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ABSTRACT

Introduction: Fractional operators find their applications in several scientific and engineering processes.
We consider a fractional guava fruit model involving a non-local additionally non-singular fractional
derivative for the interaction into guava pests and natural enemies. The fractional guava fruit model is
considered as a Lotka-Volterra nature.
Objectives: The main objective of this work is to study a guava fruit model associated with a non-local
additionally non-singular fractional derivative for the interaction into guava pests and natural enemies.
Methods: Existence and uniqueness analysis of the solution is evaluated effectively by using Picard
Lindelof approach. An approximate numerical solution of the fractional guava fruit problem is obtained
via a numerical scheme.
Results: The positivity analysis and equilibrium analysis for the fractional guava fruit model is discussed. The
numerical results are demonstrated to prove our theoretical results. The graphical behavior of solution of the
fractional guava problem at the distinct fractional order values and at various parameters is discussed.
Conclusion: The graphical behavior of solution of the fractional guava problem at the distinct fractional order
values and at various parameters shows new vista and interesting phenomena of the model. The results are
indicating that the fractional approach with non-singular kernel plays an important role in the study of different
scientific problems. The suggested numerical scheme is very efficient for solving nonlinear fractional models of
physical importance.
© 2021 The Authors. Published by Elsevier B.V. on behalf of Cairo University. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Introduction, background, and preliminaries

A mathematical model in biology describes mathematical
description, treatment in addition modeling of the biological pro-
cesses applying mathematical concepts and logics. To construct
science of ecology, mathematical models have played a crucial role.
In nineteenth century, a prey-predator equation of Lotka-Volterra
was very helpful to develop the ecological research work of the
population dynamics [1]. A prey-predator (PP) model exists when
the prey performs as a resource for other organism (we say preda-
tor). This PP interrelation has useful consequence on the popula-
tion of predators, since predators get extra nutriment and they
are capable to develop new predators. In the opposite manner,
there is injurious consequence on the population of preys as the
predator eradicates them [2]. For instance we can study the PP
model for guava. Guava belongs to the myrtle family. Guava culti-
vated in India by farmers in addition it is cultivated in people’s
home gardens. It has become familiar due to its easily availability
nearly throughout the year. Guava helps a person to manage the
need of vitamins and minerals in human’s body. The availability
of guava is very easy compared to several another fruits. One can
enhance his/her vitamins and nutrition level, if he/she can use this
fruit in right the process. Moreover, a person economically earns
profit from this special fruit [3]. To develop the prey-predator
model on sugarcane a Lotka-Volterra dynamical system was
applied [4]. It demonstrates the interaction into pest in addition
natural enemies via biological control strategy. Pest is very danger-
ous for all the crops. In the present paper, we discuss how to man-
age the population of pest at the equilibrium level lower the
economical vandalism by using biological pest control strategy.

The department of agriculture and cooperation, ministry of
agriculture, India, in Aisa based integrated pest management pack-
age represents the facts well about nutritional deficiencies, insecti-
cide resistance of management, safety measures pest, insect and
diseases, etc. The details study also provides natural control,
mechanical control additionally cultural control moreover it
describes how to utilize pesticides [3]. Authors of a research article
[5] discussed a model with mathematical logic and concept for bio-
logical pest control (BPC). To get the optimal pest control approach
a linear assessment control problem has been development for the
system by proposing natural enemies. Numerical outcomes of the
BPC focused on the Lotka-volterra system are discussed to demon-
strate the efficacy of the fractional order mathematical problem. In
another work, the optimal pest control problem (OPCP) arising in
population dynamical processes is discussed [6]. The OPCP is bifur-
cated in two portions. Karmaker et al. [7] studied a model which is
expressed for the interaction into natural enemies and guava pests.

By considering the above discussed work and usefulness of
guava fruit in our daily life we are motivated to carry the research
work on guava fruit. In this article, we study fractional guava fruit
model founded on the prey-predator model associated with the
Atangana-Baleanu (AB) operator. In this work, prey indicates pest
in addition predator designates natural enemies. Initiating natural
enemies in the current agriculture technique to cultivate guava
fruit, here we represent how pests are enhanced in addition dimin-
ished in the existence of natural enemies.

