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In this article, we consider the analytic solutions of the uncertain fractional backward difference equations in the sense of
Riemann-Liouville fractional operators which are solved by using the Picard successive iteration method. Also, we consider the
existence and uniqueness theorem of the solution to an uncertain fractional backward difference equation via the Banach
contraction fixed-point theorem under the conditions of Lipschitz constant and linear combination growth. Finally, we point out
some examples to confirm the validity of the existence and uniqueness of the solution.

1. Introduction

Fractional calculus is based on an old idea that has become
important and popular in applications only recently. The
idea is to generalize integration and differentiation to
noninteger orders in order to develop and extend the
theory of calculus and to describe a more extensive range of
possible doings in reality. During the past decades, frac-
tional differential equations have been widely employed in
many fields: mathematical analysis, optics and thermal
systems, control engineering, and robotics, see, for ex-
ample, [1-9].

In recent years, uncertain fractional differential and
difference equations and discrete difference equations
have become popular in both theory and applications.
These represent a new area for researchers which was

developed slowly in their early stages. By using modeling
techniques with discrete fractional calculus, some re-
searchers established the existence, uniqueness, mono-
tonicity, multiplicity, and qualitative properties of
solutions to uncertain fractional difference equations
(UFDEs) in the sense of Riemann-Liouville, Caputo, and
AB operators; for further details, see [10-22] and the
references cited therein.

The aim of this attempt is to investigate the existence and
uniqueness of fractional difference equations in the sense of
Riemann-Liouville-like difference operator with assuming
Lipschitz condition on its nonlinear term. Our findings are
partial continuation of some results obtained in [23-25]. It is
worth mentioning that the uncertainty theory of fractional
difference equations is used to make the problems have a
unique solution almost surely.
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2. Preliminaries

This section presents some preliminaries, definitions, and
facts in the field of uncertainty theory and discrete fractional
calculus, see, e.g., [12, 26-28]. Throughout the article, we
consider N, ={a,a+1,a+2,...,} for aeR and the
backward jump operator p(r) :==r—1 for r € N,

Definition 1 (see [26]). For any function f: N, — R, the
backward difference operator is defined by

Vi) =f@) - flp(), teN, (1)
while the backward sum is given by
Vo fO= ) f(r) teNg,. (2)

r=a+1

Definition 2 (see [26-29]). For any natural number j, the
V-rising factorial function of t is defined by

ry _1 ry

t/=[Tw+e, ¢*=1 (3)
0

~.

[N
I}

Moreover, for any v € R, the V-rising factorial function
is defined by
s T(t+) 5
T=——— 0'=0, 4
0 4)

for t € R\{...,-2,-1,0}. Also, note that the division by
negative integer poles of the gamma function gives zero.

A major property of the rising factorial function is as
follows:

V(t;) =t (5)

This implies that ¢” is increasing on N, such that v > 0.

Definition 3 (see [13, 14, 26-29]). For any function
f: N, — R, the nabla fractional sum of order »>0 in the
sense of Riemann-Liouville is defined by

1

NN TR B |
(VN0 =555 2, E=pt)f 0, o

(vg f)(t) = f(1).

Lemma 1 (see [13, 14, 26-28]). For any function f defined
on N, and any v,a >0, we have

(VY @0 =V 1) 0 = (V@ ()

Lemma 2 (see [13, 14, 26-28]). For any function f defined
on N, and any v>0, we have

(V2N @0 =W, f) 0. (8)
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Lemma 3 (see [13, 14, 26-28]). For any function f defined
on N, and any v> 0, we have

- _ —y (t - a)%l 9
(V.'VH) (@) = (VV, f)(t)—Wf(a). (9)

Lemma 4 (see [13, 14, 26-28]). For any function f defined
on N, and any v>0, we have

(VoVH® = (V)0 = f(1), véN,
-1 (t—a)E (10)
(VV'F)(t) = f(¢t) —kzo o Vf(a), veN.

