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Abstract

By using the notion of endpoints for set-valued functions and some classical fixed point tech-
niques, we investigate the existence of solutions for two fractional g-differential inclusions under
some integral boundary value conditions. By providing an example, we illustrate our main result
about endpoint. Also, we give some related algorithms and numerical results.

Keywords: Approximate Endpoint; Boundary Value Condition; Caputo g-Derivation; Fractional

g-Differential Inclusion.

1. INTRODUCTION

In 1910, Jackson introduced the subject of
g-difference equations’ Later, many researchers
studied g¢-difference equations#3 On the other
hand, many modern works recently appeared
on integro-differential equations by using differ-
ent views and fractional derivatives which young
researchers could use the works (see, for example
Refs. [14-27)).

In 2012, Ahmad et al. studied the existence
and uniqueness of solutions for the fractional
g-difference equations °Dgu(t) = T(t,u(t)) with
boundary conditions aju(0) — 81 Dqu(0) = y1u(n)
and apu(l) — foDgu(1) = vau(ng), where o € (1, 2],
@, Biy Vi, M are real numbers, for ¢ = 1,2 and
T € C(J x R,R).Y In 2013, Zhao et al. reviewed
the g-integral problem (Dgu)(t) + f(t,u(t)) = 0
with boundary conditions u(1l) = quﬁ u(n) and
u(0) = 0 for almost all ¢ € (0,1), where ¢ €
(0,1), o € (1,2], B8 € (0,2], n € (0,1), n
is positive real number, Dy is the g-derivative
of Riemann-Liouville and real-values continuous
map u defined on I x [0,00)* In 2014, Ahmad
et al. investigated the problem CD?(CD(; +MNu(t) =
pf(t,u(t)) + krlgg(t,u(t)) with boundary condi-
tions au(0) — 5y (t(l_w)un(O))’t:O = o1u(n1) and
agu(l) + BaDgu(l) = oou(ng), where t,q € [0,1],
CDg is the fractional Caputo g¢-derivative, 0 <
G,v <1, Ig(.) denotes the Riemann—Liouville inte-
gral with £ € (0,1), f and g are given continuous
functions, A and p, k are real constants, «;, 3;,0; €
R and 7; € (0,1) for i = 1,2 In 2019, Samei et al.
reviewed the existence of solutions for some multi-
term g¢-integro-differential equations with nonsepa-
rated and initial boundary conditions !t

Now, by using main idea of the papers, we inves-
tigate the fractional g-differential inclusion

“Dgu(t) € T(t,u(t), v (t),u"(t)), (1.1)

with integral boundary conditions
u(0) + u(p) + u(1)

1
= / fo(s,u(s))ds
0

D2u(0) + “D5u(p) + “DPu(1)
1 (1.2)
= /0 fi(s,u(s))ds,

°D7u(0) + °Du(p) + “DJu(1)

1
= / fa(s,u(s))ds
0

where t € J = [0,1], a € (2,3], 0 < ¢,p,[ < 1,
€ (1,2), the maps f1, f2, f3 : J x R — R are con-
tinuous, T: J x R® — P.,(R) is a multifunction and

CD(’? is the fractional Caputo g-derivation. Denote
the set of all compact subsets of R by P, (R). Also,
we study the existence of solutions for the fractional
g-differential inclusion problem

“Dgu(t)
€ T(t,u(t), “DJ u(t), ...

with boundary conditions

,“Dyru(t)),  (1.3)

n

S “Diu(p),

i=1

u'(0) + aru/(1) =
(1.4)

n
:ZIgiu(p),
i=1
where t € J, o € (1,2], 0 < ¢,p,vi < 1, a —; €
l'yi

1,00 )fora111<z<na1>zzlm,
pritl

ag > >0 | T and T J x R — P(R) is
a multifunction.

Let ¢ € (0,1) and a € R. Define [a), = =L 1
The power function (z —y); with n € Ny is defined

by (x — 3/)((1 = szo(x — yg*) for n > 1 and

u(0) + agu(l)
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(0)

(x —y)g’ = 1, where z and y are real num-
bers and Ny := {0} U N2 Also, for @« € R
and a # 0, we have (v — y)éa) = 2% [z —
yq®)/(x — yq®**). If y = 0, then it is clear that
(@) = g (Algorithm [). The g-Gamma function
is given by Ty(z) = (1 — ¢)®V /(1 — ¢)*~!, where
z € R\{0,-1,-2,...}"% Note that, T'y(z + 1) =
[2]¢I'4(2). The value of ¢-Gamma function, I';(z),
for input values ¢ and z is derived by counting the
number of sentences n in summation by simplify-
ing analysis (check Tables [[H3]). For this design, we
prepare a pseudo-code description of the technique
for estimating ¢-Gamma function of order n which
show in Algorithm[2l The g-derivative of function f,

is defined by (Dy f)(x) = % and (Dgf)(0) =
lim,—o(Dyf)(z) which is shown in Algorithm [
Also, the higher order g-derivative of a function f is
defined by (D2 f)(z) = Dg(D~ f)(x) for all n > 1,
where (DY f)(x) = f(x)** The g-integral of a func-
tion f defined on [0,0] is defined by

L@ = [ F6)ds = 0= ) 3 o flad),
k=0

Algorithm 1. The proposed method for calculated

(a— b))

Input: a, b, o, n, ¢

1: s<—1

2: if n =0 then

3 p—1

4: else

5 for k=0 ton do
6: s—sx(a—bxa")/(a—bxqg*tF)
7:  end for

8 p—a“xs

9: end if

Output: (a — b)(®

Algorithm 2. The proposed method for calculated
Ly()

Input: n, ¢ € (0,1), z € R\{0,-1,2,...,}
1: p—1

2: for k =0 ton do

30 pepl—g"thHa—g"h)

4: end for

5: Tq(x) —p/(1—¢q)" "
Output: I'y(x)

for 0 < x < b, provided the series absolutely
converges.#3 The ¢-derivative of function f is

Algorithm 3. The proposed method for calculated
(Dqf)(x)

Input: ¢ € (0,1), f(z),

1: syms z

2: if x =0 then

3 g lm((f(2) — f(g%2)/(1—9)2),20)
4: else

5. g (f(z) = flax2))/(1—q))

