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TELEGRAPH EQUATIONS VIA TRIPLE LAPLACE
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ABSTRACT. In this paper, we study initial/boundary value problems for 1 4 1
dimensional and 1 + 2 dimensional fractional order telegraph equations. We
develop the technique of double and triple Laplace transforms and obtain exact
analytical solutions of these problems. The techniques we develop are new and
are not limited to only telegraph equations but can be used for exact solutions
of large class of linear fractional order partial differential equations

1. Introduction. The fractional calculus has become one of the most notable
branches of mathematics for the outstanding findings obtained when scientists
working on various areas of science and engineering [13, 4, 16, 18, 25, 27]. The most
conventional fractional derivatives having singular kernels are defined as follows:

Definition 1.1. [25, 16, 27] The Riemann- Liouville fractional order integral opera-
tor of order p > 0 of function ¢ starting at 0 is given as:

1 v
IPp(v) = —— / (t — T)P~Lo(1)dr,
L'(p) Jo
1°6(t) = ¢(t).
Definition 1.2. [25, 16, 27] The Caputo derivative of a function ¢ of order p > 0
is defined as

(1)

“DP(v) = I*PDFo(0)
R A T [y
i | e

fork—1<p<k, keN.

(2)
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On the other hand, integral transforms are very effective tools to solve analytically
ordinary and partial differential equation with positive or fractional orders. For
such integral transforms, we refer the readers to [14, 2] and the works cited in these
references.

Meanwhile, The initial/boundary value problems for telegraph equation have a
rich history and have a lot of applications. This equation was studied and modified by
numerous researchers. We refer to [24, 5, 6, 26, 7, 8, 19, 20, 21, 22, 23, 11, 9, 10, 1, 3]
for different techniques for obtaining the approximate solutions of telegraph equations.
To the best of our knowledge, exact analytic solutions to two-dimensional telegraph
equations has never been studied previously. In this paper, we aim to study
initial/boundary vale problems for fractional order telegraph equations via multiple
Laplace transform method and obtain exact analytical solutions. we develop a
technique to find the exact analytical solutions of 1 4+ 1 dimensional and 1 + 2
dimensional fractional order transient hyperbolic telegraph equation with initial
conditions(IC) and boundary conditions(BC). The initial/ boundary value problems
for fractional order transient hyperbolic telegraph equation are given as below

DPu + 2aDiu + B*u = DPu+ f(z,t), ,1<p<2,0<qg<1

Ju

IC: u(z,0) = ¢1(x), —t(x,O) = ¢o(x), x € Ry, (3)

ou

" Oz

where (z,t) € R%, D7 is fractional partial derivative of order r with respect to

[ in the sense of Caputo, u € C(R%,Ry), ¢1, ¢, ¢1, 12 € C(R4,Ry) and f is a

continuous source term. The two dimensional transient hyperbolic telegraph is of
the form

va—&-Qanv—i—ﬁzv:D£v+DZU+F(x,y,t), 1<p<2,0<qg<1

BC: U(O’t) = ?/)1(75) (Ovt) = ZDQ(t)v t e Ry,

0
I1C: (. .0) = pi(,y), 5 (2.9,0) = pa(ay), (@,y) € BE,

Ov 9 (4)
BC: U(O7y7t) = ¢1(y7t)7 %(anat) = ¢2(y7t)a (yat) € IR+

v
Ay
where v € C(R3,Ry), p1, p2, ¢1, 2, Y1, 2 € C(R3,Ry), F is a continuous source
term and «, 8 are parameters.

U(IE,O,t) = 1/}1(58,15), (fE,O,t) = ¢2(I7t)7 (Ivt) € R2 5

2. Double and Tripple laplace transform. The double Laplace transform of a
function u(z,t) defined in the positive quadrant of the xt-plane is defined by the
equation

LoLy{u(z, )} (51, 52) = / / =200 1),
0 0

provided that the integral exist, while the triple laplace transform of a function
v(z,y,t) is defined by the following equation