Lemma 5 (see [13, 14, 26-28]). For any a € R and v,a> 0,
we have

V. (t-a) = Fla+D) 5 (11)

" T(a+v+1)

Motivated by the definition of the nth-order backward
sum for uncertain sequence &,, we define the vth-order
backward sum for uncertain sequence &, as follows:

Definition 4 (see [13, 14, 28]). Let v>0,a € R, and ¢, be an
uncertain sequence indexed by ¢ € N,. Then, we have

1

VoS =10

Y t-p(r) (12)

r=a+1

which is called the vth-order backward fractional sum of
uncertain sequence &,.

Definition 5 (see [13, 14, 28]). For any v> 0, the fractional
Riemann-Liouville-like backward difference for uncertain
sequence &, is defined by

ViE =V, (V178 (13)

Next, we recall the definition of nabla discrete Mittag-
Leffler (ML).

Definition 6 (see [28]). For any A € R and », 4,1 € C with
Re(v) > 0, the two-parameter discrete ML function is defined
by

o] vtp—1
Eo (g = Y-l —— <1 14
) ;‘6 rory < (14)

Particularly, if 4 = 1, we get the one-parameter discrete
ML function:

00 oy
E_ > = ¢ I/I >
s ZAF(€v+1)

=0

Al < 1. (15)
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3. UFBDE and Existence and
Uniqueness Theorem

First, we recall the inverse uncertainty distribution theory.

Definition 7. (see [11]). An uncertainty distribution ¥ is
called regular if it is a continuous and strictly increasing
function and satisfies

lim Y(x)=0,

X——00 (16)
Iim ¥(x)=1.

X——+00

Definition 8. (see [11]). Let & be an uncertain variable with a
regular uncertainty distribution V. Then, the inverse func-
tion W' is called the inverse uncertainty distribution of &.

Example 1. From Definition 8, we deduce that the following:

(i) The inverse uncertainty distribution of a linear un-
certain variable £ (a, b) is given by

¥ ! (a) = (1 - a)a + ab. (17)

(ii) The inverse uncertainty distribution of a normal
uncertain variable & (e, 0) is given by

v (@) = e+@1n<
A

« ) (18)

l1-«a

(iii) The inverse uncertainty distribution of a normal
uncertain variable ZOZ . (e, 0) is given by

a \(3alm
1- oc) '

¥ () = exp (e) +< (19)

Definition 9. (see [11]). We say that an uncertain variable &
is symmetrical if

W (x)+ ¥ (—x) = 1, (20)

where ¥ (x) is a regular uncertainty distribution of &.

Remark 1. From Definition 9, we can deduce that the
symmetrical uncertain variable has the inverse uncertainty
distribution ¥~ () that satiates

Y+ (1-a)=0. (21)

Example 2. From Definition 9, we deduce that the following:
(1) The linear uncertain variable & (-a,a) is symmet-
rical for any positive real number a

(2) The normal
symmetrical

uncertain  variable

Z(0,1) is

Definition 10. (see [11]; ii.d. definition). In statistics and

probability theory, a collection of random variables &;s is

independent and identically distributed (or briefly, i.i.d.) if

each random variable £; has the same probability distri-

bution as the others and all are mutually independent.
Then, we state the definition of the UFBDE.

Definition 11. An uncertain fractional difference equation is
a fractional difference equation which is driven by an un-
certain sequence. Moreover, an uncertain fractional back-
ward difference equation for the Riemann-Liouville type is
the uncertain fractional difference equation with Rie-
mann-Liouville-like backward difference.

Consider the following generalized Riemann-Liouville
fractional difference equation:

(Very) ) =Gty + Ht y ()6, (22)

subject to the initial condition (i.c.)
(Va79) (Dl = ¥ (@), (23)
where V¢_, denotes fractional Riemann-Liouville-like

backward difference with 0 < a < 1, G, H are two real-valued
functions defined on [l,00] xR,teN,N[1,T+1],
y(a) e R is a crisp number, and &,,&,,...,&q,, are
(T + 1)-i.i.d. uncertain variables with symmetrical uncer-
tainty distribution & (a, b).

