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Abstract. In this article, we investigate the existence results, with multi-point and integral
boundary conditions, for Caputo-Hadamard fractional differential equations (CHFDESs) and
inclusions. To get the desired results, which are clearly illustrated by examples, we use standard
fixed point theorems for single-valued and multi-valued maps.

1. Introduction

As of late years, fractional-order differential equations(FDEs) have expanded attention from
both the conceptual and the applied perspectives. There are numerous applications in several
fields, such as chemical mechanics, signal processing, aerodynamics, fluid flow, electrical systems,
etc. Instead of integer-order differential and integral operators, differential fractional-order
operators are non-local and have the means to examine the inherited properties of a few materials
and procedures. The monographs [15, 16, 20, 22| typically applied to the theory of fractional
derivatives and integrals and applications of FDEs. See [4,5,10,19,23-29, 31| for more points
of interest and templates, and the references therein. In either case, it has shown that the
bulk of the work on the subject is concerned with the FDE of Riemann-Liouville or Caputo
form. Other than these fractional derivatives, another type of fractional derivatives defined in
the literature is the fractional derivative known to Hadamard in 1892 [13|, varying from the
aforementioned derivatives in the sense that the integral kernel in the Hadamard derivative
description contains an arbitrary exponent’s logarithmic function. A point-by-point overview
of the integral and Hadamard derivatives found in [1-3,6,7,11, 14,18, 21,30, 32,34,35]. Ahmad
et.al [38] recently examined sequential fractional-order neutral functional differential equations
with the Caputo-Hadamard fractional derivative (CHFD). Similarly, with three-point boundary
conditions, Boutiara et.al [36] studied the Caputo-Hadamard fractional boundary value problem
(BVP). Recently, Tariboon et.al [37] investigated the existence of solutions of CHFDEs for
separated BVPs. In this paper, we investigate a new BVP of CHFDEs and inclusions:

CHD (1) = h(r, 2(7)), T€&:=[1,T], (1)
CHD (1) € H(r, 2(1)), Te€&:=[1,T), (2)
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m—2

2(1)=0, Z(1)=0, 2(T)=¢"T2(v) + () wiz(¥s), (3)
i=1

where “#D? is the CHFDs of order 2 < ¢ < 3,1 < ¥ < T, I is the Hadamard fractional
integral of order 1 < ¢ < 2, and h: £ x R — R is a given continuous function, H : £ — S(R) is
a multi-valued map, S(R) is the family of all nonempty subsets of R and £, ¢ are positive real
constants. The article is carried out as follows. In Section 2, We’ll present valuable preliminaries
and lemmas. Section 3 deals with the existence and uniqueness result for problem (1) and (3)
established through fixed point theorems Krasnoselskii and Banach. In Section 4, we discuss the
solutions of existence for the problem (2) and (3) using the alternative of Leray-Schauder and
fixed-point theorem due to Covitz. We address two examples to explain our main results.

2. Preliminaries

We start with some fundamental definitions, semigroup properties, and lemmas with results
[15,20].

Definition 2.1. Let 0 < b < ¢ < oo be finite or infinite interval of the half-axis RT. The HFIs
of order o € C are defined by

1 T T\e-1 do
0 — z
(Z, h)(T) = ) /b (log 9) h(6) 7 b<t1<c, and

(T h)(r) = F(lg)/:(logf_)“h(e)cf, b<r<ec

Definition 2.2. The left and right-sided Hadamard fractional derivatives of order o € C with
R(0) > 0 on (b,c) and b < T < ¢ are defined by

(D h)(7) = (TCZ_)nM/bT(logg>nglh(0)cée, and

n —

@) = (—r) wm | (e 2) O

where n = [R(p)] + 1.
Lemma 2.3. IfR(p) >0, R(s) >0 and 0 < b < ¢ < o0, then we have

(5. (o) ™) = iy (s 5) ™
c\s—1 c\ste-1
(22 (108 5) ><T>:r<£(i)g)(log7>+ :

