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1. Introduction

It is well known fact that the concept of interval analysis fell into oblivion for long time until
the 1950’s: Moore [1], Warmus [2] and Sunaga [3]. The literature of interval analysis can be tracked
back to the computation of lower and upper bounds for = by Archimedes in the following way

3% <m< 3%. The first monograph was published by Moore in 1960 [4], this field has attracted

much attention in the theoretical and applied research. This research field has yielded important
results over the past 50 years.

Recently, several classical integral inequalities have been generalized to the context of
set-valued and fuzzy-set-valued functions by means of inclusion and pseudo order relation. In light
of this, Sadowska [5] arrived at the following conclusion for an IVF:

Let F:[u,v] c R - K;* be a convex interval-valued function (convex-IVF) given by
F(w) = [F.(w),F*(w)] for all w € [u,v], where F.(w) and F*(w) are convex and concave
functions, respectively. If F is interval Riemann integrable (in sort, /R-integrable), then
FW+FW)

2

1)

v—u

F(2) 2L (R) [} Flw)dw 2

Note that, the inclusion relation (Eq 1) is reversed when F concave-IVF is. Following that,
many scholars used inclusion relations and various integral operators to establish a close relationship
between inequality and IVFs. Recently, Costa [6] obtained Jensen’s type inequality for FIVF. Costa
and Roman-Flores [7,8] introduced different types of inequalities for FIVF and IVF, and discussed
their properties. Roman-Flores et al. [9] derived Gronwall for IVFs. Moreover, Chalco-Cano et al. [10,11]
presented Ostrowski-type inequalities for IVVFs by using the generalized Hukuhara derivative and
provided applications in numerical integration in IVF. Nikodem et al. [12], and Matkowski and
Nikodem [13] presented the new versions of Jense’s inequality for strongly convex and convex
functions. Zhao et al. [14,15] derived Chebyshev, Jensen’s and H-H type inequalities for IVFs.
Recently, Zhang et al. [16] generalized the Jense’s inequalities and defined new version of Jensen’s
inequalities for set-valued and fuzzy-set-valued functions through pseudo order relation. After that,
for convex-1VF, Budek [17] established interval-valued fractional Riemann-Liouville H — H inequality
by means of inclusion relation. For more useful details, see [18-24] and the references therein.

Recently, Khan et al. [25] introduced the new class of convex fuzzy mappings is known as
(hq, hy)-convex FIVFs by means of FOR and presented the following new version of H-H type
inequality for (hy, h,)-convex FIVF involving fuzzy-interval Riemann integrals:

Let F:[u,v] » F, be a (hy, hy)-convex FIVF with hy, h,:[0,1] - R* and hy G) h; G) + 0.

Then, from 6-levels, we get the collection of IVFs Fy:[u,v] € R » K7 are given by Fp(w) =
[F.(w,8),F*(w,0)] for all w € [u,v] and for all 6 € [0,1]. If F is fuzzy-interval Riemann
integrable (in sort, FR-integrable), then
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1 u+v

aramokies

2

) < ﬁ (FR) fuvT(a))dw < [Fw) ¥FFW)] fol hi(®) h,(1—1)dr. (2
If hy(r) =7 and h,(r) = 1, then from (2), we get following the result for convex FIVF:

F () <= (FR) [} Fw)dw < ZLEE0), 3)

A one step forward, Khan et al. introduced new classes of convex and generalized convex FIVF,
and derived new fractional H-H type and H-H type inequalities for convex FIVF [26], h-convex
FIVE [27], (hy, hy) -preinvex FIVF [28], log-s-convex FIVFs in the second sense [29],
LR-log-h-convex IVFs [30], harmonically convex FIVFs [31], coordinated convex FIVFs [32] and
the references therein. We refer to the readers for further analysis of literature on the applications and
properties of fuzzy-interval, and inequalities and generalized convex fuzzy mappings, see [33-49]
and the references therein.

This study is organized as follows: Section 2 presents preliminary notions and results in interval
space, the space of fuzzy intervals and convex analysis. Moreover, the new concept of p-convex
fuzzy-IVF is also introduced. Section 3 obtains fuzzy-interval HH-inequalities for p-convex
fuzzy-1VFs via fuzzy Riemann integrals. In addition, some interesting examples are also given to
verify our results. Section 4 derives discrete Jensen’s and Schur’s type inequalities for p-convex
fuzzy-1VFS. Section 5 gives conclusions and future plans.

2. Preliminaries

In this section, some preliminary notions, elementary concepts and results are introduced as a
pre-work, including operations, orders, and distance between interval and fuzzy numbers,
Riemannian integrals, and fuzzy Riemann integrals. Some new definitions and results are also given
which will be helpful to prove our main results.

