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Abstract. In this paper, we study initial/boundary value problems for 1 + 1
dimensional and 1 + 2 dimensional fractional order telegraph equations. We

develop the technique of double and triple Laplace transforms and obtain exact
analytical solutions of these problems. The techniques we develop are new and
are not limited to only telegraph equations but can be used for exact solutions

of large class of linear fractional order partial differential equations

1. Introduction. The fractional calculus has become one of the most notable
branches of mathematics for the outstanding findings obtained when scientists
working on various areas of science and engineering [13, 4, 16, 18, 25, 27]. The most
conventional fractional derivatives having singular kernels are defined as follows:

Definition 1.1. [25, 16, 27] The Riemann- Liouville fractional order integral opera-
tor of order p > 0 of function φ starting at 0 is given as:

Ipψ(v) =
1

Γ(p)

∫ v

0

(t− τ)p−1φ(τ)dτ,

I0φ(t) = φ(t).

(1)

Definition 1.2. [25, 16, 27] The Caputo derivative of a function ψ of order p ≥ 0
is defined as

cDpφ(v) = Ik−pDkφ(v)

=
1

Γ(k − p)

∫ v

0

(v − τ)k−p−1ψ(k)(τ)dτ,
(2)

for k − 1 < p ≤ k, k ∈ N.
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On the other hand, integral transforms are very effective tools to solve analytically
ordinary and partial differential equation with positive or fractional orders. For
such integral transforms, we refer the readers to [14, 2] and the works cited in these
references.

Meanwhile, The initial/boundary value problems for telegraph equation have a
rich history and have a lot of applications. This equation was studied and modified by
numerous researchers. We refer to [24, 5, 6, 26, 7, 8, 19, 20, 21, 22, 23, 11, 9, 10, 1, 3]
for different techniques for obtaining the approximate solutions of telegraph equations.
To the best of our knowledge, exact analytic solutions to two-dimensional telegraph
equations has never been studied previously. In this paper, we aim to study
initial/boundary vale problems for fractional order telegraph equations via multiple
Laplace transform method and obtain exact analytical solutions. we develop a
technique to find the exact analytical solutions of 1 + 1 dimensional and 1 + 2
dimensional fractional order transient hyperbolic telegraph equation with initial
conditions(IC) and boundary conditions(BC). The initial/ boundary value problems
for fractional order transient hyperbolic telegraph equation are given as below

Dp
t u+ 2αDq

tu+ β2u = Dp
xu+ f(x, t), , 1 < p ≤ 2, 0 < q ≤ 1

IC: u(x, 0) = φ1(x),
∂u

∂t
(x, 0) = φ2(x), x ∈ R+,

BC: u(0, t) = ψ1(t),
∂u

∂x
(0, t) = ψ2(t), t ∈ R+,

(3)

where (x, t) ∈ R2
+, Dr

l is fractional partial derivative of order r with respect to
l in the sense of Caputo, u ∈ C(R2

+,R+), φ1, φ2, ψ1, ψ2 ∈ C(R+,R+) and f is a
continuous source term. The two dimensional transient hyperbolic telegraph is of
the form

Dp
t v + 2αDq

t v + β2v = Dp
xv +Dp

yv + F (x, y, t), 1 < p ≤ 2, 0 < q ≤ 1

IC: v(x, y, 0) = ρ1(x, y),
∂v

∂t
(x, y, 0) = ρ2(x, y), (x, y) ∈ R2

+,

BC: v(0, y, t) = φ1(y, t),
∂v

∂x
(0, y, t) = φ2(y, t), (y, t) ∈ R2

+

v(x, 0, t) = ψ1(x, t),
∂v

∂y
(x, 0, t) = ψ2(x, t), (x, t) ∈ R2

+,

(4)

where v ∈ C(R3
+,R+), ρ1, ρ2, φ1, φ2, ψ1, ψ2 ∈ C(R2

+,R+), F is a continuous source
term and α, β are parameters.

