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ABSTRACT

In this study, our aim to constructed the traveling and solitary wave solutions for nonlinear evolution
equation describe the wave propagation in nonlinear low-pass electrical transmission lines by imple-
mented the modification of mathematical method. We obtained the new and more general solutions
in rational, trigonometric, hyperbolic type which represent to kink and anti-kink wave solitons, bright-
dark solitons and traveling waves. The physical interpretation of some results demonstrated by graphi-
cally with symbolic computation. We are hopefully determined results have numerous applications in
optical fiber, geophysics, fluid dynamics, laser optics, engineering, and many other various kinds of
applied sciences. The complete investigation prove that proposed technique is more reliable, efficient,
straightforward, and powerful to investigate various kinds of nonlinear evolution equations involves in
geophysics, fluid dynamics, nonlinear plasma, chemistry, biology, and field of engineering.

© 2020 The Author(s). Published by Elsevier B.V. on behalf of King Saud University. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The investigations of nonlinear electrical transmission lines and
its solitary wave solutions have marvelous applications in commu-
nication systems and electronic engineering such as distributing
signal of cable television, computer network connection systems,
data buses of high speed computer, mobile network systems, con-
nection between transmitters and receivers of radio with their
antennas, routing calls in trunk lines between telephone switching
centers (Abdoulkary et al., 2013; Arshad et al., 2018; Seadawy,
2017a; Kumar et al., 2018; Aslan, 2016). Moreover, nonlinear elec-
trical transmission lines are used as special medium to carrying the
alternate current (AC) of frequency of radio (Abdoulkary et al.,
2013). The NLETLs are also used to deliver the better way how to
observe the nonlinear excitation be have under nonlinear media
and modulate the features of exotic of new systems (Jaradat
et al., 2018a,b,c,d; Alquran and Jaradat, 2018; Ali et al.,, 2019;
Alquran et al., 2020; Pelap and Faye, 2005).
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For demonstrated of solitary wave solutions for NLEEs describe
the wave propagation in nonlinear low-pass electrical transmission
lines (Abdoulkary et al., 2013; Arshad et al., 2018; Seadawy, 2017a;
Kumar et al., 2018; Aslan, 2016), we consider as:

SV (x,b) N aézvz(x, ) y62V3(x, 0. 52 V3 (x, t) N & Vit 0
ot? ot? ot? ox2 12 ox4 :

(1)

In Eq. (1), «,7, dare the real constants and V(x, t)represents to
transmission line voltage. The variables x, trepresents to distance
for propagation and slow time, respectively. The Eq. (1), is derived
by applying the Kirchoff's laws are seen in Abdoulkary et al. (2013),
in this current work, which are omitted due to shortness.

In previous years a huge research work have been done on non-
linear low-pass electrical transmission lines. Many researchers
have been determined the various types of solutions for NLETLs
by using the different techniques including jacobi elliptic tech-
nique, kudryashov technique, auxiliary equation technique, (%')—
expansion method, extension technique of tanh function, the tech-
nique of racatti equation, modification of kudryashov technique,
the technique of sine-Gorden and extension of sine-Gorden equa-
tion (Abdoulkary et al, 2013; Arshad et al., 2018; Seadawy,
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2017a; Kumar et al., 2018; Aslan, 2016). The NLETLs are play
important role in the investigation of propagation phenomena of
electrical solitons, they are travel in nonlinear media of dispersion
in the shape of voltage waves.