6: end if

Output: (Dgf)(z)

defined by (Dyf)(x) = LH=HE and (D, £)(0) =

lim, (D f)(x) which is shown in Algorithm B If
a in [0, ], then fabf(u)dqu =I,f(b)—I;f(a) = (1—
q) Y220 d"[bf(bg*) — af(ag®)] whenever the series
exists. The operator I;' is given by (Igh)(az) = h(z)
and (I7h)(z) = (I;(I?'h))(z) for n > 1 and g €
C([0,8])% It has been proved that (Dy(I,f))(z) =
f(z) and (I4(Dgf))(z) = f(z) — f(0) whenever f
is continuous at x = 0% The fractional Riemann-—
Liouville-type g-integral of the function f on J for
o > 0 is defined by (I9f)(t) = f(t) and (I f)(t) =
% fg(t —gs)@ D f(s)dys for t € J and @ > 08
Also, the Caputo fractional g-derivative of a func-
tion f is defined by

(‘DG f)(t) = (I~ (DI )()

_ 1
- Ty(la] — )
" ggylal—a-1)
X/o (t—qs)
x (DLl f)(s)dys, (1.5)

where ¢t € J and a > 02 It has been proved that
(I7 I (@) = I§T7f)(x) and (DI F)) (z) =
f(x), where o, 8 > 0.8 By using Algorithm 2] we can
calculate (I¢f)(z) which is shown in Algorithm [l

Algorithm 4. The proposed method for calculated
(g ()
Input: g € (0,1), a, n, f(z), ©
1: s<—0
: for i=0tondo
pf—@1—g*thHet
s—s+pfxq *flx*q")
end for
g (%5 (1 q) % 8)/(Tg(x)
utput: (I3 f)(x)

L
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Algorithm 5. The proposed method for calculated

b
fa f(r)dgr
Input: ¢ € (0,1), a, n, f(z),a, b

1: s+ 0

2: fori=0:ndo . .

3 sestqix(bxf(brg)—ax flaxg))

4: end for

5: g«— (1—q)*s
Output: f: f(r)dgr

We say that a multifunction G:J — Py(R) is
measurable if the map ¢ — d(y,G(t)) is mea-
surable for each real number y1% The Pompeiu-
Hausdorff metric Hy: 2% x 2% — [0, 00) on a metric
space (X, p) is defined by H,(A, B) = max{sup,c 4
p(aa B)7 SUDpep p(Aa b)}7 where p(Aa b) - infaEA
p(a,b) 28 Denote the set of closed and bounded
and the set of closed subsets of X by CB(X) and
C(X), respectively. Then, (CB(X), H,) is a met-
ric space and (C(X), H,) is a generalized metric
space?® An element z € X is called an endpoint of
multifunction 7 : X — 2% whenever Tz = {z}2
Also, multifunction T has approximate endpoint
property whenever inf,ex sup,er, p(7,y) = 024 A
function 6 : R — R is called upper semi-continuous
whenever limsup,, . 0(A,) < () for all sequence
{An}n>1 with A, — A% In 2010, Amini-Harandi
proved the next result.

Lemma 1.1 (Ref. 29). Consider an upper semi-
continuous function 0 : [0,00) — [0,00) such that
0(t) <t and liminf; . (t — 6(¢t)) > 0, for all t > 0.
Also, Assume that (X, p) is a complete metric space
and T: X — CB(X) a multifunction such that
Hy(Tz,Ty) < 0(p(x,y)), for all x,y € X. Then T
has a unique endpoint if and only if T' has approxi-
mate endpoint property.

2. MAIN RESULTS

Now, we are ready to state and prove our main
results. First, we provide our key result.

Lemma 2.1. Let v € C(J,R), o € (2,3], 0 <
Bya,p < 1, v € (1,2) and f1,fo : J xR — R
be continuous functions. The unique solution of the
fractional g-differential problem

°Du(t) = v(t), (2.1)

with boundary conditions (L2) is given by
) =T+ 5 [ ol s
— SUgo(1) + Io(p)]
1
Fart) /0 Fi(s, uls))ds
+ as(t) [Ig‘*ﬁv(l) + Ig‘*ﬁv(p)]

1
+ (b1 + ag(t))/o g2(s,u(s))ds

+ (b2 + aa(8))[Lg ™70 (1) + I "o (p)],

(2.2)
where
oy _ 3tTg(2 = 8) — (p+ 1Ty (2 - )
ar(t) = 3(plF +1) 7
= P+ D2 5) =30y (2 - p)t
GQ( ) = 3(]3175 + 1) ’
. —6(p> B + )T, (3 — )T, (2 — B)t
as\t) = 6(p P+ 1)(p>~7 + 1)I,(3 = B)
3(p' 7 + 1)y (3 — )Ty (3 — B)F°
6(p'=2 +1)(p27 + 1)I[,(3— )’
o 6(p* P + 1)Ty(3 — y)[y(2 — B)t
“) = G )P + DT, G 6)
3043 =N — A7 + 1)
- 6(p=P +1)(p* 7+ 1)I,(B-75)’
- 2(]3 + 1)(p2—ﬁ + 1)Fq(3 — 'y)Fq(Z — ﬂ)
1= 6(pl—8 +1)(p> + 1Iy(3 - pB)
@ DTE =)@+ )03 - )
6P + D)(p*7 + DT,(3— )
b, = P+ DT =77 + DTy(3 — )

6(p' =7+ 1)(p>7 + 1)T4(3 — B)
2(p+1)(p* 7 + DI (3 = 1T (2 — B)
6(p' P+ 1)(P* "+ 1B -06)
(2.3)

Proof. It is known that the general solution of
Eq. (27 is given by

u(t) = %/0 (t— qs)(o‘_l)v(s)dqs

+co+ 1t + 621527 (24)
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where ¢g, ¢; and ¢y are real constants. 1428 Thus,

_ 1-8
Diu(t) = I Pu(t) + S + 9 and
“Diu(t) = I v(t) + 1%2%52;:) Thus, we get

u(0) + u(p) + u(1)
=3co+ (1+p)er + (1+p%)ey
+ I;v(l) + Ig‘v(p),
and
c cnpf c
DJu(0) + “Diu(p) + “Diu(1)
1-8 2-8
S +022(p +1)
Ly(2-p) Ly(3 - 5)
+ Ig‘fﬁv(l) + Ig‘*ﬁv(p)7
“Dju(0) + “DJu(p) + “Djz(1)
2(p* 7+ 1)
Fq(3 -7)

By using the boundary conditions, we obtain

3co + (1+p)er + (1+p?)ea

1
:/O fo(s,u(s))ds — (1) — Iu(p),

ptP+1 2p* P +1)
1 + c2
[y(2-p) Lq(3=5)

1
- /0 fi(s,2(s))ds — I Pu(1)

— I3 u(p),
2p* 7+ 1)
Fq(?’ - 7)

1
B / fols,x(s))ds — Ig 7w (1)

=17 v(p),

= + 177 o(1) + 157 Tv(p).