Lol Lol svsaosa) = [ [ [ e suge, g, ydudyat,
0 0 0

provided that the integrals exist. We need the following results for existence of
double laplace transform for partial derivatives [2].
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Theorem 2.1. [2] Let a,8 >0, m—-1<a<m,n—1< g <n,nm¢eN. Let
I = max{m,n}, u € L;i((0,a) x (0,b) for any a,b > 0, |u(x,t)] < A" T72 for

x>a>0,t>0b>0, the laplace transform of u and %{;zﬂ, 1 =0,1,...,m, j =
0,1,...,n exist. Then the following hold:
m—1
LoLe{Deu(,t)} = 57 Lo Le{u(z,0)} — > 5§71 %{2%(0 £},
=0
— po1-
Lo L{Dlu(z,t)} = s5 Ly Li{u(z,t)} ZO L, {3tﬂ (x,0)},
. (5)
Lth{DthBU(ffyt)} =1 52L Li{u(z, t)} z% L {82?1 (2,0)}
n—1 m—1n—1
_ —1-j a—1—i ﬁ 1—j
;) Lt{ Ot}+lz;‘7zgsl {8(E28t]<’ )}

The extension of Theorem (2.1) to triple Laplace transform is provided in [15] as
the following :

Theorem 2.2. For o, B,y > 0m—-1<a<mn—-1<g8<nr—-1«<

v <r, v € CZ(Rﬁ_,R+),Z = max{m,n,r}, there exist 7,72,73 > 0 such that

i+j+k t . .
\%TM\ < AeFHymHtTs 4 —0,1,...,m, j=0,1,...,n, k=0,1,....,7, then the

following hold:

m—1
'
LxLth{Dg’U(JC,y,t)} = S?LxLth{U($7yv Z 5(1)( - 1L Lt{a z(O Y, )}7
i=0
n—1 . (')jv
LILth{ng(%y,t)} = sh Lo LyL{v(z,y, )} = > s5~ 7JLmLt{m(x, 0,1)},
: Y
7=0

—1
LoLyLi{D]v(z,y,t)} = s]Lo Ly Li{v(z,y, )} — > 53 ' 7FL Ly{a R Y (2,y,0)}
k=0
LILth{DO‘D’BU(Jc y,t)} = s‘fsgL LyLi{v(z, y7t)}
= —i (9 v 1— 8 u
Z LLtalOy,} ZSQ JLLt{a —(2,0,1)}

7=0

N a—1—i pf—1—j "t
Z:Zsl ! 55 ' JLt{Gxiatj (0,0,t)}

7=0

(6)
3. Solution of One dimensional telegraph equation. We now consider the
initial/boundary value problem for one dimensional fractional order hyperbolic
telegraph equation (3). Applying the double Laplace transform on the differential
equation in (3) and using (5), we obtain

(s +2asd + 5% — )L, Li{u} = (s5~ Ty 20453_1)L${u(x 0)} + sg_QLI{%(x, 0)}

— st L{u(0,0)} — 517 Lt{*(o )} + LaLe{ f(z,1)}.
(7)
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Using the initial and boundary conditions, we obtain
: {57 + 2088 Lef61 ()
(s 4+ 2asd + 5% — st) (8)
+ 85 2 Lo{do(2)} — 7 Li{tbn (8)} — T2 Lo{wa(t)} + Lo Le{ f (1)} }.
As a particular case, we choose the source term f(z,t) = 3% exp(—t)sin z, the initial
and boundary conditions as ¢1(x) = sin(x), ¢2(x) = —sin(x), ¥1(t) = 0,¢a(t) =

exp(—t), then, the initial/boundary value problem for the telegraph equation (3)
takes the form

DPu+ 2aD{u + f*u = DPu + % exp(—t)sinz, (z,t) € R%,

L,Li{u(z,t)} =

IC: u(z,0) = sin(z), Ou

ot
Ou
BC: u(0,t) =0, —x(O,t) =exp(—t), t € Ry.