Let R be the set of real numbers and X, be the space of all closed and bounded intervals of
R, and @ € K be defined by

w=|w, o] ={weR|w, <w <o}, (w,w* €R).

If w, =w", then @ is said to be degenerate. If @, > 0, then [w,, @*] is called positive
interval. The set of all positive interval is denoted by X5 and defined as
Kt = {lw, o] [@, @w*] € K, and w, = 0}.

Let o € R and pow be defined by

[ow,, ow™],if o > 0,
0.w =4{0}, ifo =0, 4)
[ow™, ow,],if o < 0.

Then the Minkowski difference ¢ — @, addition w+¢ and w x & for w,& € K are
defined by

[€. 81— 1 =[G -, & -, (5)
[5. &1+ 1=+, &+,

@,, D
) W,,
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and
[§. ¢ ] X [w, w"] = [min{é.@,, §w,, {w”, §o"}, max{$.w,, § '@, §o", § o }].
The inclusion " € " means that
¢ cw ifandonlyif, [¢,&7] € [w,, @], ifandonly if w, <&,, & < w”. (6)
Remark 2.1. [33] The relation " <; " defined on K, by
[¢.,¢*] <, [w,w*] ifandonly if &, < w,, & < @*, @)

for all [¢,,¢&%], [@,,@*] € K, it is an order relation. For given [¢,,&*], [w,, @w*] € K., we say
that [£,,¢] <) [w,,@"] ifandonlyif ¢, <wm,, & < @™

For [¢,,&"], [w., @*] € K, the Hausdorff-Pompeiu distance between intervals [¢,,&*] and
[@,,w*] is defined by

d([§.¢7] [m,@™]) = max{|§, — @], [§* — @[} (8)

It is familiar fact that (., d) is a complete metric space.

A fuzzy subset T of R is characterize by a mapping ¢: R — [0,1] called the membership
function, for each fuzzy set and 6 € (0, 1], then 6-level sets of ¢ is denoted and defined as follows
(o ={ueR| &) =6} If 0=0,then supp(é) = {w € R| é(w) > 0} is called support of &. By
[£]1° we define the closure of supp(£).

Let F(R) be the collection of all fuzzy sets and ¢ € F(R) be a fuzzy set. Then, we define the
following:

(1) ¢ issaid to be normal if there exists w € R and ¢(w) = 1;

(2) ¢ is said to be upper semi continuous on R if for given w € R, there exist € > 0 there exist
& >0 suchthat é(w) —¢é(y) <e forall y e R with |w—y| < §;

(3) €& issaid to be fuzzy convex if &, is convex for every 6 € [0,1];

(4) & is compactly supported if supp(¢) is compact.

A fuzzy set is called a fuzzy number or fuzzy interval if it has properties (1)—(4). We denote by
[F, the family of all fuzzy intervals.

Let £ € F, be a fuzzy-interval, if and only if, 8-levels [£]° is a nonempty compact convex
set of R. From these definitions, we have

[£1° = [£.(6),¢7(6)],
where
§.(0) = inf{w € R §(w) = 6}, £"(6) = sup{w € R| §{(w) = 6}
Proposition 2.2. [7] If &, @ € Fy, then relation " < " defined on F, by
¢ <w ifandonlyif, [£]? < [w]?, forall @ €[0,1], 9)

this relation is known as partial order relation.

For §,@w € Fy, and ¢ € R, the sum é¥w, product & X @, scalar product ¢.& and sum with
scalar are defined by:

Then, forall 8 € [0,1], we have

[(F@]’ = [£1° + [=]°, (10)
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[§ X®]® =[§]° x [@]°, (11)
[o-¢1° =0 [8]°, (12)
[oF §1° = 0 + [£1°. (13)

For ¥ € F, such that & = w¥y, then by this result we have existence of Hukuhara
difference of ¢ and @, and we say that 1 is the H-difference of ¢ and @, and denoted by {=w.
Definition 2.3. [16] A fuzzy-interval-valued map F:K ¢ R - [F, is called FIVF. For each
6 €(0,1], 6 -levels define the family of IVFs F;:KcR->X, are given by
Fo(w) = [F(w,8),F*(w,0)] for all w € K. Here, for each 6 € (0,1], the end point real
functions F.(.,0),F*(.,0): K — R are called lower and upper functions of F.

Definition 2.5. [34] Let F:[u,v] € R = F, be a FIVF. Then, fuzzy Riemann integral of F over
[u,v], denoted by (FR) fuv F(w)dw, it is given level-wise by

[(FR) fu”f(a))dw]" = (IR) [, Fy(w)dw = {[ F(w,0)dw:F(w,0) € Ryyuiey} (14)

forall 6 € (0,1], where R,.)0) denotes the collection of Riemannian integrable functions of IVFs.
F is FR-integrable over [u,v] if (FR) fuvT(w)da) € Fy. Note that, if both end point functions are
Lebesgue-integrable, then F is fuzzy Aumann-integrable function over [u,v] [16,34].

