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A B S T R A C T   

The classical calculus due to the fact that it assumed as the instant rate of change of the output, when the input 
level changes. Therefore it is not able to include the previous state of the system called memory effect. But in the 
Fractional Calculus (FC), the rate of change is affected by all points of the considered interval, so it is able to 
incorporate the previous history/memory effects of any system. Due to the importance of this effect we used the 
modern concept of the Caputo-Fabrizio fractional derivative on the considered Jeffrey fluid model. In this paper 
the effect of Newtonian heating, concentration and velocity on unsteady MHD free convective flow of Jeffrey 
fluid over long vertical an infinite ramped wall nested in porous material are discussed. Exact analytical solutions 
are derived via Laplace transformation technique for principal equations of energy, concentration and ramped 
velocity. The prime features of various coherent parameters are deliberated and illuminated with the aid of 
plotted graphs. A comparative study to show the significance of fractional order model with an integer order 
model is accomplished. The fractional order model is found to be the best choice for explaining the memory 
effect of the considered problem. It is identified that temperature distribution, concentration and ramped velocity 
profiles for fractional model are converges to an ordinary model when fractional parameter tends to integer 
order, which shows that fractional model is more appropriate to explicate experimental results.   

Introduction 

Non-Newtonian fluids flow not only exists in nature,for instance, 
avalanches and mud slides,but also in modern technologies and many 
industrial sectors due to their important applied utilities such as bio
logical materials(blood), pharmaceutical, chemicals(polymers, paints, 
plastics), foodstuffs(yogurt, ketchup, honey) and personal care items 
(creams, toothpastes, shampoo, gel),etc. In the current years, non- 
Newtonian fluids natural convection flow effected by MHD forces 
have applications in energy generators, power elevators,polymer fabri
cation, aerodynamic heating, accelerators and the refinement of inor
ganic oil and hydrogeologists investigated the fluid convective flows 
which is in porous constituents in order to prediction their rejoinders in 
numerous types of artificial lake [1–3]. The purpose of fluids which is 
non-Newtonian expecting the performances cannot be abstracted by 

assuming a one single model. Flow equations becomes more complex 
due to shear rate and shear stress non-linear relation as compared to the 
Navier–Stokes equation can describe, developes and explain their order 
[4,5]. However, in the literature scant models are present to forecast the 
structures of such types of fluids. The main three classes of such types of 
models include rate type, differential and Integral models. Rate type 
models for research point of view are more applicable as they expect 
both elastic effects and memory.Among the numerous non-Newtonian 
fluid models, Jeffrey model is one of such non-Newtonian fluid models 
that attract several researchers due to its deliberation as a physiological 
better fluid model [6–8]. Also,this model is known as a generalisation of 
the recurrently used Newtonian model due to the fact that its funda
mental equation can be concentrated Newtonian model’s as a special 
case of such model. Moreover,the Jeffrey model described the charac
teristic of memory time scale and stress relaxation property, but usual 
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viscous fluid model cannot describe this property. 
Many numerical and analytical investigations on Jeffrey fluid have 

been carried out. Among them, Hayat et. al. [9] was explored time 
reliant mixed convection flow of Jeffrey fluid over a extending surface in 
the existence of heat discharge.For the convective movement of Jeffrey 
fluid a numerical analysis of energy transfer and entropy generation was 
performed by Dalir et. al. [10]. A model identified by Abo-Elkhair and 
Mekheimer [11] for blood passing in the vessels by examining the ge
netic and corporal characteristics of Jeffrey MHD flow in constricting 
and intensifying walls.Abro et. al. [12] examined the comprehensive 
oscillatory MHD Jeffrey fluid circulation to examine the impact of 
thermal,nonlinear heat discharge on energy transfer. 

All aforementioned studies which have countless suitable conse
quences, but only combine either constant or uniform conditions at end 
points. According to our valuable information,for Jeffrey fluid there 
does not exist a single paper or article in the published literature which 
have complete knowledge regarding to analyzed the influence of ram
ped conditions on velocity profile, energy and concentration at the 
identical time.Furthermore, researchers conducted computational 
studies and physical experiments reviewed in chemical industry and in 
the medical fields use of these conditions has several applications. For 
instance, detecting cardiovascular infections involve ergometers, this 
function base on ramped velocity conditions [13]. Diagnostic analysis, 
check working of a blood circulation system and influential treatments 
contain applications of velocity with ramped conditions applied.How
ever, Belin and Myers et.al. [14]and Bruce [15] applied velocity with 
ramped conditions to assess the boundaries of consider the workout 
tolerance,thermal therapy is used to analyze the cancer patient which is 
also based on such type of conditions was studied by Kundu [16]. 

Credit should be given to Malhotra, Hayday and Schetz [17–19] for 
presenting the temperature under ramped conditions. Impacts of ram
ped temperature on viscous convective fluids flow was analyzed by 
Chandran et. al. [20]. Also, Seth enhanced this work and studied natural, 
moving plates in vertical form to discover the influence of ramped wall 
temperature on physical such phenomena like Hall current, chemical 
sensitivities, thermal diffusivity and immersion in porous material 
[21–25]. A study was accomplished by Narahari et al. [26] fluid flow for 
an infinite plate hanged vertically with a heated wall. Behaviour of MHD 
Jeffery fluid flow was studied by Khan’s [27], which was prolonged by 
Zin et. al.[28] and obtained the precise solution for natural convective 
motion of Jeffrey MHD fluid in the presence of ramped temperature 
conditions. 