Definition 2.4. Let 0 < b < ¢ < 00, R(p) > 0, n = [R(p) + 1]. The left and right CHFDs of
order o are respectively defined by

n—1
CDEmr) = D lhw)— 5Zfb)(1og§)’“] ™)

and

I
2

(“DZ_h)(7)

c—
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We define space W = C(E,R) the Banach space of all continuous functions from & — R
endowed with a topology of uniform convergence with the norm defined by ||z|| = sup{|z(7)|, T €
E}. Let AC[1,T] be the space functions that are absolutely continuous on [1, 7. Let us introduce
the space ACY[1, T, which consists of those function h by

ACR[LT) = {h:[1,T]—><C,5”‘1h(7)eAC[l,T],&:TdiT},

Lemma 2.5. If T : X — S44(Y) is upper semi-continuous (USC), then Gr(T) is a closed subset
of X X Y; i.e., for every sequence {uy}neny C X and {vptneny C Y, if up — us and v, — vy, then
Up — Tvx. Conversely, if T is completely continuous and has a closed graph, then it is USC.

Definition 2.6. A function z € C3(£,R) is called a solution of problem (2) and (3) if 3 a
function a(7) € LY(E,R) with o(r) € H(r, 2(T)) such that

CHDQZ(T) =a(r), 2<¢<3, V 7€¢,
m—2

2(1) =0, Z(1)=0, 2(T)=£"T"2(v) + ¢ > viz(vy),
=1

where l <v < <Py <o <o < T.
Lemma 2.7. For any he C(E,R), z € C3(E,R), the function z is the solution of the problem
CHD2(r) = h(r), T€E,
m—2 (4)
2(1)=0, 2(1)=0, 2(T)= gHIgz(v) +C Z viz(%;),

if and only if

0
= 1 o Oietty ode 1 (T Tests o do -
+<”uzr(g)/l (10e5) 400G ~ 575 [ (osg)" WOF ] 6
where
< m—2
A = (o Ty - 20BN E 5 105 9,2 (6)

NGRS pot

3. Single-valued case for the problem (1) and (3)
We define IT: W — W as

T T\ e~ og7)? v (NCanse
n(z)(f)zr(lg)/l (102 7) " no. (o) % + 187 5r(gl+g)/1 (1og )" hio,2(0) G

¢S s [ o) o) - o [ 1o g)“h(e,z(e))if], @

in view of Lemma 2.7. Suitable for computation, we represent:

1 . = (logT)? ( €(logv)?*s  (logT)?
2= ST (A(logT) +<1ogT>2(<izlui<logm>9)>. = <r<g+<+1>'r<g+1>>'<8)

Let a continuous function be h : £ x R — R. We need the following premises in order to prove
the existence and uniqueness results.
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|h(T,21) — h(T,22)| < Plz1 — 22|, VT €E,21,22 € R, P > 0.
|h(7,2(7))| < &(7) for (1,2) € E X R, and ¢ € C(E,RT) with H(FH:mag(]d(T)].
TE

H : € x R — S(R) has non-empty compact and convex values and is Caratheodory.

3 a non-decreasing continuous function ¢ : [0,00] — [0, 0c]and a function x € C(E,RT)
such that [|H(7, 2)|ls = sup{|w| : w € H(T, 2)} < k(T)P(||z||) for each (7,2) € € x R.
o
$(Q)||x[2
(Ke) H :E xR —= Sepe(R) is such that H(-, 2) : £ = Sepe(R) is measurable for each z € R.

(Kz7) Fy(H(r,2),H(1,2)) < p()|z — 2| ¥V € and 2,% € R with p € £L}(E,RT) and g(0,H(r,0)) <

(K5) The Q constant exists such that > 1, where 2 is set by (8).

p(r)V Te€.
Theorem 3.1. Suppose (K1), (K2) holds. If
logT)? ([ €(logv)ets &2 i (log T)®
A F(Q+§+1 — g+1 T+

Then there is at least one solution to the problem (1) and (3).