Theorem 2.6. Let F:[u,v] € R = F, be a FIVF and for all 6 € (0,1], 6-levels define the family
of IVFs Fy:[u,v] € R - K are given by Fy(w) = [F.(w,8),F*(w,0)] forall w € [u,v]. Then,
F is fuzzy Riemann integrable (FR-integrable) over [u,v] if and only if, F.(w,08) and F*(w,H)
both are Riemann integrable (R-integrable) over [u,v]. Moreover, if F is FR-integrable over
[u,v], then

[(FR) [ F(w)dw]® = [(R) J) F(w,0)dw, (R) [ F*(w,0)dw] = (IR) [ Fo(w)dw, (15)

for all 6 € (0,1], where IR represent interval Riemann integration of Fy(w). For all 6 € (0,1],
FR(uv)e) denotes the collection of all FR-integrable FIVFs over [u,v].

Definition 2.7. Let [u,v] be a p-convex interval. Then, FIVF F:[u,v] - F, is said to be
p-convex on [u,v] if

F (Inxt + 1=y P ) < nF@FA - mF), (16)

for all x,y € [u,v],n € [0,1], where F(w) = 0, for all w € [u,v]. If inequality (16) is reversed,
then F is said to be p-concave FIVF on [u,v]. The set of all p-convex (LR-p-concave) FIVFs is
denoted by

SXF([u,v], Fo,p), (SVF([u,v], Fo,p)).

Remark 2.8. The p-convex FIVFs have some very nice properties similar to convex FIVF:
If F is p-convex FIVF, then YF isalso p-convex for ¥ > 0.
If F and T both are p-convex FIVFs, then max(F(w), T (w)) isalso p-convex FIVF.
We now discuss some new and known special cases of p-convex FIVFs:
If p =1, then p-convex FIVF becomes convex FIVF, see [35], that is
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Fx+ A =ny) S nFO)FA -nFW),V x,y € [u,v],n€[0,1]. (17)

In Theorem 2.9, we will try to establish relation between the p-convex FIVFs and endpoint
functions F,(w,8), F*(w,0) because through endpoint functions, FIVFs can be easily handled.
Theorem 2.9. Let [u,v] be convex set, and F:[u,v] - F, be a FIVF. Then, 6-levels define the
family of IVFs Fy:[u,v] € R » K" < K, are given by

Fo(w) = [Fu(w,6), F*(w,0)],V w € [u,V], (18)

for all w € [u,v] and for all 6 € [0,1]. Then, F is p-convex on [u,v], if and only if, for all
0 €[0,1], F(w,0) and F*(w,H8) both are p-convex functions.

Proof. Assume that for each 6 € [0,1], F.(w,0) and F*(w,8) are p-convex functions on [u,v].
Then, from (16) we have

F. ([nx” +(1- n)y”]% ) 9) <nF(x0)+ A —-nF(,0), VxyE€E[uyv]n€E[01]

and

F (I + A= my" P ,6) < nF"(x,8) + (1~ F (,6), ¥ v,y € [u,vL € [0,1]
Then by (18), (10) and (12), we obtain
Fo (I + @ —myrl? ) = |7 (b + @ —my 17, 0), 7 (nwr + 1= my7lo 0|
<1 [0%. 6,6, (6, )] + [(1 = F.(3,6), (L - F* (3, 6)],
that is
F ([nx” +(1- n)y”]%> <SNF)FA-mMFG), Vx,y € [uv]n €0,1].

Hence, F is p-convex FIVF on [u,V].
Conversely, let F be p-convex FIVF on [u,v]. Then, forall x,y € [u,v] and n € [0, 1], we
have

1
F ([nx” +(1- n)y”]ﬁ) < NF)FA -nFW).

Therefore, from (18), we have

Fo ([nxp +(1- n)yp]%) = [T* ([nxp +(1- n)y"]%,é’),ﬂf* ([nx” +(1- n)yp]% , 9)].

Again, from (18), (10) and (12), we obtain

NFe ()F(1 —n)Fe(y) = [NF.(x,0),nF*(x,0)] + [(1 = F.(y,0),( 1 —n)F*(y,0)],

for all x,y € [u,v] and n € [0,1]. Then, by p-convexity of F, we have for all x,y € [u,v] and
n € [0, 1] such that

AIMS Mathematics Volume 7, Issue 1, 1507-1535.