(z,0) = —sin(z), z € Ry, (9)

Hence, the solution (8) of (9) reduces to

1
=L'L; Y — ————
e, t) =L, L {(.92 F1)(s2+ 1)}
2048’21_1 — P2 P2 } (10)
s2+ 1) (s + 1)(sh + 2as] + 52 — sY)

=elsine 4+ L L7 g {(x, 1)),

+L;1L;1{(

1 2 2

2asd " — b — ST
(s2+1)(s? +1)(sh +2asd + 52 — s7)

where wuj (s, 82) = . Using the series expan-

sion
1 1 1 - 1
=—(1+)1t=) (-1 —— 11
S R D) ()
we obtain
00 2asq—k—2 _ 5p—k—3 _ 8p—28—k—1
uy(81,82) = —1)F—=2 - L2 12
) ;;)( ) (82 4+ 1)(sh +2as3 + B2 — sY) (12)
Applying the inverse transform L; ' on (12) and using the formula [12]
) gRho—1 o R
I a1 = T LT ey (U, (1)
we obtain

L uy(s1,82)} =

— 1 —(q—k— o~ ry(p— s
Z(_Dk (s2+1) {204151’ =k Z(—Qa) t q)rEp,Jg} (6(s1)¢")—
k=0 1 r=0

p—(p—k=2) Z(—Qa)rt(p_q)TE;E;(9(81)tp)—
r=0

Sy 3 (< 20) 0 L 0(s0)1)
r=0
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which can be rewritten as

to—a)r

Ly Hui(s1,82)} Z ) (—2a) P CESY [zatp*qMH)E;;j(9(51)1510)
k= r=0 1

- t<’f+2>E;;;<e<sl>tp> R B (B(s))].
(14)
where, 64 —p—l—(p Qr—q+k+2, 50 =p+(p—q)r—p+k+3, 3 =p+(p—q)r+k+1
and 0(31) = st — 5%, Now, we use the formula

oo

1 L(r+wv)
E; = v 15
a,ﬂ(z) F(T) UZ:O 'U!F(Oé’() + /8) (Z )7 ( )
and obtain
1 > 1 I(r4+v+1) ‘
ETtH0(s1)tP) = tr(sh — B?)Y,i=1,2,3
241 poo; (O(s)") ;F(r—&—l) oIl (pv + 6;)(s3 + 1) (51 = B7)", 3 v
which in view of (11) takes the form
1 Pr T(r4+v41) o)
<ET+1 tp P 2y\v
st+1 po. (Bls1) ’UZO;)ZO 7’—|—1 v'F(pv+5)s (51 =57
(16)
_ ZZ F( +v+ 1) —(2p+2 pv)[l +52 ]

!
== r—l—l vl"(pv—i—é)

Using the linearity of the inverse Laplace transform L;! formula [12], and the
following formula

Lo{a" 7 EL 4(az®), s} = s Pl —as™ ], (17)

the equation (16) yields

1{E;—gl(9(51)tp)} _
sT+1 as)
SOy (MLt ) (5a7)
== D(r+1)  oll(pv+ ;) p2leth—pv ’
where
v 1
B %(2) = Z(—l)l ( 1; ) m, [ € N, is a polynomial. (19)
=0
Using (18) in (14), we obtain
L7 L (s, 50)) Z )k Z —20))"t PO QP AR k2L, gpmR )
k=0 r=0

(20)
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2P P D(p 4y 41
Il - Z Z(il)p E p pv+2(62xp)a

)
o (r+1) oll(pv+6d) ?
[e olNe o] tpvx2p—pv+1 (T + v+ 1)
I = —1)° E~ 2..p
2 UZO;)( ) L(r+1) o!T(pv+d2) p:2 p pv+2(6 ) (21)
oo o0 tpvx2p7p(’u+1)+3 F(r+v+1)
I3 = —1)° E Y 2zP).
; 2;( U VO ) R PR A R LR

Hence the exact solution of the one dimensional telegraph equation is given by

u(z,t) = e 'sinx + Z Z —20))"t PO QP ATRAL L k2L, ypmR )
r=0
(22)

4. Analytical solutions of two dimensional telegraph equations using

triple Laplace transform. Now, we obtain exact analytic solution of 1 + 2 di-
mensional telegraph equations (4) with initial and boundary conditions via triple
Laplace transform. Apply triple transform on the differential equation in (4), using
the linearity property, the results (6) and the initial/ boundary conditions, we obtain

(sh+2asy + B2 — s} — sh) Ly Ly Li{v(z,y,t)} = (85" + 2as8™ )Ly Ly {p1 (2, y)}
+85 2L Ly{pa(z,y)} — ¥ Ly L1 (y,t)} — s >LyLi{da(y, )}

sY Lo Li{tpy (2, )} — 85 Lo Ly{tbo(x,t)} + Lo Ly L{F(x,y,t)},
(23)