It is observed that there is a lack of articles in the literature describes 
flows with concentration, temperature and velocity under ramped 
conditions, regardless of the appreciated practical insinuations. Ramped 
conditions used at similar time was firstly presented by Ahmed and 
Dutta [29] to examine the time dependent naturall convection motion of 
a Newtonian type fluid in porous medium past an impulsively happened 
upright plate which is infinite with ramped velocity, ramped wall tem
prature and concentration. Maqbool et. al. [30] has studied the effects of 
ramped conditions on unsteady free convection of Jeffery fluid flow in a 
pourous material. Also, Mazhar et. al. [31] investegated the impact of 
applied ramped conditions simultaneously on Oldroyed-B fluid. 

The non-integer differential operators Caputo-Fabrizio is a fractional 
operator which transformed the ordinary model to generalized model. In 
context with fractional derivatives, Abro [32] investegated a compara
tive study of thermo-diffusion impacts on natural convection flow be
tween fractional and non-fractional differential operator and also find 
solution via Laplace transformation and Fourier sine transform. In the 
published literature various types of fractional operators like Caputo 
(Power law), Caputo-Fabrizio (exponential law), Atangana-Baleanu 
(Mittage-Leffler law) and several others are discussed [33–37]. Riaz 
et al. [38] studied temprature for non-singular kernel convective flow 
with ramped conditions. Further,the same author Riaz et al. [39] 
highlighted the heat effect on MHD Maxwell fluid by using non-local and 
local operators. Some other associated references dealing with fractional 

maxwell MHD fluid movement, heat emission or fractional second grade 
fluid are give in [40–42,47–49]. Recently, Talha Anwar et. al. [43] 
studied MHD free convective movement of Jeffrey fluid under the in
fluence of Newtonian heating with ramped conditions on velocity via 
Caputo-Fabrizio approach.To obtained the solution they applied 
Stethfest’s and Zakian’s numerical Algorithm but not find the exact 
solution. According to our best knowledge not a single result is pre
sented in the published literature which have exact solution with 
Caputo-Fabrizio time fractional operator. Based on the aforementioned 
literature, this work intents to use Caputo-Fabrizio time fractional 
operator on MHD free convective stream of Jeffrey fluid and compared 
with the derived solutions by Talha Anwar et al. [43]. 

In the present work, keeping the above mentioned results in view, 
the sole motive of present research is analyzed the impacts of different 
system parameters on ramped velocity,concentration with Newtonian 
heating applied on unsteady convective motion of MHD Jeffrey fluid 
over an infinite steep plate which is fixed in porous medium. Techniques 
of Laplace transformation method, as in the literature, is utilized to get 
analytical solution via Caputo-Fabrizio time fractional operator for 
ramped wall velocity with Newtonian heating and concentration from 
dimensionless governing equations. To analyzed the physical signifi
cance of the considered problem, estimated the values of ramped wall 
velocity with Newtonian heating and concentration, with the aid of 
graphically illustrations for several values of copious parameters like Pr, 
the relaxation time parameter λ1,the retardation time parameter λ2, 
Magnetic number M, dimentionless time t, Sc,Gm,Gr and α.Furthermore, 
some results found in the literature as limiting cases were extracted from 
our current findings. 

Mathematical model 

The equations which illustrate unsteady MHD natural convective 
motion of Jeffrey fluid over a vertical limitless ramped wall is written as: 

∇.V = 0,∇.T + ρg+ J = ρ
[(

∇.V)V +
∂V

∂t

]

, J = J × M. (1)  

where V ,ρ, J and M are represented by velocity distribution,density, 
electric density and total magnetic field(imposed and induced) respec
tively.The basic equations for Jeffery fluid in which cauchy stress and 
extra stress tensor are represented by T and S respectively, is written as 

T = − pI +S, (1+ λ1)S = μ
[

A + λ2

(
∂A

∂t
+ (V.∇)A

)]

,A

= (∇V)
T
+(∇V), (2) 

In the above equations, λ1, μ, λ2, − pI and A are denoted by ratio of 
relaxtion to retrdation time,dynamic viscosety, retardation time,tensor’s 
indeterminate part and Rivlin-Ericksen tensor respectively. Further
more, from Eq. (2) we get the expression for classical viscous Newtonian 
fluid when λ1 = λ2 = 0. Also, Maxwell Equations for magnetic and 
electric field are defined in the following way 

Δ.M = 0, Δ × M = μmJ, Δ × E = −
∂M
∂t

. (3)  

where J, M and μm are denoted by electric field,magnetic field and 
magnetic permeability respectively. Furthermore, M = M0 +M1 in 
which M0 is denoted by imposed magnatic field and M1 is induced 
magnatic field which is not considered in this situation. Assume that the 
fluid flow is one dimensional and unidirectional,V and S are velocity 
and shear stress in the shape of 