C2

and so

/fosu )ds — 51I5v(1) + I3 o(p)]
T,(2—B)(p+1)
154}—)1 /flsu

(p+1)F (2-0)
3(pt=P +1)

+ b1 /0 fa(s,u(s))ds

15 Pu(1) + 15 Pu(p)]

+bal Iy 0(1) + I o(p)],

2-p
¢ = 1ﬁ+1/f18u ds—%

x [I37Pu(1) + I8 Po(p)]

R VIR PICE)
(PP +1)(p*7 + 1)y (3 - B)

1
X / fa(s,u(s))ds
0

(P* 7 + DT (3 = )Ty (2 - B)
(PP +1)(p* 7 + 1)T4(3 = B)

x I 7o(1) + 15 v (p)],

co = 27+1/f23u

Ly(3—19)
221

+

[y To(1) + 15 v (p)]-

On the other hand, by some calculations, one could
get the given map u is a solution for the problem.
This completes the proof. O

Assume that X = C?(J) is endowed with
the norm flul] = supye, lu(t)] + supes [u()] +
sup;es [v”(t)|. Then (X,].]|) is a Banach space.
For v € X, we define the selection set St, by
the set of all v € L'(J) somehow that v(t) €
T(t,u(t),u'(t),u"(t)) for all t €€ J (see Ref. [14).
To study the problem (LI)) and (LZ), we consider
the next conditions.

(C1) The multifunction T : J x R3 — P.,(R) is
integrable bounded and T'(., z1,z2,23) : J —
P.,(R) is measurable for all z; € R.

(C2) The functions f1, fo and f3: J x R — R are
continuous and the map 6 : [0,00) — [0, 00)
is nondecreasing and upper semi-continuous
with liminf; (¢t —60(t)) > 0 and 6(¢) < ¢ for
all t > 0.

(C3) There exist m, mg, my1, mg € C(J,[0,00)) such
that

Hd(T(t, T1,T2, .563)7
1
A+ Ar+ A3

3
, (z m—x;y),
k=1

T(t,xy, b, 2%)) < m(t)d

2040029-5
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and |f;(t,z) — f;(t,2)] < mmj(t)
Y(|lxz—2']), forallt € J, z,2', x;, x, € R, where

Imlloe  flmolloo | 2fmloc

T, (+1) 3 3, (+ 1)

Ay

02— Bl
3
1004 (2 — B)[[mll
3lg(a—p+1)

+10(20(2— B) +T4(3 - B))

Lq(3 = )(llmall
xTgla =y +1) +2[[m]l0)
3043 = B)Tg(a =y +1) ’

[mllee | 20g(2 = B)[m ]l
Py(@) = Tola=pg+1)

Ag

+(20g(2 = B) + (3 - 9))

Ly3 = 7)(lImalle
xTgla =y +1) +2[m|l)
@ = pB)(a—-y+1)

172l

A3= | ————
P | Tyla—1)

L'q(3 = 7)([Ima|locTq(c
—7+1) +2[m)
Fgla—vy+1)

Define the multifunction N : X — 2% by

N(u) ={h € X|3v e St,
such that h(t) = w(t) for all t € J},

where

1
w(t) = Igv(t) + é/o fo(s,u(s))ds
— S 50(1) + Igo(p)]

1
+ay(t) /0 fi(s,u(s))ds

+ax(t)Igo(1) + I3 u(p))

T (b1 + as(t)) /0 fols, u(s))ds

+ (b2 + aa(8)) Iy 70 (1) + 1770 (p)]-

Theorem 2.2. The boundary value g¢-differential
inclusion problems (1)) and ([L2) has a solution
whenever the multifunction N : X — P(X) has the
approrimate endpoint property and the conditions

(C1)~(C3) hold.

Proof. We show that the multifunction N has
an endpoint which is a solution for the problems
(LI) and ([L2). Since the multivalued map ¢ F
T (t,u(t),u (t),u”(t)) is measurable, N has closed
values and so has measurable selection. This implies
that St is nonempty for all u € X. Now, we show
that N(u) C X is closed for all u € X. Let u € X
and {z,}n>1 be a sequence in N(u) with u, — x.
For each n € N, choose v,, € St such that

1
£a(t) = To0, (1) +§ /0 Fols,u(s))ds

~ S5 0n(1) + Igun(p)]

1
+ai(t) /0 fi(s,u(s))ds

+as(t)[1gva (1) + 15 0, (p)]

1
+ (b1 + ag(t))/o fa(s,u(s))ds

+ (b2 + aa(®) g on (1) + 15 o (p)]-

Since T has compact values, {v,},>1 has a subse-
quence which converges to some v € L(J). Denote
this subsequence by {v,},>1 again. It is easy to
check that v € St,, and z,, — z, where

1
x(t) = I(t) +%/0 Fols,u(s))ds

2040029-6
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Far(t) /0 Fu(s,u(s))ds + as(t)

x [107Pv(1) + I8 Pu(p)]

T (by + as(t)) /0 fols,u(s))ds

+ (bg + aa(8) g oW I v (p)],

for all ¢ € J. This implies that z € N(u) and so N
has closed values. Since T' has compact values, it is
easy to see that N(u) is a bounded set for all u € X.
Now, we show that Hg(N(u), N(v)) < 0(||lu — v|]).
Let u,v € X and hy € N(v). Choose w; € St such
that

hl()—I w1

31 P
1
+a1(t)/0 fi(s,v(s))ds

+as ()18 Pwi (1) + 187 Pwi (p))