1513

1
7. (Inw + A =m)y?17 ,6) < 1F.(x,0) + (1 = MF.0,6),

and
1

F* (I + A= )y? TP ,0) < 1F°(6,0) + (1 = )F° (,0),

for each 6 € [0, 1]. Hence, the result follows.
Example 2.10. We consider the FIVF F:[0,1] —» F, defined by,

( A

57 A€ [0,20)2]
2w
Flw)(A) = !4(02 -1
€ w?, 4w?
l PV 1€ Cw*, 4w”]
0, otherwise,

then, for each 6 € [0,1], we have Fy(w) = [20w?, (4 — 20)w?]. Since end point functions
F.(w,0), F*(w,0) are convex functions for each 6 € [0, 1]. Hence F(w) is convex FIVF.
Remark 2.11. If F.(w,0) = F*(w, 8), then Definition 2.7 reduces to the definition of classical
p-convex function, [43].

If £ (w,0)=F*(w,0) and p = 1, then Definition 2.7 reduces to the definition of classical
convex function.

3. Fuzzy-interval Hermite-Hadamard inequalities

In this section, we will prove two types of inequalities. First one is Hermite-Hadamard and their
variant forms, and the second one is Hermite-Hadamard-Fej& inequalities for p-convex FIVFs
where the integrands are FIVFs. We will verify these inequalities with the help of nontrivial
examples.

Theorem 3.1. Let F € SXF([u,v],Fy,p). Then, 8-levels define the family of IVFs Fy:[u,v] c
R — K" are given by Fy(w) = [F.(w,0), F*(w,8)] for all w € [u,v] and for all 8 € [0,1]. If
F € j::R([u,v],H)a then

1
P ([£22] ) < 5t GROL 0rF @i < 22T 19
If F(w) is p-concave FIVF, then
1
P ([£22] ) > 5t RO 0P » PO @)

Proof. Let F:[u,v] - F, bea p-convex FIVF. Then, by hypothesis, we have

1
2F ([”p u ”"]”> <F <[nup +- n)vpﬁ) TF ([(1 )P+ nvp]%)

2

Therefore, for every 6 € [0, 1], we have

AIMS Mathematics Volume 7, Issue 1, 1507-1535.
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uP + v?’]ﬁ

2F, ([ - 1 e)sva ([nup+(1—n)vp]%.e)+ﬁ([<1—n>up+nvv]%.e).

- ([“” *Z'Vp]’l’,g> <F ([nup +(- n)v”]rl’,e) +F ([(1 e+, 9)-

Then

Zfolﬂi ([up -;vp]%,e> dn < J:f]—"* ([r)up +(1- n)vp]%,e) dn + fol}"* ([(1 —nuP + r)v”]z%,e) dn,

1

zfolf* ([UP ;Vp]Eﬁ) dn < f:?* ([nup +1- n)vp]%,e) dn + flf* ([(1 —muP + nvp]%.e) dn.

0

It follows that

1
uP +vPp v
F, [ ] 0 | < 4 ] wP1F.(w,0)dw,
2 vP —uP J,

1
uP +vP1p v
2 vP —uP J,

That is

1 1
u? +vP1p u? +vP1p v v
F [ ] ,0 |, F* [ ] 0]l < P J w”_lﬁ(w,(})dw,j w?1F*(w, 0)dw|.
2 2 vP—ub|J, u

yP —ypP

F <[#]5> < =L (FR) [ 0P "' F (w)dw.

In a similar way as above, we have

FW)FFW)
-

p v —
— (FR) J, P F(w)dw <

ypP

Combining (21) and (22), we have

1 y ~
F ([up - Vp]p> <5 f o (FR)fu WP F(w)dw < Fw) +7) ?(V).

2 2

Hence, the required result.
Remark 3.2. If p = 1, then Theorem 3.1, reduces to the result for convex FIVF, see [25]:

Fu) FFW)

F () <= (FR) [} Fw)dw < T2

2

(21)

(22)

AIMS Mathematics Volume 7, Issue 1, 1507-1535.
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If F(w,0)=F"(w,0) withd =1, then Theorem 3.1, reduces to the result for p-convex
function [43]:

1
uP +vP D v ~ T(u) + :F'(V)
T<[ 2 ] > = yP — ypb (R)L wP 1T(w)dw < T

If F(w,0)=F*(w,0) with 6 =1 and p =1, then Theorem 3.1, reduces to the result for
classical convex function:

F(u)+ FQv)
—

u+v
7

) < ﬁ (R) fuv}"(w)dw <

Example 3.3. Let p be an odd number and the FIVF F:[u,v] = [2,3] = F, defined by,

1€ [0,2—&],

re(2-w2(2-wi)],

\ 0 otherwise.