V = w(y, t)̂i and S = S(y, t). (4)  

where w is denoted by x-component of the velocity V. Initially, Jeffrey 
fluid is at rest, at time t = 0, with adjacent wall having constant con
centration C∞ and temperature T∞. When t⩽t0 the velocity of the wall 
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becomes w0
t
t0, but for time t > t0 the wall maintained the uniform ve

locity w0. The stress field which satisfy S(y,0) = 0, gives the following 
results Sxx = 0,Syy = 0,Szz = 0,Sxz = 0,Syz = 0,Szx = 0,Szy = 0 and 

(1+ λ1)Sxy = μ
[

1 + λ2
∂
∂t

]
∂w
∂y

. (5)  

where Sxy represent the non-triviall tangential stress.Moreover,to 
analyze the energy transfer, assume that the impression of thermic ra
diation in normal direction along the wall suppressed to Newtonian 
heating in first figure is described.The principal governing equations for 
Jeffrey fluid, energy, shear stress and concentration can be expressed 
subject to the Boussinesq’s approximation and Rosseland approximation 
[44–46] are given as: 

∂w(y, t)
∂t

=
ν

1 + λ1

(

1 + λ2
∂
∂t

)
∂2w(y, t)

∂y2 + gβT

(
T(y, t) − T∞

)
+ gβC

(
C(y, t)

− C∞

)
−

σβ2
0

ρ w(y, t),

(6)  

∂T(y, t)
∂t

=
k

ρcp

(

1 +
16σ1T3

∞

3kK1

)
∂2T(y, t)

∂y2 , (7)  

(1 + λ1)S(y, t) = μ
(

1 + λ2
∂
∂t

)
∂w(y, t)

∂y
, (8)  

∂C(y, t)
∂t

= Dm
∂2C(y, t)

∂y2 . (9) 

The appropriate initial and boundry conditions are 

w(y, 0) = 0, C(y, 0) = C∞, T(y, 0) = T∞,
∂w(y, 0)

∂t
= 0, y⩾0, (10)  

C(0, t) = Cw, w(0, t) = f1(t),
∂T(0, t)

∂y
= −

h
k

T(0, t). (11)  

where 

f1(t) =

⎧
⎪⎪⎨

⎪⎪⎩

u0
t
t0
, 0 < t⩽t0;

u0, t > t0

, (12)  

t⩾0 : w(y, t)→ 0, C(y, t)→∞, T(y, t)→∞ asy→∞. (13) 

Some new dimensionless variables are introducing as: 

t* =
νh2

k2 t, y* =
h
k

y, w* =
w
u0
, θ =

T(y, t) − T∞

T∞
, ψ =

C(y, t) − C∞

C∞
,

Pr =
μCp

k
, Gr =

gβT T∞

νu0
(
k
h
)

2
, Nr =

16σ1T3
∞

3kK1
, Gm =

gβCC∞

νu0
(
k
h
)

2
,

M =
k2σβ2

0

h2ν
, λ*

2 =
υh2

k2 λ2, Sc =
υ

Dm
, Pr0 =

Pr

1 + Nr
, S =

k
h

S

u0μ .

(14)  

and removing the star notation the required dimensionless equations 
are: 

∂w(y, t)
∂t

=
1

1 + λ1

(

1 + λ2
∂
∂t

)
∂2w(y, t)

∂y2 +Grθ(y, t) +Gmψ(y, t) − Mw(y, t),

(15)  

Pr0
∂θ(y, t)

∂t
=

∂2θ(y, t)
∂y2 , (16)  

(1 + λ1)S =

(

1 + λ2
∂
∂t

)
∂w(y, t)

∂y
, (17)  

∂ψ(y, t)
∂t

=
1
Sc

∂2ψ(y, t)
∂y2 . (18)  

and corresponding set of initial and boundry conditions are: 

w(y, 0) = 0, θ(y, 0) = 0, ψ(y, 0) = 0, (19)  

w(0, t) =
{

t, 0 < t ≤ 11, z t > 1c,
∂θ(0, t)

∂y
= − (1 + θ(0, t)), ψ(0, t) = 1,

(20)  

w(y, t)→0, θ(y, t)→0, ψ(y, t)→0, as y→∞ and t⩾0. (21)  

Preliminaries 

By definition the Fractional time derivative for Caputo-Fabrizio (CF) 
is mentioned as: 

CFD℘
t∼ f
(

y, t∼
)
=

1
1 − ℘

∫ t∼

0
exp

(

−
℘(t∼ − ℘)

1 − ℘

)
∂f (y, τ)

∂τ dτ, 0 < ℘

< 1.
(22)  

and its Laplace transform is obtained as: 

L

(
CFD℘

t∼ f
(

y, t∼
))

=
⋎L

(
f (y, t∼)

)
− f (y, 0)

(1 − ℘)⋎ + ℘
. (23)  

where ℘is a fractional parameter and ⋎ is Laplace parameter (Fig. 1). 

Solution of the problem 

Exact solution of heat profile 

Applying the definition provided in Eq. (22) for CF on Eq. (16) and 
plugging Eqs. (19)–(21) yield. 