T (b + as(t) /0 fols,0(s))ds
+ (ba + as(t))[Ig w1 (1) + 1 Twi(p)],

for almost all t € J. Put Tu(t) = T(t,u(t), v (1),
W'(t)) and T,y = T(t, v(t),v'(t),v"(t)). Since

Hd(Tu(t) ) Tv(t))

1
< mm(t)ﬁ(\u(t) —n(t)|

+ /(1) — o ()] + [ () — " (1)),

for all t € J, there exists w € T, u(t) such that

1
lwi(t) —w| < A1+A—2+A3m(t)
x O(Ju(t) —v(t)] + [u'(t) — ' (t)]
+ [ () = " (1)), (2.5)

for all ¢ € J. Consider the multivalued map G :
J — P(R) defined the set of all w € R such that w
satisfies in (2.3]). Since wy and ¢ = ml(Ju—v|+|u’ —
|+ u"=") (372575 ) are measurable, the multi-
function G(.) NT(.,u(.), v (.),u”"(.)), is measurable.
Now, we can choose wa(t) € T(t,u(t),u'(t),u"(t))

such that
1
wi (t) — wa(t)] < A1+A—2+A3m(t)
x Y(Ju(t) —v(t)] + |u'(t) — o' (1))

+u"(t) =" (B)]),

for all ¢t € J. Consider the element hy € N(u)

defined by
/ fo(s,u(

~ SU5ws(1) + I (p)]

1
+ai(t) /0 fi(s,u(s))ds

+az(t)[I7 Pwa(1) + 17w (p)]

hg()—[ w2

1
+ (b1 + as(t)) /O fols,u(s))ds
+ (by + a4(t))[13_7w2(1) + Igc—'wa(p)]’

for all £ € J. Then, we have

[ha(t) — ha(t))|

< I t) — ws(t)]

+ !b2 + as(®)|[Lg 7 w1 (1) — wa(1)|ds

+ 15377 wi(p) — wa(p)|ds]
1
O o)

2040029-7
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o | mllee o molle | 2llm o

T (o + 1) 3 3T,(a + 1)

+5Q@—ﬂMmmm 10T (2 = B)|Im|| o

and
IBY(2) — R (8)
<1~ 2le() ()I

T “"HFVWﬂ)—wun

— fa(s, u(s))lds

3 3T,(a—fB+1)
= B)+T4(3-15))

Ly(3 = 7)(lImalloc
X Tyla—7+1) +2mc)
8T,(3— B)Tqla — 7 + 1)

+10(27, (2

A A+ A3

[P () = M (8)]

< I (1)

Y(llu = o)),

—wa(t)]

+ F(Z_ﬂ) [Ia B‘wl( )

PR

+Ia_ﬁ\w1 ()

/!fgsv

+las(t)|[Ig ™ wi(1) — wa(1)]
+187 wi(p)

c_ v
T A+ A+ A3

wa(1)]
— w2 (p)] + las(t)]
— fa(s,u(s))|ds

— wy(p)]]

0([lw = l])

204(2 = B)lIml o
Fyla—p+1)

72| oo

Ly(a)

+ @202 -5) + T3 - 9))

Ly (3 =) (lImzlleo
xTgla =y +1) +2[m]l0)

LB = B)lg(a—vy+1)

Ao

= me(ﬂu —|]),

(P +1)" 1
+ 177 " |wi(p)
1
< -
T A+ A+ A
[ Ly =) (lm2lloo T
XTgla—vy+1)
+2[|m|[ o)
Fyla—~v+1)

—wa(p)|]

P([[u = ol)

72| oo

Lg(a—1)

TOA A+ A3

where

P(l[u = vll),

(PP + (3 = )Ty(2 = B)

(PP +1)(p*7 + 1)Iy(3 - B)
Ta(3=7)(p' P + 1)Iy(3 — B)t
PP+ 1D)(P* Y + 1)T(3 - B)

(P* 7 + 1) (3 = 7)Ty(2 = B)

(PP + 1) (P> + 1Ty (3 = B)Ty(a — )

3 Ty(3—NT,B -3 7+ 1)t
PP+ 1) (P> + D3 = B)Tg(a — )’

as(t) =

ag(t) =

Hence,

|h1 — he|| = sup |h1(t) — ha(t)]
teJ
hy ()]

hy(t)]

+ sup Ry (t) —
teJ

+ sup Ay (t) —
teJ

1
< —f
T A+ A+ A
X ([lz = yll) (A1 + A2 + A3)

= 0(l[z = yl)-

Thus, Hy(N(u), N(v)) < 0(|lu—v|) for all u,v € X.
On the other hand, the multifunction N has approx-
imate endpoint property. By using Lemma [T,

2040029-8
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there exists u* € X such that N(u*) = {u*}. By
using Lemma 2] v* is a solution for the problems

(CI) and ([T2). O

Now, we investigate the existence of solution for
the fractional g¢-differential inclusion problem with
integral boundary value conditions

°Du(t) € T(t, u(t), D u(t),
,eDYu(t)),

n

' (0) + a1/ (1) = Y “Dyiu(p),

i=1

(2.6)
where T : J x R™*! — P(R) is a multifunction,

teJ,ae(1,2,n>2,0<q,p,vi<l,a—vy>1
forall 1 < i < n, a3 > >0 p

i=1T (2 i)
s pritl
=1 Dg(y;+2) "

Lemma 2.3. Let v € C(J,R), 1 < a > 2,0 <
¢Gp<l,n>2and0< B; <1 fori=1,...,n
The unique solution of the fractional g-differential
problem with the boundary value conditions

“Dgu(t) = v(t),

and as >

n

2'(0) + ard/(1) = Y “Dgu(p),

P (2.7)
2(0) + agu(1) =Y IJu(p),
i=1
is given by u(t) = fo s)ds, where a; >
n 1 B; 51
Dol T (2 5y 42 > Yoy Fp(ﬁ 5 and G(t, s) is the
Green functwn given by
(t—gs)@V
G(t,s) = ———F——
Ig(a)
Z — qs (O‘+,31 1)
A (a+ 6;)
IS o
AFq(a)( as) AB

n Bi+2
D
(-Srfrrs)

