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1. Introduction

In 1695, the foundation of non-integer order calculus become first of all discussed through
Guillaume de Leibnitz and Gottfried Wilhelm Leibnitz, and its development were very gradual for
long period. In practice, many real-world objects need to be described by fractional order models due
to the fact dynamics of fractional order models are more accurate than integer order models [14—18].
Currently, fractional order calculus has been very promising areas of research and thus successfully
applied in numerous fields such as circuit systems [9], market dynamics [21], biological models [26],
dielectric polarization [28], and so on. Recently, many researchers have investigated asymptotic
behavior of fractional-order dynamical systems and some interesting and important results were
accounted. In [12], the authors discussed the asymptotic stability of fractional order time delayed
systems based on the fractional order Halanay inequality. In [33], the author studied the global
asymptotic stability of Caputo-Liouville generalized fractional order electrical RLC circuit model
based on the Lyapunov stability theory.

Moreover, fractional order calculus has been integrated into artificial neural networks, and
fractional order neural network (FNNs) are a kind of potentially applicable networks. In past few
years, there has been an increasing interest in the investigation of dynamical behaviours of neural
networks, and some important scientific results were obtained [4—7,37,39]. In [1], authors discussed
the stability and synchronization of memristive FNNs with multiple delays, comparison principle, set
valued maps and the Lyapunov function method were utilized to assure the stability and
synchronization of memristive FNNs. In [7], synchronization with discontinuous activation have been
discussed. Differential inclusion theory, Lyapunov stability theory and some novel sufficient criteria
were applied to ensure the finite-time stabilization for the addressed model. In [42], authors studied
the stability of fractional-order multiple time varying delayed competitive type neural networks. By
means of Lyapunov method and graph theory techniques, some novel conditions were derived to
achieve global asymptotic stability for the addressed model. In [43], authors studied the
synchronization of FNNs in complex field. Based on the fractional comparison theorem, some novel
conditions were obtained to achieve asymptotical synchronization for the addressed model.

Over the past few years, a lot of consideration has been paid to complex systems in light of their
potential applications to different fields such as metabolic systems, communication networks, global
economic markets, and so forth, and lots of significant results about the synchronization analysis of
complex networks with fractional order derivative have been extensively investigated, see
instance [22-24,31,40]. As is known to all, coupled neural networks (CNNs) is a generalization of
complex networks. Due to widespread applications in many research fields like classification [2],
harmonic oscillation generation [11], pattern recognition [36], image encryption [47] and secure
communication [48], a complex structure on CNNs has been broadly investigated by many
researchers, see example [41, 44,47]. Yanli et al. [44] researched generalized synchronization on
integer order CNNs with mismatched dimension nodes, which ensured that pinning synchronization
can be acquired by means of some inequality techniques and Lyapunov theory. Regrettably, there are
few results focused on synchronization of complex coupled neural networks with fractional order
derivatives, for instance [32,34,46].

In reality, the presence of external disturbances, environmental noises and model errors in many
practical circumstances, the correct estimations of parameters in fractional order CNNs are usually
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cannot be acquired. Therefore, it is necessary and significant to research the fractional order CNNs
with uncertain parameters and very few consequences on studies were paid. For example, by means
of Kronecker product, Mittag-Leffler function and Lyapunov stability theory, Shuxue et al. [34]
considered several synchronization conditions which can ensure the asymptotical synchronization of
complex structure on fractional order CNNs with uncertain parameters and without time delays. On
the other hand, time delays are not omitted into the dynamical behavior of neural networks, which can
lead to the system oscillation, instability behaviors and divergence owing to the finite switching speed
of amplifiers. Therefore, it is much more important to consider time delays in studying in
investigating synchronization of fractional order CNNs and some remarkable results on this topic
have been paid in existing literature. For example, Zhang et al. [46] researched synchronization
stability of fractional order complex CNNs with coupling delays and several conditions to ensure the
synchronization stability of complex CNNs were established based on Riemann-Liouville fractional
order derivative properties, LMI approach, and Lyapunov theory.

Cohen-Grossberg neural networks (CGNNs) is a standout amongst the most renowned type and
its special case of Hopfield type neural networks, which became first of all originated by means of
Cohen and Grossberg in 1983 [3]. In recent years, CGNNs have received growing attention due to
their widespread application in different areas, such as secure communications, nonlinear optimization
problems, image processing, and parallel computation. As a type of FNN, fractional order CGNNs
dynamical behavior has been extensively investigated by many researchers and some excellent results
have been devoted to fractional order CGNNs, see Ref [30, 38]. On the other hand, the result of
complex coupled Cohen-Grossberg neural networks is more complicated and unpredictable dynamical
behaviors than different forms of CNNs. Owing to the complex structure of CGNNs, there is few
works published on synchronization analysis of coupled CGNNs [35,45]. The authors of [35] proposed
some criteria to ensure the synchronization criteria in finite time issues of integer order CGNNs with
linear coupling delays and nonlinear coupling delays. In [45], the authors derived several criteria
which can guarantee the synchronization criteria in fixed time issues for integer order CGNNs with
delayed couplings. To the best of our knowledge, nevertheless, asymptotical synchronization stability
of fractional order coupled Cohen-Grossberg neural networks with and without parameter uncertainty
has not yet been investigated.

Sparked by the above reason and discussion, the main aim is to study the synchronization stability
analysis of fractional order coupled complex interconnected Cohen-Grossberg neural networks under
with and without parameter uncertainties under linear coupling delays. The main contributions of this
work are indexed as pursues:

1). The complex interconnected fractional order coupled Cohen-Grossberg neural networks model
with and without parameter uncertainties are presented in the first time.

2). By using fractional-order stability theory, a new fractional-order comparison theorem for multiple
delayed fractional order linear system is established and it is improved those in the existing works
literature.

3). Several sufficient criteria in voice LMI techniques for synchronization stability and robust
synchronization stability are established theoretically via proposed fractional order comparison
theorem.

4). Our proposed synchronization stability results are enhancing the present fractional order Cohen-
Grossberg time delayed neural networks and integer-order coupled neural networks.
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5). Moreover, the presented results in this paper are also still valid for the synchronization stability
of delay-coupled integer order complex Cohen-Grossberg neural networks with and without
parameter uncertainties, and these results do not discuss in the previous works of literature.

Notations. In this paper, N signify the space of natural numbers from 1 to n, R” stands for the space
of n-D Euclidean space, respectively, and R™" stands for a set of all n X n real matrices. ® means the
Kronecker product of two matrices. A4y(-) and 4,,(-) denote the maximum and minimum eigenvalues of
the corresponding matrix. I, represent the identity matrix with n dimensions. C([—¢, 0], R") signifies
the set of all continuous functions from [—6, 0] to R”, where § > 0. For m(t) = (m,(?), ..., m,(¢))T € R",

we denote
(@l = | D m ().
=1

2. Preliminaries and problem model formulation

In this part, some basic knowledge of fractional order calculus, some useful lemma’s, problem
statement and some necessary assumptions will be given.