CFDα
τ θ(y, t) =

1
Pr0

∂2θ(y, t)
∂y2 , (24) 

Above equation becomes after employing Laplace transformation 

∂2θ(y, s)
∂y2 − Pr0

( s
(1 − α)s + α

)
θ(y, s) = 0. (25)  

with 

∂θ(0, s)
∂y

+ θ(0, s)+
1
s
= 0, θ(y, s)→0 as y→∞. (26) 

By using Eq. (26), the Eq. (25) has the solution in the form: 

Fig. 1. Geometrical formation of the flow model.  
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θ(y, s) = −
e− y

̅̅̅̅̅̅̅
bPr0 s
s+c

√

s(1 −

̅̅̅̅̅̅̅̅
bPr0s
s+c

√

)
,

= − θ1(y, s).
[

1
a
+ (

ac − c
a

)θ2(y, s) + (

̅̅̅̅̅̅̅̅̅̅
bPr0

√

a
)θ3(y, s)

]

. (27) 

After applying inverse laplace transformation on Eq. (27), the solu
tion is 

θ(y, t) = − (
1
a
)θ1(y, t)+ (

c − ac
a

)(θ1*θ2)(t) − (

̅̅̅̅̅̅̅̅̅̅
bPr0

√

a
)(θ1*θ3)(t). (28)  

where 

θ1(y, t) = L
− 1
{θ1(y, s)} = L

− 1

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

e
− y

̅̅̅̅̅̅̅̅̅̅̅
Pr0 s

(1− α)s+α

√

s

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

,

= 1 −
2Pr0

π

∫ ∞

0

sin
(

y
̅̅̅̅̅̅̅̅̅̅̅
1 − α

√ χ
)

χ(Pr0 + χ2) e

(
− α

1− α tχ2

)

dχ,

θ2(y, t) = L
− 1
{θ2(y, s)} = L

− 1

⎧
⎪⎨

⎪⎩

1

s +
c
a

⎫
⎪⎬

⎪⎭
= e−

c
a t,

θ3(y, t) = L
− 1
{θ3(y, s)} = (θ4*θ5)(t),

θ4(y, t) = L
− 1
{θ4(y, s)} = L

− 1{ ̅̅
s

√ }
= −

1
2
̅̅̅̅̅̅
πt3

√ ,

θ5(y, t) = L
− 1
{θ5(y, s)} = L

− 1

⎧
⎪⎨

⎪⎩

̅̅̅̅̅̅̅̅̅̅
s + c

√

s +
c
a

⎫
⎪⎬

⎪⎭

=
e− ct

̅̅̅̅
πt

√ +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(c −
c
a
)

√

e− c
a terf

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(c −
c
a
)t

√ )

, b =
1

1 − α, c = bα and a

= 1 − bPr0.

(29)  

Exact solution of mass profile 

Applying the definition provided in Eq. (22) for CF on Eq. (18) and 
plugging Eqs. (19)–(21) yield. 

CFDα
t ψ(y, t) =

(
1
Sc

)
∂2ψ(y, t)

∂y2 . (30) 

Above equation becomes after employing Laplace transformation 

∂2ψ(y, s)
∂y2 − Sc

( s
(1 − α)s + α

)
ψ(y, s) = 0. (31)  

with 

ψ(0, s) =
1
s
, ψ(y, s)→0 as y→∞. (32) 

By using Eq. (32), the Eq. (31) has the solution in the form: 

ψ(y, s) =
(

1
s

)

e− y
̅̅̅̅̅̅̅̅̅̅̅̅̅
(

Sc s
(1− α)s+α)

√

. (33) 

Employing Inverse Laplace Transformation, the exact solution for 
concentration is written as: 

ψ(y, t) = L− 1

⎛

⎜
⎜
⎜
⎜
⎝

e− y
̅̅̅̅̅̅̅̅̅̅̅̅̅
(

scs
(1− α)s+α)

√

s

⎞

⎟
⎟
⎟
⎟
⎠
,

= 1 −
2Sc

π

∫ infty

0

sin
(

y
̅̅̅̅̅̅̅̅̅̅̅
1 − α

√ χ
)

χ(Sc + χ2) e

(
− α

1− α tχ2

)

dχ.

(34)  

Nusselt number 
Nusselt number,which is used to estimate the rate of heat transfer 

can be obtained as: 

Nu = −
∂θ(y, t)

∂y
|y=0 (35)  

Exact solution of velocity profile 

Applying the definition provided in Eq. (22) for CF time fractional 
operator on Eq. (15) which gives 

CFDα
t w(y, t) =

1
1 + λ1

(
1

+ λ2
CFDα

t

) ∂2w(y, t)
∂y2 +Grθ(y, t) +Gmψ(y, t) − Mw(y, t),

(36) 

Employing Laplace transformation on the above equation 

( s
(1 − α)s + α

)
w(y, s) =

1
1 + λ1

(
1 + λ2

s
(1 − α)s + α

) ∂2w(y, s)
∂y2 + Grθ(y, s)

+Gmψ(y, s) − Mw(y, s),
(

M +
bs

s + c

)

w(y, s) = a1

(

1 +
λ2bs
s + c

)
∂2w(y, s)

∂y2 + Grθ(y, s) + Gmψ(y, s),

(
b1s + c1

s + c

)

w(y, s) = a1

(
b2s + c
s + c

)
∂2w(y, s)

∂y2 + Grθ(y, s) + Gmψ(y, s).