Flw)(A) =4 z(z—w%)—/l (23)

Then, for each 6 € [0,1], we have Fy(w) = [9 (2 — w%), (2-06) (2 — w%)]. Since end

point functions F,(w,08) = 6 (2 — w%), F*(w,0)=(2-6) (2 — w%> are p-convex functions for

each 6 € [0,1]. Then, F(w) is p-convex FIVF.
We now computing the following

1
uP +vP1p 4 —+/10
T([ 2 ]’9>_ 2\/_9’

F ([up +vp]111’9> _ 4—\/1_0(2 _o),

2 2
1 ’ b 21
f WP F(w,0)dw = Hf (2 wZ)dw =—20,
Vp—Up u 2 0
3
j WP 1F* (W, 0)dw = (2—9)f (2- w%) =—(2—9)
v —ub J, 2

F.(u,0)+ F.(v,0) _4- ﬁ Vi

2
Fru,6)+ F 0 _4- V2 - ﬁ(z_e)’
2 2
forall 6 € [0,1]. That means
4 — \/_ 4 — \/_ 4—+2-3 4—-2-43
2 (2_9)]—’[50 50(2_9)]—’[ 2 % 2 2=0)

AIMS Mathematics Volume 7, Issue 1, 1507-1535.
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forall 6 € [0,1], and the Theorem 3.1 has been verified.

To prove some related inequalities for the above theorem, we obtain following inequality for
p-convex FIVFs
Theorem 3.4. Let F € SXF([u,v],Fy,p). Then, 8-levels define the family of IVFs Fy:[u,v] c
R — K" are given by Fy(w) = [F.(w,0), F*(w,8)] for all w € [u,v] and for all 8 € [0,1]. If
F e fFfR([u’v]'g), then

1

u? +vP1p p
=" | <es

2 vP — ypP

Fw) FFW)
—

v
(FR)f P IF (w)dw <6,
u

e

where

1 1
T(U);T(V) ;F<[up+2—vp])7> ?<[3up:—vp]17

’ DZ_

B

>1= ,and D1= [Dl*' Dl*], D2= [DZ*' Dz*]

2 2

uP +vP

Proof. Take [u?’ ] we have

1 1
uP +vp]p [ uP +vp]p

s} L ) (e -2 ) (- 0222 )

Therefore, for every 6 € [0, 1], we have

uP 4 vP uP +v” 1

<[Tlup+(1 n)u +Vp] 9>+T<[(1 n)u”+'7 +Vp]1:9)r

1
+ VPP u”+v1"%
, ) [(1—n)up+n > ],9 .

/[nup+(1—n) ] [(1—71)U”+n

2 2

2F*

2

)

/'
[mﬂ”+(1—n)u]l [(1— )U”+n“ +Vp )

0 | < F*

In consequence, we obtain

1

3uP +vPp
i pir
P F(w,0)dw
2 TP —yp R ’
1
3uP +vPp
i pie
P F*(w,8)dw
2 TP —up ’ '

That is

AIMS Mathematics Volume 7, Issue 1, 1507-1535.
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P

1
3uP +vPp «[ [3uP + P
T([ 7 ]‘9)?([ s

uP +vP uP +yP
p .
> Sy lfu ﬂ-"*(a),H)dw,ju F*(w, G)da)].
It follows that
D 4P -
3uP +v
A=)
- K= (FR) fu 2 F(w)dw. (24)
In a similar way as above, we have
1
g:([uptfvp]p)
P v
- < —— (FR) fup?,p F(w)dw. (25)
Combining (24) and (25), we have
14 p > 14 p >
3uP +vVPp | + uP + 3vPp
p
3 < R (FR)J; F(w)dw.
By using Theorem 3.1, we have
1 1
[up +v7"]5 _z 1 3uP +vP N 1 uP + SVP]E
B 2" 4 2" 4 '
Therefore, for every 6 € [0, 1], we have
1 1
7 [up+vp]179 _ [1 3up+vp+1 up+3vp]59
: 2 N R U VA 2" 4 )
1 1
. [u” +v”]5 o) = 5 1 3P +vP +l uP +3vp]17 P
2 T 2" 4 20 4 )

3uP + VP

]5
)
1

I

. ([

- 1?-"* [3up+v”
2 4

AIMS Mathematics
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< p
vP — ypP

4
T yp —yp

1
1|F(u6)+F.(v.6) uP+vPp

1
1|F*(u0)+F*(v,0) « [ TP +vP]p
s g (|22 0|

=D1*,

=D1*,
I:T*(ule)-i_?*(vfe) "F*(ule)-l_?*(vle)]
)

v
f F(w,0)dw,
u

v
J. F(w,0)dw,
u

IA

IA

<

1
2 2 T 2
< %[T (u,H)-;T v | ¥ (u,@)-;}“ (v,e)]'