Proof. Determining B. = {z € W : ||z|| < e}, where ¢ > ||d]|2. To prove the hypothesis of
Theorem (see [17]), we divide the II operator given by (7) as IT = IT; + Iy to B., where

M) =57 | (108 D) hio.2(0) %

I'(e) 0 0’
og7)? v v\ ot
(22)(r) =BT et [ (los ) ho,2(0) G
m—2

> it [ o 2) 0,200 % — o [ (106 ) o0 dgg] |

For z1, 29 € B,
R R 1 T 7\ 01 do
|(H121)(7) + (TI222)(7)| < sup {F(Q)/l (log 5) |h(0,2(0))

TEE
1 v v\ ot+s—1
oo/ (eeg)” o)
m—2

ey Vir(lg)/lﬁi<10g %) o, 2(0)) “Z’

i=1

+ F(lg)/lT(log 5)"_1\h(9,z(9))\f1 }

(logT)°  (logT)? [ €(logv)ets "= (logd,)* . (logT)?
—“5’{ e+ A (F(Q+§+1) CHV’F(Q+1)+F(Q+1)>}

< |4lI22 <,

(log 7)?
A
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That implies 11121 +II222 € B.. Now, we have to prove that Il is a contractive. Let 21, z0 € R,
and 7 € £. Then, along with (9) with the (1) assumption, we get

A .

PllogT)?( €(logv)ets %= (logd;)?  (logT)?
11 —1II < i — .
T2z = Tazall < Fle+s+1) i:lyF(Q+ 1) T(e+1) Iz ==l

The operator Ily, as specified in statement (K1), is a contraction. Next, we’ll show IT;’s compact
and continuous. h-continuity implies continuous operator II;. II; is bounded uniformly as B,

16]/(log T)°

IIz|| <

In addition, with ~ sup  |h(7,2)| = h < ooand 7 < T, 71,72 € E, we have

(1,2)EEXB:
1 T2 T2 o1 do
1 i T1\ 01 do
T /1 (0a)" r=0)7

[ 1006 ) (10T )% [ (06 72) Y

1 (10)

|(Th2)(72) — (h2)(m1)| =

As 7 — 7o, the RHS of the above inequality tends to zero. So II; on B. is relatively compact.
Then II; is compact on B; by Theorem (see Lemma 1.2 [33|). Therefore, all of Theorem’s
assumptions (see [17]) are fulfilled. Hence, there is at least one solution for the problem (1) and
(3) on &. O

Theorem 3.2. Suppose (K1) hold. Additionally, it assumes P2 < 1, where § is specified in (8).
Then, there exists an unique solution for the problem (1) and (3) on E.

Q

Proof. Define sup |h(7,0)] = V < oo. Choosing ¢ > Vi,
TeE 1-PQ

B.={zeW:|z| <e}. For z € B, we have

we show that IIB. C B., where

1 T T\ 01 do
(7)< sup {r@ [ (103)" o001

(log 7)?
A

1 T ™ e—1df
<(Pe+V)su / log — —
( %éé’{r@) ACHE
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1 v v\ e+s—1d0
5F(Q—l—g)/l (log 5) 0
X1 Y 9ne-ldd

e wgry | (os) G

I e

Thus, ||(IT2)|| < ¢ is derived from (11). Now, for z, 2 € W, we're getting

T2(r) ~ T2(7)| < sup {F(lg) [ (103)" 1nee.2(0)) - 0,201 G

(log 7)? 1 v vy et+s—1 .
+ [gr(gﬂ)/l (108 9) " (6, 2(0) — h(6, 26))| 5

1 T ™ o—1df
< 1D _ e
<Pll- Z”{r(g)/1 <1°g 9> 0
(10g7')2 1 /U v Q+§_1ﬁ
A |STerals <1°g 9) 0

+<;Vilig>/ <1 %) 7

Therefore,
|1z — I1Z|| < PQ|z — Z||.