Definition 2.1 [29] The Riemann-Liouville fractional integral order « € (0, 1) for a function M(?) is
defined as

1 !
D M(1) = mf(t— 0 'M(©6)d6, a >0, t > 1.
To

Definition 2.2 [29] The Caputo type fractional-order derivative with order a for a function M(¢)
implies:

1 * M™)

D;E,IM(t) = r(n _ a) o (l _ H)H—I’H-l >

wheret > fpandn—-1<a<neZ'.

Preposition 1 [10] For n — 1 < a < n, the Laplace transform of the Caputo type fractional-order
derivative M(¢) implies:

n—1
L[D"M(0)] = s"M(s) - Z s M0(0).
p=0
When M®(0) =0, p = 1,2, ...,n, we have
LID*M(1)] = s*M(s).
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Preposition 2 [19] The linearity of Caputo type fractional-order derivative is defined by

D(I

to,t

[T] M] (f) + TzMz(l)] = T]DZ[)JM] (l’) + TzDa Mz(l’).

to,t

Preposition 3 [19] Forn -1 < a < n, we have

n—1
M()] = M(1) - Z (t;—!t“)pM@(zo), a>0.

p=0

D—(Z [D(l/

1o, 10,1

Especially, 0 < @ < 1, one has

D A[D*M(1)] = M(t) — M(to).

to,t

In the following lines D is an the abbreviation of Dy ..

Consider the fractional order linear systems with time delays as follows:

D*M(t) = EM(1) + M(15,) + M(15), 0 < a < 1 2.1)

T
where E = (ey),,,, € R™", M(t;,) = (Z?:l pumy(t = 61, ooy 2=y pumi(t = 6)) 1

T
M(ts,) = (Zfll qum(t = 63))s ooy 2=y Guny(t — 5%,)) , M(1) = (My(8), ..., M (1) € R",

Particularly, if 6}, = 615, 67, = 6 ko[ = 1,2, ...,n, P = (pia) e, € R™, Q = (qu1) e, € R™", fractional
order linear system (2.1) can be written as,

DM(f) = EM(f) + PM(t — 6,) + OM(t - &,), 0 < a < 1, (2.2)

where MG - 6)) = (m(t — 6n)ymy(t —  6p)ymy(t — 61,))  and
M(t = 83) = (my(t = 821), mo(t = 622)s evos (£ = 621))" -

AIMS Mathematics Volume 6, Issue 3, 2844-2873.



2849

Making Laplace transform of (2.2) on both sides, we get

$G1(s) = 7 1E10) = enGi(s) + pue ™ [Guls) + [, e &1 (0] + queh
X[Gi(s) + [p e E1(0dt] + enGals) + preh[Ga() + [, e &0 + qroe™h
X[Ga(s) + [[p € EO] + e+ e1,Ga(5) + prae™h[Guls) + [, e (0]
+que” 0 [Gos) + [, e g (0]

$7Ga(s) — s°716,(0) = 31G1(s) + pare™n [GI(S) + f_(;%l e_'wfl(f)df] + gare™
X[Gi(9) + [ €610t + €22Ga(s) + proe™ [ Gals) + [}, € 0] + groe™
X[Ga) + [ €&t + o+ €,Gi(s) + preh[Guls) + [ e (0]
4420 [Gols) + [, e g, (0]

5°Gu(5) = 5 £,(0) = enGi(5) + pue [ Gi(s) + [y e &t + guren
0 ‘ ' nl 0 ' '
X[Gi(5) + [ 2 e E O] + nGals) + prae™2[Gals) + [ e 6D + groe™
0" 0
X|Ga(s) + [ e 6O + oo+ € Gu(s) + pune™ [ Go(s) + [y e En(n)dr]
e[ Gus) + [, €, (0dr]

(2.3)

where Gy(s) is the Laplace transform of M,(r) with G(s) = L[M()] and
fl(t)(O <l<n, te[-6=-max{d;,0d}, 0]) are the initial conditions of M;(t).

Equation (2.3) can be written as follows:

Gi(s) hi(s)
G (s) hy(s)

Al T =

Gn'(s) hn.(s)
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in which

where

0 0
hi(s) = 51 1(0) + 116_S6}1 , e 1(Hdt + 11€_S6%1 5 e 1(H)dr
p -0y, 9 -0y,
0 0
+proeo 5 e &AL + e | € &(ndr
12 12

_sl 0 e _2 (0 _
Fereeo + prae f&} e & (DAt + qrae 0 5 € g (1)de

_ _osl 0 _ _ 2 0 _
ha(s) = 5°7'&(0) + pye™* 51, € YE(DAE + garem L2, € Y& (n)de
1 1
0 0
+pypen 5 e &AL + gre | € 6(ndr
22 22

sl 0 _ ) 0 _
Fevees + Py [ 5 € SE,(H)AE + gope™ 0 2 € g ()dt

ha(s) = SE(0) + puen [0 e MEWDA + gue ™ [1, e ()dt
] 0 ] nl ' 0 ' nl
+pumen [ i e &ML + e [ 2, e & (ndr

sl 0 _ ) 0 _
Fereee + P f_ 5 € SE()dE + gpeom f_ 5 € SE(2)dt,

sY+ T T, E Tin
Ty $Y+ Ty - Ton
A(s) = : : - : ,
Tnl TnZ s+ Tnn
—s6! — 562 —s6! — 562
Ty = —en—pne ™ —qgne™n, T =—ep—pne i2—gpe e,
_ —s6! — 562 _ —s61 — 562
Tin = —ei— pie i —qiue*in, Yoy = —ey1 — pr1e "2 — gpre 2,
—s6} —s562 _ —s6! —s562
To = —exn — ppe ™2 —qgpe 2, Ty, = —ey, — pre "2 — gope ",
—s6! —s56% _ —s6! —s562
Yo = —ey—pme " —que ™, Ty = —epn — ppe m —qpe ",
_ —s6} — 562
Tnn = —€uy — Pm€ " — g€ M.

A(s) represent the characteristic matrix of system (2.2) and det(A(s)) stands for the characteristic
polynomial of A(s). It’s obvious that the stability of system (2.2) is completely determined by the
distribution of eigenvalues of A(s).

Remark 2.3 If 6%1 = 0, system (2.1) is equivalent to the following expression:

D*M(t) = EM(t) + M(t5,), 0 < a < 1 (2.4)
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where E = E + Q = (&y),..,. The characteristic matrix of system (2.4) is denoted by:

nxn*

a —s6! —s6! — 561
s =€ — pne —€in — P1n€ i E 2 il 4 VT
—s6) a —s6) —s6)
—€21 — p21€ A ST =€ = ppe T2 -t =€y~ Pop€ T
A(s) =
—s6! —s6! : ~s6)
—€n1 — Pn1€ M —€p2 — Pm€ T2 . —€un — D€ M

It is obviously, stability of system (2.4) is completely determined by the distribution values of
eigenvalues of A(s).