(37)  

from Eq. (27) and Eq. (33) substituting the values of θ(y, s) and ψ(y, s) , 
the solution of Eq. (37) is written as 

w(y, s) = Ae
y
̅̅̅̅̅̅̅̅̅̅
(b1 s+c1 )
(b3 s+c2 )

√

+ Be
− y

̅̅̅̅̅̅̅̅̅̅
(b1 s+c1 )
(b3 s+c2 )

√

+
Gr(s + c)2e− y

̅̅̅̅̅̅̅
bPr0 s
s+c

√

s(1 −

̅̅̅̅̅̅̅̅̅̅̅̅
bPr0s
s + c

√

)[(b3s + c2)bPr0s − (b1s + c1)(s + c)]

−
Gm(s + c)2e− y

̅̅̅̅̅
bScs
s+c

√

s[(b3s + c2)bScs − (b1s + c1)(s + c)]
.

(38) 

To find the values of A, B, using initial/boundry conditions for ve
locity,the solution has the form 

w(y, s) =
(

1 − e− s

s2

)

e
− y

̅̅̅̅̅̅̅̅̅̅
(b1 s+c1 )
(b3 s+c2 )

√

−

Gr(s + c)2

⎛

⎜
⎝e

− y
̅̅̅̅̅̅̅̅̅̅
(b1 s+c1 )
(b3 s+c2 )

√

− e− y
̅̅̅̅̅̅̅
bPr0s
s+c

√
⎞

⎟
⎠

s(1 −

̅̅̅̅̅̅̅̅
bPr0s
s+c

√

)[(b3s + c2)bPr0s − (b1s + c1)(s + c)]
+

Gm(s + c)2

⎛

⎜
⎝e

− y
̅̅̅̅̅̅̅̅̅̅
(b1s+c1 )
(b3s+c2 )

√

− e− y
̅̅̅̅̅
bScs
s+c

√
⎞

⎟
⎠

s[(b3s + c2)bScs − (b1s + c1)(s + c)]
. (39)   
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In Eq. (39) it is difficult to derive the exact solution due to involve
ment of complex combinations of terms.Consequently,the only efficient 
way to calculate exact result of the considered problem, write the Eq. 
(39) in series equivalent form then employing inverse Laplace trans
formation technique. 

Eq. (39) can be arrange in the following way: 

w(y, s) = Ψ(y, s) − e− sΨ(y, s)+GrΦ(y, s)[Ω(y, s)Π(y, s)

+ θ(y, s)] +GmΘ(y, s)[Ω(y, s) − ψ(y, s)],
= Ψ(y, s) − e− sΨ(y, s)+GrΦ(y, s)[Ω(y, s)

+ θ(y, s)] +GmΘ(y, s)[Ω(y, s) − ψ(y, s)]. (40) 

Applying inverse Laplace transformation with convolution product 
on Eq. (40), we get the required solution 

w(y, t) = Ψ(y, t) − Ψ(y, τ)H(τ)+Gr[(Φ*Ω)(t) + (Φ*θ)(t)]+Gm[(Θ*Ω)(t)

− (Θ*ψ)(t)].
(41)  

where H(τ) represent a standard Heaviside function with τ = t − 1 and 

Ψ(y, t) = L
− 1

⎛

⎜
⎜
⎜
⎜
⎝

e
− y

̅̅̅̅̅̅̅̅̅̅
(b1 s+c1 )
(b3 s+c2 )

√

s2

⎞

⎟
⎟
⎟
⎟
⎠
,

= L
− 1

⎛

⎜
⎜
⎜
⎜
⎝

e− y
̅̅̅̅̅̅̅̅
(

η+γs
1+∊s)

√

s2

⎞

⎟
⎟
⎟
⎟
⎠
,

=
γ
∊

∫ ∞

0

∫ t

0
e−

(pγ+z)
∊ erfc

(
y

2
̅̅
z

√

)

I0

(
2
∊

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(γ − η∊)pz

√
)

dzdp

+
η
∊

∫ ∞

0

∫ ν

0

∫ t

0
e−

(p(1+w)+s)
∊ erfc

(
y

2
̅̅
z

√

)

I0

(
2
∊

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(γ − η∊)qp

√
)

dzdqdp,

Π(y, s) = L
− 1

⎛

⎜
⎜
⎝

1

1 −

̅̅̅̅̅̅̅̅̅̅
bPrs
s + c

√

⎞

⎟
⎟
⎠,

= L
− 1
(

1
a

)

+ L
− 1
((

ac − c
a

)θ2(y, s) + (

̅̅̅̅̅̅̅̅̅̅
bPr0

√

a
)θ3(y, s)

)

,

= L
− 1
(

1
a

)

+ Π1(y, s)

(42)  

Π1(y, s) = L
− 1
((

ac − c
a

)θ2(y, s) + (

̅̅̅̅̅̅̅̅̅̅
bPr0

√

a
)θ3(y, s)