Since by definition PQ < 1, II represents a contraction. Theorem (see Theorem 1.4 [33]) follows
that on & the equation (1) and (3) has an unique solution. O

4. Multi-valued case for the problem (2) and (3)
Theorem 4.1. Suppose (K3),(K4), and (Ks) holds. Then, the (2) and (3) problems contain at
least one solution on J.
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Proof. Let us describe an operator Uy : W — S(W) by

sEW: Tyl
i), (o) ho0)
2 v +€_1
4 Leg?) lfr@lmﬁ RO
\IJ’H(Z) = 5(7’): m—2

9 o
+q;uir(19)/l <log%> 1h(9,z(9))%

o—1
—r i (log 5)" o, 2(0) %

)

for o« € My .. We must prove that Wy fulfills the premises of the Theorem (see Theorem
8.5 [12]). First, for every z € W, we present that ¥y is convex. Next, in W bounded sets, we
prove ¥y, maps to bound sets. Let B, = {z € W : ||z|| < ¢} be a bounded ball in W for the
positive number e. Then, for each s € Uy(2), z € B. 3 o € My, such that

s(r) = F(lg)/lT(log 7 Hh(e,z(e))%

(log 7)2 1 v vy ots—1 de
+ [gr(gﬂ)/l (1og 5) n(,2(0)

m—2

+¢ Z l/ir(lg)/lﬁi<log %) gilh(&, 2(0))%?

=1

_ F(lg) /1 T(log %) U, z(e))d;] .

For 7 € £, we have

|s(7)| :1/17<10g g)g_lya(g)‘% n (10gAT)2
S [ [ o]

1=1
1 T mne-1do  (logT)? 1 v v\ o+s—1d6
s¢<||z||>||ﬁ||{w J(osp) G+ 55 S [ (os3)"

9; N 0— g o
Sk [y L [ D))

i=1
<¢(llz[Dlx[1€2.
Consequently,

Isll < e(llzlDlI<[1$2.

We demonstrate that the maps bounded sets into equicontinuous sets of W. Let 11,70 € £ for
71 < 13 and z € B.. For each s € Uy(z), we get

A [ (1) ()]

str) —stm)l < PR
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2 o—1d0
+/ (logT;) N
1 v\ o+s—1df
1 -z -
% [gf‘ (0+5) og 9) 0

S /'< )7 [ )]

The RHS of the above inequality obviously tends to be zero, independently of z € B as
7o — 11 — 0. Because ¥y meets the (K3), (K4), and (K5) then the Theorem (see Lemma
1.2 [33]) follows that Uy : W — S(W) is completely continuous. When we conclude that it has
a closed graph, Wy is shown to be upper semicontinuous (USC), as Uy is already shown to be
completely continuous. Thus we’ll prove that Uy has a closed graph. Let z, — 2, s, € ¥y (zy)
and s, — s.. We will prove then that ¥y/(z.). Joined with s, € Uy(z,), I ap, € Uy (zy), such
that for each 7 € €.

i) = gty [ o) w8 0 e L e i

St [ e [ D) ]

Thus it is necessary to show that 3 o, € My ., > for each 7 € £,

= gt ) ot 5 e )

+Ct§2wr(1g)/lﬁi<10g %)@—1%(9)% B F(lg)/lT(log %> 9_10[*(9)629] |

Consider a Y linear operator : £1(&,R) — W as

T ™ o~ og7)?
s—= Y(a)(1) = 1“(1g)/1 <log§> la(ﬁ)%—&- ¢ gA)

+Ci§mr(1@)/10i<10g %) @—1a(9)% B F(lg)/lT(log % Q_la(e)d:].