Remark 2.4 If 6;, = 67, = 0, system (2.1) is equivalent to the following expression:
D*M(t) = EM(1), 0 <a < 1 (2.5)

where £ = E + P+ Q = (&y),.,. The characteristic matrix of system (2.5) is denoted by:

nxn*

enpt+tpntqun entprtqr - €t Pt qn

e+ patqo exntppntqrn - €yt Pt qo
E — . . . .

€nl + DPni1 + qdn1 €n2 + DPn2 + 4n2 - €nn + DPnn + 4nn

It is obviously, stability of system (2.4) is completely determined by the distribution values of
eigenvalues of A(s).

Theorem 2.5 If 0 < a < 1, all the roots of characteristic equation def(A(s)) = 0 have negative real
parts, then the zero solution of system (2.1) is Lyapunov globally asymptotically stable.

Proof. The proof of theorem is almost the similar as those of Theorem 3.1 in [13], so we omit it here.

Theorem 2.6 If a matrix E is stable, i.e., all the eigenvalues A's of E satisfy |arg(1)| > 7 and the

characteristic equation def(A(s)) = 0 has no pure imaginary roots for any §;, d, > 0, then the zero
solution of system (2.1) is Lyapunov globally asymptotically stable.

Proof. The proof of theorem is almost the similar as those of Theorem 3.2 in [13], so we omit it here.

Lemma 2.7 Consider the following delayed fractional order differential inequality

Dm(t) < —Em(t) + Fm(t—6;) +Gm(t — 63), t > 1y, 0 <a <1, 2.6)

m(s) = in(s), s € [~6 = —max{é1,6,}, 0], '
and delayed fractional order linear system

Dm(t) = —Em(t) + Fin(t — 6;) + Gm(t — 65), t > 1), 0 <a < 1, 2.7)

i(s) = n(s), s € [-6 = —max{8), 6}, 0], '
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where m(t) and m(t) are continuous and non negative in [0, +o0), and () > 0, t € [-4,0]. If
E, F, G > 0 are scalars, then m(t) < m(r) for all ¢ € [0, +o0).

Proof. From (2.6), there exists a non negative function r(¢) such that

(2.8)

D*m(t) = —Em(t) + Fm(t —6,) + Gm(t — 6,) —r(t), 0 < a < 1,
m(s) = i(s), s € [-6,0].

Let 5§ = min{6,,5,} and y; = [%‘] + 1, where [%‘] is the greatest integer smaller than %‘ Obviously,
[0,1,) C [0, 18], and from [27], the unique solution of equation (2.8) has expressed by m(t) = m;;, and

!
myz = kyBo.(— Et*) + f (t = 8) " "Boo( — E(t = )")¥pds, 0<a <1, te[(l-135105], (2.9)
0

where k35, [ = 1,2, .., is constant, E, ; is one parameter Mittag-Leffler function, mys = 7(s) and V5
is represented as

Fmys(t — 61) + Gmys(t — 62) — r(1), 0<t<$
Fm3(t = 81) + Gm3(t — 6,) — r(1), S<t<26

W = ' (2.10)

Fmy, 15t = 61) + Gmy,,_)5(t — 62) = (1), (1 — 16 <t < pyd.

Since 7!, E,, and r(f) are non negative functions. From (2.9) and (2.10), we have
!

my < kyBo.(— Et")+ f (t = 8) " "Eoo( — E(t — )*)Fmys(s — 6,)ds
0

+ f (t = 8)* "By = E(t = $)*)Gmys(s — 8y)ds, t € [(u; — 1)8, 11;6]. (2.11)
0

Similarly, the unique solution of system (2.7) is expressed by
!
g = kBei(— Et) + f (t = 8) ' Eoo( = E(t — 5)*)Fins(s — 8,)ds
0
t
+ f (t = )" 'Byal - E(t — 9)")Gig(s — 8:)ds, 1 € [ = D& w8l (2.12)
0

Next, we will show that m(¢) < m(r), t € [(u; — 1)5,;115], [=1,2,...,u;. Now we will use the method
of induction on ;.

Firstly, we will show that m(t) < 7n(t) for yy = 1. If t € (0,3], then t — 6; € [-6,0] and
m(t—0;) = m(t—96;) =m(t—¢;) for j=1,2. From (2.11) and (2.12), we have

!
my(t) < kzE.1(— Et")+ f (t— s)"_lEa,a( — E(t — 5)*)Friys(s — 6,)ds
0
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+ f (t = )" 'Eqa( — E(t — $)")Gits(s — 8>)ds = (). (2.13)
0

Note that the initial values of system (2.7) and (2.8) into collection, one has ks = 0. Hence m(t) < ()
for u; = 1. Next, we will assume that m(t) < /m(¢) true for u; = 1, thatis for ¢ € [(u; — 1)5,;115], we
have m;(t) < imz(1), [ =1,2,...,u;. Then, we will prove that m(r) < 7n(¢) for p; + 1.

Fort € [/1]5’, (uy + 1)é], by virtue of inequality (2.9), one has

m(t) =

IA

IA

AIMS Mathematics

M, +0)8

t
ki s1y5Ba1( = Et7) + f (t = 8) " Byol — E(t - $))Fmy, 1)5(s — 01)ds
0
!
+ f (t = 8) " " Eqo( — E(t - )" )Gy, 11)5(s — 02)ds
0
5
ki s1y5Ba1 (= Et") + f (t = 8) " Eoo( = E(t = )*)Fmgs(s — 8))ds
0

M 15
+ Z f (t = 8) " "Eoo — E(t — )*)Fmys(s — 6,)ds

= J(-1)

5
+ f (t = 8)" "By — E(t — 8)")Gmys(s — 6,)ds
0

1-1)8

M 15
> (t = 8) "Boo( — E(t — 5)*)Gmys(s — 65)ds
=2 v«
!

+ (t = )" 'Eogol — E(t - $)VEm, ,1y5(s — 01)ds
#15

!
+ f (r— )" 'Bpol — E(t - $)* )Gy, 41)5(s — 02)d's
H10
5
k(er)g]Ea,l( - Et*) + f (t— s)“_lEa,a( — E(t — 5)*)Frngs(s — 61)ds
0

A1 15
+ Z f (t = 8) 'Eoo( = E(t — $)*)Fins(s — 8,)ds

= Y-

5
+ f (t = 8)* " Eoo — E(t = $)*)Gritgs(s — 6,)dss
0

Hi 15
+ Z f (r— s)a_lEa,a( - E(t- s)“)Gﬁil;;(s —8y)ds

= J(-1)

!
+ f (t— $) " Byo( — E(t — S)" Vi, 4 1y5(s — 01)ds
H10

!

