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With every passing day, one comes to know that cases of the corona virus disease
are increasing. This is an alarming situation in many countries of the globe. So
far, the virus has attacked as many as 188 countries of the world and 5 549 131 (27
May 2020) human population is affected with 348 224 deaths. In this regard, pub-
lic and private health authorities are looking for manpower with modeling skills
and possible vaccine. In this research paper, keeping in view the fast transmis-
sion dynamics of the virus, we have proposed a new mathematical model of eight
mutually distinct compartments with the help of memory-possessing operator of
Caputo type. The fractional order parameter y of the model has been optimized
so that smallest error can be attained while comparing simulations and the real

data set which is considered for the country Pakistan. Using Banach fixed point

Email: dumitru@cankaya.edu.tr analysis, it has been shown that the model has a unique solution whereas its

) basic reproduction number R is approximated to be 6.5894. Disease-free steady
Communicated by: X. J. Yang . . .
state is shown to be locally asymptotically stable for R, < 0, otherwise unsta-
ble. Nelder-Mead optimization algorithm under MATLAB Toolbox with daily
real cases of the virus in Pakistan is employed to obtain best fitted values of the
parameters for the model's validation. Numerical simulations of the model have
come into good agreement with the practical observations wherein social dis-
tancing, wearing masks, and staying home have proved to be the most effective

measures in order to prevent the virus from further spread.
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1 | INTRODUCTION

It is well known that COVID-19 pandemic has brought a quagmire across the globe whereby more than four million
people have been infected globally, apparently, the mortality-recovery ratio is in a positive proportion.}? Nevertheless,
by Polymerase Chain Reaction's sensitivity, the absence or presence of the pandemic infected host in previous time is
observable and, in the lack of any curative vaccine, the recovery rate seems to be promising. The challenge to health care
professionals, the World Health Organization and the Center for Disease Control in every quarter was whether reinfection
could occur after a clinically treated COVID-19 patient.

The subtle nature of the ailment has brought the attention of several scientists and medical practitioners to massively
embark on multifarious researches in order to fully counterattack and stop the spread of the ailment. A new research in
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previous studies** focuses on the COVID-19 disease outbreak due to the global pandemic phenomenon originating in
mainland China. Ming et al. used the popular susceptible-infectious-recovered (SIR) model to obtain optimum values
for the model parameters using statistical approach and thus predicted the number of people infected, susceptible, and
removed as compared with time. Recently, Ndairou et al.> have proposed a new mathematical model for the transmis-
sion of COVID-19 regarding Wuhan based on the 2016 proposed model in Kim et al.% and taking into consideration the
existence of super-spreaders in the family of corona virus.”

The pervasive COVID-19 and the inefficiency of determined and result-based action is an expansive call for more prac-
tical and empirical efforts aimed at updating policy models and guidelines for disease control from social and scientific
studies. While the already existed researches are concentrated to the disease-free equilibrium and epidemiology where the
reproductive number of the infectious population is at its lowest, still researches on this pandemic are not explored. Thus,
in order to critically enunciate the actual characteristics of the situation, an expansive study needs to be continuously
carried out until we the human-being overcome this so-called enemy COVID-19.

To this aim, we feel motivated to carry out the rigorous study of this pandemic from fractional variant. This is because,
it can be noted that, in the recent past, multifarious scientists have shown that the fractional calculus can more precisely
explain natural phenomena than the integer calculus.®2® In light of this fact, the noninteger calculus becomes increasingly
significant and common in the realistic cases modeling, those with memory effects in particular. We feel inspired to
investigate and evaluate the fractional variant of the classical model proposed in Ndairou et al.> on COVID-19 pandemic
with an effective fractional operator called Caputo fractional derivative. To the best of our knowledge, this is the first time
this fractional derivative has been employed for the analysis and investigation of the underlying model.

2 | FORMULATION OF THE MODEL

Based upon the COVID-19 model proposed in Ndairou et al.® and taking into consideration the Caputo fractional operator
of order v, we have proposed a new model and called it COVID-19 epidemiological model with eight mutually distinct
compartments working under the fractional order operator of Caputo type.The main motivation of utilizing a fractional
model is due a better description of memory effect. The total human population N is considered to be constant since
most of the travel routes have been closed from couple of months and birth and death ratio is assumed to be equal. In
this way, it is very much justified for the total population to be constant. Subdivision of the total population is done in
eight compartments as follows: (a) S(t)—susceptible individuals; (b) E(t)—exposed individuals; (c) I(t)—symptomatic and
infectious individuals; (d) P(t)—super-spreader individuals; (e) A(f)—asymptomatic individuals; (f) H(t)—hospitalized
individuals; (g) R(tf)—recovered individuals; and (h) D(f)—dead individuals. The following structure of the COVID-19
model is suggested with the Caputo operator in action:

s

DESO) = 5 fy =07 S Gy = =5 = pr R =7
DEED = iy Jo = 07V E Gy = ﬂW’S+rﬂ@+ﬂ‘”“’ KVE,
Dy L) = m i fo (= 0T Gdy = k¥ o B = () + 11 = 67T,
] DhPO) = T-y) Jo = 0P Gy = k¥ oiE = (1 +7,)P = & P, €))
Dy A = m = Jo t= VA (Ddy = k(1 - 0. ~ o)L,
Dy H() = i Jo =0V H ()dy =/ (I +P) -y H - 5/ H,
Dy R(t) = m — ft= 0 YR (pdy =!I +P)+ yg’H
DYD() = w5 Jo (6= ) 7VD' ()dy = 67T+ 6} P+ 6/ H,

with S(0), E(0), I(0), P(0), A(0), H(0), R(0),D(0) € Rg. The variables S, E, I, P, A, H, R, D represent the number of
individuals who are susceptible, exposed, infectious, super-spreaders, asymptomatic, hospitalized, recovered,
and dead; respectively, at any time t. The total population is denoted by N(f). Moreover, N(t)=S(t)+ E(t)
+I(t) + P(t) + A(t) + H(t) + R(t) + D(¢). By adding all the above eight compartments, one can observe that CID)(’{IN =0,
and this is one of the interesting properties of the Caputo operator that its derivative for a constant vanishes, and this
property is very well satisfied in the present analysis. Moreover, From first equation of the proposed model (1), one
observes that

CDKlS(t) <0. )

This, S(¢) is always decreasing. In particular, one obtains S(t) < So.
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3 | THEORETICAL ANALYSIS OF THE MODEL

In this section, some important properties of the governing model will be investigated.