_ FW6)+FW,0)
= ” :
_ F*w8)+F*(v,0)
= - ,

that is
1
7 ubP +vP1p B p
[ 2 ] ST yp gy

Fw) FFW)
—

(FR) f VT(a))dw <<

hence, the result follows.
Example 3.5. Let p be an odd number and the FIVF F:[u,v] =[2,3] = F, defined by,

Fo(w) = [9 (2 — w%),(z —-0) (2 — w%)], as in Example 3.3, then F(w) is p-convex FIVF and
satisfying (38). We have F, (w,0) =20 (2 — w%) and F*(w,0) = (2-6) (2 — w%). We now
computing the following

)

[T*(u,e) + :7-;(1;,9)] _ 4—\/7—\/59
2 B 2

F*(u,0) + F*(v,0)] 4—-V2-+3
RO LRG0, g ([0 +vp]% .
i ’ 8- V2 V3 I0
&1,= > = 2 6,
F'@0) + F'10) , . [uv+vp]% .
: ’ ? 8- V23— VI
P1= 2 = 2 2-o),
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=

1 1 1
1 3uP +vP1p uP + 3vP1p 5—+11
(>2*=§[3-;<[ 4 ’9>+T*([ 4 ] ’9> == 7

1 1
p <[3up + vP] ’9>+}_*<[up+3v”]p’9 ]:5—\/ﬁ(2_9)’

=

4

2

1
P+ vP1p 4 —+/10
P ([” d ]p,e> 2-0).
2 2
Then, we obtain that

4 —+10 5 —+11 21 8 —v2 —+/3-410 4—+2-3

0 < <—0< 0 <
2 4 50 4 2

4 —+/10 5—+/11

5 2-0) < 2

1
[up +vp]5 9) 4 —+10

)

\S]

8_ﬁ_4ﬁ_\/1_0(2_9)5ﬂ(2_9)_

(2—9)<E(2—9)<
<%0 <
Hence, Theorem 3.4 is verified.
From Theorem 3.6 and Theorem 3.7, we now obtain some H-H inequalities for the product of
p-convex FIVFs. These inequalities are refinements of some known inequalities [42,43].
Theorem 3.6. Let F,J € SXF([u,v],Fy,p). Then, 6 -levels Fy, Jp:[u,v] c R - K+ are
defined by Fy(w) = [F.(w,0),F* (w,0)] and Jy(w) = [J.(w,0),T (w,0)] for all w € [u,V]
and forall 6 € [0,1].If F,J and FJ € FR(,.1,0), then

p

M(u,v) . N(u,v)
— F .

3 6

(FR) j " P 1F () X I(0)dw <

Where Mw,v) =FWXJWFFWMXIWV), Nuv)=FWXIJW)F+FFW)XJW), and
My (u,v) = [M.((u,v),0),M*((u,v),0)] and Ny (u,v) = [M.((u,v),8),N*((u,v),0)].

Proof. The proof is similar to the proof of Theorem 3.3 [46].
Example 3.7. Let p be an odd number, and p-convex FIVFs F,J:[u,v] =[2,3] = F, are,

respectively defined by, Fyp(w) = [0 (2 - wg),(z —-0) (2 - wg)], as in Example 3.3 and
Jo (W) = [0wP, (2 —0)wP ]. Since F(w) and J(w) both are p-convex FIVFs and F,(w,6) =
6 (2 _ w%), F'(w,0)=@2-6)(2- w%), and J.(w,0) = 0w?, J*(w,0) = (2 — 6)w”, then we

computing the following

p
yP — ybP

p
yP — ybP

v
f WP 1F(w,0) X J.(w,0)dw = 62,
u

f wP1F(w,0) X J*(w,8)dw = (2 — 6)?,
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M. ((u,v),8) = (10 — 2VZ — 3V3) f
(2 9)2

M*((u,v),6) = (10 — 2v2 — 3V3)

N.((u,v),8) = (10 —3v2 — 2\/§)—
9)2

N*((u,v),0) = (10 —3v2 — 2\/_)

for each 6 € [0, 1], that means

6% < (30— 7VZ - 8v3) %,
(2-6)? < (30— 7VZ - 8v3) &,

Hence, Theorem 3.6 is demonstrated.
Theorem 3.8. Let F,J € SXF([u,v],Fy,p). Then, O-levels define the family of IVFs Fp,
Jo:[u,v] c R - %" are given by Fo(w) = [F.(w,8), F(w,0)] and
Jo (@) = [J.(w,0),T"(w,8)] for all w € [u,v] and for all 6 €[0,1]. If FXJ € FR(yv10)
then

1 1
2 F <[“p;”p]”> % J ([—“p;”p]”> <=L (FR) [ 0P F(0) X J(w)do F 225 200,

Where M(u,v) = F(u) X JW) TFO) K IO0),  N(wv) = FW) X IW) FFO) XJW), and
My (u,v) = [M.((u,v),0),M*((w,v),0)] and Ny (u,v) = [N.((w,v),0), N*((u,v),0)].