2. Double and Tripple laplace transform. The double Laplace transform of a
function u(x, t) defined in the positive quadrant of the xt-plane is defined by the
equation

LxLt{u(x, t)}(s1, s2) =

∫ ∞
0

∫ ∞
0

e−(s1x+s2t)u(x, t)dxdt,

provided that the integral exist, while the triple laplace transform of a function
v(x, y, t) is defined by the following equation

LxLyLt{v(x, y, t)}(s1, s2, s3) =

∫ ∞
0

∫ ∞
0

∫ ∞
0

e−(s1x+s2y+s3t)v(x, y, t)dxdydt,

provided that the integrals exist. We need the following results for existence of
double laplace transform for partial derivatives [2].
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Theorem 2.1. [2] Let α, β > 0, m − 1 < α ≤ m, n − 1 < β ≤ n, n,m ∈ N. Let
l = max{m,n}, u ∈ Ll((0, a) × (0, b) for any a, b > 0, |u(x, t)| < λexτ1+tτ2 for

x > a > 0, t > b > 0, the laplace transform of u and ∂i+ju(x,t)
∂xi∂tj , i = 0, 1, ...,m, j =

0, 1, ..., n exist. Then the following hold:

LxLt
{
Dα
xu(x, t)

}
= sα1LxLt

{
u(x, t)

}
−
m−1∑
i=0

sα−1−i
1 Lt{

∂iu

∂xi
(0, t)},

LxLt{Dβ
t u(x, t)} = sβ2LxLt{u(x, t)} −

n−1∑
j=0

sβ−1−j
2 Lx{

∂ju

∂tj
(x, 0)},

LxLt{Dα
xD

β
t u(x, t)} = sα1 s

β
2LxLt{u(x, t)} −

m−1∑
i=0

sα−1−i
1 Lx{

∂iu

∂ti
(x, 0)}

−
n−1∑
j=0

sβ−1−j
2 Lt{

∂ju

∂xj
(0, t)}+

m−1∑
i=0

n−1∑
j=0

sα−1−i
1 sβ−1−j

2 { ∂
i+ju

∂xi∂tj
(0, 0)}

(5)

The extension of Theorem (2.1) to triple Laplace transform is provided in [15] as
the following :

Theorem 2.2. For α, β, γ > 0, m − 1 < α ≤ m, n − 1 < β ≤ n, r − 1 <
γ ≤ r, v ∈ Cl(R3

+,R+), l = max{m,n, r}, there exist τ1, τ2, τ3 > 0 such that

|∂
i+j+kv(x,y,t)
∂xi∂yj∂tk

| < λexτ1+yτ2+tτ3 , i = 0, 1, ...,m, j = 0, 1, ..., n, k = 0, 1, ..., r, then the

following hold:

LxLyLt{Dα
xv(x, y, t)} = sα1LxLyLt{v(x, y, t)})−

m−1∑
i=0

sα−1−i
1 LyLt{

∂iv

∂xi
(0, y, t)},

LxLyLt{Dβ
y v(x, y, t)} = sβ2LxLyLt{v(x, y, t)} −

n−1∑
j=0

sβ−1−j
2 LxLt{

∂jv

∂yj
(x, 0, t)},

LxLyLt{Dγ
t v(x, y, t)} = sγ3LxLyLt{v(x, y, t)} −

r−1∑
k=0

sγ−1−k
3 LxLy{

∂kv

∂tk
(x, y, 0)}

LxLyLt{Dα
xD

β
y v(x, y, t)} = sα1 s

β
2LxLyLt{v(x, y, t)}

−
m−1∑
i=0

sα−1−i
1 LyLt{

∂iv

∂xi
(0, y, t)} −

n−1∑
j=0

sβ−1−j
2 LxLt{

∂ju

∂yj
(x, 0, t)}

+

m−1∑
i=0

n−1∑
j=0

sα−1−i
1 sβ−1−j

2 Lt{
∂i+ju

∂xi∂tj
(0, 0, t)}.