Since integer order derivative is local in nature so it does not
contain the complete memory and hence it does not describe the
physical behavior of the model. To overcome this challenge, we
use the fractional derivative. It is well known that fractional
derivative is non-local in nature and due to this characteristic it
contains the whole memory and physical nature of the model.
Fractional order model are used to determine the real world prob-
lems with a strategic solution. There are many mathematicians
working in this field, some related work is hereby expressed for
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more details and outcomes one can see the published books and
papers [8,9,10,11,12,13,14,15,16,17,18,19]. Srivastava et al. [20]
suggested a reliable analytical scheme for a fractional biological
population problem having carrying capacity. Dubey et al. [21]
studied the fractional extension of biochemical reaction problem.
Yang et al. [22] investigated a fractal nonlinear Burgers’ model
describing acoustic signals propagation. In the same sequence,
Atangana and Baleanu (AB) [11] studied an advanced and useful
derivative of fractional order. Cadariu and Radu [23] discussed
fixed point techniques for the generalized stability of differential
equations in a single variable. In this attempt, we use this advanced
fractional operator to guava fruit model. The key objective of this
research is to discuss the new characteristic of guava fruit model
associated with Mitag-Leffler kernel. Further, we discuss the new
characteristic between guava pest and natural enemies.

Here, we provide some key definitions of AB operator [11] as
follows:

Definition 1.1. Suppose h € H'(c,d),d > c,® € (0,1] and it is also
differentiable in nature, hence AB operator in Caputo’ kind is
expressed in the following way
} B(w) [, w
@] — —
cABCDY(h(E) = 7y | W@Es[-~12;

where E,, is Mittag-leffler function and B(0) = 1

(¢-g)°]de.
B(1)

(1)

Definition 1.2. Assume 0 < @w < 1, then Atangan-Baleanu integral
of function h(¢) of fractional order w is represented as

(L(wc;))h(f) +B(a))a1)"(w) / hig)(e-g)" g > 0.
(2)

The foundation of this article is divided in sections as: In
Section ‘Fractional model of the problem’, guava model pertaining
to AB derivative is formulated. In Section ‘Positivity analysis and
equilibrium analysis of the fractional guava model’, we discuss
positivity analysis and equilibrium analysis for the fractional guava
fruit model. Section ‘Stability analysis of the fractional system’,
represents the stability analysis of the model at the equilibrium
points. Section ‘Existence and uniqueness analysis’ is dedicated
to existence and uniqueness (EU) examination of the solution of
guava model associated with AB derivative by applying Picard
Lidelof approach. In Section ‘Approximate numerical solution of
the model’, approximate numerical solution of the fractional guava
fruit problem is shown via numerical technique.
Section ‘Numerical experiments’, demonstrates the numerical
results and graphical behavior of solution of fractional guava
model. Finally, the concluding statement is given in
Section ‘Conclusions and outcomes of the paper’.

CABI? (h(£)) =

Fractional model of the problem

The fractional guava model is based on PP model. Here guava
borers denote prey while natural enemies indicates predator. The
symbols and formation of the model as follows

p : No. of guava borers,

q : No. of natural enemies,

o : Rate of growth of guava borers,

ap : Term which contributes in increasing the guava borers at
Malthusian process,

u : Rate of reduction of guava borers with carrying capacities,
v: Rate of reduction of natural enemies with carrying
capacities,
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I : Rate of growth of natural enemies,
wpq : Rate of growth of guava borers contribution to the natural
enemies.

Therefore, the rate of change of the guava borer with AB frac-
tional operator is given by (Since AB fractional operator is non-
local in nature and due to this property it involves the complete
memory and biological aspects of the model.)

CABCDYp = ap(&) — up?(&) — vp(&)q(&),

The rate of growth of the natural enemies influenced by guava
borers with AB fractional operator is given as

cABCD?q = —Iq(&) + wp(&)q(&).

The Ist equation represents the guava borers and the IInd equa-
tion designates the population of natural enemy in the guava fruit.
The fractional order mathematical model of the biological process
can be presented in the subsequent manner

CABCD'p = ap(&) — up?(&) — vp(&)q(9),

R ) 3)
cABCD?q = —Iq(&) + wp(£)q(é).

Positivity analysis and equilibrium analysis of the fractional
guava model

In this section, we discuss positivity analysis and equilibrium
analysis for the fractional guava model.

Theorem 3.1:. The guaua borers and natural enemies for the
fractional order problem (3) are regularly non-negative V given ¢ > 0.

Proof:. For proof, see [7].
To find the equilibrium points of Eq. (3), we assume

cABCD?p = ap(&) — up(¢) — vp(9)q(8) = ¢(p.q).
and
CABCDYq = —1q(&) + wp(£)q(&) = 9(p.q).

To find equilibrium point of the model, we put
cABCD?p = 0= ¢(p.q),

cABCD?q =0 =9(p,q).