3.1 | Existence and uniqueness conditions

We start with the existence as well as the uniqueness of the solution for Caputo operator. Take into account a function,
real-valued, and continuous depicted by B(J) is a Banach space on J = [0, b] with norm ||(S,E,I,P,A,H,R,D)| =
IS+ NEN + NI+ WIPIE+ AN+ IHI + IRIE+ DI ISI = supyey SOOI NEN = supey [EO] ]| = sup,cz O], |PI] =
sup,c [PO. IAll = sup,e; [A®L. [HI = sup,c; [HOL. [RIl = sup,c; [R@)| and [[D]| = sup,c; |D(®)|. Employing the
Caputo fractional integral on the governing model leads to

S0 - 5O =Dy, { -2 - rpr B2 - pr 2,
E(t) - E(0) =°DY {ﬁ"’ +r ﬂ"’ S ﬁ"’PS KWE} ,
I(t) — I(0) =CDg[ {Yo.E—(r) + y;" ) — 5%”1}

P(t) — P(0) :CD"Q {YoE—(r) +v/)P -6y P}, 3)
A(t) — A(0) ="DY, {x¥(1 — 0. — 6,)E},
H(t) — H(0) =°Dy, {7/ I +P) -y H-5/H},

R(t) — R(0) CD"’[ {r/a+p+ y;,” H},

D(t) — D(0) =CDK[ {6/I1+6yP+5/H}.

The above expressions refer to:
t
S(t) — S(0) = W(y) / (t— 0Ky, x.S(x)dx,
0
t
E(t) - E(0) = W(ll/)/ (t= )Yy, x. EQ))dy,
0
t
I(t) - 1(0) = W(l//)/ (t= 0" Ks(w, x. 1(x)dy,
0
P(t) — P(0) = W(y) / (t— )" Kalw, 2. PC))dy,
o @
At) - A0) = W(ll/)/ (t= ) "YKs(w, ¥, A(x)dy,
0
t
H() - H(Q0) = W(II/)/ (t= )" Ke(w, x. H()dy,
0

t
R(t) = R(0) = W(y) / (t— )" K7 (y, x. R(x)dy,
0

t
D(t) — D(0) = W(y) / t—)"YKs(w, x.D()dy,
0

and the kernels are as comes next
v PS
S N ?
v IS v HS v P S v
K, t,E(t) =p + rp +ﬂ - «kYE,

Ki(y,t,8(0) = —ﬂ"’ILg - rﬂwﬂg _

Ki(w, t,1(0) = Ker — () + Y;”)I— 5;"1,

Kiw. LP() = K 0, — (7 + /)P — 5/ P, )
Ks(y,t,A(t)) = k¥ (1 — 0, — 03)E,

Ko(w, t. HO)= /(I +P) - yYH - 6" H,

K;(w, t,R(1) = VZ’(I +P)+ n‘,"H,

Kg(y,t, D)= 61+ 6, P+ 6, H.
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Now, K;(i=1, ... ,8) must affirm the Lipschitz condition's validity with S(¢), E(¢), I(t), P(t), A(t), H(t), R(t), and D(t)

having an upper bound. Take a couple of functions say S(t) and S*(¢) into consideration, we can write

1K1 (w, £, S(0) = Ki(w, £, S“O)|

BT = rpVH — B PS(O) - S*(t))H .

Now, assuming A, = HILV (=p¥I-rpvH — B! P) H we get
1K1 (w. t, S(6)) — Ki(w, t, S* ()l < A1 IS(®) = S* (O] -
Continuing in the same way, one gets

IKz(w. t, E(1) — Koy, L, EX(O)| < Az IE() — E* (DIl
IK3(w, £, 1(0) — Ks(y, t, ()] < Az [|[I(6) = T* (D),
IKa(w, t, P(1)) — Ka(w, £, P*(O))| < A4 |IP(6) = P*(D)Il ,
IKs(w, t, A() — Ks(w, , A*(D)]| < As [JA®E) — A",
IKe(w, t, H(1)) = Ke(w, t, H (D) < Ae |H(®) —H* DIl ,
IK7(w, £, R(D)) — K7(y, £, R*(D)]| < A7 [IR() = R* (D),
IKs(w, £, D(1)) — Ks(w, £, D*())|| < As |ID(£) = D*(D)]] -

We have now shown the satisfaction of the Lipschitz condition for all the kernels.
One can recursively gets the expressions in (4) as
t
Sn(t) = W(y) /0 (t=0)"VKi(w, 1, Sn1(x))d 1,
En(t) = W(w) /0 t (t— 0Ky, 1, En1(2))dy,
Lo =ww) [ = DKy 1T
Py =W(y) /0 t (t=0)"VKa(w, 2. Ppa(X))dy,
An(t) = W(w) /0 [ (t= ) YKs(w, x, An-1(X))dx,
Hp(t) = W(w) /0 l(t— YKoy, x, He-1(2))dy,
Ru(t) = W(w) /0 t(t - 0)VK(w, 2. Rna(2))dy,

t
Dy(t) = W(w) / (t— ) YKs(y, x,Du1(x))dy,
0

(6)

(7

®)

©)

together with So() = S(0), Eo(£) = E(0), Io(t) = I(0), Po(£) = P(0), Ao(f)=A(0), Ho(t) = H(0), Ro(t) = R(0) and Dy(t) = D(0).