(6)
3. Solution of One dimensional telegraph equation. We now consider the
initial/boundary value problem for one dimensional fractional order hyperbolic
telegraph equation (3). Applying the double Laplace transform on the differential
equation in (3) and using (5), we obtain

(sp2 + 2αsq2 + β2 − sp1)LxLt{u} = (sp−1
2 + 2αsq−1

2 )Lx{u(x, 0)}+ sp−2
2 Lx{

∂u

∂t
(x, 0)}

− sp−1
1 Lt{u(0, t)} − sp−2

1 Lt{
∂u

∂x
(0, t)}+ LxLt{f(x, t)}.

(7)
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Using the initial and boundary conditions, we obtain

LxLt{u(x, t)} =
1

(sp2 + 2αsq2 + β2 − sp1)

{
(sp−1

2 + 2αsq−1
2 )Lx{φ1(x)}

+ sp−2
2 Lx{φ2(x)} − sp−1

1 Lt{ψ1(t)} − sp−2
1 Lt{ψ2(t)}+ LxLt{f(x, t)}

}
.

(8)

As a particular case, we choose the source term f(x, t) = β2 exp(−t) sinx, the initial
and boundary conditions as φ1(x) = sin(x), φ2(x) = − sin(x), ψ1(t) = 0, ψ2(t) =
exp(−t), then, the initial/boundary value problem for the telegraph equation (3)
takes the form

Dp
t u+ 2αDq

tu+ β2u = Dp
xu+ β2 exp(−t) sinx, (x, t) ∈ R2

+,

IC: u(x, 0) = sin(x),
∂u

∂t
(x, 0) = − sin(x), x ∈ R+,

BC: u(0, t) = 0,
∂u

∂x
(0, t) = exp(−t), t ∈ R+.

(9)

Hence, the solution (8) of (9) reduces to

u(x, t) = L−1
x L−1

t

{ 1

(s2 + 1)(s2
1 + 1)

}
+ L−1

x L−1
t

{ 2αsq−1
2 − sp−2

2 − sp−2
1

(s2 + 1)(s2
1 + 1)(sp2 + 2αsq2 + β2 − sp1)

}
= e−t sinx+ L−1

x L−1
t u1{(x, t)},

(10)

where u1(s1, s2) =
2αsq−1

2 − sp−2
2 − sp−2

1

(s2 + 1)(s2
1 + 1)(sp2 + 2αsq2 + β2 − sp1)

. Using the series expan-

sion

1

s2 + 1
=

1

s2
(1 +

1

s2
)−1 =

∞∑
k=0

(−1)k
1

sk+1
2

, (11)

we obtain

u1(s1, s2) =

∞∑
k=0

(−1)k
2αsq−k−2

2 − sp−k−3
2 − sp−2

1 s−k−1
2

(s2
1 + 1)(sp2 + 2αsq2 + β2 − sp1)

. (12)

Applying the inverse transform L−1
t on (12) and using the formula [12]

L−1
t {

sRho−1

(sα + asβ + b)
, t} = tα−ρ

∞∑
r=0

(−a)rt(α−β)rEr+1
α,α+(α−β)r−ρ+1(−btα), (13)

we obtain

L−1
t {u1(s1, s2)} =
∞∑
k=0

(−1)k
1

(s2
1 + 1)

[
2αtp−(q−k−1)

∞∑
r=0

(−2α)rt(p−q)rEr+1
p,δ1

(θ(s1)tp)−

tp−(p−k−2)
∞∑
r=0

(−2α)rt(p−q)rEr+1
p,δ2

(θ(s1)tp)−

sp−2
1 t(p−k)

∞∑
r=0

(−2α)rt(p−q)rEr+1
p,δ3

(θ(s1)tp)
]
,
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which can be rewritten as

L−1
t {u1(s1, s2)} =

∞∑
k=0

(−1)k
∞∑
r=0

(−2α)rt(p−q)r
t(p−q)r

(s2
1 + 1)

[
2αtp−q+k+1)Er+1

p,δ1
(θ(s1)tp)

− t(k+2)Er+1
p,δ2

(θ(s1)tp)− sp−2
1 tp−k)Er+1

p,δ3
(θ(s1)tp)