To find the equilibrium point, we solve the algebraic equations
given as

ap(&) — up* (&) — vp()q(¢)

—lq(&) +wp(&)q(&) = 0.
Suppose (p*, q*) be the equilibrium point. Therefore

07

o(p',q") =op" —u(p’)* — vp'q" =0,

I(p*,q) =-lg" + wp'q- = 0.

From Eq. (5), we have

—lg* +wp*q* =0.
On solving, we have
. .
g =0andp* = "
Now from Eq. (4), we have

ap* —u(p*)’ — vp*q* = 0.
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It gives
p*=0and « —up* — vqg* =0. (7)

Substituting the values of p* from Eq. (6) in Eq. (7), we get

*

_ow—ul
ooow

(8)

Now putting the value of ¢* from Eq. (6) in Eq. (7), we obtain

.
Py (©)
Thus there are three equilibrium points given as follows
(0,0), (i, w— “’) in addition (5, 0).
w u

Stability analysis of the fractional system

In this part, we evaluate the stability of various EP of the frac-
tional guava model associated with AB fractional derivative and
calculate the eigen values of Jacobian matrix (JM) at equilibrium
points (EP).

The JM of the fractional guava fruit problem (3) at the EP (p*,q*)
is given as

)

@,(0",q7)
Ip(D*,q7)

It can be written as

Pu(0”,q7)

Jom.a7) = ( 9¢(p*,q")

o—2p*—vq* —vp*
wq* — I+ wp*

I = (

At the EP (0,0), we have
a O )
0 -1/

The characteristic equation (CE) of JM is given by
J-A|=0.

The above CE can be written as
24+al-a)—al=0.

On solving the above CE, we get the values of 1 as

0.0 =

A=o,—L

It is observed that « is positive and —I is negative. Hence, the EP
(0, 0) is not stable. Now, we verify the stability of the EP (1, zx=ul).
At these points the JM is expressed as

I ow—ul
]<W’ ow )(
Thus, we get
I ow—ul =ul
J(W’ ww >_(°cvvwm

The CE is given as
|J— Al =0.

L oaw—ul
T

v aw—ul
—vl
w
0

ww
The above CE can be presented as

<ocw - ul) —0
v

The solution of this equation is given as

vl

w

L
—l+wil

vl

w

ul

Py—i+
w

2 _
e\ -4t e

w. v

2

A=
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So, we have two values of / as follows

2 _ 2 =
VT | e,

2 2

=

Since here the eigen values A; and 1, have negative real parts.
Hence, the EP (L, 22=u) js asymptotically stable. Now, we verify sta-
bility at the EP (%,0), at these points the JM reduces to

a w-2% -
]<E’0)_<O — 4z )

Further, the CE of JM is given as
|J— Al =0.

The above CE can be expressed as

ocu;Za _ % B (l 0 )
0 wrx;zxu 0 2

From the above equation, we get
(ocufZa ., wafauii) _0
u u
wo — o o — 20
PR Y (10)
u u

=0.

Thus, we get
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The eigen values =z c-2a
numbers.

Limitations for stability of eigen values / = wxa a-2

When wo < ou and u < 2 both values are negative, in this situ-
ation the EP (%, 0) is asymptotically stable.

When wo < ot and u < 2 both values are positive, in this case
the EP (%, 0) is unstable.

When wa < ou is negative and u < 2 is positive, in this case the
EP (2, 0) is unstable.

When wa < o is positive and u < 2 is negative, in this case the
EP (%, 0) is unstable.

As the JM at EP (p*,q*) is represented as

are determinedly real

v o [0=2pT—vqt —vp”

The CE is given by /2 + 14+ v, =0,
where the values of »; and v, is given as

vy =2up” + (I—wp*) + (vq* — ), v,

=2up*(l — wp*) + (vq* — o)l + wep*.

iy

For the values of z; > 0 and », > 0, as per statement of Hur-
witz’s postulate, the real parts of all the roots of the CE should be
negative in other words asymptotically stable.

7000

6000
5000

4000

q(€)

3000

2000

1000

0 100 200 300 400 500

Fig. 1. Influence of different values of w on response behavior of solutions for the values of o« = 0.07, u = 0.0000020, v = 0.000046, w = 0.0002, [ = 0.5, and

Po = 5000, g, = 500.
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500 . . h
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4500 5000

Fig. 2. Influence of different values of  on response behavior of solutions for the values of o

Po = 4500, g, = 500.

Existence and uniqueness analysis

Commonly a fractional differential equation pertaining to the
initial conditions (ICs) is expressed as follows

d”z
e~

As far as concern to solution of Eq. (11), there may be three
cases as

h(z,¢), z(¢) = 20 (11)

(i) there may be no solution for Eq. (11),
(ii) it may be an infinite solution,
(iii) it may be a single solution.