And then, we have
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t
Esn(t) = Su(t) — Sp_1(t) = W(w) / =0 Ky, x,Sn1(0) — Ki(w, x, Sn2(x)) dy,
0
t
Egn(t) = Ex(t) — Ena(t) = W(y) / =0 Ky, ¥, Encr(0) — Koy, x, Ena(x) dy,
0
t
Ern(t) = I(t) = Ina (1) = W(y) / =07 Ky, x, In-1(0) = Ky, x, Ina(x)) dy,
0
t
Epn(t) = Pp(t) = Ppoy(t) = W(w) / (=07 Kaly, ¥, Praa(0)) = Ks(w, x, Pua(1)) dy,
’ (10)
Ean(D) =An(t) = Apr () = W(y) / =0V Ks(y, x, An1(1) = Ks(y, y, Ana(x) dy,
0
t
Eun(t) = Hy(t) — Hooa () = W(w) / t— 207" sy, x,Hi1(x) — Ks(w, x, Ho2(x))) d y,
0

t
Eran(t) = Rp() = Rp1 () = W(ll/)/ (t= 07" K7y, 1. R () — K7y, 2, Ru—2(X))) d 1,
0

t
Epn(t) = Dp(t) = D1 () = W(y) / (t— 207" Ky, ¥, Du1(x)) — Ks(w, x, Dna(x) dy,
0

It is crucial to consider Sn,(f) = YL Esi(t), En(t) = YioBgi(®), Li(t) = Yi,Eni), Put) = YL,Epi0),
Ap(t) = YLoBai(t), Ho(t) = Yoo Bui(t), Ru(t) = Yoy Brit), Du(t) = XL, Eps(?). In addition, from Equations (7)
and (8) and supposing that Zg,_1()=Sn-1(0) = Sn—2(0,Z5 n-1() =En_1() = Ep—_2(0),Ep n—1() =T, 1(8) = I, _5(D),
Epn-1(=Ppn_1() =Pp_2(6),Ba n-1(0=An_1() —An_2(8), Ert, n—1() = Hp - 1() = Hp—2(£), Eg n—1() =Ry —1(1) — Ry —2(0),
Ep n-1(0) =Dy, —1(t — D, _»(2), we attain

t
[Zsa0ll < Wom | = 0 [Esaolldr.
0
t
|ZeA)| < Ww)n, / t =07 ||Ben-1(0)|| dx.
0
t
IZ2a]| < Wy)ns / (t =207 ||Bram1(0)|| ds
0
t
IZpn(®)]| < Ww)na / t= 207" |Bpar(0)| dxs
° an
|Z4n(®] < Ww)ns / t=0"|Bana ()| dxs
0
t
B8] < Ww)ne / t =07 ||Bra1(0)| dx.
0

t
IEra()]| < Wewn, / (= 2 |Eraar(D)]] d2.
0

t
IEon ]| < Wwns / (t= 27 [Epnar ()] dr.
0

Theorem 3.1. Assume that

w
W gy <1.i=1.2. .. .8, 12)
Y

Then, the governing model has a unique solution for t € [0,b].

Proof. The boundedness of S(t), E(¢), I(t), P(t), A(t), H(t), R(t), and D(t) have been proved. Moreover from Equations (7)
and (8), K3, K», K3, K4, Ks, K, K7, Kg are Lipchitz. Then, Equation (11) together with a recursive hypothesis gives
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W n
[Esa(®] < 160 ( II(IW)b“’m> ,

W n
IE£A || < IEO] ( ("’)b‘”m) ,

"4
W n
IE2)] < 6] < v(/y/)b"’m) :
W n
IZ2a(®] < P60 (W)b"’m) ,
W"’ \ (13)
[[Ean®] < 1Al < (W)bw'ls> ,
W n
|1EzA®]| < IHo@)I ( lf/l’u)bl’/’76> ,
W n
IERa®]] < RO < fp"’) me) ,

W
Epa(]] < D60l <%b%> .

Thus, ||Es|| = 0, Bzl = 0, [|E1a] = 0, [|Eea] = 0, [|Eau]] = O, [Eall = 0. [[Ern|| — 0, and [|Ep,| — 0as
n — o0. Moreover, from Equation (13) and imposing the triangle inequality, for any k, we have

n+k qn+1 _ qn+k+1
Jj_ 11 1
[1Sn4k(5) = Sa(®Il < _Z 4=
j=n+1
n+k ) qn+1 _ qn+k+1
|En+k(t) — Ex(O|| < 2 qé =22 — 2
j=n+1 q2
n+k n+1 n+k+1
I - LI < Y, ¢ = 5 ~%
n+k n s q3 = 1 — ,
j=n+1 qs3
n+k i q21+1 _ qZ+k+1
IPuk(®) = PaOll < 3 @ = =———
j=n+1 — Q4 i
n+k , qn+1 _ qn+k+1
Ansk - A0 < Y gl = 2=
" ' j=;+1 ° 1-gs
n+k n+1 n+k+1
i dg —4q
| Hnii(t) = HoOl < ) gl = = 6
1—
j=n+1 de
n+k n+1 n+k+1
i 47, —(q
IRusidt) = RaOll < ) @) = ~——T—.
Jj=n+1 q7
n+k n+1 n+k+1
i 495 — 49
IDnsi(®) = Dat)ll < Y g = = s
j=n+1 1-gs

By hypothesis, it can be noted that r; = @b‘”m < 1. So, Sy, Ey, I, Py, An, Hy, Ry, Dy, are regarded as a

Cauchy sequences in B(J). Thus, the uniformly convergent?® has been reach. Utilizing the proposition on limit in

Equation (9) as n — oo implies the unique solution of the governing equation. Hence, the existence of a unique solution
is reached (12). O

3.2 | Stability analysis and iterative solutions via Caputo fractional derivative

Let (13, ]].]]) be a Banach space and Q* be a self-map of B. Also, let us consider the recursive procedure in the form of
the y,41 = h(Q*, y,) and G(Q*) be a fixed point set of non-empty Q*. Here, the sequence y, converges to the point of
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q* € G(Q¥). Moreover, we define ||z, , — h(Q*,z;,)|| such that {z; C B}. The iterative approach, y,+1 = h(Q*, yn), is
Q*-stable if lim,c, = 0, that is, lim,_ ¢}, = p*. For the sequence g, to be convergent, it must have an upper limit. If
all the conditions mentioned above are met for y,,; = Q* where n is considered as Picard's iteration as in Wang et al.,*°
then the iteration is Q*-stable. So, we can express the theorem below:

Let (8, ]].]]) be a Banach space and Q* be a self-map on 53, then for all x, y € 3, we have

1Qx — Il < Kllx — Qxll + kllx — ylI, 15)

where K >0, 0 <k < 1. Assuming Q* is Picard Q*-stable, the recursive formula can be presented as follows:

Swi®=Su0 + £ { e {-pr i - rpr L8 pr B,

Bun® = Ba0+ L7 { £ {7 41 ﬂ"’H—S +pr S et}
Lua(6) = L(6) + £ { Lo (ko E— (Y + - 6T} } ,