+ | (= 9" "Bool — Et = 5)*)Gitg,,1)5(s — 62)ds
#15
My, ys = D). (2.14)
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Set u, = [%] + 1. Then, obviously, [#,%,) C [#, ;125]. The initial values of (2.7) and (2.8) is represented
by:

m(s), s €[t — 8, 1)
m(s), s €[ —6,t).

m(s)

m(s)

The proof is almost the similar for ¢ € [0, #;), we get that m(t) < /(¢), t € [t1,1,). So splitting the union
of all subsets [0,7) U [t1,%) U ...., we show that m(¢) < /(t) for all ¢ € [0, +00). This completes the
proof of Lemma 2.7.

Lemma 2.8 [8] Let m(f) € R" be a differentiable vector valued function and M € R™" is constant,
symmetric and positive definite matrix. Then the following relationship is holds:

D mt (OMm()] < 2m'(O)MDm(r), V0 < a < 1.

Lemma 2.9 [13] Consider the following delayed fractional order differential inequality

D*m(t) < —Em(t) + Fm(t — 6,), t > 15, O <a < 1,
m(s) = m(s), s € [-61,0],

and delayed fractional order linear system

Dm(t) = —Em(t) + Fin(t — 61), t > 1y, 0 <a < 1,
m(s) = m(s), s € [-0;,0],

where m(t) and /m(?) are continuous and non negative in [0, +0), and 71(t) > 0, t € [-6,,0]. If E, F >0
are scalars, then m(r) < 7(t) for all ¢ € [0, +0).

Lemma 2.10 [13]If0 < & < 1, all the roots of characteristic equation def(A(s)) = 0 have negative
real parts, then the zero solution of system (2.4) is Lyapunov globally asymptotically stable.

Lemma 2.11 [13]If0 < a < 1, all the eigenvalues of E satisfy |arg(1) > 51 and the characteristic
equation det(A(s)) = 0 has no pure imaginary roots for any §; > 0, and —E + F < 0, then the zero
solution of system (2.4) is Lyapunov globally asymptotically stable.

Lemma 2.12 [20] Lety € R, U, V, W, Z be matrices with suitable dimensions. Then the Kronecker
product has the following properties:

(D. U)V =U®((V),

2). (U+V)@W=UW)+(VeW);
3). U V)T =WUT @ VT,

@). (U VYW®Z)=(UW®VZ);
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Lemma 2.13 [25] Let m = 0 be the equilibrium point of fractional order differential system D*m(t) =
h(t,m(t)). Assume that there exists a Lyapunov functional H(z,m(t)) and k-class function 6;,, (I =
1,2,3), satisfying:

61(llmll) < H(z, m(1)) < 6:(Ilmll), D*H(z,m(1)) < 65(|lmll), 0 < & < 1.

Then the fractional order differential system is asymptotically stable.

Lemma 2.14 [41] For any vectors 8y, 8, € R™ and any matrix 0 < G € R™", then the following
relationship holds:

2B1B: < BIGB1 +B5G ' a.

In this article, we consider an array of linear coupled fractional order Cohen-Grossberg neural
networks (FCCGNNSs) consisting of N identical nodes with each isolated node network being an n-
dimensional dynamical system, which is presented by:

Dz(1) = —D(Zz(f))[U(Zl(f)) = Vh(z(t)) = Wh(z/(t = 61)) — J]
N N
B1 ) Anzt) + B D AWl - 52), (2.15)
k=1 k=1

with the singe delayed isolated node networks

Dz(t) = _D(Zl(t))[U(Zl(t)) — Vh(zi(1)) — Wh(z/(t - 61)) — J] (2.16)

T
in which [ = 1,2,...,N, N is the total number of nodes in the networks, z;(f) = (Zzl(t), ...,Zln(l’))
signifies the state of the neuron at time #; D(-) signifies an amplification function; U(-) signifies an

an appropriately behaved function; h(z(¢)) = (h1(Z11(t)), ey hn(Z[n(t)))T signifies the activation function
of the neurons at time #; V = (V). and W = (wy).x, represents the connection weights of the k-th
neuron on /-th neuron; 6; > 0 and 6, > O represents the positive and constant delays, respectively;
J = (Ji,...., J,) is the constant external input of the network; 8; > 0 and B, > 0 represents the
strengths of constant and delayed coupling weights, respectively. ® = diag{¢i,...,¢,} > 0 and ¥ =
diag{y, ...,,} > 0 denotes the inertial coupling between two nodes; A = (Aj) . is the topological
structure of the network and coupling strengths, where Ay satisfies the following conditions: for k # |,
Ay = Ay > 0if there is link between node [ and k, otherwise Ay = Ay = 0; for [ = k, the diagonal
elements are

N
Ay = — Z Ap, I=1,2,...N. 2.17)

k=1,k#l

The initial values of system (2.15) are presented by
Zl(s) = 77](5), NS [_35 O]a
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where 1,(s) € C([-6, 0], R").
In order to prove our main results, we need the following fundamental assumptions.

Assumption [H;]. For every [ = 1,2, ...,n, the amplification function d,(7) is continuous functions
and there exist positive constants 0 < d, € R and 0 < d; € R such that

0<d <dr) < c_ll < 400, forany 7 € R.

Assumption [H;]. For every [ = 1,2,...,n, there exist a non-negative constant #; € R for arbitrary
X1, X2 € Rand y; # x> such that

ui(xr) — ui(x2) -
X1—X2

;> 0.

Assumption [H;]. The activation function A(-) satisfy the global Lipschitz condition, that is, there
exist a positive constant L, > 0, k = 1,2, ..., n such that

1 (x1) — hi(x2)l < Lilyt — xol,

for any y1, x2 € Rand y; # x».

Supposing that the constant vector % = (%, ..., Zy)" satisfies

N N
0 = -DE)|UE) - Vh(Z) - Wh(Z)) - J] + B ZAzk(ka + B> ZAzk‘PZk,

k=1 k=1

then it is said to be an arbitrary desired equilibrium solution for FCCGNNs (2.15), where
=G Zi) > 1= 1,2, N,

Definition 2.15 The FCCGNNs with linear coupling delays (2.15) achieves global asymptotically
stable if

lim [|z;(r) = Zll. =0
t—+00
holds, where [ = 1,2, ..., N.

Take my(t) = z(t) — Z;, [ = 1,2, ..., N, then

D*my(t) = —D(my(t) + %) U(my(t)) — VH(my(t)) — WH(my(t - 6,))

N N
+Bi Z Ap@my (1) + B> Z A ¥my(t - 6), (2.18)
k=1 k=1

where U(my(t)) = U(my(t) + %)) — U(Z)) and H(my(t)) = h(m(t) + %) — h(%).
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3. Main results

In this section, several synchronization stability results are derived to ensure that FCCGNNs with
and without parameter uncertainties is globally asymptotical synchronization stability depending on
comparison theorem and LMI techniques, respectively.

3.1. Asymptotical synchronization stability of FCCGNNs

Theorem 3.1 If the assumptions [H;] — [H;] hold, then the FCCGNNs (2.15) is globally
asymptotically stable, if the following conditions hold:

6 = /lm[2QU —VVT - WWT — 48,0 — 28,0V — A] >0

k = Au(A) >0, ¢ = 2By (¥) >0 and 0< (k+¢) < Hsin(%),

where D = diagld, . ....d }, U = diagluy, ... u,}, A = diag{d, L2, ... d,L3}, ¢ = max, covilAyl).