(p—gs)> PV
Z-Zl Ly(a— 5;)

a n pﬁi-f—? (1 _ qs)(a—Q)
_E(Q_;Fq(ﬂﬁ?ﬂ) T (a—1)

tB B ZZ: (o — ﬂz)
art (a—2)
_ 1_
BTy (o — 1)( as)
whenever 0 < s <p <t <1,
(t—gs)*
G(t,s) = ————
N WY
a2 (a—1)
— 1—
Arq(a)( qS)
n Bi+2
p
< " Z Lq(Bi+3 >
(1 —gs) 2
Lg(a—1)
__mt (@)
qu(a_ 1) (1 qS) b))
whenever 0 <p<s<t<1,
Glt,5) = (1 = gs)@

Alg(a)
n pﬁz+2
" AB < Q_Zr (B +3) >

_e)(a—2)
><(1 qs)

Lg(a—1)
__omt @)
qu(a_ 1) (1 qS) b))
whenever 0 < p<s<t<1,
(t —gs) Y
G, s) = ———F——
9 =T, ()
p qS (a+61 )
A Z Oé + ﬁl)
az (a—1)
_ 1_

2040029-9



Fractals 2020.28. Downloaded from www.worldscientific.com
by CANKAYA UNIVERSITY on 03/22/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

S. M. Aydogan et al.

D () N
i—1 Ly(a = 5i)

R G il
AB 2T + 3)

_ e\ (a—2)
e qs)

Iy(a—1)
LI —gs)e Y
B im1 Fq(a — ﬂz)
alt -2
1= gs)@2)
Bl—\q(a _ 1) ( qs) Y

whenever 0 < s<t<p<1,

p qs) Oé+/6i_1)
A Oé'f‘ﬂz)

X

Fq(a - Bi)
__mt o (a-2)
Bl—\q(a _ 1) (1 qS) b

whenever 0 < s <t <p<1 and

_ _ aq)\(@=1)
G(t,s) AT, () (1—gs)
n B2
ai p
— a p—
B (= L)
(1—gs)*?
Lg(a—1)
a1t _ (Oc 2)
Bl—\q(a_ 1) (1 qs) )

whenever 0 <t <p<s<1. Here, A=1+4a9 —
Bi+1 pl—Bi
i1 thE Ty wd B=1+a1 - X tiopy-

Proof. It is known that the solution of “Dgwu(t) =
v(t) is given by

u(t) = Igv(t) + co + cat

1

t
— . (a—1)
T,() /0 (t —qs) v(s)ds + ¢o + c1t,

where cg,c1,€ R are real constants 1428 Thus, we

have cDﬁiu() _ I(X_Bz (t) + 01(25 s Iﬁz (t) =

) 148 248
Ic(zlw (t) + CO(terﬁz) + F?(t3+ﬂ¢) and o/(t) = Ig71

v(t) + ¢1. Hence, u(0) 4+ asu(l) = (az + 1)co +
agcr + azlfv(l) and «'(0) + a1u/(1) = (1 +
ay)er + allg‘_lv(l). By using the boundary condi-
. B;+1

tions, we; %St co(l +ay— >, M) +c1 (0/2 _

i +05i
S ) = Z;.;lﬁfg‘ Piu(p) — axIgv(1) and
1-8; —6;

a(l +a = 3L fggy) = Sl 7o) -
a1 I¢~tv(1). Thus,

2040029-10
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n

_ t _g,
x I 1v(1)+EZIg Biv(p)

i=1

Ial()

/Gts

The converse part concludes by some calculation.
This completes the proof. O

Consider the Banach space A = {u|u,°Dj'u €
C(J,R):Vi=1,2,...,n} endowed with the norm

IIUH—Sup\u \+ZS£\CD” u(t)]-
=1

Define St {v € LYI)|v(t) € T(tut),
°DJ'u(t),...,°D"u(t))} for all t € J and u € A.
For 1 <5 <n, put

a+'Yz
L =
! L (a+1) A Z (a4 +1)
n
0/2 p'yl
TAT, et T Zr (7 1 3)
n X%
p a1
* 2 T 5Dt ABT@

n prit2
e Z Ty(yi +3)
p* ai
+ = + :
B z; T, (a—v+1)  BL,(a)

X

1 pr i
+ B 2uicl Tylay ) T

J_ 1
and Ly = ra=sm

BT @ ))Tq(a)"

Theorem 2.4. Let the nondecreasing map 0

[0,00) — [0,00) be an upper semi-continuous such
that 6(t) < t and liminf, . (t — 6(t)) > O
for all t > 0 and T : J x R"™' — P (R)
a multifunction such that T(.,ui,ug,...,Upt1)

J — Pp(R) is measurable and bounded inte-
grable for all uy,uo,...,upy1 € R. Put Tt,ui =
T(t,ul,u2, e ,un+1), T;g,w = T(t,vl,vg, e ,’Un+1)
and assume that there exists m € C(J,[0,00)) such

that

5 n+1
T T <m0 3 = )

1
X — .
(”mHoo(Ll +2 5 L%))
Then the inclusion problem (L3)), (L4) has a

solution whenever multifunction 2 A — 24
deﬁne by Q( ) = {h € A|3v € Sru:h(t) =
fo s)ds,Vt € J} has the approximate end-
pomt property

Proof. We show that the multifunction 2 : A —
P(A) has an endpoint which is a solution for the
problem (3)) and (L4)). First, we show that Q(u)
is closed for all u € A. Let u € A and {z,, },>1 be a
sequence in Q(u) with x,, — z. For each n, choose
wp, € ST, such that

1
= / G(t, s)wy(s)ds
0

for all ¢t € J. Since F has compact values,
{wp}n>1 has a subsequence which converges to
some w € L'(J). We denote this subsequence again
by {wn}n>1 It is easy to check that w € S, and

xn(t) — fo s)ds for all t € J.
This 1mphes that x € Q( ) and so € has closed
values. Since T is a compact multivalued map, it
is easy to check that Q(u) is a bounded set for
all u € A. Now, we show that Hy(Q(u), 2(v)) <
O(lu — v||) for all u,v € A. Suppose that u,v €
X and hi € Q( ). Choose wy € St, such that

fo (t,s)wi(s)ds for almost all ¢t € J. Put
Tt,cD;/u = T(t,u( ), D u(t), ..., Dy u(t)) and
T, epye = F(t,0(t),“ D v(t), ..., *DJ"v(t)).
Let t € J. Since