The nonlinear wave equations are describing the physical pro-
cess in many areas of science and engineering include fiber optics,
geophysics, chemistry, plasma physics, biology, fluid dynamics,
laser physics and so on. The NLETLs are the nonlinear partial differ-
ential equations. Now a days it is a deals of huge interest to finding
the soliton solutions for NLPDEs by implementing the various tech-
niques. To determine the solutions for NLPDEs play key role and
deliver the important information to know the applications and
its mechanism. Further, this is very keen to know the concept of
specific wave called soliton. John Scott Russel first time introduced
a solitary wave in the past few decades (Russell, 1844). When soli-
tary wave is discover after that, now its named solitons. Solitions
have potential applications in various kinds of areas including soli-
ton dynamics, fluid dynamic, fiber optics, adiabatic dynamic
parameters, phenomena of industrial, biomedical problems, engi-
neering and many various kinds of applied sciences to due to their
important stability properties. The nonlinear electrical transmis-
sion lines are the example in physics. In previous few decades, a
lot of researchers and mathematician introduced a various kinds
of methods to determine the solitonic solutions for these NLEEs.
The name of some important techniques as, Backlund transform
method, Hirota bilinear transformation, the Darboux transform
method, the technique of exp-function, the jacobian function
expansion technique, the trial equation technique, Simple equation
technique, modification of fan-Sub equation technique, extend
mapping method, the technique of sinh-cosh, the extension of aux-
iliary equation technique, the extension of direct algebraic tech-
nique, modification of extended auxiliary equation technique,
Racatti equation mapping method (Juan et al, 2007; Hirota,
1971; Zheng Yi et al.,, 2006; Naher et al.,, 2012; Seadawy and
Manafian, 2018; Zhang and Xia, 2006; Seadawy and El-Rashidy,
2013; Seadawy and Lu, 2016; Seadawy, 2012; Igbal et al., 2018a,
b; Seadawy et al., 2019a; Igbal et al.,, 2019a,b; Seadawy et al.,
2020a; Seadawy, 2014a,b; Seadawy, 2015a,b; Seadawy, 2016a,b;
Seadawy, 2017b; Seadawy and Wang, 2019; Seadawy and El-
Rashidy, 2014; Lu et al., 2018a,b; Seadawy et al., 2020b; Seadawy
et al., 2019d,e; Yaro et al., 2019). In this current work, our main
purpose to find the solutions for NLETLs including bright-dark soli-
tons, kink and anti-kink wave solitons and traveling wave by pro-
posed technique (Seadawy et al, 2019f; Igbal et al., 2019c;
Seadawy et al., 2019b; Igbal et al., 2020; Seadawy et al., 2019c;
Seadawy et al., 2020c).

This work is organized as, introduction is explain in Section 1.
The main feature of proposed method described in Section 2. In
Section 3, determined the solutions for NLETLs with proposed tech-

Figure(1 - )

nique. In Section 4, compare the obtained results with detail. In
Section 5, explain the concluding summery of this article.

2. Algorithm of proposed method

The nonlinear PDEs in general form consider as:
EV,Ve,Vi,Vit, Vi, Vs . )=0. (2)
In Eq. (2), Erepresent to polynomial function in V(x,t)and its

derivatives. The main features of proposed method explain as:
Step. 1: We applying the linear transformations on Eq. (2)

as:

Vix,t)=W(), (= xx+ot). 3)
The ODE for Eq. (2) obtain as:

HW,W W" W" .. ... )=0. (4)

In Eq. (4), Hrepresent to function of polynomial in W({)and its
all derivative.
Step. 2 : The trial solution of Eq. (4), as:

W) = iaz‘f’(l)’ + imbfﬂl'(c)’ + icﬂ(g)“%(o + id, (3(0
1=0

=1 =2 =1

Here ay, b, c;,d; are constants which determined in later, ¥(¢)
and its derivatives satisfy the following auxiliary equation:

2
(‘ﬁ,—f) — B0+ BT + Q). (6)

In Eq. (6), f;s are represents to real constants which determined
to be later.

Step. 3 :We apply the homogeneous method on Eq. (4) to find
the value of min Eq. (5).

Step. 4 : Substitute Eq. (5) in Eq. (4), and combine each coeffi-
cients of W/(O)W/(()(1=1,2,3,....n:j = 0,1), then each coefficient
equate to zero and get a system of algebraic equations, after solv-
ing these system of equations using any symbolic computation and
find the values of constant parameters.

Step 5 : Putting the values of obtain parameters and ¥({) into
Eq. (5), then we find the required solutions for Eq. (2).

3. Application of proposed method

Here we apply proposed technique to determine the solutions
for the NLETLs. We consider the traveling wave transformation as:

Vix,t)=W(), (= (kx+ot). (7

Figure(1 - ¢)
T

Fig. 1. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (11) represent to solitary wave while € =8,{;, =03,k =2, =04,0=1,9=-1,6 =1,4; = 2,

Br =43 =2.
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Putting Eq. (7) in Eq. (1), the ODE obtain for Eq. (1), as:

12(K20% + )W + 1200’ W? — 1290 W? + 5*k*W" = 0. (8)

Balance the nonlinear term and derivative of highest order in
Eq. (8), obtain m = 1. General solution for Eq. (8), as:
b, w'(()
WE) =a+a V() +g=+d 5= 9
(&) =a0+a'P(Q) o T e 9)

Putting Eq. (9) in Eq. (8), and combine each coefficients of

VBB oK/ ~202 -9y (Zﬂ\/ﬁ(scoth [%\/E(KXHUHCU)} +1 ) Z+/32 ecsch B\/E(KX‘HI)H”;O)} 2)