)

,

Π1(y, t) = (
ac − c

a
)θ2(y, t) + (

̅̅̅̅̅̅̅̅̅̅
bPr0

√

a
)θ3(y, t),

θ2(y, t) = L
− 1
{θ2(y, s)} = L

− 1

⎧
⎪⎨

⎪⎩

1

s +
c
a

⎫
⎪⎬

⎪⎭
= e− c

a t,

θ3(y, t) = L
− 1
{θ3(y, s)} = (θ4*θ5)(t),

θ4(y,t)=L
− 1
{θ4(y,s)}=L

− 1{ ̅̅
s

√ }
=−

1
2
̅̅̅̅̅̅
πt3

√ ,

θ5(y,t)=L
− 1
{θ5(y,s)}=L

− 1

⎧
⎪⎨

⎪⎩

̅̅̅̅̅̅̅̅̅
s+c

√

s+
c
a

⎫
⎪⎬

⎪⎭
=

e− ct

̅̅̅̅
πt

√ +

̅̅̅̅̅̅̅̅̅̅̅̅̅

(c−
c
a
)

√

e−
c
aterf

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(c−
c
a
)t

√ )

,

Ω(y,t)=L
− 1

⎛

⎜
⎜
⎜
⎜
⎝

e
− y

̅̅̅̅̅̅̅̅̅̅
(b1 s+c1 )
(b3 s+c2 )

√

s

⎞

⎟
⎟
⎟
⎟
⎠
,

=L
− 1

⎛

⎜
⎜
⎜
⎜
⎝

e− y
̅̅̅̅̅̅̅̅
(

η+γs
1+∊s)

√

s

⎞

⎟
⎟
⎟
⎟
⎠
,

=e− y ̅̅η√

−
y ̅̅̅γ√

2π

∫ ∞

0

∫ t

0

1
̅̅
t

√ e− (∊t+y2
4v+ηv)I1

(
2
̅̅̅̅̅̅
γvt

√ )
dtdv,

Ω(y,t)=L
− 1
{Ω(y,s)}=L

− 1
{

1
a

Ω(y,s)+Ω(y,s)Π1(y,s)
}

=
1
a

Ω(y,t)+(Ω*Π1)(t),

Φ(y,s)=
(s+c)2

b4s2+b5s+c3
,

=
∑∞

l=0

∑∞

δ=0

(− 1)l
(l)!(b4)

l− δ
(b5)

δ

(δ)!(l− δ)!(c3)
1+l .

1
sδ− 2l− 2+

∑∞

l=0

∑∞

δ=0

2c(− 1)l
(l)!(b4)

l− δ
(b5)

δ

(δ)!(l− δ)!(c3)
1+l .

1
sδ− 2l− 1+

∑∞

l=0

∑∞

δ=0

(− 1)l
(l)!c2(b4)

l− δ
(b5)

δ

(δ)!(l− δ)!(c3)
1+l .

1
sδ− 2l,

Φ(y,t)=
∑∞

l=0

∑∞

δ=0

(− 1)l
(l)!(b4)

l− δ
(b5)

δ

(δ)!(l− δ)!(c3)
1+l .

tδ− 2l− 3

Γ(δ− 2l− 2)
+

∑∞

l=0

∑∞

δ=0

2c(− 1)l
(l)!(b4)

l− δ
(b5)

δ

(δ)!(l− δ)!(c3)
1+l .

tδ− 2l− 2

Γ(δ− 2l− 1)
+

∑∞

l=0

∑∞

δ=0

(− 1)l
(l)!c2(b4)

l− δ
(b5)

δ

(δ)!(l− δ)!(c3)
1+l .

tδ− 2l− 1

Γ(δ− 2l)
,

Θ(y,s)=
(s+c)2

b6s2+b7s+c3

=
∑∞

l1=0

∑∞

δ1=0

(− 1)l1 (l1)!(b6)
l1 − δ1 (b7)

δ1

(δ1)!(l1 − δ1)!(c3)
1+l1

.
1

sδ1 − 2l1 − 2+

∑∞

l1=0

∑∞

δ1=0

2c(− 1)l1 (l1)!(b6)
l1 − δ1 (b7)

δ1

(δ1)!(l1 − δ1)!(c3)
1+l1

.
1

sδ1 − 2l1 − 1+

∑∞

l1=0

∑∞

δ1=0

(− 1)l1 (l1)!c2(b6)
l1 − δ1 (b7)

δ1

(δ1)!(l1 − δ1)!(c3)
1+l1

.
1

sδ1 − 2l1
,

Θ(y,t)=
∑∞

l1=0

∑∞

δ1=0

(− 1)l1 (l1)!(b6)
l1 − δ1 (b7)

δ1

(δ1)!(l1 − δ1)!(c3)
1+l1

.
tδ1 − 2l1 − 3

Γ(δ1 − 2l1 − 2)
+

∑∞

l1=0

∑∞

δ1=0

2c(− 1)l1 (l1)!(b6)
l1 − δ1 (b7)

δ1

(δ1)!(l1 − δ1)!(c3)
1+l1

.
tδ1 − 2l1 − 2

Γ(δ1 − 2l1 − 1)
+

∑∞

l1=0

∑∞

δ1=0

(− 1)l1 (l1)!c2(b6)
l1 − δ1 (b7)