Proof. For the FCCGNNs error system (2.18), construct the following Lyapunov functional:

N
H(r) = m" (m(1) = Z mj (Omy(1) (3.1

=1

Taking the fractional order time derivative of H(¢) along the trajectories of (2.18) and, based on Lemma
2.8, one can get

DYH(t) < m, (D my(1)

+B1 Z Ar®my(1) + B Z AWyt - 62)}

= 2) m (t){ — D(my(1) + )| U(my(1)) — VH(my(1)) = WH(my(t - 6,))

= 2 Z m{ (OD(my(t) + )| UGm(t) + 2) - U(2)]

N
+2 Z m! ()D(my(t) + 2)VH(m(t)) + 2 Z m! ()D(my(t) + 2)WH(my(t — 6,)
- N N N /\11:1
¥2B1 ) > ml (DARPm(t) + 28, > ml (DAYt = 62) (32)

=1 k=1 =1 k=1

By virtue of Assumptions [H;] — [H3] and Lemma 2.14, one gets
N N
2> m{OD(m() + Z)VHm(®) < 2 m] (O)VdH(m (1)
=1 =1
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N

N
D ml@VVIm@) + > ml O Ami(2)
=1

[

IA

A

1
N N
2> m{ (OD(m() + D)WH(mi(t = 61) < 2" m] (©WdiH(m(t = 6)
=1 I=

N

IA

1
m] (OWW my(1)

=1
N

+ > ml (e = ) Amy(t - 61)

=1

and
. N
L =1
< =2m" () DUm(t)

(3.3)

(3.4)

(3.5)

By application of positive the diagonal property of matrix, positive definiteness and based on Lemma

2.14, and from (2.17), it is deduced to

N N N N
281 ) DM DARPm(D) < 281 Y > 1Aulm] (02D my(1)
l: k: l: k:
1 1 Nl 1 M.
< B Y D Wulm] (0Om@) + B Y 1Aylm ()@my(2)
l=1Nk=1 N1=1 k=1
= 281 ) JAulm] (OPmi(t) + 21 ) [Awclm] ()@my(1)
=1 k=1
<

N
4B1g » " mi (YOm().
=1

Similarly,

IA

N N N
28, ) > ml (DARPm(t = 62) < 2B > Aulm] ()Pmy(1)
=1

N
+2By Y VAwlmi (¢ = 62)¥my(t = 62)
k=1

N
= 2Bp > ml (OPmy(r)
=1

N
¥2pap ) mi (1 = 5)Pmy(t - 6)
=1

(3.6)

(3.7)
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Substituting (3.3)—(3.7) to (3.2), it yields

D*H(1)

IA

N
- Z m{ (O[2DU = VVT = WWT — 48,00 — 2B,¥ — A|m(1)

=1

N N
£ ml (= 6 Amy(t = 61) + 2 Y mi (t = 5)¥my(t - 62)
=1 =1

IA

N N
=~ (1) D] Omye) + A(A) Y m] (¢ = 6)mi(t = 61)
I=1 =1

N
F2Bopdu(P) Y mi (¢ = 61)my(t - 61)
= —0H(1) + /<H(;:i 01) +cH(t — 67) (3.8)
Consider the following fractional order linear system:
DO = —00@1) +«kQ(t—61) + ¢Q(r — 62) (3.9)

where Q(fr) > 0 (Q(t) € R), and take the similar initial values with H(¢). Then, by application of
Lemma 2.7, one has 0 < H(t) < Q(t), ¥V t € [0,4+00). It point out that, there exists a unique
equilibrium point in (3.9).

When 6, # 0, 6, # 0, assume that s = vi = |v|(cos(§) + isin(%)) is purely imaginary root of
characteristic equation det(A(s)) = 0, where v is real number. Therefore, we have

det(A(s)) = s + 60 — ke —ge™2 = () (3.10)

with e™%% = cos v8; —isinvdy, k = 1,2. Then, by substituting s = vi = |v|(cos(§)+isin(§)) into (3.10),
we have

T . T\ .. .
Ivla( cos(i) + zsm(i)) +6 - K( cos Vo — i8in vdl) - g( CcOoS VO, — i sin v52) =0
which implies that
[v]* COS(%) + 6 — kCcosVd; — ¢ Ccosvi, + i[|v|" sin(%) + ksinvd; + ¢ sin vc‘iz] =0 (3.11)

Separating real and imaginary part of (3.11), one can get

[V[* cos(5) + 6 = kcosviy + ¢ cos Vi,
: : : (3.12)
[v[* sin(5*) = —k sinvd; — ¢ Sinvo,.
which is equivalent to
VP + 26]v| cos(%) + 60> — (K + %) — 2«5 cos V(&) — 8,) = 0. (3.13)
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When (x + ¢)* < 6% sin(%"), because &, ¢ > 0 holds, we have

V" + 261" cos(5F) + 6% — (& + 6%) — 2kg cos (61 — 62)

V> + 20v|* cos( ") 46— (k+ 6 + 2K§(1 — cos V(o) ~ ‘52))'

\

(lvl“ + 6005(7)) + 2/<g(1 —cos (6] — 62)).
0. (3.14)

Which is contradiction. Obviously, when « + ¢ < #sin(5) and 0 < @ < 1, det(A(s)) = 0 has no purely
imaginary roots for any ¢; # 0, k = 1,2 if 6 > k + ¢, which means the zero solution of the system (3.9)
is globally Lyapunov asymptotically stable based on Lemma 2.6. According to Lemma 2.7, we have
0 < H(t) £ Q(t) and depending on the aforementioned analysis, H(¢) is globally asymptotically stable.
ie., H(t) = 0, [0,+00). As H(t) = m' (m(t) = ¥, m! (Omy(#) — 0, then my(r) — 0 as t — +oo.
Hence we declare that, the zero solution of (2.15) realizes globally asymptotically stable. The proof is
ended.

Theorem 3.2 If the assumptions [H;] — [H;] hold, then the FCCGNNs (2.15) is globally
asymptotically stable, if there exists a positive constant y such that the following conditions hold:

0

—am[ —(Ive (VV' + WW = 2DU + A +y7'B¥) + B1(A @ @) + B1(A” ® (DT))] >0

B o= Au(A)> 0, &=Boydy(AAT)> 0 and 0 < (& +) < 9sin(%r),
where D = diagld, . ....d }, U = diagiu, ....u,}, A = diag{d, L2, ... d.L2}.