]
,

(14)

where, δ1 = p+(p−q)r−q+k+2, δ2 = p+(p−q)r−p+k+3, δ3 = p+(p−q)r+k+1
and θ(s1) = sp1 − β2. Now, we use the formula

Erα,β(z) =
1

Γ(r)

∞∑
v=0

Γ(r + v)

v!Γ(αv + β)
(zv), (15)

and obtain

1

s2
1 + 1

Er+1
p,δi

(θ(s1)tp) =

∞∑
v=0

1

Γ(r + 1)

Γ(r + v + 1)

v!Γ(pv + δi)(s2
1 + 1)

tpv(sp1 − β2)v, i = 1, 2, 3

which in view of (11) takes the form

1

s2
1 + 1

Er+1
p,δi

(θ(s1)tp) =

∞∑
v=0

∞∑
ρ=0

(−1)ρ
tpv

Γ(r + 1)

Γ(r + v + 1)

v!Γ(pv + δi)
s
−2(ρ+1)
1 (sp1 − β2)v

=

∞∑
v=0

∞∑
ρ=0

(−1)ρ
tpv

Γ(r + 1)

Γ(r + v + 1)

v!Γ(pv + δi)
s
−(2ρ+2−pv)
1 [1 + β2s−p1 ]v.

(16)

Using the linearity of the inverse Laplace transform L−1
x formula [12], and the

following formula

Lx{xβ−1Erα,β(axα), s} = s−β [1− as−α]−r, (17)

the equation (16) yields

L−1
x {

Er+1
p,δi

(θ(s1)tp)

s2
1 + 1

} =

∞∑
v=0

∞∑
ρ=0

(−1)ρ
tpvx2(ρ+1)−pv−1

Γ(r + 1)

Γ(r + v + 1)

v!Γ(pv + δi)
E−vp,2(ρ+1)−pv(β

2xp),

(18)

where

E−vα,β(z) =

v∑
l=0

(−1)l
(
v
l

)
zl

Γ(αl + β)
, l ∈ N, is a polynomial. (19)

Using (18) in (14), we obtain

L−1
x L−1

t {u(s1, s2)} =

∞∑
k=0

(−1)k
∞∑
r=0

(−2α)rt(p−q)r[2αtp−q+k+1I1 − tk+2I2 − tp−kI3],

(20)
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where

I1 =

∞∑
v=0

∞∑
ρ=0

(−1)ρ
tpvx2ρ−pv+1

Γ(r + 1)

Γ(r + v + 1)

v!Γ(pv + δ1)
E−vp,2ρ−pv+2(β2xp),

I2 =

∞∑
v=0

∞∑
ρ=0

(−1)ρ
tpvx2ρ−pv+1

Γ(r + 1)

Γ(r + v + 1)

v!Γ(pv + δ2)
E−vp,2ρ−pv+2(β2xp)

I3 =

∞∑
v=0

∞∑
ρ=0

(−1)ρ
tpvx2ρ−p(v+1)+3

Γ(r + 1)

Γ(r + v + 1)

v!Γ(pv + δ3)
E−vp,2(ρ+2)−p(v+1)(β

2xp).

(21)

Hence the exact solution of the one dimensional telegraph equation is given by

u(x, t) = e−t sinx+

∞∑
k=0

(−1)k
∞∑
r=0

(−2α)rt(p−q)r[2αtp−q+k+1I1 − tk+2I2 − tp−kI3].