δ1

(δ1)!(l1 − δ1)!(c3)
1+l1

.
tδ1 − 2l1 − 1

Γ(δ1 − 2l1)
,

Aziz-Ur-Rehman et al.                                                                                                                                                                                                                        



Results in Physics 26 (2021) 104367

6

a=1 − bPr0, a1 =
1

1+λ1
, b=

1
1 − α c=bα, c1 =Mc, c2 =a1c, c3 =− cc1,

b1 =M+b, b2 =1+λ2b, b3 =a1b2, b4 =b3bPr0 − b1, b5 =bPr0c2 − b1c − c1,

b6 =b3bSc − b1, b7 =bScc2 − b1c − c1, γ=
b1

c2
, η=c1

c2
, ∊=b3

c2
.

Limiting cases 

We recover the same Jeffery fluid model graphically in the absence of 
mass grashof number,i.e, Gm = 0 as obtained by Talha Anwar et al.[43]. 

The velocity distribution for integral order of Jeffery model is 
attained by applying the limit α→1 in Eq. (39) is written as:   

Furthermore, the solution of velocity distribution of second grade 
fluid is derived by implementing λ1→ 0 in Eq. (39) and written as:   

This indicates the compatibility of our derived result with the 
literature. 

Results and discussion 

This section is dedicated to presenting the physical explanation of the 
exact results from CF fractional model obtained by Laplace trans
formation, as well as exploring the effects of flow parameters on the 
temperature, concentration and velocity of the Jeffrey fluid. The 
graphical images are represented to examine the influences of substan

tial parameters such as Pr,Gr,Gm,fractional parameter α, time relaxation 
parameter λ1 ,time retardation parameter λ2, Sc and M on energy,con
centration and velocity profile. It is realized that the fractional param
eter α controls the temperature, concentration, and velocity profiles. 
Figure 2 is portrayed the effect of Pr on heat profile for two different time 
levels. It is noticed that thermic layer and temperature decreases by 
greater values of Pr. As Pr increase, the heat profile reduce more quickly. 
Actually, for insignificant values of Pr thermic conductivity elevate 
which permits heat to defuse away quickly for increasing values of Pr. 

Figs. 3 and 4 illustrated the effect of fractional parameter α and time 
on temperature.It is detected that increasing the values of time which 
elevate the temperature distribution in Fig. 3.It is observed from Fig. 4 
the behavior of temperature is decreasing for increasing the value of 

fractional parameter. 
Also Fig. 5 illustrates the behavior of concentration for Sc at two 

different values of time, it is depicted that concentration is decreasing as 
the value of Sc is increasing. Figs. 6 and 7 displays the concentration is 

increasing for growing values of fractional parameter α and time. 
Furthermore, in Figs. 4 and 7, it is noticed that when α→1, the CF 
fractional order model approaches to integer order model. Fig. 8 illus
trates the behavior of prandtl number. Velocity is a decreasing function 
of Pr. Relevant heat and conductivity are both influenced by Pr. The 
thickness of the momentum and boundary layer is controlled by Pr. 

Fig. 9 described the impact on Gr for velocity field. It has been found 
that as Gr increases, so does the velocity. In a physical sense for large 
values of Gr the fluid flow rises due to the thermic buoyancy effects.The 
effect of Gm on jeffery fluid flow is displayed in Fig. 10. It has been 
perceived that the velocity field lifted corresponding to greater values of 

Fig. 2. Temperature profile for different P r values at two different time levelst = 0.6 and t = 2.0.  

w(y, s) =
(

1 − e− s

s2

)

e
− y

̅̅̅̅̅̅̅̅̅̅
(b1 s+c1 )
(b2 s+c)

√

−

Gr(s + c)2

⎛

⎜
⎝e

− y
̅̅̅̅̅̅̅̅̅̅
(b1 s+c1 )
(b2 s+c)

√

− e− y
̅̅̅̅̅̅̅
bPr0 s
s+c

√
⎞

⎟
⎠

s(1 −

̅̅̅̅̅̅̅̅
bPr0s
s+c

√

)[(b2s + c)bPr0s − (b1s + c1)(s + c)]
+

Gm(s + c)2

⎛

⎜
⎝e

− y
̅̅̅̅̅̅̅̅̅̅
(b1s+c1 )
(b2 s+c)

√

− e− y
̅̅̅̅̅
bScs
s+c

√
⎞

⎟
⎠

s[(b2s + c)bScs − (b1s + c1)(s + c)]
. (44)   

w(y, s) =
(

1 − e− s

s2

)

e− y
̅̅̅̅̅̅̅̅̅̅̅̅

s+M
a1 (1+λ2 s)

√

−

Gr

⎛

⎜
⎝e− y

̅̅̅̅̅̅̅̅̅̅̅̅
s+M

a1 (1+λ2 s)

√

− e− y
̅̅̅̅̅̅
Pr0s

√

⎞

⎟
⎠

a1s(1 −
̅̅̅̅̅̅̅̅̅
Pr0s

√
)[(1 + λ2s)Pr0s − (s + M)]

+

Gm

⎛

⎜
⎝e− y

̅̅̅̅̅̅̅̅̅̅̅̅
s+M

a1(1+λ2 s)

√

− e− y
̅̅̅̅̅
Scs

√

⎞

⎟
⎠

a1s[(1 + λ2s)Scs − (s + M)]
. (43)   
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Gm. It is true that when Gm has large values then the buoyancy forces 
which weaken the viscous forces and fluid velocity accelerated. 