Hence, it follows that

1 —1
CETr e 1 (R SR CICRO)
t

+ 557 °L e Ly{pa(z,y)} — s1~ 'L yLe{o1(y,t)} — s7 L yLe{d2(y, 1)}
— S Lo Lo{p (w0, 0)} — 852 Lo Li{ta (2, 8)} + Lo Ly Li{ F (2, y, t)}}

v(z,y,t) =L L L

(24)

As a special case, choose F(x,y,t) = %e~!sinxsiny, the initial conditions as
p1(z,y) =sinzsiny, pa(x,y) = —sinzsiny and the boundary conditions as ¢ (y,t)
=0, ¢1(y,t) = e tsiny, P1(x,t) = 0,92(x,t) = e tsinz, then, the problem (4)
takes the form

Dfv+2aDjv + *v = Do + Dhv + e~ sinasiny, (z,y,t) € RY,

0
IC: v(z,y,0) = sinzsiny, —U(x,y70) =e 'siny, (z,y) € R?H

ot
BC: v(0,y,t) =0, %(Ow,t) =e 'siny, (y,t) € Ri (25)
v(x,0,t) =0, %(m,o,t) =e 'sina, (z,t) € Ri.
The solution (24) of (25) takes the form
oot = L7 L L 1 (5"

(51 +1)(s3 + 1)(s3 + 1)(s5 + 2as§ + 2 — 57 — s5)
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+2as87 + 82 — P — sB) + 2051 — B2 — b2 P72}

1
=ttt +
r Ty Tt {(s% +1)(s3+1)(s3+1) (26)
2a5g71 — s§72 — 512’72 — 5’1)72

T (st )L+ 25T+ B2 —B)

=e 'sinxsiny + L;nglL;l{vl(sl, s9,83)},

g—1 p—2 p—2 p—2
2as5 T — 83 T —8, T —38

(57 + 1)(s3 + 1)(s3 + 1)(s5 + 2053 + 52 — 57 — s5)°
Now, using the relation (11), we obtain

where v1(s1, 82, 53) =

o0

20&8 —k—2 Sp—k—3 (Sp 2 + Sp—Z)S—k—l
v1(81782783) _ ( 1)k 3 3 1 2 3 ) 27
,; G+ DS+ DG 2asi+ P — () )
Applying L;* and using (13), we obtain
Ly H{vi(s1,82,83)} =
i(fl)k i(,ga)rﬂ 20tP~ q+k+1)Er+1(9(5)tp)
— v (SS+1)(2+1) P01 (28)

— tHD ETEL(s)7) — (572 + sS‘Q)t”"”E;fgi(@(s)tp)] 7

where, 61 = p+(p—q)r—q+k+2, 62 = p+(p—q)r—p+k+3, 3 =p+(p—qr+k+1
and 6(s) = s} + sh — 32. Using (15), we obtain

1
e FE" 1 (0(s)tP) =
(82 +1)(s3+1) P (0()2")
i 1 tPT(r+v+1) (s 4 b — 52)@ (29)
ZT(r+1) ol (po+6) (s +1)(s3+1) 1 2
which in view of (11) can be written as
1
e E" L (0(5)tP) =
RN RN
v sV 2(p+1) (30)
S Y e D
2 2 G e+ 0) (5 4 1)
Applying L; ' and using (17) we obtain
por Erte)
Yor(st+1)(s3+1) 51)
0o oo tpvy2p—pv+11"(r+,v+1) B 9
_1)” v — PP
;;( ) L(r+ 1)o!T(pv + 6;)(s2 + 1) p2(pt1)—po((B” = 57)Y7)
where E_%(2) = >_o(=1)! ( Ql) > (az’+,8)7 l € N is a polynomial. Hence it follows
that
ET+1(9(5 v P pl+2p— pv+1(62 _ Sp)l
-1 _ +z Y 1
AEinEm+y +1} DI ooy ey o B2

v=0 p=0 1=0 vpl
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v I'(r+v+1 . .
where A, = ( ! ) F(T+1)v!%(;l$27pv+2). Using (11), we obtain