Remark 2. Observe that the ii.d. uncertain variables are
those uncertain variables that are independent and have the
same uncertainty distribution. See [11] for more detail.

Lemma 6. Initial value problem (22) with i.c. (23) is
equivalent to the following uncertain fractional sum equation:

(1‘—oc+1)E

y(t)=TJ’(0¢)

t

1 =1
+ m 7;1 (t—p(r) [G(r, y(r) + H(r,y(r))fr],

(24)
fort e Ny, N[L,T+1].

Proof. The proof is very similar to [29], Lemma 5.1, and [30],
Theorem 2, hereby applying the operator V_* to IVP (22)
with Definition 3, Lemma 2, and Lemma 3, so we omit this.

In this paper, the following special linear UFBDE will be
considered:

Vi y(t) =LAy (t) + A&, (25)
VY (0l = y (@), (26)
fort e N,N[1,T+1],neN;, and A € (0,1). O

Remark 3. The following identity is useful in proving the
upcoming theorem. From Definition 3 and Lemma 5, we can
deduce for any real number a



4
_ ﬂ r(ﬁ"'l) _ a+f
Vi(t-a+1) 7F(0c+ﬁ (t—a+1)
(27)
r(ﬁ+1) a—1
- (@) (t—a+1)" ",

where a>0 and > - 1.

Theorem 1. Foranyt € N, N [1,T + 1] and || < 1, linear
UFBDE (25) with the initial condition (26) has a solution

y(t) =1 -VE;ALt-a+1y(a)+¢, (28)

where &, is an uncertain sequence with the uncertainty dis-
tribution &£ (a - \AE—— (A, t — a),b - \E—— (A, t — @)).

oo+l a,a+1

Proof. Applying the operator V_* to equation (25), we get

Vo' (Ve y (0) = AV, "y () + AV, 78,

(29)
teN,, N[, T+1].

Making use of Lemma 2 and Lemma 3 to the left-hand
side of (29), we get

VA (Vi y () = VA (VY (1),

(t—a+1)* !

=V (VVEy 0) - sy (@)
B (t—a+1)*!
=y(t) —Ty(a),

teN,, N[LT+1].

(30)
It follows from this and equation (29) that
(t —a+ 1)m - -
(t) =————y (@) +AV_ "y (1) + AV, &,
y(t) ) y (@) y(t) & 31)

teN, N[LT+1],

which is the solution of UFBDE (28).

To derive the solution, we use the Picard approximation
recurrence _formula with a starting point y,(f) =
((t-—a+ 1)“"1/F(oc))y(oc) foreacht e N,_, N [1,T + 1]. The
other components can be determined by using the following
recurrence relation:

t— 1 ol —a —a
710 =Ty @ AT, () AT

(32)
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fort e N, ;N[1,T+1]and j € N;. Since &,&,,..., &, are
i.i.d. uncertain variables, we write &, = £ in distribution. By
using Lemma 5, Remark 3, and the fact that the linear
combination of finite independent uncertain variables is an
uncertain variable with a positive linear combination co-
efficient (see Theorems 1.21-1.24 of [11]), we can deduce

y,(t) = Wy(a) + AV;ayO (t) + AV;“E
SALA _?(;;)ﬁycoo
i ‘I‘i‘(;;))m G _g(:c)”ﬁ (@
e
y,(t) = (t_l(f(itx)l)my(a) + AV;ayl (1) + AV, ¢
LA i _l‘f;;)my(w

2a-1
A|:(t—oc+ 1)

(t—a+ 1)m
rQa) ]y(“)

T'(a)

Az{(t—aﬂ)m

(t—a+1)" @
TGa) yie

T'(2a)

A(t - a)® Az(t—a)ﬂf
T+ " T2arD

(33)

and so on, continuing the process up to the jth term to get

R S N T T B et
y;® = ZA[ TGiDo  Tha W

2k (- 06)
Z F(k(x + 1)
(34)

for each t € N,; N [1,T + 1]. Observe that the two series
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S o e R
,;A T((k+1)a)  T(ka)
(t- )