In Fig. 11 influence of M is discussed on velocity profile. It is examine 
that decay in ramped velocity when increase in magnetic field. In 
Figs. 12 and 13, it is examined the impact of time relaxation parameter 
λ1 and time retardation parameter λ2 on velocity profile. For greater 
value of λ1, the velocity and the boundry layer thickness reduced. This is 
for the reason that a slower regaining process is analyzed for the higher 
relaxation time, which causes the boundary layer thickness raised at a 
slower rate. When the values of λ2 increased which leads to enlarge the 
fluid velocity and boundry layer thickness also.It is analyzed that ve
locity shows opposite behavior for time relaxation parameter λ1 and 

time retardation parameter λ2. Fig. 14 depicts the influence of Sc on 
ramped velocity.It is observed that for higher values of Sc causes the 
retardation in the velocity.The matter behind that Sc is the ratio of 
viscous forces to mass diffusion,so higher values of Sc provided that 
stability to the viscous forces and dimness to the mass diffusion which 
produces decay in ramped velocity. 

It is observed that the variation of fractional parameter α on the fluid 
velocity profile and comparison between Talha Anwar et al. [43] with 
the considered problem in the absence of mass Grashof number and the 
CF factional model with an ordinary model are discussed in figures 
Figs. 15 and 16. The velocity profile reduced by enlarging the value of 
fractional parameter α. Fig. 17 shows that the velocity of the jeffrey fluid 
increases as t increases.Finally, it is noticed that when α→1 , the CF 

Fig. 3. Temperature profile for various tvalues for Pr = 1.2 and α = 0.3.  

Fig. 4. Temperature association with varying values of α with t = 0.4 and Pr =

1.3. 

Fig. 5. Concentration profile for varying values of Sc for two different time levels t = 0.6 and t = 1.3.  

Fig. 6. Concentration profile for varying t values for α = 0.3 and Sc = 2.5.  
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fractional model becomes ordinary model as shown in Figs. 16 and 15 
displayed the same graph as Talha Anwar et al. [43] when Gm = 0 in our 
results. 

Conclusion 

In the present paper, the MHD convective flow of Jeffrey fluid model 
is studied. The governing differential equation is written into a dimen
sionless form subject to the application of CF time fractional operator. 
Exact solutions are derived via Laplace transformation technique for 
temperature,concentration and velocity.Also discussed distinct param
eters via graphically to analyzed their effects on ramped velocity, con
centration and Newtonian heating. Some significant remarks and 
concluding results are given below: • It has been established that decay 
in concentration and temperature for increasing the values of Sc and Pr 
respectively. • It is noticed that concentration and temperature proflie 
are elevated for higher values of time t. • It is confirmed that the 
relaxation time parameter λ1 and retardation time parameter λ2 in
creases then fluid velocity decreases and increases respectively. • It is 
analyzed that the decay in temperature and velocity but increase in Fig. 7. Concentration association with varying values of α with t = 1.6 and 

Sc = 1.6. 

Fig. 8. Velocity profile for various Pr values at two different time levels t = 0.09 and t = 0.10 when M = 1.1,α = 0.8,Gr = 0.25,Gm = 3.5,λ1 = 1.2,λ2 = 0.5,Sc =

1.2. 

Fig. 9. Velocity for varying values of Gr when M = 1.1, Pr = 9,Gm = 3.5, λ1 = 1.2, λ2 = 0.5, Sc = 1.2.  

Fig. 10. Velocity for varying values of Gm when M = 9, Pr = 9, t = 0.6,Gr = 5, λ1 = 1.2, λ2 = 0.5, Sc = 3.  
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Fig. 11. Velocity for different values of M when Gm = 3.5,Pr = 9, t = 0.6,Gr = 0.25, λ1 = 1.6, λ2 = 0.5, Sc = 3.  

Fig. 12. Velocity for varying values of λ1 when Gm = 0.25,Pr = 9, t = 0.6,Gr = 5,M = 1.2, λ2 = 0.1, Sc = 3, α = 0.7.  

Fig. 13. Velocity for varying values of λ2 when Gm = 0.25,Pr = 9, t = 0.6,Gr = 5,M = 1.2, α = 0.7, λ1 = 1.5, Sc = 3.  

Fig. 14. Velocity for varying values of Sc when Gm = 0.25,Pr = 12, t = 0.6,Gr = 5, λ1 = 0.5, λ2 = 0.3,M = 1.5.  
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concentration for large values of fractional parameter α. • The fluid 
velocity reduced when the values of M, Sc and Pr are increased. • For 
higher values of Gr and Gm the fluid velocity is increasing. • CF time 
fractional model converges to ordinary integer order model when α→1. 
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