Hd(Tt,CD;’u? Tt,CD;’v)

< m(t)y (!u(t) —v(t)|

) - CDJ"U@)\)

1
Imlloe (L1 + 35—, 3)

n
+ Z |“Dyiu(t
i=1

X

2040029-11
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there exists w € T(t,u(t), Dy u(t),..., Dy u(t))
such that
jwi(t) — w| < m(t)y (\u(t) —o(t)|
+ > DY u(t) — CDglv(t)O
i=1

1

Imalloe (L1 + S5y 1)
(2.8)

X

Consider the multivalued map U : J — P(R),
where U(t) is the set of all w € R such that w
satisfies in (2.8]). Since wy and

n
© = ma) <|u — v+ Z |“Djiu —CD;“U|>

1
Imlloe (Z1+ 251 1)

are measurable, the multifunction U(.) NT(¢, u(.),
°DJ'u(.),...,°Dg"u(.)) is measurable. Choose
wa(t) € T(t,u(t), Dy u(t), ..., Dy"u(t)) such that

X

[wi(t) — wa(t)] < m(t)6 (IU(t) —o(t)]
+ zn: D u(t)
=1

- CD?U@)\)
1

Imlloe (L1 + 35—, 3)

consider the element hy € Q(u) which is
s)ds. Thus,

X

Now,
defined by ho(t fo

|h1(t) — ha(t)]

1 1
= /0 G(t,s)wl(s)ds—/o G(t, s)wa(s)ds

1 ,
+ 5 2 Iy (p)
i=1

(t, s)wa(

—zf(? 1(1)

2040029-12

=1
t n
< Ig~ wn(1) — &3 I ()
i=1
tar o
+§Ig 1w2(1)
< Ig lwa () — wa(t)]
1 n
+ZZIg+71\w1(P) wa(p)|
i=1
a (6%
+ g [wi (1) — w2 (1)
1 p'Yi+2
+ — |ag —
AB [ 21FQ(71+3)

+ -2
AB |

x 137w (1) — wa(1)]

Zfa %\wl

ta
+ o 1y un (1)

Ly
S [ — _
< <L1 ST Lé) U([Ju =),

[°Dg’ ha (1)

) — wa2(p)]

— wa(1)]

and

— Dy’ ha(t)|

=

< Iy Pwi(t) — walt)] +

BI'(2 — ;)
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=1
£ jamti (1) — (1)
w — W
BI(2— ;) ¢ ! 2

<<———5L——>wmu—w>
T\ + YA ’

for all 1 < j < n. Hence,

|h1 — ha|| = sup |h1(t) — ha(t)]
teJ

+ sup CD%hl
t@iﬂ ®

=Dy ha(1))]
0([lw = ])

X Ll
Ly+ Y0 L

>
+ - =
= L+ X L

=1
= 0(]Ju = vl).

By interchanging the roles of w,v, we conclude
Hi((u),2(v)) < 0(||u —v||). Since the multifunc-
tion €2 has approximate endpoint property, by using
Lemma there exists u* € A such that Q(u*) =
{u*}. This completes the proof. O

Here, we provide an example to illustrate our first
main result. In this way, we give a computational
technique for checking the problems (L)) and (L.2).
We need to present a simplified analysis could be
executed values of the ¢g-Gamma function. To this
aim, we consider a pseudo-code description of the
method for calculation of the ¢g-Gamma function of
order n in Algorithm [2

Example 2.5. Consider the fractional g¢-differen-
tial inclusion problem

9

2
°Dgu(t) € [0

100 sinu(t)

b cosul/(t) + —
100 “ 100

()] e

with the integral boundary conditions
u(0) + + u(1)

/ —COSU

2 2 /3 2
cD(fu,(()) + cD(}*u <Z> +“Dgu(l)
1 gs?—1
:/0 50 cos u(s)ds,
.- w5 (3 .
Diu(0) +“Dgu <Z> +“Dg u(l)

19.3
2s° +1
= d
/0 50 cos u(s)ds,

(2.10)

9 2 5
Wherete‘]:[Oal]aa:Lﬂ:@’Y:3
and p = 2. Consider the map T : J x R® —
P(R) define by T'(t,z1,x2,23) = [O, %sinxl +

ﬁcosxg + ﬁ(lﬁﬂg‘)]. Also, define the maps

fos f1, f2 + J x R — R define by fo(t,x) = 20 cos,
filt,z) = et;—gl cosz and fo(t,x) = 23"/05;1 COS .
Consider N : C2(J) — 2¢°() defined by
N(u) = {h € C*(J)|3v € Sru:h(t)
=w(t) for all t € J},
where
9 1 [ts?
w(t) = Iv(t) + 3/, 2 cos u(s)ds
2 (3
—3 {Iq‘*v(l) + I (Z)]
1 ,s2-1
+a; (t)/o cos u(s)ds
19 19
+ as(t) |:Iq2’U(1) + 1% <Z>}
1
+ (b1 + a3(t))/0 2230(;1 cos u(s)ds

Put
4 7 4
an(t) = 3Fq(§);1— qu(ﬁ)’
3((3)° +1)
as(t) = %Fq(gz :3Fq(§)t’
3((3)° +1)
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2
m(t) = 20’ (75) = 5—07 my(t) = S5—
2300 = and ¢ (t) = £. Then, we have

2|0
3T (F)

Mmoo lImollo
A = +
ORI

+

Table 1

9) + 2[mllo)

B
5

(4

1

w
—~
LS

—~
Wl
~—
’1
LS

—~
I“ “
~—

As

I
©
+

(204 (3) +Ta(5))Ta(3)
% (lmaleolq (13

_l’_

72l

Tq(2)

Fq(%)(HmQHoo

As =

a(13) +2lmll)

Fo(1)