= Bz (Mt —a+1)—ABz (At —

= (1-NEg

a+1)

(At —a+ 1), (35)

\ k
= E o] - b
k;a FasD)~ Mmm (bt =)

are absolutely convergent for |A| < 1 by the d’Alembert ratio

comparison test, and the limitation Y (¢) := lim i—o0)j €X-
ists. Thus, we have
Y (t) = AE 7 (Lt —a)é+ (1 - DEz (At —a+1)y(a),
teNy N[LT+1].
(36)

On the contrary, taking the limit on both sides of (32)
yields

_ et _
Eoat D) )+ AVAT (6 + AV,

Y= .

t €N, N[LT+1].

That is, Y (t) satisfies equation (31), and hence, Y (t) is a
solution of equation (25) subject to the initial condition (26).
Thus, our proof is completed.

The following theorem provides and confirms the ex-
istence and uniqueness of the solution of UFBDEs. O

Theorem 2. Assume that G(t,x) and H(t,x) satisfy the
Lipschitz condition

IG(t,x) - G(t, )| +|H(t,x) - H(t, )| <Llx - yl, (38)

and there is a positive number L that satisfies the following
inequality:
IFla+1I(T+1-a)

LI(T+1D(Q+1) ~ (39)

where Q = |a| Vv |b|. Then, UFBDE (25) subject to the initial
condition (26) has a unique solution y(t) for
t € Ny N[L, T + 1] almost surely.
Proof. Define
e = {0 = Ok € Ny lxl,
{ +1 1} (40)

= MaXeen , n [1,T+1]|x (IR

where {x (t)}’; are finite real sequences which have k terms.
It is clear that (I%, ||-||) is a Banach space (see [31], Chapter
4). Now, for any y, € IX, we define the operator P as

follows:
_ (t'—()l)m a1
Py, =~y V@) + r( r%ﬂ t-p* ' G(ry,)
H(r, y,)]-

(41)

Since &, (t € N,; N [1,T + 1]) is an uncertain variable at
each time t with the linear uncertainty distribution & (a, b),
we have M{(§, <a)u (¢, >b)} = 0. The inequality &, (y) <Q
(where Q= a|v|b]) holds almost surely for any
yex{é,<a)u (& >b); t € N, N[L,T+1]}, where y rep-
resents the universal set on the uncertainty space. Then, by
making use of the assumptions and Lemma 5, we have, for
any x,, y, €Iy,



max
eNy, N [L,T+1

[Px, (y) - Py, (y)| =

1

F(a) teNmm [lT 1]
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]|th()/) - Py, (y)|,

Z (t—pr)* ",

r=a+1

x(|G(r,x, (y) = G(r, y, ()| +|[H (. x, (y) = H(r, y, P]E,]),

<L Z (t-p r)

I'(a) ter i)

r=a+1

x(|G(r,x, (y) = G(r,y, (0| + QH (r,x,(y) — H(r, y,()]),

<L1+Q) S (o) T, () - 3 ) )
! r( ) tengnniirig Lo o PR PV
<L(1+Qx, (p) -y, )| . mna[)fm]@;a (t (x)0>’
=LA+ QM -y m; [1T+1](r(0c Tt )" )
LO+Q(T+1-a)
R T Y
L(1 I(T+1
_ 1+QI(T+1) "xt 7 -y, (V)"
IF'la+ 1DI(T—a+1)
Now, we can observe that the mapping P is a contraction =~ Example 3. Consider the following UFBDE:
in l’; almost surely with 0<L< (I'(a+ 1)I'(T —a + 1)/(1 + In(ly(#)] +1)
Q)T (T + 1)) (see [31], Chapter 4). Then, by using the Banach R +0.5, teN; N[L4],
contraction mapping theorem (see [31], Chapter 4), we get a VIR () = t
unique fixed point y:(y) of Pin Ik almost surely Moreover, 1Y .
y(y) =lim;__ ¥/ (y), where y/(y)=P(y/"' (), with y(i) _1
Y () = ((t=a)* YT (a)y(a). (43)
For any given t e N,,,N[1,T+1], as G and H are - ‘ . .
Lipschitz continuous functions, the operator P is measur- where &;,...,&, are four iid. uncertain variables with

able. Since y! (y), yf(y),...,y{(y),... are uncertain vari-
ables and »?(y) is a real-valued measurable function of
uncertain variables, y? (y) is an uncertain variable by [11],
Theorem 1.10. Hence, y, =lim; ., y; is an uncertain
variable (see [21], Theorem 3).