¢(e)||[l| (log 75)* — (log 71)?|
A

Remember that

Isn(7) = s«(T)I| =

i (105 T)" (an(0) — 0 (0) %

(o)
(log 7)? 1 v vy et+s—1 de
| [ (e2)” @0 o)

m—2

+¢> s [ (1085 @) - o) ¥

i=1
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5 / (102 2)" (aule) - a*w))df] 0,

as n — 0o. The Y o My, is a closed graph operator according to Lemma 2.5. We have

sn(T) € Y(Myy,2,). So, because of 2z, — z, we have
17 7\ 01 d9 (logT)? 1 v v\ ots—1 do
s+(1) = /1 (log 5) a0 g + 4 5r(g+g)/1 <1°g 5) o 0) 5
m—2 e T
1 i 9\ 01 df 1 T\ o1 df
i (g ) @®Z - [ (1og2)" @2,
+C;VF(Q)/1<Og¢9) (0) r(g)/l(oge) “()9]

I'(o)
for some a, € My ... There is an open set P C W with z ¢ Uy (z) for every € € (0,1) and all
z € OP. Then there’s a € L1(E,R) with @ € My, so we have

z2(t) = F(lg)/17<log g) 9—104(0)% + (10gA7')2 SF(Ql—i— 3 /1U<log %) gﬁ_la(@)%

St o)t L ) ], e

As in step 2, it is possible to have ||z|| < ¢(]|z]])]|%||©2, which means m < 1. With regard

to (KCs), 3 Q such that ||z]| # Q. Allow us to set P = {z € W : ||z]| < Q}. Notice that the
operator Uy : P — S(W) is USC and completely continuous. There is no z € 9P from P’s
choice to z € eUy(z) for some € € (0,1). Thus, we conclude from the Theorem (see Theorem
8.5 [12]) that the Uy has a fixed point z € P, which is a solution for this (2) and (3) problem. [

Theorem 4.2. Suppose (Kg), (K7) holds. Additionally, it assumes ® := ||n||Q2 < 1, where Q is
specified in (8). Then, there exists at least one solution for the problem (2) and (3) on E.

Proof. Consider that the set My, . is nonempty by presumption of (Kg) for every z € W, so H
has a measurable selection (see Theorem II1.6 [8]). We demonstrate that the Wy, specified at
the beginning of the Theorem 4.1 statement, satisfies the hypotheses of Theorem (see [9]). To
show that Uy (z) € Sqa(W) for every z € W, let {pn}n>0 € ¥4 (2) be such that p, — p € W as
n — 00. Then p € W and 3 «, € My, ., such that, for every 7 € £,

T d9  (logT)?

I -1 1 Vo oy ets—l do
n == I — n 1 _ n hdl
pol) =557 [ (10 3) " an®) + FE et [0 )T an(0)G
1 (Y 9ot 1 [T/ Tye1 do
—— log — — = = log — — .
We shift a sub-sequence to get a,, converging to a in £'(£,R), when H has compact values, so
we have
I e-1 1 Vo et do
an(T) = ar) = F(Q)/1 <10g 5) a(h) 7T A ff(g+§)/1 <log 5) a(@)?
m—2

+¢ Z Vir(lg)/lﬁl(log %)Q_la(O)d?f — F(lQ)/IT(log %) g_la(G)Cfge] .

i=1

T df  (log 7)2
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Therefore, p € Uy (z). We show that 3 & < 1 such that
Fo(¥y(2), Uy (Z)) < ®||z —Z||, foreach z,zeW.

Let z,Z € W and p; € Uy(z). Then 3 ay(7) € H(r, 2(7)) such that, for each 7 € &,

1 T  o—1 do (10g7’)2 1 v on o1 &0
), (oe) @+ BT e g [ (s )T w0
m—2

+¢ Z V@'F(lg)/lm(log %) 971041(9)%? - I‘(lg)/1T<10g g)glal(ﬁ)d:].