Proof. For the FCCGNNs (2.18), construct the following Lyapunov functional:

N
H(t) = m" (Hm(t) = Z mj (tymy(t) (3.15)

I=1
Taking the fractional order time derivative of H(¢) along the trajectories of (2.18) and, based on Lemma
2.8, one can get

DH(t) < m; T(H)Dmy(1)

N
22,
N
2> m( { — D(my() +%)

=1

Fm(t)) — VEHOmi(0) — WHm(t - ao)]

+B1 Z Ag®my(1) + B Z Ayt — 52)} (3.16)
By virtue of Assumptions [H;] — [H3] and Lemma 2.14, one gets

N
2 Z m! ()D(my(t) + )VH(my(t)) < mT(t)[IN e (Vv + A)]m(t) (3.17)
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N
2 Z m] (OD(my() + Z)WH(m(t = 1) < m" ()| Iy © WW |m(2)
=1

+m(t — 51)[1N ® A]m(t -6 (3.18)
Combined with (3.16)-(3.18), we have

D'H(5) < m"(0|ly® (VV" + WW' = 2DUA)|m(t) + m" (¢ = 6,)| Iy ® Alm(t - 6)

+2B1m” (£)(A ® ®)m(t) + 2Bm’ (H)[A & Plm(t — 6,)

m" (1) (Iy ® Q) + Bi(A ® D) + B1(A” ® D7) |m(1)

+m” (t = 61)| Iy ® Alm(t = 6,) + Byym” (t = 5)[AA” & I,m(t - 6,)

< Ap(Dm" Om() + A(A)m" (£ = 5)m(t = 61) + BrA(AAYm” (t = 5,)m(t — 6,)

= —Au(~NH®) + Au(NH(t = 61) + Loy dAu(AATH(1 — 65)

= —OH(t) +kH(t - 6)) + SH(t — 65) (3.19)

IA

where Q = VVT + WWT — 2DUA + By~ "W2. The rest of the proof for lim,_, ., ||m(?)||, = O similar as
in Theorem 3.1. Therefore, the FCCGNNSs (2.15) realizes globally asymptotically stable.

If there is no coupling delays in FCCGNNs (2.18), then the result is given as follows.

Corollary 3.3 If the assumptions [H;] — [H3] hold, then the FCCGNNs (2.15) is globally
asymptotically stable, if the following conditions hold:

0, An| = Uy ® (VVT + WW = 2DU + A) + B1(A® D) + B (A" @ ©"))| > 0

kK = Ay(A)>0, and 0 <k <6, sin(?),
where D, U, A are same definitions in Theorem 3.2.

Proof. For the error system (2.18) with no coupling delays, take the same Lyapunov functional (3.15)
as in Theorem 3.2:

N
DUH(D) < 2 ml (D m(1)
=1

N
=2 Z mlT(t){ — D(my(t) + Z)
[

=1

N
+B1 Z Alkq)mk(f)}
P

m' ()| Iy ® (VV" + WW' = 2DU + A)|m(t) + m" (t = 6))| Iy ® A]m(z - o)
+28,m” (t)(A ® ®)m(t)
< m'O|Uv© Q) +B1(A®D) + (AT @ @) |m(r) + m" (t — 51)| Iy ® Alm(t - 61)

Om(0)) - VEHmi(0) — WH(m (¢ - ao)]

IA
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< Au(Apm" (Om@) + Ay (Nm” (& = 6))m(t — 61)
= —Au(-ADH®) + Au(MH(t - 61)
= —0,H(t)+kH(t-6)) (3.20)

where Q = VVT + WWT —2DUA and A, = (Iy ® Q) + 51(A ® D) + B, (AT @ ®T).

Consider the following fractional order linear system:
DUQ(r) = —6,0(1) +&Q(r — 61) (3.2

where Q(f) > 0 (Q(t) € R), and take the same initial values with H(¢). By virtue of Remark 2.3 and
Lemma 2.9, the zero solution of (3.21) is globally asymptotically Lyapunov stable and the obtained
characteristic equation is

As) = 5"+ 0, —ke™* =0 (3.22)

for any 6; > 0 and 8, — k > 0. In the following we have to prove that system (39) has no purely
imaginary roots. Suppose that s = vi = |v|( cos(%) + isin(%)) is purely imaginary roots of (40), where v

is real number. With e

we get

= cos vd; — i sinvd; and substituting s = vi = |v|( cos(%) + isin(g)) into (40),

IVI“( COS(%) + isin(%)) + 6, —k(cos v, —isinvd;) = 0.

Separating real part and imaginary part of (41), we obtain

[v|* cos(%) +0, = kcosvd, (3.23)
NE sin(%) - _Rsinve, (3.24)
From (3.23) and (3.24), it follows that
~ 12 2
[Ivl cos(%r) ARG sin(%r)] —®R=0 (3.25)
which is equivalent to
V™ + 87 + 26, v cos(%) -i#=0 (3.26)

Since [v|* > 0, cos(%) > 0 and k > 0, thus if 6, —k > 0. Eq (3.26) has no real roots. Hence the
characteristic equation of (3.26) has no purely imaginary roots for any 6; > 0 if §; — k > 0, which
means the zero solution of the system (3.21) is globally Lyapunov asymptotically stable according to
Lemma 2.10 and Lemma 2.11. Again by using Lemma 2.9, we have 0 < H(#) < Q(f) and depending
on the aforementioned analysis, H(¢) is globally asymptotically synchronize. i.e., H(t) — 0, [0, +00).
As H(t) = m" (Om(t) = ¥, m! (my(t) — 0, then lim,,.« [Im()l, = 0. Hence we conclude that, the
zero solution of system (2.18) with no coupling delays realizes globally asymptotically stable. The
proof is completed.

If there is no coupling delays and time delays in FCCGNNSs (2.15), then the result is given as follows.
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Corollary 3.4 If the assumptions [H;] — [H3] hold, then the FCCGNNs (2.15) is globally
asymptotically stable, if the following conditions hold:

0 = —/lm[ —(Iv® (VV" = 2DU + A) + B1(A® @) + Bi(A ®(DT))] >0
where D, U, A are same definitions in Theorem 3.2.

Proof. For the error system (2.18) without coupling delays and time delays, take the same Lyapunov
functional (3.15) as in Theorem 3.2:

DH(t) < m{ ()D"m(t)

N
2
=1
N
2 Z U(my(1)) = VH(my(1))
=1

mlT(t){ — D(my(t) + Z;)

N
+ B Z Alk(Dmk(l)}
=1

m' ()| Iy ® (VV' = 2DU + A)|m(t) + 281m" (1)(A & ©)m(z)

< m" 0|y ® (VV" = 2DU + A) + Bi(A® D) + B1(A” ® D) |m(1)

= —Au| —(Iv® (VV" =2DU + A) + Bi(A® D) + B1(A” @ ©")) |H(2)

= —8llm@)ll5. (3.27)

IA

The rest of the proof is similar to the proof of Theorem 4.1 in Ref [34], the FCCGNNs (2.15) with no
coupling delays and time delays realizes globally asymptotically stable, thus the proof is ended.