Pasi()) = Po®) + L7 { S L (k"0 = (7f +1!)P = 54P} |
' (16)

L{x"(1 -0, = 0)F} },
S

S

Hy () = Hp(t) + L7 !

e
Apa() = Ay +£7H{
{

L{y'A+P)—y/H-6"H) }

2=

1
SLia+p+ wH) b,
1

N4

Rusr(t) = Ry(t) + £71 {
Dyt =Dyt + £7

C{aVT+oyP+ayH} ).
Let F be a self-map, then it is defined by
1 PS
PISA01 = Sun(® = S0+ £7 { e {-pr B —rpr B> pr 24

N S N
FLEn(0)] = Ensr (1) = En(t) + £71 {Siwﬂ{ﬁ‘” ﬁ"’ ﬁ"’P 5w}

FULO] = a0 = L) + £ { Siwﬁ (kYo E— (7 + y;” oI

FIPAO] = Pass(0) = P + £7 { £ {70, = (Y + 1) - 4P} |
(7)
FLASO] = Apa(0) = An(0 + £ { L (£ (1= 0. = 00F) |,

FHn(D)] = Hus(£) = Hy(6) + L7} { L {y’A+P)—y/H-5"H) } ,
FIRAO] = Ru(0) = Ra(®) + £ { T2 {50 1+ P+ H} |

_ 1
FIDu(t] = Dpsr(t = Da(t) + £ { L {61+ 5)P+ 8/ H} } .
which is F-stable in L!(a, b) if the following conditions are satisfied

{1-8Y(Q1+ Q3)f1(p) — ¥ (Q1 + Qo) f2(p) — B (Q1 + Qu) f3(p) } < 1,
{1-8Y(Q1+ Q3)fa(p) + rp¥(Q1 + Qo) f5(p) + Y (Q1 + Qu) fs(p) — k¥ K1 | <1,
{1-(x¥o. - ) +r)— 6;")K2} <1,
{1-(Yos— (@) +v))-5)) Kz} <1,
) (1-x¥A-0,—-05)Ky} <1,
{1- () —n - ) Ks} <1,
{1-( +7) Ke} <1,
{1-(87 +6) +6)) K7} < 1.

(18)
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Proof. Itis clear that F is a fixed point. So, we determine the following iterations for all (m,n) € N x N.

F(Sn(®) = F(Sm(D) = Su(t) = Sm(D),
F(En(D)) = F(En()) = En(t) — Em(1),

FIn(1)) = FIm(1) = In(t) = In(D),
F(Pp(t)) = F(Pm(1)) = Pu(t) = Pu(D),

19)
F(An() = F(An(D)) = An(t) — Ap(1),
F(Hp(t)) — F(Hp () = Hy(t) — Hy(0),
FRn(1)) = F(Rm(8)) = Ra(t) — Ry (1),
F(Dn(t)) = F(Ep(t)) = Dy(t) — Fu(t)
Taking the norm of both sides of the first equation in (19), we have
I Sn H, Sn P,S,
IF(Sa(t)) = F SO = 1a(0) = S(0) + £7 { ~c { PV B = = B } }
(20)
gt { L { —primdn gy Hnm _ gy P }} I
sV
and if we use the triangular inequality, we can write
I n H n Pn n
IF(Su() = FSmOI = 1a(0) = SOl + 11 {lv, { —pr sy e _ g P } }
(21
e
N4
By some necessary simplifications, (21) takes the form of
Sn -pvI,
IF(Su0) = FSmO < 1540 = Su()ll + £~ { { A R = T A
(22)

_rﬂll/Sn
N

- WHn _;V n s
+ (Hy — Hu)ll + I ”j\, (Sn = Sl + (P = Pl + AP (Sn—s,n)u}}.

Owing to the same behavior of functions inside the system handled, it can be assumed that

”Hn(t) - Hm(t)” = ”Sn(t) - Sm(t)”
() = In(O]] = ||Sn(®) — Sm(®)] (23)
”Pn(t) - Pm(t)” = ”Sn(t) - Sm(t)”.
Substituting (23) into the relation (22), we reach
_ﬁWSn

— ll/[n
ﬂ (Sn - Sm)”

IF(Sn() = F(SmO)l < 1Sa(8) = Sm(®)]| + L7 {lwﬁ { Sn=Smll + I

(24)

Vg
HITE2n (S, = Sl + 172 (5= Sl + 1 ﬁ (S = Sp)ll + ﬁs (S, —sm)n}}

Because the sequences Sy (t), Hy, (1), I,(t), and P,,(t) are convergent and bounded, there exist four different constants
S$1>0,S,>0,S; and S, > 0 for all t. Hence, we have

1S, DIl < S1, IHn O] < Sz, IPm DIl < S5, I (D]l < Sa, (m, 1) € NxN. (25)
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By the relations (24) and (25), one can attain

IF(Sn(®) = FSnO < [1 = ¥(Q1 + Q3)f1(p) = B (Q1 + Q6) f2(p) = B (Q1 + Qa) f3(0)] 1(Su(®) = Sm(DIl,  (26)

where fi, g1, and k; are the functions obtained by the inverse Laplace transform in (24). In a similar manner, we reach

IF(En(©) = FExO) < [1 = BY(Q1 + Q3) falp) + rf(Qu + Qo) f5(p) + B (Q1 + Qa) fo(p) — kYKLl En(t) = Em(DI,
IFIn(®) = FInO) < [1 = (Yoo = () + 1) = 8)) KalllTn(t) = In()]l,

IF (1)) = FPnO)| < [1 = (Y05 = () + 1) = 65 ) KalllPa() = Pu (DI,

IF(An(®) = FAnO)I < [1 = ¥ (1 = 0¢ — 05) Ku]l|An(t) — An (D)l

|F(Ha(0)) = F(HnO)I < [1= (1) = vy = 6) KslIIHa(t) = Ha(O)ll,

IFRa(0) = FRa)Il < [1= (7 +7,) KelllRn(t) = Ru(O)l,

|F(Da(t) = FDu()I < [1 = (8] + 85 + 6 ) K71lIDa(t) = Dm(D)]l.
(27)
Hence, the prove is complete. O

3.3 | Basic reproduction number

As a proxy for the spread of disease in a population, the basic reproduction number (BRN) plays a significant role in the
course and control of a continuing outbreak. It can be understood as the average number of cases produced by one infected
person in an otherwise uninfected population over the course of their infectious time. Employing the next generation
matrix to the governing model as stated in Baleanu et al.,!* the BRN can be determined using the following matrices of
generation F and V:

0pv pvr pY K¥ 0 0 0
po|o0 0 0| | e+ 6! 0 0
oo o o YT Ve, 0 vl s 0

00 0 0 oy e e

Consequently, the BRN is obtained by the following expression:

Prodryrar + 50 (BRI BLGE 5oy
0= .
() +7r +6 )y +68)) () +ry +8) 0y +6)

(28)

The above expression of the BRN gives a measuring tools of the ailments risk during the COVID-19 outbreak.