=1

pi(T) =

With the (K7) hypothesis, we have Fy(H(T, 2), H(T,Z)) < g(7 )HZ(T) Z(7)||. So, 3 q € H(1,Z(T))
such that |ay (7 — q)| < g(7)||2(7) = Z(7)||, 7 € £. Define G : £ — S(R) by

G(r) ={g e R:|ar(r) —ql < g(7)llz(7) = =Z(7)|]}.

Since the G(7) NH(7,Z(7)) multivalued operator is measurable, a as(7) function exists, which
is a measurable G selection. So ay(7) € H(7,Z(7)) and |a1(7) — aa(7)| < g(7)|2(7) — Z(7)]| for

each 7 € £. Determining
1 v ots—1 do
log —
5r<g+<>/1 (log 7)™ aa(0)

pa(7) :1/IT<log g) gfla2(9)% n (logAT)z do

m—2

0
1 (Y Ppe-1 do 1 (T, T\e-t
Y v~ [ (log % C 2 (g for each
+C VF(Q)/1 <og 0) 042(0)0 F(Q)/l <og0) ] or each 7 € £.

=1

Therefore,

) =l = s [ (o g)” lan(0) - cal6)]

o)

oo () )~
+<§uir(1@)/f(log?)g‘lrm< )~ @)
s [ o ) ) - et >\]

< ||p\|{r(1g) [ (o)
et
gz() [ (o)

e

10
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< (lellz ==
Hence,
lp1 = p2ll < (o) ]|z = =]].
Thus, we have
Fg(Un(2), Un(2)) < ([lpll)]z = =Il;

when we interchange the z and z functions. Since ¥y is a contraction, it follows from Theorem
(see [9]) that ¥ has a fixed point z which is a solution to the problem (2) and (3). O

5. Examples
Example 5.1. Consider the following BVP

2 1 2] elos™”
CH-D 25 — . 1.2 12
) = Gognza1 T Th (] ez T e

, 12 m—2
(1) = 0, Z(1) = 0, y(T) = €M72(0) + ¢ ma(y). (13)
i=1
62 42 ¢~ 1 _ 1 _ 5 _ _ 19 _ 29 _ 39 _ 37
Her’e, Q_%;g_%;g_E;C_EzU_Z;T_Q; =55, V2 = 555 1/3_%7191_%:
42 _ar
192 — %, 193 — %
Moreover, we find that
1 z 1
|h(T, 2(T))] = + 12 as

(log7)24+1 1+ 2|(3+7)2
1
[P(7, 21(7)) = h(1, 2(7))] < fellzn — 2l
With the above specifics, we find that A = 0.08731557467270329, Q2 = 0.03246116745330087.

Thus, the presumptions of Theorem 3.1 are satisfied. Hence, by Theorem 3.1, the problem (12)-
(13) has at least one solution on &.

Example 5.2. Consider the following BVP

72 log T
CHp % VT |2(7)] e
D2 = : 1,2 14
O = ke ar ey T (14
with the boundary conditions (13). Additionally, we find that
T z elog™
hryr) = 4 as

T+7  1+]2[(d+72)
h(7, 21(7)) = h(T, 22(7))| < %Hm — 2.

With the above specifics, we find that A = 0.08731557467270329 and Q2 = 0.012610111547411674.
Thus, the presumptions of Theorem 3.2 are satisfied. Hence, by Theorem 3.2, the problem (14)
with (13) has a unique solution on &.
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6. Conclusion

Through fixed-point theorems of Krasnoselskii, and Banach for equations, we discussed the
existence and uniqueness results for CHFDESs and inclusions supplemented by non-local boundary
conditions, and alternative of Leray-Schauder for multivalued maps and fixed-point theorem due
to Covitz for inclusions. When we have fixed the parameters involved in the problem (&,¢) (1)-
(3), our results correspond to certain specific problems. Suppose that taking & = 0 in the results

m—2
provided, we are given the problems (1) and (2) with the form: y(7) = ¢ Z v;z(9;), while the
i=1

results are y(T) = £7ZI°z(v), followed by ¢ = 0.
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