Family-1I
/Bty /- (202+9y)
Qo :3%,7 h="——%& by =0, d
B 2402 _ _ 3ok

= TP CT o

orcy/—(20249y)

oo T (14

Putting Eq. (14) in Eq. (9), then solutions for Eq. (1), take as:

— 24u

Vs (X, f) _ By (ecoth B—\/ﬁ_l(KXJr(HH’CO)} +1)

72y

‘P’(C)‘If’j(g)(l =1,2,3,...n;j =0,1), and equate to each coefficient
to zero. We get system of equations. System of equations are solve
by using the Mathematica, the values of ay, a;, by, d; and frequency
are obtain as:

Family-I

o - \/ﬁ—;(sx\/m - o érc\/m
=g G =" =0 =TT )
_ 3Pk

2
Br = — gk, O = -
02K2 (202+9y) \/—202-9y

Putting the Eq. (10) in Eq. (9), then the solutions for Eq. (1),
obtain as Figs. 1-14:

(15)

24
Vi(x,t) = i 2 (ecoth [Ly/Br (kxrot+2)| +1)

VBy/BroKy/~2a2-9) (2\//;\/lg(fcoth [%ﬂ(xx+v)t+io)] +1)2+/32 ecsch B—\//J’_](KXerH;O)] 2)
+

72y

2400+

(11)

VB\/Broy/~202 -9y ((r]+cosh [\/ﬂ(;cxﬂuwlo)] +€sinh [\//I—I(Kxﬂutﬂ”u)} )2 —2¢ (11 cosh [\//ﬂ(;cxﬂutﬂo)] +1 ))

v (X f) (i1+cosh [\/E(KXerHCu)]) (17+cosh [\/ﬂ_l(lC)H»(UH’;U):I +esinh [\/E(KXHI)HCO)D
2\A, =

72y

(12)

Vi(x,t) = — 5 (-1200+ (\/é\/—ZocZ - 9)1561((1’]\/192 + 1cosh /By (kx + wt +{o)] +1

VB ey 29y (- el _q))

ny/p?+1+cosh [\/ﬁT(KXerPrCo

—psinh [/ (kx + ot + CO)D\/BT)/@\/W 1+ cosh [\/By(kx + wt + ()]
NP2+ 1+ €(p + sinh [\/By (kX + ot + {)]) + cosh [ /By (kx + wt + Co)}).

(13)
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\/E\/EJK\/ —202-9y ( (r]+cosh [\/E(Kx-uutﬂo)] +€sinh [\/E(KXHUH—ZU )} )2 -2€ (n cosh [\/E(Kx+wt+§0)] +1)>

24 (i1+cosh [\/E (;cx+wr+lo)]) (i1+cosh [\//x_1 (;cx+wt+§o)] +esinh [\/E (;cx+wt+€o)D
VS(X7 t) = 72,}) i (16)

Ve(x,t) = 55 (120 + (\/E\/—ZOCZ — 9yéerc<11\/p2 +1cosh [\/By (kx + ot + {o)] + 1
—psinh [/B; (kx + ot + Co)})\/ﬁ—ﬂ/(m/pz + 1+ cosh [\/By (kx + ot + )]

0v/p* + 1+ €(p + sinh [/ (kx + ot + {o)]) + cosh [ /B, (kX + wt + Co)})Jr (17)
5o _ e(p+sinh [\//JT(Kx+wr+io)]) _
\/6\/?;6;6 20 9y< 14/ p2+1+cosh [\//Z(Kx+wt+lo)] 1)
Family-III Putting the Eq. (18) in Eq. (9), take solutions for Eq. (1), as:
B 5252 1
ay =0, al:_%’ b, =d; =0, w:\/%f:i‘/f“7 V7(x7t):4dﬁ153(€(20th[2\/ﬁ_12(KX+a)t+Co)}+‘l), (19)
’ (18) 3p3y
_ 9y 1
br=—gt; e

-2 -10 -08 -06 -04  -02 0.0 02

Fig. 2. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (12) represent to traveling wave while e=8,1=-2,{(, =03, k=2, 0 =04,0=1,
y=-10=1p=2,4=4p =2

Figure(1 - ¢)