Theorem 3.2. The disease-free equilibrium (DE) E,, of the governing model (1), is locally asymptotically stable in the
given region when Ry < 1, and unstable when Ry > 1.

Employing the techniques provided in Van den Driessche and Wanmough,*! it can be seen that when the BRN is less
than one, the DE is stable locally and no disease invasion can be found in the population. The proof of (3.2) follows.

4 | ESTIMATION OF PARAMETERS

Parameter estimation is one of the most important steps to be taken in order to know about values of some nondemo-
graphic parameters of the epidemiological models. Without this estimation, it is almost impossible to go with the analysis
and validation of the proposed models in the areas of mathematical biology. Some of the parameters in the model can
easily be obtained with the help of geographical data available for the country or the region of interest, that is, the region
for which actual data of the epidemic under investigation is available. Some such parameters could be the recruitment
rate of the population of the region, death rate, birth rate, and recovery rate of the affected ones. In the current study, we
have chosen data for Pakistan from (http://covid.gov.pk/stats/pakistan) wherein actual cases of the pandemic are being
recorded on daily basis. Based upon the availability of this data set, we have selected cases from 01 April 2020 to 10 May
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2020 while preparing this research work. In this way, 40 data points are available in order to simulate the model for the
symptomatic and infectious class - I(t). The amount of data is fairly good enough for validation of the proposed COVID-19
model. While looking at the model, one can observe that it does not have any demo-graphical parameter and therefore
we need to get each parameter through estimation technique. Now the technique used in the present study is the non-
linear least-squares curve fitting technique which is one of the most frequently used techniques for such purposes as can
be found in recent studies.3>33 Thus, the application of the nonlinear least-squares curve fitting technique via Optimiza-
tion Toolbox routine of MATLAB called fininsearch from the Matlab Optimization Toolbox has been carried out. The
Nelder-Mead optimization algorithm is the basic element of this routine, and it implements the objective function based
on the least square technique. Provided a theoretical model t— (¢, a1,as, ... ,an), depending on some unknown param-
etersa;,a,, ... , 4y and a sequence of data points (fo,)0), ... ,(ti,yi), the goal remains to determine values of the parameters
such as the error

i

Z (@(t, a,az, ...

Jj=0

E:= Q) — yj)z, (29)

achieves a minimum. This is how we obtained best fitted values of unknown parameters of the proposed model in the
Caputo sense. It is also worth to be mentioned that the fractional order parameter y which is the major concern of the
present study has also been optimized. This is one the novel features of our research finding since most of the recent
researches do consider epidemiological models in the field of fractional calculus and obtain the best values for biological
parameters but they do not determine optimized value for the fractional parameter itself. The best fitted values of the
model's parameters in both classical and fraction version are listed in Tables 1 and 2, respectively.

It can be observed in Figures 1 and 2 that the curve of the symptomatic and infectious population I(t) agrees better
with the real data for daily cases of the virus in Pakistan from 01 April 2020 to 10 May 2020 under the Caputo version as
compared to the classical one whereas residuals have been shown in Figures 3 and 4, respectively. This builds confidence
to have more power assigned with the fractional operator of Caputo type. The average absolute relative error is found to
be comparatively smaller which is about 1.5098e — 02 in the Caputo case and 7.02746e — 02 in the classical version. Thus,
it proves superiority of the Caputo operator over the classical (integer-order) operator.

TABLE 1 Best fitted parameters of the classical

p Transmission rate due to infected individuals 1.388282e+00

Bs  Transmission rate due to super-spreaders 0.0946423916 (w =1) version of COVID-19 model (1)
r  Relative transmissibility of hospitalized individuals 0.0000029347

k  Rate for exposed to become infectious 1.5926870796

o. Rate of exposed to become symptomatic and infectious 0.0551302408

os Rate of exposed to become super-spreader 0.0000096901

yrn  Rate of hospitalization 0.0008155133

yn Recovery rate without being hospitalized 0.0026888377

yp Recovery rate of hospitalized patients 0.1650165379

8; Disease induced death rate due to class I 0.0035502729

6p Disease induced death rate due to super-spreaders 0.0012250334

8, Death rate due to hospitalization for disease 0.0205088559

w  Fractional order 5.245¢ — 01 TABLE 2 Best fitted parameters of the proposed
p  Transmission rate due to infected individuals 1.388282e+00 COVID-19 model (1)
ps Transmission rate due to super-spreaders 0.3443080149

r  Relative transmissibility of hospitalized individuals 3.677347e-01

k  Rate for exposed to become infectious 1.5926870796

o. Rate of exposed to become symptomatic and infectious 0.2741625219

os Rate of exposed to become super-spreader 0.2761296879

yrn  Rate of hospitalization 0.0183468690

yn Recovery rate without being hospitalized 0.0072702216

yp  Recovery rate of hospitalized patients 0.0002074216

8; Disease induced death rate due to class I 0.0034410900

6, Disease induced death rate due to super-spreaders 0.0308516602

6,  Death rate due to hospitalization for disease 0.0001249332
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FIGURE1 Data fitting for the COVID-19 daily cases (solid red line with red
circles) in Pakistan from 01 April to 10 May 2020 with the symptomatic and
infectious class I(¢) (solid black line) of the model under the classical case