Mathematics researchers who are interested in such types
problems search for answers to following

Q1. Under which conditions, the solution for the model (3) is
certain i.e. question of existence?.

Q2. Under which conditions the solution is unique i.e. question
of uniqueness?

In the present section, this work explores the answers to the
above questions for the guava fruit model, which was stated with

Journal of Advanced Research 32 (2021) 99-108

——w=07

w=0.74
w =078
6000 ~ ——w=0.82
—+—w=086
5000 - ——w=09
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0.07, u = 0.0000020, v

0.000046, w = 0.0002, I = 0.5, and

the ordinary derivative. First of all, let us reorganize the system of
Eq. (3) as

cABCD!'p(¢) = hi(&,p,q) = op(&) — up?(&) — vp(&)q(9), (12)

0ABCD?q(¢) = ha(&.p.q) = —1q(&) +wp(£)q(&).

and ©(¢) = (p,q), H(©(¢), ) = (11(0(£)), h2(6(¢)).
Suppose that solutions of system (3) are continuous functions in

nature from a time interval Kto a bounded subset V € R?, together
with initial value 0O(&) = Oq. Now we put

K = [¢ — &, &+ &), V =R(y,r) in addition
Der, =K x [y —r1,y+11] =K x Ry,

Der, =K x [y — 12,y +12] =K x Ry,

and Rjrepresents the closed ball in R™ around y with radius r; Now
we assume D, (K, V)indicates a set a continuously function from K
to V associated with the norm

Ay =sup|| hi(¢,0()) |,

Dc.rl

Ay = sup || hy (&, 0(9)) |-

Dc.rz

Moreover, the supremum of all A; and A, is given as
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Fig. 3. Influence of different values of @ on response behavior of solutions for the values of & = 0.07, u = 0.0000020, v = 0.000046, w = 0.0002, [ = 0.5, and

Po = 500, gy = 500.

A=sup]| hy(¢,

ciry

0() |-

Now we consider a Picard operator Qfrom D (K, V) to D, (K, V)
as follows

Q: D (K,V) — Der(K, V).

1-w

O(&) +—

/H

Next, we will employ the Picard-Lindelof existence and unique-
ness theorem to deal the guaua model with initial value problem.
Noticing the Picard- Lindelof approach with our symbols.

Q(6(<)) =

N(E—g)” dg.

Theorem 5.1. Let D, : [y — ¢, & +¢] x V =R(y,r) — R™ is contin-
uous function and it is bounded by a constant f. Again let that D, is a
Lipschitz continuous function with the Lipschitz constant p for every
& € [& — ¢, & + c]. Then the initial value problem (IVP) holds a unique
solutiony € D¢ (K, V) as lasting as the time interval is selecting with a

satisfactory value as 0 < ¢ < min (p ﬁ>

104

Proof: First of all we will prove that Picard operator ® holds a
contraction on the space D.,(K,V). It is notice that h; functions
are continuous in nature because D.,(K,V) is Lipschitz. Addi-
tionally V is closed and bounded in nature, hence h; holds their

minimum and maximum value on V. Therefore,
O(&) € D, (K, V).
120() -0(&) | = o )H<®( / H(O())(c—g)"dg |,
<||}3(‘—w°;’H( N1+ g /H (¢-g)dg

1-w )
< By IH(O@) |+ g5 1H@ /H )(¢—g)"dg

1-o o,
= (B(w) *B(wmw))*"

Hence, it holds that Q maps D.,(K,V) into itself.

Now, let us take two elements ©;(¢), ®,(¢) € D(K, V), in this
case, we have
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Fig. 4. Influence of different values of @ on response behavior of solutions for the values of « = 0.07, u = 0.0000020, v = 0.000046, w = 0.0002, [ = 0.5, and

Do = 500, g, = 5000.

19(01(4)) - 2AOE) | = | s HO ) + o
: w w
/ H(©:(2))(¢ ~ &) dngH(@’Z(f)) Blo)(w) |
/H®2 )(E—g)7dg
w
H H(©4(¢)) —H(©: ())\\er

/ | (H(©1(g)) — H(®:(2)))(% — 8)” |Idg.

(0]
wgmax

< (%*W)”'

Hence, existence and uniqueness (EU) of the solution of model
(3) are verified.