(22)

4. Analytical solutions of two dimensional telegraph equations using
triple Laplace transform. Now, we obtain exact analytic solution of 1 + 2 di-
mensional telegraph equations (4) with initial and boundary conditions via triple
Laplace transform. Apply triple transform on the differential equation in (4), using
the linearity property, the results (6) and the initial/ boundary conditions, we obtain

(sp3 + 2αsq3 + β2 − sp1 − s
p
2)LxLyLt{v(x, y, t)} = (sp−1

3 + 2αsq−1
3 )LxLy{ρ1(x, y)}

+sp−2
3 LxLy{ρ2(x, y)} − sp−1

1 LyLt{φ1(y, t)} − sp−2
1 LyLt{φ2(y, t)}

−sp−1
2 LxLt{ψ1(x, t)} − sp−2

2 LxLt{ψ2(x, t)}+ LxLyLt{F (x, y, t)},
(23)

Hence, it follows that

v(x, y, t) = L−1
x L−1

y L−1
t

1

(sp3 + 2αsq3 + β2 − sp1 − s
p
2)

[
(sp−1

3 + 2αsq−1
3 )LxLy{ρ1(x, y)}

+ sp−2
3 LxLy{ρ2(x, y)} − sp−1

1 LyLt{φ1(y, t)} − sp−2
1 LyLt{φ2(y, t)}

− sp−1
2 LxLt{ψ1(x, t)} − sp−2

2 LxLt{ψ2(x, t)}+ LxLyLt{F (x, y, t)}
]

(24)

As a special case, choose F (x, y, t) = β2e−t sinx sin y, the initial conditions as
ρ1(x, y) = sinx sin y, ρ2(x, y) = − sinx sin y and the boundary conditions as φ1(y, t)
= 0, φ1(y, t) = e−t sin y, ψ1(x, t) = 0, ψ2(x, t) = e−t sinx, then, the problem (4)
takes the form

Dp
t v + 2αDq

t v + β2v = Dp
xv +Dp

yv + β2e−t sinx sin y, (x, y, t) ∈ R3
+,

IC: v(x, y, 0) = sinx sin y,
∂v

∂t
(x, y, 0) = e−t sin y, (x, y) ∈ R2

+,

BC: v(0, y, t) = 0,
∂v

∂x
(0, y, t) = e−t sin y, (y, t) ∈ R2

+

v(x, 0, t) = 0,
∂v

∂y
(x, 0, t) = e−t sinx, (x, t) ∈ R2

+.

(25)

The solution (24) of (25) takes the form

v(x, y, t) = L−1
x L−1

y L−1
t {

1

(s2
1 + 1)(s2

2 + 1)(s3 + 1)(sp3 + 2αsq3 + β2 − sp1 − s
p
2)

[
(sp−1

3
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+ 2αsq−1
3 + β2 − sp1 − s

p
2) + 2αsq−1

3 − sp−2
3 − sp−2

2 − sp−2
1 ]}

= L−1
x L−1

y L−1
t {

1

(s2
1 + 1)(s2

2 + 1)(s3 + 1)
+

2αsq−1
3 − sp−2

3 − sp−2
2 − sp−2

1

(s2
1 + 1)(s2

2 + 1)(s3 + 1)(sp3 + 2αsq3 + β2 − sp1 − s
p
2)
}

= e−t sinx sin y + L−1
x L−1

y L−1
t {v1(s1, s2, s3)},

(26)

where v1(s1, s2, s3) =
2αsq−1

3 − sp−2
3 − sp−2

2 − sp−2
1

(s2
1 + 1)(s2

2 + 1)(s3 + 1)(sp3 + 2αsq3 + β2 − sp1 − s
p
2)

.

Now, using the relation (11), we obtain

v1(s1, s2, s3) =

∞∑
k=0

(−1)k
2αsq−k−2

3 − sp−k−3
3 − (sp−2

1 + sp−2
2 )s−k−1

3

(s2
1 + 1)(s2

2 + 1)(sp3 + 2αsq3 + β2 − (sp1 + sp2))
. (27)

Applying L−1
t and using (13), we obtain

L−1
t {v1(s1, s2, s3)} =
∞∑
k=0

(−1)k
∞∑
r=0

(−2α)r
t(p−q)r

(s2
1 + 1)(s2

2 + 1)

[
2αtp−q+k+1)Er+1

p,δ1
(θ(s)tp)

