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Analysis of the specific heat and the free energy and
calculation of the entropy and the internal energy of
[N(CH3)4]2MnBr4 close to the phase transition
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Inter-Curricular Courses Department, Cankaya University, Ankara, Turkey

ABSTRACT
The critical behavior of the specific heat and the Gibbs free energy
of [N(CH3)4]2MnBr4 was analyzed using the Ising model close to the
phase transition temperature of TC ¼ 276.5 K. Obtained value of a¼
0.02 from the Gibbs free energy and from the specific heat approxi-
mately 2.0 K and 1.4 K, respectively, below TC (ferroelastic phase) and
also deduced value of a¼ 0.04 from the specific heat approximately
0.3 K above TC (paraelastic phase) can be compared with that pre-
dicted from mean field theory (a ¼ 0). Also, the entropy and the
internal energy of this crystal were predicted.

ARTICLE HISTORY
Received 11 February 2021
Accepted 28 June 2021

KEYWORDS
Ising model; specific heat;
free energy; entropy;
[N(CH3)4]2ZnBr4

1. Introduction

Hybrid inorganic-organic perovskites with a general chemical formula A2BX4 undergo
reversible dielectric phase transitions are very attractive class of smart materials due to
their wide applications in signal sensing, data storage and data communications [1]. A
denotes the tetramethylammonium group (N(CH3)4 or shortly TMA), B is the transition
metal such as Co, Cu, Zn or Mn and X represents the halogen such as Br or Cl. These
materials have also reported to be a promising class of materials for optoelectronic
applications. Especially, their solar cells have achieved power conversion efficiencies
above % 20 [2]. This high performance of these materials are coming from the high
charge carrier mobilities, high absorption coefficients, direct and tunable band gaps, a
balanced electron and hole transport and long carrier diffusion lengths, as stated previ-
ously [3–6]. As a member of this family, tetramethylammonium tetrabromomanganete
[N(CH3)4]2MnBr4 (hereafter TMA-MnBr4) undergoes a second order transition from
paraelastic (phase I) to ferroelastic (phase II) at around TC ¼ 276.5K [7]. TMA-MnBr4
belongs to monoclinic structure with the space group P121/c1 below the transition tem-
perature (ferroelastic phase) and the lattice parameters in this structure is a¼ 9.236 Å,
b¼ 15.983 Å, c¼ 12.641 Å and the monoclinic angle b¼ 90.26� [8]. It is also reported
that two kinds of chains composed of MnBr4 and TMA characterize the structure in the
ferroelastic phase [8]. Above the transition temperature (paraelastic phase), TMA-
MnBr4 belongs to orthorhombic structure with the space group Pmcn and the lattice
parameters are reported to be a¼ 9.301Å, b¼ 16.182 Å and c¼ 12.750 Å [9]. In the
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paraelastic phase, one kind of MnBr4 molecula and two inequivalent kinds of TMA
molecule are all disordered symmetrically with the mirror planes of Pmcn space group,
as stated previously [9].
The phase transition mechanism of TMA-MnBr4 has been studied by means of various

experimental techniques. The structure of TMA-MnBr4 in its low-temperature (ferroelestic)
and at room temperature (paraelastic) has been reported by Hasabe and Asahi [8, 9] by
means of X-ray diffraction experiments. In their X-ray diffraction study, Asahi and Hasebe
[10] have measured the monoclinic angle b of TMA-XBr4 (where X¼Mn, Co, Zn and Cd)
below the phase transition temperatures of these crystals and they observed an anomalous
behavior of the deviation angle Db ¼ b� 90� for all crystals studied. The deviation angle
Db increased rapidly in the paraelectric phases up to the phase transition temperature, as
the temperature decreased Db decreased almost linearly and below a characteristic tempera-
ture T0 (at which Db is presumed to be zero) Db changed it sign [10]. The dielectric meas-
urements of TMA-MnBr4 have been reported by Tanaka and Sawada [11]. In his study,
Gesi [7] has showed the linear dependence between the hydrostatic pressure and the transi-
tion temperature. The luminescence properties of pure and Cu2þ doped TMA-MnBr4 crys-
tals have been declared by Lucas and Rodriguez [12] in their lifetime measurements and
polarized optical absorption spectroscopy experiment. Zapart et al. [13] have declared the
electron paramagnetic resonance (EPR) spectra of Mn2þ ions with decreasing temperature
close to the phase transition temperature of TMA-MnBr4. The thermoelastic properties of
TMA-MnBr4 were reported by Lopez-Echarri et al. [14] and the specific heat measurements
of this crystal have been given by Ruiz-Larrea et al. [15].
Two different approaches by Sawada et al. [6–18] and by Harada [19], respectively