Fig. 3. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (13) represent to traveling wave while e =8,1=-2, (=03, k=2,w=04,a=1,
y=-1,P=080=1p=2p=4p=2
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20, fip, (<5 [Vesonw)] e I WY G bt G v v,
Va(.b) = B3 1+cosh [\/ﬂ(xwwﬁréo)] (20) Vi (x,t) = B3 3
s 36,7 ’ 60y20° K2 (/3%62;62 —96[33)
(24)
40£ﬁ ( e(p+sinh [\/E(Kx+wt+§0)]) l)
N Lo —
Vg(x7 t) _ n+/p?+1+cosh [\/E(murwtﬂo)] (21) V]Z(X, t)
352? 4(a2ﬁ2ﬁ3y54x4+A) €(p+sinh [\/Fq (kx+ot+p)]) 1
Family-IV 302 p3 70 k2 (36212 ~64f3 ) +A n 2 11/ p2+1+cosh [ /B (kxrot+g)]
_ B3 B2
_ 3a2ﬁ3ydzlcz(ﬁ§52K2—64ﬁ3)+A _ Z(azﬁ§ﬁ3v64k4+A) _ _ - 60 252K2 262K2 _96
ap = 60{[1‘3}’252K2(ﬁ%52}€2*96ﬁ3) P 301/32«/251}{2(13%62;{2—96/%3)’ by =d; = 0, Y (ﬁZ ﬁ3)
w=_1 \/3ﬁgy62K2(ﬁ%ézk'z(5a2+18y)—192/33(2oc2+9y))—3A (25)
8 13 (222497)° ’ Family-V
3(3p3p370% 4 (o2 +4y ) (02 +9y ) +6402 3 70% k2 (202 +97) +A (o2 +37) )
Br=—" , 2 St (2147 + 4152 2o 2,2
! 15ﬁ§V“4K4(2“2+9?)2 ap = = (o;y:ﬂy)+ e , hh = \«//‘g—ajvf) , by =d; =0,
(22)
where P 6<7o¢, /w4(a2+4y)+4y62x2w2+12w2+4y(62;c2+w2)) (26)
1= 5 )
A= ﬁ\/aZﬁgﬂgyzaﬁxﬁ (3ﬁ§52K2(a2 +4y) — 128p,(202 + 9y)). otict
2\/%\//g <aw2—3, [0 (02+4y ) +4y0? szz)
Putting the Eq. (22) in Eq. (9), then solutions for Eq. (1), as: By = N :

Vio(x,t) = (—4AB,ps(ecoth [L\/B (kx + ot + (o)] + 1) + 3025390 k4 +
B3 (A — 402 f5y0° K2 (1 0° K2 (€ coth [L /By (kx + ot + ()] + 1) +48)))/ (23)
603 377 0° K2 (830”2 — 963,

Fisure(1 - ¢)

Figure(1 - 8)

L
-10 -3

Fig. 4. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (15) represent to solitary wave while € =8,{;, =03,k =2, w =04,0=1,7=-1,6 =1,8; = 2,
Br=4.p3=2.

Figure(l - ¢)

Figure (1 —a)

Figure(1 - )

Y L

Fig. 5. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (16) represent to traveling wave while e=8,17=-2,{, =03, k=2, =04, a=1,y = -1,
0=1,p=2,p,=4,p=2.
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Figure(1 - ¢)

Figure (1 —a)

Figure(1 - &)

M LE 1

Fig. 6. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (17) represent to traveling wave while e =8,n=-2,{, =03,k =2, 0 =04, 0 =1,y = -1,
P=08,06=1,p=2,p=4,p3=2.

Figure (1 —a)

Figure(1 - &)
I T

30_-‘ {l

Fig. 7. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (20) represent to traveling wave while € = -8,1 = -2,{, =03,k =2, =04, = 0.5,7 = 0.2,
Pr=2.p,=4.p3=2.

Figure(1 - ¢)

ST

“

oL
-3 -2 -1 o 1 2

Fig. 8. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (21) represent to traveling wave while e = 18,1 = —8,{;, =03,k =2,w =0.2,00=0.5,7 = 0.2,
p=14,p=2,4,=4,p=2.

Figure(1 - ¢)

-

Figure(1 - )

L of
-10 -5 5 10 -4 -2 0 2 4

Fig. 9. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (23) represent to kink wave soliton while € = -8,n =2,{, =03,k =4, = .8,00=1.5,7 = 0.3,
0=02A=18=2,4,=4p=2.
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Putting the Eq. (25) in Eq. (9), then solutions for Eq. (1), as: Family-VI
Viae a=0, 0 =YPI b =0, = -2
oo - \/w“(txz +4y) + 4y5* K22 i (30)
2yw? Bo = TR
 Bi/Bso* i (€coth [L /B (kx + ot + Go)] +1) 27)
V6B /70 7

Putting the Eq. (29) in Eq. (9), then solutions for Eq. (1), as:

VM(X, t)
4 (2 2,212 _ 2 2.2 €sinh [\//JT(KXerHQO)] 28
) _6\/a) (02 + 49) + 4y K22 — 60? + V6 /By \/TO°K a)(—nmsh (Vhrtexrotico) 1 (28)
B 12y ’
_ (02 2,22 > 2.2, elprsinh [\/rovors)])
Vv 3\/60 (0 4y) + 40K + 300 \/6\/3;\/?6 K (D( n/p?+1+cosh [\/E(Kx+wt+£o)} !
15(x,t) = 5707 . (29)

F‘ggurv_‘e[l—r)

Figure(1 - B)

-10 -5

L n
5 10 4

Fig. 10. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (24) represent to anti-kink wave soliton while e=-8,#=2,{, =03,k =2, 0 =14,
0=57=2,6=02,p=08A=1,8,=2,,=4,p3=2,

Figure(1 - ¢)

Figure(1 - 5)

-4 -2

Fig. 11. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (27) represent to traveling wave while € =18,n=-8,{(=03,k=02,w =4,
x=03,7=05,6=04,p =2.
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Figufer_l - b)

2759

Figure(1 - ¢)

Fig. 12. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (28) represent to traveling wave while g, =2,8; =4,e=-8,n=-2,{, =03,k =1.2,

w=20=3,79=106=24p=009.

Figure(1 — &)

Figure(1 - ¢)

Fig. 13. (a) Three dimensional, (b) Two dimensional, (c¢) Contour plots for Eq. (31) represent to

w=-24,7=020=24.

Figure(1 - )

1 2

traveling wave while g, =2,e=8,n=-2,{,=03,k=2,

Fig. 14. (a) Three dimensional, (b) Two dimensional, (c) Contour plots for Eq. (28) represent to traveling wave while g, =2,8;=4,€=8,n=-2,{, =03,k =12,

w=2,7=04,6=15p=06.

~ Bi/Bs0° K2 (e coth [§ /By (kx + oot + Lo)] + 1)
V6B /70

\/E(;ZKZ < €esinh [\/E(KX+(D[+§U)} n _l)

ncosh [ /By (et ot+0)]

2V6,/fw

Vis(x.t) = (31

‘/17()(7 t) = —

; (32)

\/1?3-52 2 (_ n e(p+sinh [\/E(KX+(UH~CD)}))] _ 1)

p?+1+cosh [\ /1 (kx+ot+g

vlS(x7 t) = \/6\/')_)0)

(33)

4. Results and discussion

Here we explain and compare our obtained results with other
which already have been determined before this work in previous
literature by other various methods. In the current study, we have
constructed new and more general results. The main features of
this work is the general solution Eq. (5) with range of four param-
eters and having various structure. The constant parameters values
a;, by, ¢, diare combine by any symbolic computation then Eq. (6)
has various kinds of solutions. We obtained new and more general
results by the proposed method.
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Now we make compare the obtained results with other meth-
ods. In past research many scholars have been found different
kinds of solutions for NLETLs equation e.g., hyperbolic, elliptic,
trigonometric, rational type including kink and anti-kink wave
solitons, singular and combined bright-dark solitions, bell shaped,
periodic wave by implemented the jacobi elliptic technique,
kudryashov technique, auxiliary equation technique, (%)—
expansion method, extension technique of tanh function, the tech-
nique of racatti equation, modification of kudryashov technique,
the technique of sine-Gorden and extension of sine-Gorden equa-
tion (Abdoulkary et al., 2013; Arshad et al., 2018; Seadawy,
2017a; Kumar et al., 2018; Aslan, 2016).

From the above detail discussion and comparison conclude that
our constructed results are new and more general which have been
not determined in the past literature. The complete investigation
prove that proposed technique is more reliable, efficient, straight-
forward, and powerful to investigate various kinds of nonlinear
evolution equations.

5. Conclusion

In this study, we proposed successfully modified mathematical
method on NLETLs equation and demonstrated new results. The
obtained results are new and more general like rational, trigono-
metric, hyperbolic type including kink and anti-kink wave,
bright-dark solitons and traveling waves. The physical interpreta-
tion of some obtained results demonstrated by graphically with
symbolic computation. The complete investigation prove that pro-
posed technique is more reliable, efficient, straightforward, and
powerful to investigate various kinds of nonlinear evolution equa-
tions involves in geophysics, fluid dynamics, nonlinear plasma,
chemistry, biology, and field of engineering.We are hopefully
determined results have numerous applications in optical fiber,
geophysics, fluid dynamics, laser optics, engineering, and many
other various kinds of applied sciences.
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