(w =1) [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE2 Data fitting for the COVID-19 daily cases (red asterisks) in Pakistan
from 01 April to 10 May 2020 with the symptomatic and infectious class I(¢) (solid
black line) of the proposed model under the Caputo operator using optimized

value of y = 5.245e — 01 [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 3 Scattering of residuals for the classical COVID-19 model (y =1)
with daily cases in Pakistan from 01 April to 10 May 2020 [Colour figure can be
viewed at wileyonlinelibrary.com|
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Fractional case (1) = 5.245e-01) FIGURE 4 Scattering of residuals for the COVID-19 daily cases in Pakistan
1500 ' ' ' from 01 April to 10 May 2020 [Colour figure can be viewed at
wileyonlinelibrary.com]|
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5 | NUMERICAL SIMULATIONS: A CASE STUDY OF PAKISTAN

This is where we present various numerical results for the proposed COVID-19 model with the help of best fitted
parameters as obtained in the Table 2 while using a fractional differential operator known with the name of Caputo. A
predictor-corrector Adams-type scheme for the fractional type of dynamical systems as introduced and analyzed in previ-
ous studies®*3¢ has been utilized to serve the purpose of simulations of the model. The following structure of the Cauchy
ordinary differential equation is taken into consideration in terms of the Caputo differential operator of order y:

Do) =t o), P 0)=¢),0<y <1,0<t<7, (30)
wherep=0,1, ... ,n—1,n = [y] . The Volterra equation version of Equation (30) can be written in the following way:
t 1
o ()=o) / (=)0 (5, () ds. (D)
Z F( )

By using the above described predictor-corrector type of scheme related with the Adam-Bashforth-Moulton solver?
to obtain the approximate solutions of the fractional order COVID-19 model, we have assumed h=z/N, t;=jh, and
j=01, ... ,NeZ*, by assuming ¢, = ¢ (tj) , where g; stands for the approximate solution and ¢(%;) for the true one. It
can now be discretized in the following manner, that is, the corresponding corrector part becomes the following

i k LIS HS, . SP
k+1
Sky1 = S(J) qjk+1 <— —rp———p >
’ JZO Jj! F(w+2),§0 o N; N, N,
k PSP P QP P
w @15 V,Hk+1Sk+1 wSk+1P£+1
T( +2)2 Qk+1k+1 -p T—Vﬂ > — ps D >
v Jj=0 Nk+1 Nk+1 Nk+1
k— ¢ k
S; H;S; S;P;
k+1 J
Eim = Y EY q) k1 </3W—+ rpY ——+p KWE‘)
+ Z‘) T r(w+2)§; e N; N; S'N; /
k P P HP P P pP
k17 k+1 L et S il 25 W)
oo w2 Z Tht1.4e+1 < TR —= + b P —K'B
r (W + 2) Jj= k+1 k+1 k+1
k-1 j k
) Kk
Ty = YIS0+ =% (@) (V0B — () + 1)L = 67'T))

= J! F(l// +2) =

k

V’P
F(l[/+2)JZ Qk+1k+1) (K Oc k+1_(}/h +yn)k+1_51 k+1)
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k— g i
k+1
Pk1= () qkl KO_ _(y +y )P 6WP
+ ;0 IT F l//)j ~ Jk+ s h n » J)
k
T W) & (qrrrien) <KWO'S R (AR 4 )Pi+1 piﬂ) )
k-1 j r
Ap1 = A<J)k+1 Qk1 K(l—g_o-)E
' ,Z‘o J! F(w+2>,§; sl e = 09E;)
k
Wl_ E >
F(w+2)/§0 B+ Jer1 (K (1 —0e=0)E
¢ k
Hyy1 = H(J) k+1 gixe1) (v +P)—yYH, —6"H;
+§ J! F(W+2)Jz=:0]+hfjp/hj)
k
(I Wb
F(W+2); qk+1k+1 (yh(k+1+Pi+1)— k+1_5 Hk+1>
/ k
k+1
Rk 1 = R(/) Qiks1) (7 (I+P)+7WH
i ;) J! F(W+2)J§01+ w4+ P) + vy Hj)

k
VT
F(W+2)JZ Qk+1.k+1 (}/ (k+1+Pi+1)+yp k+1>

k
k+1
Dk+1 = D(J) q;, k+1 6WIJ + 5;/Pj + (SWHJ)
;) J! F(w+2),§§ "
k
v w P
F(W+2)12’0 Tt Le+1 ( {Tiw + 05 Py + 5 Hk+1>

where

k=j+2" "M+ (k=H"M —2k-j+1D¥ if1<j <k, (32)

ket — (k=) (k+ 1), if j =0,
qjk+1 {
1, ifj = k+1.

x10! . . . . . . 6 x10?

3.5

—%— [ = 1.38828 —*— B =0.34431
of [—8—p=1038828 —e— 3, =0.63443

FIGURE 5 Behavior of the
symptomatic and infectious class I(t) for
(A) decreasing values of # (transmission
coefficient from infected individuals)

and (B) increasing values of f

(transmission coefficient due to 0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

super-spreaders) [Colour figure can be time (days) time (days)

viewed at wileyonlinelibrary.com] (A) (B)
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In the above numerical solver, the superscript (p) denotes the predictor part of the solver which is determined in the

following way:
v () k+1
Sk+1 - ZOS J'
k-1 l"]

P _ (J) _k+1
Ek+1 - ZE ,]' +
j=0
P _ () k+1
Ik+1 - ZI j'
Jj=0
k-1

() k+1
= pr ==
k+1 2 0o
+ = j!
P _ 0 k+1
Ak+1 - ZA Jl
Jj=0
k-1 J
P _ () k+1
Hk+1 - ZHO j! +
J=0 '
D ) k+1
Rk+1 - ZOR ]1
k-1 lJ
_ () _k+1
Di+1 - ZD J' +
j=0
where

k
P A i y,HS S;P;
F(w+1)jz::,)(wj,k+1)< p N, —rp ﬂs ~)
k
h—w . Wﬁ WHjS/ \[ISJPJ v
F(‘”+1)Jz’o(wj’k“) <ﬁ A R i
W<
F(W+1)J§0 (Wj’k+1) (K O-e (yh +7’n )I 5:VIJ),
oo
F(—W+1)j§0 (Wj,k+1) (K‘Vo'sEj —(yh +yY )P; — 5;/Pj),
k
h¥
F(W-}_ 1)]20 (Wj.k+1) (Kw(l — O — GS)EJ) .
W<
FwsD 1);0 (Wiser1) (v I; +P)) — v/ H; = 8" H;)
oo
TTw+ 1),;) (Wisewn) (@ + Pp) + 7 Hj ).
W<
1“(u/+1),2=:o(M)j’k+l) (67T, + 65y + &7 Hj)
Wik =k+1— )" = (k- j)".