have been suggested to explain the anomalous behavior of the deviation angle Db in
TMA groups. The former one proposed a single sublattice model while the latter one
proposed a coupling term between the order parameter and shear strains on the basis
of the Landau type free energy. Recently, I have showed [20] that the chemical shift Dx
of N2(CH3)4 ion, that is the one of the two chemically inequivalent twin structure of
N(CH3)4, exhibits the similar anomalous behavior of Db in TMA-ZnBr4. So, I have
interpreted the phase transition mechanism of TMA-ZnBr4 by relating Dx (or Db) to
the order parameter within the framework of the dynamic Ising model [20].
Based on the theoretical models, the nature of the phase transition can be interpreted

by analyzing the critical behavior of some thermodynamic quantities such as the specific
heat, thermal conductivity and thermal expansion close to the phase transition tempera-
ture. A simplified lattice model of ferromagnetism (Ising model) has been applied to a
variety of systems such as alloys, polymers, human brain, biological membranes and
ferroelectric materials. Ising model predicts the critical behavior of the specific heat in
the vicinity of the phase transition temperature, as we reported in our previous studies
[21–23]. In this study, a power-law formula deduced from the Ising model was used to
analyze the critical behavior of the observed [15] specific heat and Gibbs free energy
data of TMA-MnBr4 close to the phase transition temperature of TC ¼ 276.5K. In add-
ition, the entropy and the internal energy of this compound were predicted in terms of
the extracted values of the critical exponent from both ferroelastic and paraelastic
phases. Below in Sec. 2 the “Theory” part was given. The “Calculations and results”,
“Discussion” and “Conclusions” parts were given in Secs. 3, 4 and 5, respectively.
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2. Theory

There are mainly two contributions to the total specific heat Ctot of a crystal system
undergoing a phase transition which reads as

Ctot ¼ CVL þ CVI (2.1)

CVL is the specific heat due to the lattice contributions that is the nonsingular part,
while CVI is the specific heat due to the spin interactions that is the singular part of
Ctot: The nonsingular contributions of the specific heat (CVL) have been reported [24]
from an Einstein (CVE) and/or Debye (CVD) models as

CVE ¼ 3Nnk½ hE=Tð Þ2ehE=T= ehE=T � 1ð Þ2� (2.2)

and

CVD ¼ 12p4NkT3=5h3D (2.3)

where N, n and k are the number of lattice cells per mole, the number of atoms per
unit cell and the Boltzmann constant, respectively while hE ¼ hxE=T and hD ¼ hxD=T
are the characteristic Einstein and Debye temperatures with Einstein (Debye) character-
istic frequency xE(xD) and h is the Planck constant. Note that, Eq. (2.3) is an approxi-
mated expression which is valid at low temperatures (T3 law). Both CVE and CVD (Eqs.
(2.2) and (2.3)) have been derived from the lattice free energy FLðV ,TÞ given as

FL V ,Tð Þ ¼ UL þ 1
2

X
i

hxi þ kT
X
i

ln 1� e�hxi=kTð Þ (2.4)

where UL is the static lattice energy and xi is the mode frequency.
The singular contributions of the specific heat (CVI) due to the nearest neighbor spin

interaction can be obtained from the Ising free energy FIðJðVÞ,TÞ which reads as

FI J Vð Þ,Tð Þ ¼ � kT / J Vð Þ,Tð Þ (2.5)

where /ðJðVÞ,TÞ is the natural logarithm of the partition function Z ¼ P
i, j e

�HI=kT ,

while JðVÞ represents the interaction parameter that depends on the volume of the crys-
tal. Appearing in the partition function HI is the Ising Hamiltonian given by

HI ¼ � J Vð Þ
X
i, j

rirj (2.6)

where ri and rj are the Ising spin variables. It is reported that [25] critical behavior of
the Ising free energy FI in the vicinity of the phase transition temperature TC can be
written in terms of a power-law formula (compressible Ising model) according to

FI ¼ A0
0 þ A0 �j j2�a (2.7)

where A0
0 ¼ JA0 and A0 ¼ JA are the parameters in the dimensions of energy with con-

stants A0 and A, a is the critical exponent and e ¼ T � TCj j=TC is the reduced tempera-
ture. From Eqs. (2.5) and (2.7), one gets

