
k� sð Þc�1

F s; x; y; zð Þds:

We discretize these equations at tnþ1 as

xnþ1 ¼ x0 þ 1�c
AB cð ÞD knþ1; x

n; yn; znð Þ
þ c

AB cð ÞC cð Þ
R knþ1

0
knþ1 � sð Þc�1

D s; x; y; zð Þds;
ynþ1 ¼ y0 þ 1�c

AB cð ÞE knþ1; x
n; yn; znð Þ

þ c
AB cð ÞC cð Þ

R knþ1

0
knþ1 � sð Þc�1

E s; x; y; zð Þds;
znþ1 ¼ z0 þ 1�c

AB cð ÞF knþ1; x; y; zð Þ
þ c

AB cð ÞC cð Þ
R knþ1

0
k� sð Þc�1

F s; x; y; zð Þds:
Then, we obtain

xnþ1 ¼ x0 þ 1�c
AB cð ÞD knþ1 ; x

n ; yn ; znð Þ

þ c
AB cð Þ

Xn

s¼0

hcD ks ;x
n ;yn ;znð Þ

C cþ2ð Þ nþ 1� sð Þc n� sþ 2þ cð Þ � n� sð Þc n� sþ 2þ 2cð Þð Þ
h i

� c
AB cð Þ

Xn

s¼0

hcD ks�1 ;x
n�1 ;yn�1 ;zn�1ð Þ

C cþ2ð Þ nþ 1� sð Þcþ1 � n� sð Þc n� sþ 1þ cð Þ
� �� 


;

ynþ1 ¼ y0 þ 1�c
AB cð ÞE knþ1 ; x

n ; yn ; znð Þ

þ c
AB cð Þ

Xn

s¼0

hcE ks ;x;y
n ;z

C cþ2ð Þ nþ1�sð Þc n�sþ2þcð Þ� n�sð Þc n�sþ2þ2cð Þð Þ

� ih
tial conditions 1;�1; 2; c ¼ 1 and b ¼ 1 using Atangana–Baleanu
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� c
AB cð Þ

Xn

s¼0

hcE ks�1 ; x
n�1 ; yn�1 ; zn�1ð Þ

C cþ 2ð Þ nþ 1� sð Þcþ1 � n� sð Þc n� sþ 1þ cð Þ
� �� 


; znþ1

¼ z0 þ 1� c
AB cð ÞF knþ1 ; x

n ; yn ; znð Þ

þ c
AB cð Þ

Xn

s¼0

hcF ks ; x
n ; yn ; znð Þ

C cþ 2ð Þ nþ 1� sð Þc n� sþ 2þ cð Þ � n� sð Þc n� sþ 2þ 2cð Þð Þ
� 


� c
AB cð Þ

Xn

s¼0

hcF ks�1 ; x
n�1 ; yn�1 ; zn�1ð Þ

C cþ 2ð Þ nþ 1� sð Þcþ1 � n� sð Þc n� sþ 1þ cð Þ
� �� 


:

by the method using in [20]. Similar things can be done for the
system (13)–(15). Numerical simulations are demonstrated by
the following figures.

We have simulated the obtained results for the initial con-
ditions x 0ð Þ ¼ 1; y 0ð Þ ¼ 1; and z 0ð Þ ¼ 2 respectively through
Fig. 2 The dynamical behavior of the chaotic attractor for the initi

fractal–fractional derivative operator.

Fig. 3 Numerical simulation for b
Matlab. Here, we present the numerical results obtained for
the proposed model through 2 phase and 3 phase simulations
for the various fractional and fractal order sets. First of all, we

simulate the proposed model at fractional and fractal dimen-
sions equals 1 in Fig. 1. In Figs. 2, we presented the model
for the fractional-order c=0.98 and fractal dimension b ¼ 1.

In Figs. 3–8, we have simulated the results of
x kð Þ; y kð Þ; and z kð Þ with respect to time for different values
of fractional and fractal orders. We see the dynamics of the dif-

ferent compartments of the model have been changed by vary-
ing fractional or fractal orders. These figures shows limits
cycles behaviors and periodic orbit trajectories of the proposed
al conditions 1;�1; 2; c ¼ 0:9 and b ¼ 1 using Atangana–Baleanu

¼ 1 and different values of c.



Fig. 4 Numerical simulation for b ¼ 1 and different values of c.

Fig. 5 Numerical simulation for b ¼ 1 and different values of c.
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model. We have also examined the model’s more complicated
behavior in the form of chaotic attractors that can often not be
achieved by ordinary and fractional-order operators. The
fractal-fractional operators are thus better tools to examine

the proposed system’s more complex behavior.
5. Conclusion

In this manuscript, we formulated the integrator circuit model
by the newly introduced operator, which is the combination of
Atangana-Baleanu fractional operator and the fractal opera-



Fig. 6 Numerical simulation for different fractional orders and b ¼ 1.

Fig. 7 Numerical simulation for different fractional orders and b ¼ 1.
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tor. We proved some results about the existence of least one
solution and a unique solution of the given model by Schau-

der’s and Banach fixed point theorems respectively. We estab-
lished the results of the Ulam-Hyres stability of the model by
mean of non-linear functional analysis. We constructed gen-

eral numerical results of the model through Atanagan-Toufik
numerical method. Lastly, we simulated the numerical results
for different fractional and fractal orders. We have observed

the chaotic attractors and more complex behavior in the fig-
ures. From Fig. 1, we conclude that when the fractional-
order and fractal dimension is equal to 1, then we recover

the integer-order simulation of the integrator circuit model.



Fig. 8 Numerical simulation for different fractional orders and b ¼ 1.
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Thus, fractal-fractional operators can analyze better dynamics

of the complex behaviour of physical phenomena than the
fractional and fractal operators.
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