− t(k+2)Er+1
p,δ2

(θ(s)tp)− (sp−2
1 + sp−2

2 )tp−k)Er+1
p,δ3

(θ(s)tp)
]
,

(28)

where, δ1 = p+(p−q)r−q+k+2, δ2 = p+(p−q)r−p+k+3, δ3 = p+(p−q)r+k+1
and θ(s) = sp1 + sp2 − β2. Using (15), we obtain

1

(s2
1 + 1)(s2

2 + 1)
Er+1
p,δi

(θ(s)tp) =

∞∑
v=0

1

Γ(r + 1)

tpvΓ(r + v + 1)

v!Γ(pv + δi)(s2
1 + 1)(s2

2 + 1)
(sp1 + sp2 − β2)v

(29)

which in view of (11) can be written as

1

(s2
1 + 1)(s2

2 + 1)
Er+1
p,δi

(θ(s)tp) =

∞∑
v=0

∞∑
ρ=0

(−1)ρ
tpvΓ(r + v + 1)s

pv−2(ρ+1)
2

Γ(r + 1)v!Γ(pv + δi)(s2
1 + 1)

[1− (β2 − sp1)s−p2 ]v
(30)

Applying L−1
y and using (17) we obtain

L−1
y {

Er+1
p,δi

(θ(s)tp)

(s2
1 + 1)(s2

2 + 1)
} =

∞∑
v=0

∞∑
ρ=0

(−1)ρ
tpvy2ρ−pv+1Γ(r + v + 1)

Γ(r + 1)v!Γ(pv + δi)(s2
1 + 1)

E−vp,2(ρ+1)−pv((β
2 − sp1)yp)

(31)

where E−vα,β(z) =
∑v
l=0(−1)l

(
v
l

)
zl

Γ(αl+β) , l ∈ N is a polynomial. Hence it follows

that

L−1
y {

Er+1
p,δi

(θ(s)tp)

(s2
1 + 1)(s2

2 + 1)
} =

∞∑
v=0

∞∑
ρ=0

v∑
l=0

(−1)ρ+l
∧
vρl

tpvypl+2ρ−pv+1(β2 − sp1)l

Γ(pv + δi)(s2
1 + 1)

, (32)
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where
∧
vρl =

(
v
l

)
Γ(r+v+1)

Γ(r+1)v!Γ(pl+2ρ−pv+2) . Using (11), we obtain

L−1
y {

Er+1
p,δi

(θ(s)tp)

(s2
1 + 1)(s2

2 + 1)
} =

∞∑
v=0

∞∑
ρ=0

v∑
l=0

∞∑
m=0

(−1)ρ+l+m
∧
vρl

tpvypl+2ρ−pv+1s
−2(m+1)
1 (β2 − sp1)l

Γ(pv + δi)

(33)

Applying L−1
x and using (13), we obtain

L−1
y L−1

x {
Er+1
p,δi

(θ(s)tp)

(s2
1 + 1)(s2

2 + 1)
} =

∞∑
v=0

∞∑
ρ=0

v∑
l=0

∞∑
m=0

(−1)ρ+m
∧
vρl

tpvypl+2ρ−pv+1x2m−pl+1E−lp,τ (β2xp)

Γ(pv + δi)

(34)

where τ = 2(m+ 1)− pl.
Now, using (11), we have

sp−2
2 + sp−2

1

(s2
1 + 1)(s2

2 + 1)
Er+1
p,δ3

(θ(s)tp) =

∞∑
ρ=0

(−1)ρ
(sp−2

1 s
−2(ρ+1)
2

s2
1 + 1

+
s
p−2(ρ+2)
2

s2
1 + 1

)
Er+1
p,δ3

(θ(s)tp),

(35)
which in view of (15) implies that

sp−2
2 + sp−2

1

(s2
1 + 1)(s2

2 + 1)
Er+1
p,δ3

(θ(s)tp) =

∞∑
ρ=0

∞∑
v=0

(−1)ρΛvt
pv
{ sp−2

1

s2
1 + 1

s
−(2(ρ+1)−pv)
2 [1− (β2 − sp1)s−p2 ]v

+
1

s2
1 + 1

s
−(2(ρ+2)−p(v+1))
2 [1− (β2 − sp1)s−p2 ]v

}
,

(36)

where Λv =
Γ(r + v + 1)