/ J Vð Þ,Tð Þ ¼ � J
kT

A0 þ A �j j2�a
� �

(2.8)

The anomalous behavior of the specific heat CVI can be calculated from Eq. (2.8)
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according to the thermodynamic equation which reads as

CVI ¼ k J=kTð Þ2€/ (2.9)

where €/ is the second derivative of / (Eq. (2.8)) with respect to its argument J=kT
given as

€/ ¼ �kT2

JTC
2� að Þ A� 1ð Þ �j j1�a þ AT

TC
1� að Þ �j j�a

� �
(2.10)

By neglecting the weakly divergent �j j1�a term of Eq. (2.10), an approximated analytical
expression for CVI has been obtained [26] by combining Eqs. (2.9) and (2.10) which
reads as

CVI ¼ �A0T
T2
C

1� að Þ 2� að Þ �j j�a (2.11)

The critical behavior of the entropy change DS and also the internal energy change
DU can be predicted close to the transition temperature from the basic definitions of
CV ¼ Tð@S=@TÞV and CV ¼ ð@U=@TÞV : Inserting Eq. (2.11) into these definitions and
integrating both sides, one gets

DS ¼ S� S0 ¼ �A0 2� að Þ
TC

T � TC

TC

����
����
1�a

(2.12)

and

DU ¼ U � U0 ¼ � A0 1� að Þ T � TC

TC

����
����
2�a

þ 2� að Þ T � TC

TC

����
����
1�a

" #
(2.13)

where S0 and U0 are the entropy and the internal energy at T¼TC, respectively.

Figure 1. Gibbs free energy [15], G, as a function of reduced temperature e according to Eq. (2.7) in
the ferroelastic phase (T< TC) of TMA-MnBr4 for the temperature interval of 270.1< T(K) < 275.8. The
solid line is guide to the eye (TC ¼ 276.5 K).
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3. Calculations and results

3.1. Analysis of the Gibbs free energy and the specific heat

The observed [15] Gibbs free energy data of TMA-MnBr4 was analyzed according to
Eq. (2.7) below (T<TC) the phase transition temperature of TC ¼ 276.5 K, as given in
Fig. 1. The fitting parameters A0

0 and A0 and also the critical exponent a were deduced
for various temperature intervals, as given in Table 1. Also, the observed [15] specific
heat data of this crystal were analyzed according to Eq. (2.11) in both ferroelastic
(T<TC) and paraelastic (T>TC) phases of TMA-MnBr4. The log-log graph of Eq.
(2.11) was given in Fig. 2 that allows us to extract the interaction parameter A0 and the
critical exponent a from the intercept point and from the slope, respectively, for various
temperature intervals, as indicated in Table 2. The extracted values of the critical expo-
nent a from the Gibbs free energy (Eq. (2.7)) and also from the specific heat (Eq.
(2.11)) were given in Fig. 3 as a function of change in temperature (DT) according to
the temperature intervals indicated in Tables 1 and 2. In addition, the interaction par-
ameter A0 extracted from the Gibbs free energy (Eq. (2.7)) in the ferroelastic phase
(T<TC) and extracted from the specific heat (Eq. (2.11)) in both ferroelastic (T<TC)
and paraelastic (T>TC) phases of TMA-MnBr4 was given in Fig. 4 as a function of DT
(Tables 1 and 2).

3.2. Prediction of the entropy and the internal energy

The entropy change DS and also the internal energy change DU of TMA-MnBr4 were
predicted in terms of Eqs. (2.12) and (2.13), respectively, as given in Figs. 5 and 6. For
this prediction of DS and DU, the extracted values of the critical exponent a and the
interaction parameter A0 from the specific heat data (Table 2) in both ferroelastic and
paraelastic phases of this compound were used.

4. Discussion

Analysis of the critical behavior of some thermodynamic functions such as the free
energy and the specific heat of ferroelastic materials close to their phase transition tem-
peratures can give some clues regarding the nature of the phase transition based on the-
oretical models. For this purpose, the observed [15] Gibbs free energy data of TMA-
MnBr4 were analyzed according to Eq. (2.7) at various temperature intervals close to
the phase transition temperature of TC ¼ 276.5 K and the critical exponent a as well as
the fitting parameters A0

0 and A0 were deduced, as given in Table 1. The obtained values

Table 1. Values of the A00, A
0 and critical exponent a according to Eq. (2.7) in the ferroelastic phase