Approximate numerical solution of the model

In this portion, we will investigate how to use the numerical
procedure to obtain the approximate solution of the problem. To
this end, let us take into account the following equation

0ABCZ (&) = #(&,U(£)). (13)

105

By using the integral operator one can write

O - 90) = SEHE) +F(w§‘,’3(w)
/ —-7)”'dr. (14)
Taking ¢, = nh-in (14), one achieves
(60) = 9(0) st (e ¥(60) + Z
« [ s am)E -0 (15)

Now, with the help of linear interpolation of (& #(¢&)), one
gets

ff(f’ J’/(é)) ~ 'V(éi-v-l ) J?/H] )

F I (G W)~ (6B, €
€ [&i, Gl

where the notation of #; = #'(t;) is used.
Substituting Eq. (16) in Eq. (15), the approximate solution of the
problem will obtain as in [15],

(16)
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Do = 4500, g, = 500.

w n
Yn =% +m (ﬂny(éo,yo) + ZO“‘y(éi’@‘)> (17)
e
where
-1 —n(n-w-1)
= T(w+2) ’
=) y ]8
) m+l}T‘Aj7 j=0 (18)
]‘ = i1 @+1_2«w+1 it1 +1 .
%7 j=1,2,....n-1

Using the numerical method Eq. (17) presented above, the
approximate solution of the problem (3) will be achieved recur-
sively as

w

w n
Pn=Po+ g (m (opo — upg — vPodo) + Y _ On_i(op; — up} — vpl«q,-)> ,
i=1
(19)
G =% * o) (nn(—lqo +Wpodo) + > Oni(—lg; + wp,m)) - (20)
i=1

Approximate solutions to the fractional guava fruit model can
be computed using the numerical method described above.

Journal of Advanced Research 32 (2021) 99-108
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0.07, u = 0.0000020, v

0.000046, w = 0.0002, = 0.5, and

Numerical experiments

In this part, we will utilize the outlined approximate scheme in
Eq. (19) and Eq. (20) to obtain numerical simulations for solving
the fractional-order mathematical model of (3).

In what follows we present some graphs that describe the behav-
ior of the solutions for different values of some parameters. Numer-
ical solutions to the fractional order model are shown in the Figs. 1-6
for different initial values and the fractional orders w. One can
observe that the numerical results obtained are fully according to
the theoretical results stated in the preceding sections.

In the numerical experiments, we have used the time step size

of B=1.0 x 1072, In Figs. 1-6, we consider distinct initial condi-
tions i.e. the values of guava borers (p,) as well as natural enemies
(qo) at the initial time for different fractional orders. The numerical
simulation of the fractional guava fruit model is demonstrated and
the stability is also discussed. The time interval from 0 to 500 days
is taken for numerical simulation of the fractional model. From the
Figs. 1-6, we see that at initial time there are frequent changes in
the values of natural enemies and guava borers for different order
of AB fractional derivative (), but after 120 to140 days they are
got stable. As 120-140 days are needed to mature the guava fruits
from their flowers. In Figs. 1-6, we observe from phase prostrates
that the nature of all parameters is oscillatory between O and
140 days. It is noticed that the solutions of the fractional guava
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Fig. 6. Influence of different values of « on response behavior of solutions for the values of & = 0.07, u = 0.0000020, v = 0.000046, w

Po = 500, g = 6000.

fruit model are periodic, thus the solutions of the fractional model
are orbitally stable. It is also noticeable that there is significant
impact of the order of fractional operator on the values of guava
borers and their enemies.

Conclusions and outcomes of the paper

At the last by observing all above discussed important aspects
via all the sections further based on useful and interesting theoret-
ical results with well supported numerical outcomes, we set the
concluding remarks in the form of three crucial parts as

(1) Mathematical modeling of realistic problems by applying
the logic of fractional operators for the system of differential
equations have been a subject of research activities since
few past years. The AB derivative has few crucial features
i.e. it contains strong memory effect of the system. There-
fore, a study of guava model associated with a newly AB
fractional derivative which is founded on nonlocal and
non-singular kernel is discussed in the present paper.

(2) We study a fractional guava model pertaining to Atangan-
Baleanu (AB) derivative for the interaction into natural ene-
mies and guava pests. The present system is discussed as a
Lotka-Volterra kind. The positivity analysis and equilibrium
analysis for the fractional guava model is analyzed in a

q(€)
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effective way. By utilizing the Picard Lindelof scheme the
EU analysis of the solution the fractional guava fruit model
is verified effectively.

(3) By utilizing a numerical technique the approximate numer-
ical solution of the fractional guava fruit model is obtained.
The numerical outcomes which are also perform as a control,
as the parameters are represented to verify our theoretical
outcomes. The graphical depictions of solution of the guava
model with AB derivative at the various fractional order val-
ues, parameters displays new vista and interesting nature of
the model.
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