+

Some Numerical Results for Calculation of I'q(x) with

q= % Which is Constant, for £ = 9.5,65,110, 780 in Algorithm [2]

n x = 9.5 xr = 65 x = 110 x = 780
1 2.679786 4432.545834  1804225.634753  1.29090809480473FE + 45
2 2.674552  4423.888518  1800701.756560  1.28838678993206F + 45
3 2.673899  4422.808467 1800262.132108  1.28807224237593F + 45
4 2.673818 4422.673494 1800207.192468  1.28803293353064F + 45
5 2.673808 4422.656623 1800200.325222  1.28802802007493F + 45
6 2.673806 4422.654514  1800199.466820  1.28802740589531F + 45
7 2.673806 4422.654250 1800199.359519  1.28802732912289F + 45
8 2.673806 4422.654217 1800199.346107  1.28802731952634F + 45
9 2.673806 4422.654213 1800199.344430  1.28802731832677E + 45
10 2.673806 4422.654213 1800199.344221  1.28802731817683F + 45
11 2.673806  4422.654212 1800199.344195  1.28802731815808E + 45
12 2.673806 4422.654212 1800199.344191  1.28802731815574F + 45
13  2.673806 4422.654212 1800199.344191  1.28802731815545F + 45
14  2.673806  4422.654212 1800199.344191  1.28802731815541F + 45
15 2.673806  4422.654212 1800199.344191  1.28802731815541F + 45
16 2.673806 4422.654212 1800199.344191  1.28802731815541F + 45
17  2.673806  4422.654212 1800199.344191  1.28802731815541F + 45
18 2.673806  4422.654212 1800199.344191  1.28802731815541F + 45
19 2.673806 4422.654212 1800199.344191  1.28802731815541F + 45

2040029-14

)



Fractals 2020.28. Downloaded from www.worldscientific.com
by CANKAYA UNIVERSITY on 03/22/22. Re-use and distribution is strictly not permitted, except for Open Access articles.
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Approximate Endpoint Solutions for a Class of Fractional q-Differential Inclusions

merical Results for Calculation of

u
Tq(z) with ¢ = %, 3, 5,5 for z = 9.5 of Algorithm [2.

n gq=3 q=3 q=3 7=73
1 2.679786  136.046206  79062.138227  6301918.338883
2 2.674552  119.081545 41793.335091  2528395.395827
3 2.673899  111.658224  26290.733638  1232715.590371
4 2.673818 108.178242  18589.881264 689176.848061
5 2.673808 106.492553  14278.326587  426538.394173
6 2.673806 105.662861  11650.586796 285518.687713
7 2.673806 105.251251  9946.3508930 203363.796571
26 2.673806 104.841780  5522.283831 25842.863721
27  2.673806 104.841780  5513.202433 25230.371788
28  2.673806 104.841779  5505.949683 24699.649904
29  2.673806 104.841779  5500.155385 24238.446645
106 2.673806 104.841779  5477.048235 20879.606269
107  2.673806 104.841779  5477.048234 20879.566792
108  2.673806 104.841779  5477.048234 20879.531702
118  2.673806  104.841779  5477.048234 20879.337427
119  2.673806 104.841779  5477.048234 20879.327822
120 2.673806 104.841779  5477.048234 20879.319284

Table 3 Some Numerical Results for Calculation of I'q(x) with ¢ = %, %, %, % for x = 110
of Algorithm

n

| =

q=3

| =

q=3

(ST

q:

©loo

q:

WO O W

— =
N = O O

48

90
91
92
93

118
119
120

1804225.634753
1800701.756560
1800262.132108
1800207.192468
1800200.325222
1800199.466820
1800199.359519
1800199.346107
1800199.344430
1800199.344221
1800199.344195

1800199.344191

1800199.344191

1800199.344191
1800199.344191
1800199.344191
1800199.344191

1800199.344191
1800199.344191
1800199.344191

2.43388915243820F + 32
2.12965300838343E + 32
1.99654969535946 &' + 32
1.93415751737948E + 32
1.90393630617042E + 32
1.88906180377847E + 32
1.88168265610746 ' + 32
1.87800749466975E + 32
1.87617350297573E + 32
1.87525740263248E + 32
1.87479957611817E + 32
1.87457071874804E + 32

1.87434189862553 ' + 32

1.87434189862553E + 32
1.87434189862553 ' + 32
1.87434189862553E + 32
1.87434189862553E + 32

1.87434189862553F + 32
1.87434189862553E + 32
1.87434189862553F + 32

1.10933564801075E + 75
5.41355796236824EF + 74
3.19616462101800E + 74
2.14884539802207TE + 74
1.58553847001434E + 74
1.25302695267477E + 74
1.04280391429109F + 74
9.02841142168746E + 73
8.05899312693661E + 73
7.36673088857628F + 73
6.86049299667128E + 73
6.48333340557523E + 73

5.18960499065178E + 73

5.18923469131315E + 73

5.18923468501255E + 73
5.18923467997207E + 73
5.18923467593968E + 73

5.18923465987107E + 73
5.18923465985889E + 73
5.18923465984914F + 73

2.3996994906237F + 102
7.1431517307455E + 101
2.6837217226512F + 101
1.1944485864825E + 101
6.0526350536381E + 100
3.3987862057282F + 100
2.0741306563269F 4+ 100
1.3555712905453E + 100
9.38129101307050E + 99
6.81335603265770E + 99
5.15556440821410E + 99
4.04051908444650E + 99