Proof. By hypothesis, for each 6 € [0, 1], we have

7-"* ({up ;—vp];"g) 3. ({up ;—vp];"g)
F ([up -;vp];’e> x J* <[up 42-1/”];’9>

4MW+41—mwve)xaﬁmm+m—nwmv®'

IA
N

+F [P + (1 —nvP]P 6) XJ\[A=muP + UV”]E'H)

7 (1o - mW+mﬂv®xa(mw+u—mWﬁﬁy

AN

+F, ([(1 —nu? + nvp]ﬁ, 9) X J. ([(1 —muP + nvp]%, 9)_
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1 _ ([nup + (1 —n)vP] % 9) ([nup +(1- n)vp]P 9)
s 4 1 1
+F* ([nuP + (1 —n)vP]p 9) x J* (1A —mu? + PP 9)
) 1 1 :
1| ([(1 —muP + PP 9) X J ([nup + @ —nvPlp 0)
+- :
* +F* ([(1 —muP +nvP] % 6) ( (1 —nu?P + nvp]P,0>
] 1 1 :
1| % ([nup + @ =P 9) ([nup + (1 —nvPlp, 9)
=7
+, (10 = mw? + W, 0)x 3. (I —mu + W, 0)
[ (nF.(u,0) + (1 = MF.(v,0)) ]
11x (@ =mJ.(u,0) +1d.(v,6))
x (1J.(u,0) + (1 —=1)J.(v,6))
1 1
| 7 (B + @ =mv1,6) x g* (Inwr + @ = e, 0)
S —
4 +F* ([(1 —nuP + m/p]%,H) X J* ([(1 —nuP + nvp]%,é?)
(nF*(u,0) + (1 = MF*(v,6))
1| ((1=mJ",8) +1J"(v,0))
4 r((l —)F*(u,0) + nF*(v, 0))J'
x (nJ"(u,0) + (1 = m)J*(v,0))
1 1
| 7 (e + @ =mve,0) x . (e + @ = mvip,o)
T2 1 1
+F. ([(1 —muP +mPlp, 9) X J, ([(1 —muP + PP, 9)

1[ n? + 1 -n*N.((,v),0)
2[+{n(1 - + @ —mnM.((w,v),8)]

F* ([nup +(1- n)v”]%,e) X J* ([nup +(1- n)vp]%,é’) ‘

NI

+F* ([(1 — P + nvp]%, 9) xJ ([(1 —muP + m/”]%, 9)

N 1[ n?+ @ -n3N((u,v),0) l
2[+in@-m + A —mn3mM*((u,v),0)]

R-Integrating over [0, 1], we have
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! 1
P+vP1p PPy (o
2?;([” ZV ]p,9>><(7*<[” ZV ]P’9>< " f WP~ 1:]:(0) H)XJ*(C() e)da) n %

N.((wv).0)

+ Pa—

1 1
2F* ([UP+VP]P '9> X J* ([UP+VP]P ,9) < p qu wP—IT*(w’ 0) x J* (0, 0)dw + w

2 2 vP —ybP

N*((w),0)

+ 3 )

that is
1 1
: T<[U” ;W’r) : J<[up ;“T) c P ) [ e  EED NG

Hence, the required result.
Example 3.9. Let p be an odd number, and p-convex FIVFs F,J:[u,v] =[2,3] = F, are,

respectively defined by, Fp(w) = [0 (2 - (ﬁ),(z —-0) (2 - w%)], as in Example 3.3 and
Jo(w) = [0wP, (2 —0)wP ]. Since F(w) and J(w) both are p-convex FIVFs and F.(w,0) =
0 (z - w%), F(@,6)=2-6)(2-w?), and J.(,0) =007, J'(w,6) = (2~ 6)wP, then

we computing the following

1 1
uP +vP1p uP +vP1p 20 — 510
2F, [ ],9 x J. [ ],0 TV e

2 2 '
1 1
» P> 14 P1p 20 — 5\/_
2 F* [“ :V]pﬂ X J* [u +V]p,9 — (26,
2
G0 _ (1025332,