Γ(r + 1)v!Γ(pv + δ3)
. Using (17),we obtain

L−1
y {

sp−2
2 + sp−2

1

(s2
1 + 1)(s2

2 + 1)
Er+1
p,δ3

(θ(s)tp)} =

∞∑
ρ=0

∞∑
v=0

(−1)ρΛvt
pvy2ρ−pv+1

{ sp−2
1

s2
1 + 1

E−vp,2(ρ+1)−pv(β
2 − sp1)yp

+
y(2−p)

s2
1 + 1

E−vp,2ρ−pv−p+3(β2 − sp1)yp
}
,

(37)

which in view of (19) implies that

L−1
y {

sp−2
2 + sp−2

1

(s2
1 + 1)(s2

2 + 1)
Er+1
p,δ3

(θ(s)tp)} =

∞∑
ρ=0

∞∑
v=0

v∑
l=0

(−1)ρ+lΛv

(
v
l

)
tpvypl+2ρ−pv+1

{spl+p−2
1 (β2s−p1 − 1)l

(s2
1 + 1)Γ(pl + τ1)

+
y(2−p)spl1 (β2s−p1 − 1)l

(s2
1 + 1)Γ(pl + τ2)

}
(38)
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where τ1 = 2(ρ+ 1)− pv, τ2 = 2ρ− p(v + 1) + 3. Using (11), we obtain

L−1
y {

sp−2
2 + sp−2

1

(s2
1 + 1)(s2

2 + 1)
Er+1
p,δ3

(θ(s)tp)} =

∞∑
ρ=0

∞∑
v=0

v∑
l=0

∞∑
m=0

(−1)ρ+mΛv

(
v
l

)
tpvypl+2ρ−pv+1

{s−(2(m+2)−p(l+1))
1 (1− β2s−p1 )l

Γ(pl + τ1)
+
y(2−p)s

−(2(m+1)−pl
1 (1− β2s−p1 )l

Γ(pl + τ2)

}
.

(39)

Taking the inverse transform L−1
x and using (17), we obtain

L−1
x L−1

y {
sp−2

2 + sp−2
1

(s2
1 + 1)(s2

2 + 1)
Er+1
p,δ3

(θ(s)tp)} =

∞∑
ρ=0

∞∑
v=0

v∑
l=0

∞∑
m=0

(−1)ρ+mΛv

(
v
l

)
tpvypl+2ρ−pv+1x2m−pl+1

{x2−pE−lp,δ4(β2xp)

Γ(pl + τ1)
+
y(2−p)E−lp,δ5(β2xp)

Γ(pl + τ2)

}
,

(40)

where δ4 = 2m− p(l + 1) + 3, δ5 = 2m− pl + 2. Applying L−1
x L−1

y on (41), using
(34) and (40), we obtain

L−1
x L−1

y L−1
t {v1(s1, s2, s3)} =

∞∑
k=0

∞∑
r=0

(−1)k(−2α)rt(p−q)r
∞∑
ρ=0

∞∑
v=0

v∑
l=0

∞∑
m=0

(−1)ρ+m
∧
vρl

tpv

ypl+2ρ−pv+1x2m−pl+1
{

(
2αt(p−q+k+1)

Γ(pv + δ1)
− t−(k+2)

Γ(pv + δ1)
)E−lp,τ (β2xp)

− tp−kΓ(pl + 2ρ− pv + 2)

Γ(pv + δ3)

(x2−pE−lp,δ4(β2xp)

Γ(pl + τ1)
+
y(2−p)E−lp,δ5(β2xp)

Γ(pl + τ2)

)}
.

(41)

Hence the exact solution is obtained by putting the values in (26).

5. Conclusion. We developed triple Laplace transform technique to obtain exact
solutions of 1 + 1 and 1 + 2 dimensional telegraph equations. We conclude that the
proposed techniques are also appropriate to further types of fractional order partial
differential equations.
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