Based upon the numerical solver stated above, we have simulated the proposed model to observe transmission dynamics of
the symptomatic and infectious I(f) in particular. This is the class we are most interested in. Having varied some biological
parameters, important dynamics of the infection is revealed. As seen in (A) plot of Figure 5 that a 25% decrease in the
value of f brings a substantial decrease in the behavior of infectious population whereas about 84% increase in f; almost
doubles the infectious population as observed in (B) plot of the Figure 5. Similarly, relative transmissibility of hospitalized
patients play a vital role in transmission dynamics of the disease since (A) plot of the Figure 6 reveals that keeping r low
is important to reduce the infections while (B) plot shows that the rate at which exposed become infectious («) will also
slightly contribute towards increase of the disease.

4
12 219

—%—r = 3.6773e-01
—@&—r = 8.6773e-01

10

1(t)

x10*

—¥%— x = 1.592687
—&— « = 1.926870 _.

351

1(t)

FIGURE 6 Behavior of the
symptomatic and infectious class I(¢) for
(A) increasing values of r (relative
transmissibility of hospitalized
individuals) and (B) increasing values of
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time (days)
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40
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FIGURE 7 Contour plots for behavior
of the basic reproduction number based
upon (A) f (transmission coefficient
from infected individuals) and r (relative
transmissibility of hospitalized
individuals); and (B) g (transmission
coefficient from infected individuals)
and y, (recovery rate of hospitalized
individuals) [Colour figure can be
viewed at wileyonlinelibrary.com]|

FIGURE 8 Contour plots for behavior
of the basic reproduction number based
upon (A) f, (transmission coefficient
due to super-spreaders) and 6, (disease
induced death rate due to
super-spreaders); and (B) o, (rate of
exposed to become infected) and o (rate
of exposed to become super-spreaders)
[Colour figure can be viewed at
wileyonlinelibrary.com]|

FIGURE 9 Contour plots for behavior
of the basic reproduction number based
upon (A) f (transmission coefficient
from infected individuals) and g
(transmission coefficient due to
super-spreaders); and (B) &, (disease
induced death rate due to
hospitalization) and r (relative
transmissibility of hospitalized
individuals) [Colour figure can be
viewed at wileyonlinelibrary.com]
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For any infectious disease, it is very important for health service providers to know about the rate at which one infec-

tious case can, on average, infect otherwise susceptible population. It is therefore important to check profile for the basic
reproduction number. We have randomly chosen some parameters to see their combined effects on R. As can be observed
in Figure 7 that combined effects of § and r are higher than the combined effects of § and y, on R,. Figure 8 shows that
the even small values of f; and 6, constitute together larger values of R, and same is true for combined effects of ¢, and
os on Ry. It is essential to keep f and f; smaller simultaneously in order to control the spread of the disease, and this
is what is revealed in (A) plot of the Figure 9 while relative transmissibility of hospitalized individuals versus (r) disease
induced death rate due to hospitalization (6;) also contribute towards increase of R, as shown by (B) plot of the Figure 9.
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6 | CONCLUSIONS

This research analysis has proposed and investigated an epidemiological model of deterministic type for ongoing corona
virus pandemic. The model assumes memory effects and thus designed under a fractional Caputo operator. The proposed
fractional model was successfully tested with related real data originated from Pakistan, and it was made dimensionally
consistent unlike models in previous literature under the Caputo operator. Moreover, existence and uniqueness conditions
have been investigated and stability analysis along with iterative solution under Caputo are also proved using the concept
of fixed points. The basic reproduction number R, is computed to be about 6.5894 which is an alarming sign for policy
makers. It has been observed in the present research study that transmissibility g, fs, and r plays an important role for
widespread of the disease. One of the novel achievements in the present research study is the computation of optimized
value of fractional order y which ultimately produced reasonably small error of magnitude 10~2. Numerical simulations
prove that the social distancing, periodic lockdown and staying home are the best effective measures in order to fight with
the disease. This has been concluded on the basis of profile for the basic reproduction number R, wherein number of
contacts of an infectious case is the major reason for the menace.

AUTHOR CONTRIBUTION

All authors have equal contributions.

CONFLICT OF INTEREST

The authors declare no potential conflict of interests.

ORCID

Nguyen Huy Tuan'® https://orcid.org/0000-0002-6962-1898
Dumitru Baleanu'® https://orcid.org/0000-0002-0286-7244