3.2. Robust asymptotical synchronization stability of FCCGNNs

In fact, the existence of external disturbances and model errors are unavoidable in many situations.
Therefore in this subsection we introduce the FCCGNNs with uncertainty consisting N identical nodes
described by:

Dz(t) = _D(Zl(t))[U(Zl(t)) — Vh(z(t)) = Wh(zi(t — 61)) = J
N N
+Bi Z Ap®@z(2) + B2 Z Az (t = 67), (3.28)
i1 k=1

where z(t), D(z/(t)), U(z(t)), h(z(t)) and J defined same as in (2.15). The parameters
Bi1, B2, V, W, @, ¥, A change in some given precision, which is intervalized as follows:

IB{ = {O <,81_Sﬁ1§ﬂ1+, V,Bleﬁ{};

By = (0<B; <B<Bi. V¥ BreB):
o = {q) =diag(¢)) O <P<DP", 0<¢p <<, 1=1,2,...nVDEe <D’};

o= (W =diagy) ¥ S SPL, 0<y <y <yt =120V WeW);
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V= V= 0t VISV SV, O<vp Svp <vi [=1,2,.m,
k=1,2,..n¥ VeVl
W= W= Wi : WS WS WS, 0<wy Swp Swi, [=1,2,..m,

k=12, ...,nVWeW’};

{A= @Ay : A SAR S A l#k 1=1,2,..N, k=12,..NYAcAfk
(3.29)

AI

In order to convenience, we define

P = max{pvyl, Vil [=1,2,0m k=1,2,...,n
Wi = max{iwyl,wil), [=1,2,.un, k=1,2,...n
N
Ay = ) A Al # k) =Af, 1=1,2,.,N, k=1,2,.,N
k=1,l#k

Supposing that the constant vector % = (%, ..., Zy)" satisfies

N N
0 = DU - V) - WHG) ~J| + 1 Y Au0 e ) A,
k=1 k=1

then it is said to be an equilibrium solution of (3.28). The error m;(t) = z;(t) - %, [ = 1,2, ..., N is given
as follows:

Dmy(t) = —-D(my(t) + %)

U(my(1)) = VH(my(1)) — WH (my(t - 51))]

N N
+01 Z Ay @my (1) + B2 Z A Ymy(t - 62), (3.30)
k=1 k=1
where U(m,(t)) and H(m;(t)) have similar meanings as in error system (2.18).

Theorem 3.5 If the assumptions [H;] — [H3] hold, then the FCCGNNs (3.28) is globally robust
asymptotically synchronize, if the following conditions hold:

{ = A= (=2DU + (&1 + &)L + BT + ¥)l + Bivuls + £7'9D )| > 0
5% n(D) > 0, @ = By, > 0 and 0< (u+ @) < gsing),

u

where D = diagld,,...d )}, U = diag{ui,...,u }, L = diag{ L2 ye = SN SN AR o

Vv = Diet D=l ‘712k’ Yw = Dot D= 1W1k’ Y = 2 1¢1 Yo = 2 1‘/’1 , €1 > 0 and & > 0 are arbitrary
constants.

Proof. For the error system (3.30), choose the same Lyapunov functional in (3.15), then one has

N
DUH(D) < 2 m] (D my(r)
=1
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N
D m{m{ — DOm(t) + %)
=1

N N
+B1 Z A Omy(t) + B> Z A ¥y (t — 52)}
=1 k=1

By some relevant inequality techniques, we can get

IA

N
2 ) m (OD(mi(e) + Z)VH(mi(1))
=1

IA

N
2 Z m! () D(my(1) + 2)WH(m(t — 6,))
=1

N

2, )0 ARG¥mi(t - 6,)

k=1 k=1

Combined with (3.31)—(3.35), we have

)

=

N
2Zm

=1

1

IA

IA

IA

IA

N
slmlT(t)Lml(t) + Z
=1

U(my(1)) = VH(m(t)) — WH(my(t - 61))

(3.31)

[ (ODVH(my(t))

er'm! (0D VVT my(r)

m? (t)(Iy ® &1 L)m(t) + m" (0)(Iy ® &7, D )m(7)

(3.32)

N
2 Z m! () DWH(my(t — 61))
=1

N
mj (&2 Limy(?)
=

—_

N

£ ml (1= 80)e3' DWW m(t - 61)
=1

m" (H)(Iy ® & L)m(t)

e (= 5))(Iy ® &7, D m(t - 61)
(3.33)

28m" (0] (A ® 1)Uy ® ) |m(r)

pim” (0| AAT @ I, |m(z)
+Bim” ()| (Iy ® @) |m(2)
m (D] In ® B} (Ya + V)l |m(@) (3.34)
m (O] Iv ® (B Yal) (1)
+m’ (t = 6,)| Iy ® (Byylu) [m(t = 62)

(3.35)

—2

D*H(t) < mT(t)[IN ® (= 2DU + (&1 + &)L + B{ (Yo + ¥o) L, + Bvul,) + &'y, D ]m(t)
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e’ (1= 6)(In ® €57, D (e = 61) + m” (1 = 6)| Iy ® (B3 yul) |mlt — 52)
< (@) (Om(r) + &5y, A (D )m (¢ — 8)m(t = 81) + Bryym” (¢ — S)m(t — 62)
= A (=OH(®) + &5y, Au(D)H(t - 6)) + By, H(t - 6))
= _ZH() + pH(t - 8)) + wH( — 6,) (3.36)

The rest of the proof for lim,_, .o [|m(?)|], = O similar as in Theorem 3.1. Therefore, the FCCGNNs
(3.28) achieves globally robust asymptotically stable.

If there are no coupling delays in FCCGNNs (3.28) with the ranges of parameters given by (3.29),
then the result is given as follows.

Corollary 3.6 If the assumptions [H;] — [#3] hold, then the FCCGNNs (3.28) with the ranges of
parameters given by (3.29) achieves globally robust asymptotically stable, if the following conditions
hold:

[ = |~ (=2DU+ (a1 + &)L+ B} (vu+ ¥o)lo + 67D )| > 0

u

sEIYWAM(BZ) >0 and O<pu< {sin(%),
where D, U, L, Y4, Yy, Yus V4> €1 @and & are already defined in Theorem 3.5.

Proof. For the error system (3.30) without coupling delays, choose the same Lyapunov functional in
(3.15), then one has

N

DUH(D < 2 m (D m(1)
l;l

=2y mlT(t){ — D(my(1) + %)

=1

l

N
+B1 Z Alkq)mk(f)}
=1

Bm(o)) - VEHOmi(0) — WH(m (¢ - cm)]

< mT(t)[IN ® (—2DU + (&1 + &)L+ B{ (Ya + vo)n) + 31_1)/V52]m(t)
(1 = 5))(Iy ® &5y, D Jmit — 61)
< —CH() +uH( - 6)) (3.37)

The rest of the proof for lim,_,,, ||m(?)|[; = O similar as in Corollary 3.3. Therefore, the FCCGNNs
(3.28) with no coupling delays is globally robust asymptotically stable.