6.66324790738213E + 98

6.50025876524830E + 98
6.50013085733126 E + 98
6.50001716364224E + 98
6.49991610435300E + 98

6.49915022957670E + 98
6.49914550293450E + 98
6.49914130147782E + 98
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Table 4 Some Numerical Results of I'q (o) in Example with Different
Values of g by Algorithm

n a:% a:% a:% a:% a:% a:% a:% a:%
=3
1 1.1174  0.9592  0.9559 0.9673 1.1055 1.1315 1.2199 1.5327
2 1.1311 0.9505  0.9448 0.9500 1.0747  1.0990 1.1824 1.4805
3 1.1356  0.9476  0.9411 0.9444 1.0647  1.0886 1.1703 1.4638
4 1.1371 0.9467  0.9400 0.9425 1.0615 1.0851 1.1664 1.4583
5 1.1376  0.9464  0.9396 0.9419 1.0604 1.0840 1.1651 1.4564
6 1.1377 0.9463  0.9394 0.9417 1.0600 1.0836 1.1646 1.4558
7 11378 0.9462  0.9394 0.9417 1.0599 1.0835 1.1645 1.4556
8 1.1378 0.9462  0.9394 0.9416 1.0599 1.0834 1.1644 1.4556
9 1.1378 0.9462  0.9394 0.9416 1.0598 1.0834 1.1644 1.4555
10 1.1378  0.9462  0.9394 0.9416 1.0598 1.0834 1.1644 1.4555
7= 3
1 1.1069 0.9743 0.9772 1.0122 1.2620 1.3087 1.4715 2.1039
2 1.1377  0.9526  0.9493 0.9662 1.1655 1.2049 1.3437 1.8906
3  1.1522 0.9426  0.9364 0.9453 1.1221 1.1583 1.2865 1.7960
4 1.1593  0.9378  0.9302 0.9353 1.1015 1.1362 1.2594 1.7514
5 1.1628  0.9355  0.9272 0.9303 1.0915 1.1254 1.2463 1.7297
6 1.1645 0.9343  0.9257 0.9279 1.0865 1.1201 1.2398 1.7190
7 1.1654 0.9337  0.9249 0.9267 1.0841 1.1175 1.2365 1.7137
8 1.1658 0.9334  0.9245 0.9261 1.0828 1.1161 1.2349 1.7111
9 1.1660 0.9333 0.9244 0.9258 1.0822 1.1155 1.2341 1.7098
10 1.1662  0.9332  0.9243 0.9257 1.0819 1.1152 1.2337 1.7091
g=73
1 0.9665 1.1206  1.1787 1.4118 2.6441 2.8906 3.8168 8.5184
2 1.0284 1.0602 1.0963 1.2516 2.1063  2.2761 2.9085 6.0237
3 1.0710 1.0218 1.0443 1.1539 1.8020 1.9312 2.4107 4.7288
4 1.1018 0.9954  1.0091 1.0891 1.6109 1.7160 2.1053 3.9658
5 1.1248 0.9766  0.9840 1.0438 1.4826 1.5723 1.9040 3.4780
6 1.1421 0.9628  0.9657 1.0111 1.3927  1.4718 1.7646 3.1483
7 1.1555  0.9523  0.9519 0.9868 1.3275 1.3992 1.6647 2.9162
8 1.1659 0.9444 0.9414 0.9685 1.2793 1.3455 1.5913 2.7481
9 1.1740 0.9383 0.9334 0.9545 1.2429 1.3051 1.5363 2.6235
10 1.1803 0.9335 0.9271 0.9436 1.2151 1.2743 1.4945 2.5297
1.6 T T T T T T T T 2.2 T T T T T T T T
a=3/4 a=3/4
— a= — a=5/4
15t s |1 2 s |1
a=19/2 [ a=19/12
a=9/4 «=9/4
14r a:3;3 i 187 a=73 | ]|
— a=31/12 — a=31/12[ ]
131 Fq(a)(q = l) o194 |- _16r Ty(a)lg= 1) a=19/4 |
© 3 3 2
- 12 b = 14 1
1.1 = E 12+ B
1F 1 1F 1
0.9 ! ! ! ! ! ! ! ! 0.8 ! ! ! ! ! ! ! !
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
n n

Fig. 1 Numerical results of I'q(c), where ¢ = % in Table [l Fig. 2 Numerical results of I'¢(«), where ¢ = % in Table [l
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9 ; ; ; ; ; ; ; ;
a=3/4
8r a=5/4
a=4/3
s a=19/12 | 1
a=9/4

N T, () (q _ 7) a=7/3 | |

a=31/12

a=13/4

n

Fig. 3 Numerical results of I'4(a), where ¢ = % in Table [l

Table 5 Some Numerical Results of A1, A2 and
A3 in Example with Different Values of g.

n A Az As A TATA
¢=3
1 3334 11763 0.4559 0.2013
2 33955 11988  0.4592 0.1979
3 34147 12061  0.4602 0.1968
4 34219 12088  0.4606 0.1964
5 34240 12096 0.4608 0.1963
6 3.4244 1.2098 0.4608 0.1963
7 34246 12009  0.4608 0.1963
8 3.4251 1.2101 0.4608 0.1962
9 3.4251 1.2101 0.4608 0.1962
10 3.4251 1.2101 0.4608 0.1962
9=
1 2.9820 1.0480 0.4467 0.2234
2 3.1379 1.1076 0.4552 0.2127
3 32160 11375 04593 0.2078
4 3.2553 1.1525 0.4613 0.2054
5 3.2754 1.1601 0.4623 0.2042
6 32852 11639 04628 0.2036
7 32808 11656 0.4630 0.2033
8 32923 11666  0.4631 0.2032
9 32939 11671  0.4632 0.2031
10 3.2943 1.1673 0.4632 0.2031
¢=3
1 18371 06109  0.3881 0.3526
2 20805 07071 0.4077 0.3130
3 22800 07853 04216 0.2868
4 24430 08488  0.4319 0.2686
5 25751 09001 0.4395 0.2554
6 26823 09415  0.4454 0.2457
7 27686 09748 0.4499 0.2385
8 28380 10016  0.4534 0.2329
9 2.8943 1.0232 0.4562 0.2286
10 2.9392 1.0404 0.4584 0.2253

By checking the data in Tables @ and [ it is easy
to check that

Hd(T(ta Uy, uz, Ug), F(ta U1, V2, ’Ug))

1
< -
- A1+A2+A3m

3
X Z \uk — Uk‘ s
k=1

(1)

and

| fi(t,u) = fi(t,v)]

1
< - om. _
P v A OL )}

for t € J and j = 0,1,2. Since sup,cy(o) llull =0,
we have inf,cc2(7)(SUPpen( [w — v|[) = 0. Thus,
N has the approximate endpoint property (please
check Figs. [[H3). Now, by using Theorem 2.2
the fractional g-differential inclusion problem (2.9,
(2I0) has at least one solution.
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