REFERENCES

1. Batista M. Estimation of the final size of the coronavirus epidemic by the SIR model. ResearchGate; 2020.
2. Victor AO. Mathematical predictions for COVID-19 as a global pandemic. medRxiv; 2020.
3. Ming WK, Huang J, Zhang CJ. Breaking down of healthcare system: mathematical modelling for controlling the novel coronavirus
(2019-nCoV) outbreak in Wuhan, China. bioRxiv; 2020.
4. Nesteruk I. Statistics based predictions of coronavirus 2019-nCoV spreading in mainland China. medRxiv; 2020.
5. Ndairou F, Area, Nieto JJ, Torres FMT. Mathematical modeling of COVID-19 transmission dynamics with a case study of Wuhan. Chaos,
Solitons Fractals. 2020;135:109846. https://doi.org/10.1016/j.chaos.2020.109846
6. Kim Y, Lee S, Chu C, Choe S, Hong S, Shin Y. The characteristics of Middle Eastern respiratory syndrome coronavirus transmission
dynamics in South Korea. Osong Publ Health Res Perspectives. 2016;7:49-55. https://doi.org/10.1016/j.phrp.2016.01.001
7. Alasmawi H, Aldarmaki N, Tridane A. Modeling of a super-spreading event of the mers- corona virus during the hajj season using
simulation of the existing data. Int J Stat Med Biol Res. 2017;1:24-30.
8. Podlubny I. Fractional Differential Equations. San Diego: Acad. Press; 1989.
9. Kumar D, Singh J, Tanwar K, Baleanu D. A new fractional exothermic reactions model having constant heat source in porous media with
power, exponential and Mittag-Leffler laws. Int J Heat Mass Transfer. 2019;138:1222-1227.
10. Yang X-J, Baleanu D. Fractal heat conduction problem solved by local fractional variation iteration method. Thermal Sci.
2013;17(2):625-628.
11. Magin RL. Fractional calculus models of complex dynamics in biological tissues. Comput Math Appl. 2010;59:1586-1593.
12. Diethelm K. A fractional calculus based model for the simulation of an outbreak of dengue fever. Nonlin Dyn. 2013;71(4):613-619.
13. Baleanu D, Diethelm K, Scalas E, Trujillo JJ. Fractional Calculus: Models and Numerical Methods, Vol. 3. Boston: World Scientific; 2012.
14. Ullah S, Khan MA, Farooq M, Hammouch Z, Baleanu D. A fractional model for the dynamics of tuberculosis infection using
Caputo-Fabrizio derivative. Discrete Contin Dyn Syst. 2020;13:975-993.
15. Wu GC, Baleanu D. Discrete fractional logistic map and its chaos. Nonlinear Dynam. 2014;75:283-287.
16. Qureshi S, Yusuf A, Shaikh AA, Inc M, Baleanu D. Fractional modeling of blood ethanol concentration system with real data application.
Chaos: An Interdiscipl J Nonlin Sci. 2019;29(1):13143.
17. Qureshi S, Yusuf A. Modeling chickenpox disease with fractional derivatives: from Caputo to Atangana-Baleanu. Chaos, Solitons Fractals.
2019;122:111-118.
18. Kilbas AA, Srivastava HM, Trujillo JJ. Theory and Applications of Fractional Differential Equations. Amsterdam: Elsevier; 2006.


https://orcid.org/0000-0002-6962-1898
https://orcid.org/0000-0002-6962-1898
https://orcid.org/0000-0002-0286-7244
https://orcid.org/0000-0002-0286-7244
https://doi.org/10.1016/j.chaos.2020.109846
https://doi.org/10.1016/j.phrp.2016.01.001

1102 Wl L EY NGUYEN HUYET AL.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

32.
33.

34.
35.

36.

Aliyu AI Inc M, Yusuf A, Baleanu D. A fractional model of vertical transmission and cure of vector-borne diseases pertaining to the
Atangana-Baleanu fractional derivatives. Chaos, Solitons Fractals. 2018;116:268-277.

Nguyen Huy T, Baleanu D, Tran Ngoc T, O'Regan D, Can NH. Final value problem for nonlinear time fractional reaction-diffusion equation
with discrete data. J Comput Appl Math. 2020;376:112883.

Arshad S, Defterli O, Baleanu D. A second order accurate approximation for fractional derivatives with singular and non-singular kernel
applied to a HIV model. Appl Math Comput. 2020;374:125061.

Baleanu D, Jajarmi A, Mohammadi H, Rezapour Sh. A new study on the mathematical modelling of human liver with Caputo-Fabrizio
fractional derivative. Chaos Solitons Fractals. 2020;134:109705.

Baleanu D, Diethelm K, Scalas E, Trujillo J. Fractional Calculus Models and Numerical Methods. 2nd ed., Series on Complexity,
Nonlinearity and Chaos. Singapore: World Scientific; 2006.

Feng YY, Yang XJ, Liu JG. On overall behavior of Maxwell mechanical model by the combined Caputo fractional derivative. Chin J Phys.
2020;66:269-276.

Yang XJ, Feng YY, Cattani C, Inc M. Fundamental solutions of anomalous diffusion equations with the decay exponential kernel. Math
Methods Appl Sci. 2019;42(11):4054-4060.

Yang XJ. General Fractional Derivatives: Theory, Methods and Applications. New York: CRC Press; 2019.

LiuJG, Yang XJ, Feng YY. On integrability of the time fractional nonlinear heat conduction equation. J Geometry Phys. 2019;144:190-198.
Liu JG, Yang XJ, Feng YY. Analytical solutions of some integral fractional differential-difference equations. Modern Phys Lett B.
2020;34(1):2050009.

Taylor AE, Lay DC. Introduction to Functional Analysis. New York: Wiley; 1980.

Wang Z, Yang D, Ma T, Sun N. Stability analysis for nonlinear fractional-order systems based on comparison principle. Nonlinear Dyn.
2014;75(1-2):387-402.

Van den Driessche P, Wanmough J. Reproduction numbers and sub-threshold endemic equilibria for compartimental models of disease
transmition. Mathem Biosci. 2002;180:29-48.

Ullah S, Khan MA, Farooq M. A fractional model for the dynamics of TB virus. Chaos, Solitons Fractals. 2018;116:63-71.

Khan MA, Ullah S, Farooq M. A new fractional model for tuberculosis with relapse via Atangana-Baleanu derivative. Chaos, Solitons
Fractals. 2018;116:227-238.

Diethelm K, Ford NJ, Freed AD. Detailed error analysis for a fractional Adams method. Numer Algo. 2004;36(1):31-52.

Diethelm K. An algorithm for the numerical solution of differential equations of fractional order. Electron Trans Numer Anal.
1997;5(1):1-6.

Diethelm K, Freed AD. The FracPECE subroutine for the numerical solution of differential equations of fractional order. Forschung und
Wissenschaftliches Rechnen. 1998;1999:57-71.

How to cite this article: Tuan NH, Tri VV, Baleanu D. Analysis of the fractional corona virus pandemic
via deterministic modeling. Math Meth Appl Sci. 2021;44:1086-1102. https://doi.org/10.1002/mma.6814



https://doi.org/10.1002/mma.6814

	Analysis of the fractional corona virus pandemic via deterministic modeling
	Abstract
	1 INTRODUCTION
	2 FORMULATION OF THE MODEL
	3 THEORETICAL ANALYSIS OF THE MODEL
	3.1. Existence and uniqueness conditions
	3.2. Stability analysis and iterative solutions via Caputo fractional derivative
	3.3. Basic reproduction number

	4 ESTIMATION OF PARAMETERS
	5 NUMERICAL SIMULATIONS: A CASE STUDY OF PAKISTAN
	6 CONCLUSIONS
	REFERENCES



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