By 5 (0(s)7)

LM [CRRCER

b=

tpvypl+2p—pv+1s*2(m+1) (62 _ p)l (33)

I I N

v=0 p=0 [=0 m=0 vpl

Applying L' and using (13), we obtain

Eps (0(s)t7)

lL 1{(81 +1)(s3+1)

tpvypl+2p—pv+1x2m—pl+1Ep—)£_ (ﬂzmp) (34)

ZZZ Z(_1>p+m/\ T(pv + 0;)

v=0 p=0 =0 m=0 vpl

where 7 =2(m + 1) — pl.
Now, using (11), we have

3127_2 + 3117_2 +1 = 5€_23;2(p+1) 512)72(%2) +1
—t—————FE"(0(s)tP) = —-1)° ETS(0(s)tP
o meon =S S e

(35)
which in view of (15) implies that
8572 + 3;;72 r+1(9(5)tp) .
(st +1)(s5+1) 7% -
oo o0 -2
v —(2 1 v —piv
DDA G 2+1 55 2T (87— o)y (36)
p=0v=0
1 _@p+r2)—po+1 —p1o
+S%+182((P+) (+))[1_(52_8;11))82p] }7
Fir+v+1)
here A, = . Usi 17), btai
where 0+ oIT(pv + 35) Using (17),we obtain
p—2 p—2
S +s
L—l 2 1 ET+1 9 tp —
v {(s% )03+ 1) s (O}
p72
—v 2
Z Z + 1Ep7;(P+1)—pv(ﬂ = s1)y” (37)
p=0v=0
(2-p)
Yy —v 2
+S + 1Ep 2p—pv— p+3 - Sf)yp},
which in view of (19) implies that
sh? 4 b2 v
L*l{ 2 1 7“+1 tp } p+lA < > tpvypl+2pfpv+1
e e ZZZ A
{sf“f"?(ﬂ?s;” —1' Ly (%" 1) )
(s2+ 1)T(pl + 1) (s2 + )T (pl + 72)

(38)
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where 11 = 2(p+ 1) — pv, 72 = 2p — p(v + 1) 4+ 3. Using (11), we obtain

p—2 p—2
Sy T+ 5 r+1

(s7+1)(s5 +1) %

Z Z Z Z (=1)P+mA, ( 112 ) vyl 2p—pu+ (39)

p=0v=0 (=0 m=0

Ly (0(s)t")} =

{51(2(m+2)17(l+1))(1 _ BQSIP)I y(2—p)8;(2(m+1)*;ﬂl(1 _ BZS;P)Z }
L(pl + 1) L(pl + 72)

Taking the inverse transform L' and using (17), we obtain

p—2 p—2
Sy T+ 8 1

L {—2—L
ARSI

(0(s)t")} =

Z (_1)p+mAv < 1; > tpvypl+2pfpv+1x2mfpl+l (40)

{xQ—”E;é4<ﬁ2xp) L YOTPE, 5 (B%7) )
L(pl + 1) L (pl + m2)

where 04 = 2m — p(l + 1) 4 3,05 = 2m — pl + 2. Applying L; 'L, " on (41), using
(34) and (40), we obtain

L;nglL;l{’Ul(Sl, S2, 83)} =

Z Z(—l)k(—Qa)Tt(p_q)r Z Z Z Z (_1)p+m /\ PY

k=07r=0 p=0v=0 [=0 m=0 vpl
otk _ 41
pl+2p—pv+1,_.2m—pl+1 2at(;l7 a+ktl) _ t (k+2) -1 2,.p ( )
y x ( E, - (B%2P)
T(pv + 1) D(pv+61)" P

- tpfkr]_"(pl 12— pu+2) (x2—pE;(ls4 (B2aP) y(2—p)E1;(l$5 (82aP) }
I'(pv + d3) T(pl +7) T(pl + 72)

Hence the exact solution is obtained by putting the values in (26).

5. Conclusion. We developed triple Laplace transform technique to obtain exact
solutions of 1 4+ 1 and 1 + 2 dimensional telegraph equations. We conclude that the
proposed techniques are also appropriate to further types of fractional order partial
differential equations.
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