If there is no coupling delays and time delays in FCCGNNs (3.28) with the ranges of parameters
given by (3.29), then the result is given as follows.
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Corollary 3.7 If the assumptions [H;] — [#H3] hold, then the FCCGNNs (3.28) with the ranges of
parameters given by (3.29) achieves globally robust asymptotically stable, if the following conditions
hold:

[ = |~ (=2DU + &L+ Bi(va + 7o)l + £,'%.D)| > 0

where D, U, L, y,, ¥y, V¢, €1 and &, are already defined in Theorem 3.5.

Proof. For the error system (3.30) with no coupling delays and no time delays, choose the same
Lyapunov functional in (3.15), then one has

N
DH(1) < ZZmlT(t)Daml(t)
=1

N N
= 23 o = Do+ 0] Om @) - V@) | +1 ) Anom)|
=1 k=1
< m"(O|Iy ® (= 2DU + &L + B (Ya + vo)lu) + 81_1yv52]m(t)
< —amoR (3.38)

The rest of the proof for lim,_, . ||m(?)|[ = O similar as in Corollary 3.4. Therefore, the FCCGNNs
(3.30) with no coupling delays and no time delays achieves globally robust asymptotically stable.

Remark 3.8 The author of [46] presented the synchronization stability conditions of Riemann
Liouville sense fractional-order complex coupled neural networks under coupling delays. By using,
Riemann Liouville derivative properties and some inequality techniques, several algebraic sufficient
conditions are derived to verify the global asymptotic synchronization stability conditions of the
proposed model. While in this paper, Caputo derivative properties, Cohen-Grossberg neural networks
type models, Kronecker product and uncertain parameter are taken into consideration. Moreover, our
obtained corollaries are new and purely different from those existing works.

4. Numerical examples

To verify the advantage of the above analytical results, two numerical simulations are performed in
the following few lines.

Example 4.1 A FCCGNNs consisting of six identical two dimensional fractional order
Cohen-Grossberg neural network is considered in the following:

DY) = =D(alo)| UGa0) - VHG0) - WGt ~02) -
6 6
81 ) Andz(t) + B2 ) AWzt - 0.1), @.1)
k=1 k=1
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where [ = 1,2,...,6, D(1) = diag{0.1, 0.1}, U,(t) = Uy(1) = 2071, hi(t) = hy(1) = 0.05 * tanh(71),
B1=0.25,8,=0457=(0 O)T, the matrices V, W, A, @, ¥ are selected as, respectively

2 3 25 1 095 0 09 0
V.= [1.3 1.2]’W‘[1.5 2]’(1"[ 0 0.95]’\11‘[0 0.9]'

The topology structure of (4.1) is described by

[ -1 0 07 07 0 045]
o -2 0 06 012 04
07 0 -2 03 067 025
07 06 03 -14 06 0.97
0 012 067 06 -25 O
1045 04 025 097 O -2 |

Apparently, (0 O)T € R? is an equilibrium point of FCCGNNSs (4.1). It is clear that, the activation
function A (1), k = 1,2 satisfy the Lipschitz condition with L; = 1.5, and the function D(-) and U(-)
meets the assumptions [#] — [H3] with 4, = 0.05, d =05, u = 1. Employing the MATLAB LMI
contol Toolbox, it is simply to calculate § = 28.758, x = 0.5625 and ¢ = 1.6009 of Theorem 3.2 with
v = 1, and it satisfy all the conditions in proposed Theorem 3.2. Therefore, the FCCGNNs (4.1) is
globally asymptotically stable from Theorem 3.2. The numerical simulations are depicted in Figures 1
and 2.

‘ : : : : —2,0
lIm, 01, —_—,0
— lIm,0l, 3 I
35 im0l 1
—" O
lImg(0ll, |
lImgol,

. . . .
0 0 5 10 15 20 25
0 5 10 15 20 25 step

Figure 1. The change processes of Figure 2. The change processes of
(), zp(), [=1,2...,6. |2, I=1,2...,6.

Example 4.2 The model of FCCGNNs with uncertainty consisting five identical nodes can be
described as follows:

D*%z(1) = _D(Zl(t))[U (2i(0)) = Vh(z(0) = Wh(zi(t - 0.5) = J
N N
B1 ) Anz(t) + B2 D APzt - 0.5), 4.2)
k=1 k=1
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where [ = 1,2,...,5, D(t) = diag{0.9, 0.9}, U\(t) = U,(1) = 1471, hi(t) = hy(1) = 0.08 * tanh(7),
J=(0 0).

The parameters 8y, B>, V, W, ®, ¥, A in the networks (4.2) change in some given precision,
which is intervalized as follows:

Bl = {0<003<p <03, Vp epih
By = {0<002<p,202, V5 epif:
1 1
o = (@ =diag(¢): D <D< D, 0<——+001<¢<—+04, =12V ®ed};
1 1
1 _ _ + 1
Vo= W =diagy) VT S WS WT L0< = 40025y < +03, I=12Y¥eVv)
1 1
Vo= V= (et 0 < 004 <v <0< +006, Lk=1.2, v VeV
1 1
W= W= (v - 0< 7= +0.02<wy < - +008, Lk=12, YW e w');
1
Al = w5 ———— +0.01 <Ay < 0.03,l#k Lk=1,2,..5YAcAl
4= Qs : 5 T ’ e A

It is easy to obtain that D;(-), U,(-) and /(-) satisfy assumptions [H;] — [H3] with d, =02, d, 04,
u =7, Ly =05forLk=1,2and 2 = (0 0)7 € R? is an equilibrium point of (4 2). By simple
calculation, it is easy to get { = 0.541, pu = 0.223 and @ = 0.104 with £, = 0.5 and &, = 1, and the
conditions of Theorem 3.5 holds. Hence the FCCGNNSs (4.2) achieve globally asymptotically stable
from Theorem 3.5. Figures 3 and 4 demonstrate the numerical simulation results, which confirms the
obtained theoretical findings.

—_—, 0

—_—,0

:
XTI
p—— TR

im0l
— im0, ||

Im (ol

Figure 3. The change processes of Figure 4. The change processes of
(@), zp(), 1=1,2...,5. lmi(Dll2, 1=1,2...,5.

5. Conclusions

In this paper, we have investigated the global asymptotical synchronization stability and global
robust asymptotical synchronization stability topic for FCCGNNs under coupling delays. On the one
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side, via Lyapunov method, LMI technique, and proposed comparison principle theorem, we have
derived the several asymptotical synchronization stability results for the considered complex network
without parameter uncertainties. On the other side, thanks to some inequality techniques and robust
analysis skills, the author’s concerns the issues of global robust asymptotical synchronization stability
for the considered complex network with parameter uncertainties. In the end, we provide two computer
simulations to demonstrate the validity of the proposed analytical methods. Our future work will
be extended to stability, stabilization and synchronization of Riemann-Liouville sense delay-coupled
fractional order memristive Cohen-Grossberg BAM neural networks with time varying discrete and
distributed delays.
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