Consequently, UFBDE (25) with i.c. (26) has a unique
solution y, for t € N, N [1,T + 1] almost surely. O

4. Example Illustrations

This section deals with some examples to confirm the val-
idity of Theorem 2.

uncertainty distribution & (-1,2).

According to Lemma 6 with a = (1/2), the inverse
uncertainty distribution of the solution for UFBDE (43) is
the solution of the following sum equation:

~0.5
yoy =LA 7y

=05
T(0.5) Z (t=p(r)

F(O 5), )

_ (1n<|y(r)| +1)
3

+ 0.255,), t € Nysn[1,4].
4r

(44)
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Then, for t € Ny ;N [1,4], we have

IG (£, x) -G (&, y)| +|H (t, x) - H(t, y)| =

r.5+1)r4+1-0.5)

7
[In(lx|+1) In(lyl+1)
2t Rl
1
=§|ln(lx|+1)—ln(lyl+l)l,
| | (45)
1 4x -y
<——=|Ix| — <—
2(3/2)3” [ =1yl 27

3r(4+1)

Thus, UFBDE (43) has a unique solution almost surely
by Theorem 2.

Example 4. We consider the following UFBDE:
't
Viasy () =25+ & teNin[L4], (46)

where &,,&,,&5, ¢, are four ii.d. linear uncertain variables
with linear uncertainty distribution & (-3, 3).

According to Lemma 6 with a = (1/4), the inverse
uncertainty distribution of the solution for UFBDE (46) is
the solution of the following sum equation:

(4 (12)) O
Y8 =T 023

R (VT
*T0.35) Y (t—p() (E+€r)~

Observe that |G(t,x) — G(t, )| + |[H (t,x) — H(t, y)| is
Lipschitz-continuous in [-20,20] with Lipschitz constant
0.1 as follows:

y(a)
(47)

1
G (8, x) = G(& y) +|H(tx) —H (8, y)l < ol + yllx =yl

=0.1]x - yl.
(48)
Also, we have
I'(0.25+1)I'(3+1-0.25
( ) ) ~ (0.167 >0.1. (49)

4ar(a+1)

Consequently, UFBDE (50) has a unique solution almost
surely by Theorem 2.

Example 5. Consider the following UFBDE:

sin(ty)
10 + ¢

v y(t) = +0.1&, teN;N[L4], (50)
where &,,&,,&5, &, are 4 i.i.d. linear uncertain variables with

linear uncertainty distribution &£ (-1, 1).

4
=~ 0.1636 > — = 0.1481.
27

According to Lemma 6 with a = (1/2), the inverse
uncertainty distribution of the solution for UFBDE (50) is
the solution of the following sum equation:

@+

y(t) NG y (@)
(51)
L i (t—p(r))“<M+o1£)
Vi 5 0+ )

Then, we can directly verify that

1
|G(t)x) _G(t:y)l +|H(t3x) - H(tJ’)| SB'-’C_)/"

T'.5+1)I3+1-0.5)
2T (3+1)

1

~0.2454>—=0.1.
10

(52)

Consequently, UFBDE (50) has a unique solution almost
surely by Theorem 2.

5. Conclusion

We have presented analytical solutions to a special type of
linear UFBDEs. Moreover, a Lipschitz condition with its
constant is given to provide a unique solution almost surely
to an UFBDE. It can be seen that our obtained results pave
the way for the future works, that is, to investigate the
stability analysis and applications of UFBDEs.
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