(T< TC) of TMA-MnBr4 (TC ¼ 276.5 K) for the temperature intervals indicated.
�A00 � 10�3 (J/mol) �A0 � 103(J/mol) a Temperature interval (K) DT (K)

14.2 ± 56.0 20.8 ± 32.0 0.01 ± 0.32 273.9 < T< 275.8 1.9
12.7 ± 97.3 14.3 ± 16.9 0.06 ± 0.27 278.6 < T< 275.8 3.1
14.5 ± 130.5 10.6 ± 4.5 0.12 ± 0.11 280.1 < T< 275.8 5.7
5.4 ± 109.7 9.4 ± 2.2 0.15 ± 0.06 281.5 < T< 275.8 7.1
58.0 ± 198.4 8.7 ± 2.3 0.17 ± 0.08 282.9 < T< 275.8 8.7
100.2 ± 181.1 7.8 ± 1.4 0.21 ± 0.06 284.2 < T< 275.8 9.9
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of a indicated in Table 1 decreases from 0.21 to 0.02 as the change in temperature DT
decreases from 9.9 K to 1.9 K. Note that the error parts of a increases from 0.06 to 0.37
as DT decreases from 9.9 K to 1.9 K. Although the deduced value of 0.02 for a is so
close to that predicted from the mean field theory (a ¼ 0), it is reasonable to argue
that extracted values of a are comparable with that predicted from the 2-d potts model
(a ¼ 0.3) when taking into account the error parts, as we reported in our previous
work for the isomorph TMA-ZnBr4 [22]. Figure 1 shows the fitting procedure of Eq.
(2.7) for a temperature interval of 270.1<T(K) < 275.8, as an example.
The structural phase transition in TMA-MnBr4, as well as the other members of this

family, is associated with the ordering process of the TMA groups, as stated before [15].
So, the anomalous behavior of the specific heat (CVI), which was considered due to the
interactions between the TMA groups in TMA-MnBr4, was analyzed in terms of the
compressible Ising model (Eq. (2.11)) in the vicinity of the phase transition temperature

Figure 2. Specific heat [15], CP, as a function of reduced temperature e in a ln-ln scale according to
Eq. (2.11) for the temperature intervals of 268.2< T(K) < 275.8 (ferroelastic phase) and 276.8< T(K)
< 277.9 (paraelectric phase) in TMA-MnBr4. The solid lines are guide to the eye.

Table 2. Values of the A0 and critical exponent a according to Eq. (2.11) in both ferroelastic (T< TC)
and paraelastic (T> TC) phases of TMA-MnBr4 (TC ¼ 276.5 K) for the temperature intervals indicated.

Phase
�A0 � 103

(J/mol) a Temperature interval (K)
DT
(K)

Ferroelastic
(T< TC)

8.9 ± 0.5 0.022 ± 0.010 274.4 < T< 275.8 1.4
8.4 ± 0.5 0.037 ± 0.011 273.8 < T< 275.8 2.0
8.3 ± 0.4 0.042 ± 0.009 272.9 < T< 275.8 2.9
7.8 ± 0.2 0.056 ± 0.005 268.2 < T< 275.8 7.6
7.8 ± 0.2 0.058 ± 0.005 267.1 < T< 275.8 8.7
7.8 ± 0.1 0.059 ± 0.004 265.9 < T< 275.8 9.9

Paraelastic
(T> TC)

7.5 ± 1.4 0.040 ± 0.032 276.8 < T< 277.1 0.3
6.4 ± 0.9 0.072 ± 0.028 276.8 < T< 277.4 0.6
5.7 ± 0.6 0.094 ± 0.019 276.8 < T< 277.9 1.1
5.0 ± 0.4 0.114 ± 0.014 276.8 < T< 278.6 1.8
5.2 ± 0.3 0.112 ± 0.011 276.8 < T< 280.1 3.3
5.4 ± 0.2 0.105 ± 0.010 276.8 < T< 281.2 4.4
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of TC ¼ 276.5 K. For this purpose, the fitting parameters A0 and the critical exponent a
were deduced from the reported [15] data of specific heat for TMA-MnBr4 according to
Eq. (2.11) in both ferroelastic (T<TC) and paraelastic (T>TC) phases as given in
Table 2. The obtained values of a in the ferroelastic phase from 265.9K to 275.8 K for
various temperature intervals (Table 2) are decreasing from 0.06 to 0.02 as DT decreases
from 9.9 K to 1.4 K, while the extracted values of a in the paraelastic phase from
276.8K to 281.2 K for various temperature intervals (Table 2) are decreasing from 0.11

Figure 3. Values of the critical exponent a as a function of temperature D T (Tables 1 and 2) calcu-
lated from the Gibbs free energy [15] in the ferroelastic phase (T< TC) and from the specific heat
data [15] in both ferroelastic (T< TC) and paraelastic (T> TC) phases of TMA-MnBr4 according to Eqs.
(2.7) and (2.11), respectively.

Figure 4. The fitting parameter A0 deduced, independently, according to Eqs. (2.7) and (2.11) in the
ferroelastic (T< TC) phase of TMA-MnBr4 (TC ¼ 276.5 K).

FERROELECTRICS 7



to 0.04 as DT decreases from 4.4K to 0.3K. Our values of a 0.06 and 0.11 in ferooelastic
and paraelastic phases, respectively are so close to that predicted from the 3-d Ising model
(a¼ 1/16¼ 0.07, in ferroelastic phase, and a¼ 1/8¼ 0.13, in paraelastic phase). Note that,
the critical exponent a calculated from both ferroelastic (T<TC) and paraelastic (T>TC)
phases tends to decrease toward zero as temperature get closer to the transition temperature
of TC ¼ 276.5K, as predicted from the mean field theory. Our extracted values of the crit-
ical exponent from ferroelastic phase of TMA-MnBr4 (Table 2) can be compared with that
reported value of a¼ 0.01 in the ferroelastic pahase of TMA-CuBr4 [27], and also with that
reported for TMA-ZnBr4 [22]. Our results indicate that the Ising model studied here is
adequate to describe the ferroelastic-paraelastic phase transition in TMA-MnBr4. Figure 2
shows the log-log graph of Eq. (2.11) for the crystal studied here in a temperature interval
of 268.2<T(K) < 275.8 (ferroelastic phase) and in a temperature interval of 276.8<T(K)
< 277.9 (paraelastic phase), as examples. Those extracted values of the critical exponent a
from the Gibbs free energy (Table 1) and from the specific heat (Table 2) were given in
Fig. 3, for comparison, as a function of DT: Also, those extracted values of the interaction
parameter A0 according to Eqs. (2.7) and (2.11), independently, were given in Fig. 4 as a
function of temperature.

Figure 5. The entropy difference D S as a function of temperature according to Eq. (2.12) in both fer-
roelastic (T< TC) and paraelastic (T> TC) phases of TMA-MnBr4 (TC ¼ 276.5 K).
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Regarding the analysis of the nonsingular part of the total specific heat, CVL, Einstein
and/or Debye models (Eqs. (2.2) and (2.3)) can be used if enough spectroscopic informa-
tion about the phonon spectrum is known. We have found no available phonon spectrum
data for TMA-MnBr4 in the literature to do this calculation. Such a calculation has been
performed for the isomorph TMA-ZnBr4 [28]. The contribution of the external modes in
TMA-ZnBr4 have been calculated with a unique Debye frequency of xD ¼ 56 cm�1 by
using the Raman spectra in the frequency range 0 and 60 cm�1, as reported before [28].
Once we deduced the values of the interaction parameter A0 and the critical exponent a

from the observed [15] specific heat data in both phases of TMA-MnBr4 (Table 2), we
were able to predict the entropy change DS and the internal energy change DU close to the
phase transition temperature TC ¼ 276.5K according to Eqs. (2.12) and (2.13), respectively.
The temperature dependence of DS and DU is given in Figs. 5 and 6, respectively.

5. Conclusions

The phase transition mechanism of TMA-MnBr4 was investigated by means of power-
law formulas deduced from the Ising model close to the phase transition temperature of

Figure 6. The enthalpy difference D H as a function of temperature according to Eq. (2.13) in both
ferroelastic (T< TC) and paraelastic (T> TC) phases of TMA-MnBr4 (TC ¼ 276.5 K).

FERROELECTRICS 9



276.5K. The values of 0.02 and 0.04 for the critical exponent were extracted from the
observed specific heat data as the phase transition temperature is approached from
below and above, respectively. Both values are very close to that predicted from the
mean field theory. This is an indication of that Ising model studied here explains well
the second order ferroelastic-paraelastic phase transition of TMA-MnBr4. In addition,
the calculation of the entropy and the internal energy was performed using the critical
exponent extracted from the observed specific heat data of TMA-MnBr4 close to the
phase transition temperature of 276.5 K.
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