) _ 2
2D _ (1 o5 305 @= 2
MDD _ (19 57-203) %,

) _ 2
M:(10—3\/§_2\/§)%'

foreach 6 € [0,1], that means
_ 2
MQ2§(30—8\5—7‘/§)B_'
20—5\/_ 9)2

————(2-6)%*< (30-8V2 - 7\/_)(2

hence, Theorem 3.8 is verified.
We now give H-H Fej& inequalities for p-convex FIVFs. Firstly, we obtain the second H-H
Fejé& inequality for p-convex FIVF.
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Theorem 3.10. Let F € SXF([u,v],Fy, p). Then, O-levels define the family of IVFs Fy: [u,v] c
R — K" are given by Fy(w) = [F.(w,0), F*(w,0)] for all w € [u,v] and for all 0 €[0,1]. If

F € FRur1e) and 2:[u,v] - R,Q2(w) = 0, symmetric with respect to [“ LA ] then

PIF(w)2(w)dw < [Fw) FFW)] f nQ ( (1—nu? + nvp]%) dn. (26)

If F is p-concave FIVF, then inequality (26) is reversed.
Proof. Let F be a p-convex FIVF. Then, for each 6 € [0, 1], we have
1 1
7 (e + (= mwep,6) 2 (e + (1 - mvrp)

1
< (1%.0.0) + (1 = ME.,00)2 ([e? + L= v'), @7)

F* ([nup +(1- n)vp]%, 9)!2 ([UU” +(1- n)vp]%)
< (17 0) + (1= P 0)2 (Iner + (1= vrlp)
And
F. ([(1 P+, 9)!2 ([(1 e + el
< (L =MF,0) + nFw o)) (I ( (1 — P + nvp]%>
F* (1~ mwr + mr,0) 2 (1L~ mu? + v
]

< (1= mF* (W 0) +nF" (v,00)@ ([ — u? +nv? %)

After adding (27) and (28), and integrating over [0, 1], we get

(28)

[ F. ([nuP F =P, 9) 0 ([nup +(1 - n)vp]%) dn

+ 7 (10— mur + v, 8) 2 (1~ mu? + vl ) dn
| Fw6) {nﬂ ([nup +(1- n)vp]%) + (A -nn ([(1 —muP + nvp]%)} ‘ ;
"+r00) {(1 -1 ([nup +(1- n)vp]%> + 112 ([(1 —muP + nvp]%)} "’
[, F ([(1 —muP + nv”]i, 9) 0 ([(1 —muP + nvp]%) dn

+ 1o (o + Q= 0) 2 (gw? + L= mv? T ) dn
7 worfma (e + a-mver)+ a-ma(ia-me + )}

+7°0,6) (= a2 (I + @ =) + n (10— + ”””]’1)}\ "
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1 1
= 2F.(u,0) fol nQ ([nup +(1- n)vP]E) dn + 2F,(v,0) fol nQ ([(1 —uP + nvp]?j) dn,
1 1
= 2F*(u,0) fol na ([nup +(1- n)vp]E) dn + 2F*(v,0) fol nQ ([(1 — P + nvP]?) dn.
Since 2 is symmetric, then

= Z[T*(U, 6) + T*(V, 8)] fol T].Q ([(1 — T])Up + T]Vp]%> dT],
(29)

= 2[F*(u,0) + F*(v,0)] fol n{l ([(1 —nuP + nvp]%) dn.

Since

i . (Ino + = mwle,0) 2 (Ine + (= myw?) ) dn

=[ % ([(1 . 9) 0 ([(1 — P+ nvp]%) dn

= p v p—l
= [, WP F(w,0)02(w)dw o

[, F° ([(1 . 9) 0 ([(1 _ P+ nv"]%) i
= [y 7 (o + @ =mv7l,0) 2 (g + @ — 7l )
=L [ 0PI (0, 0)2(w)dw.

yP —ypb

Then, from (29), we have

v 1 )
P — P -fu a)p—l}"*(a), 9)!2(0))(10) < [T*(U, 9) + :F;(V, 9)] j;) n{l ([(1 — r’)up + nvp];_)) dr”

p 1

b — ypP

f WP 1F* (w,0)(w)dw < [F*(u,0) + F*(v,0)] f n{ ([(1 —nuP + UV”]%) dn,
u 0

that is

I P fva‘l}"*(w, )2 (w)dw,

p-1p
yP — P fuw F (w,H)Q(w)dwl

ypb — ypP

Sp [T*(U,H) + T*(V! 9),T*(U,9) + T*(V,H)] fol n-Q ([(1 — T])Up + T]Vp]%> dT],

hence

p 1

vb — ypbP

(R fva_lf(w)ﬂ(“’)d‘“ <[FWF T(V)]f nQ ([(1 — P + nvp]ll’) dn.
! 0

Next, we construct first H-H Fejé& inequality for p-convex FIVF, which generalizes first H-H
Fej& inequalities for convex function [44].
Theorem 3.11. Let F € SXF([u,Vv],Fy,p). Then, 6-levels define the family of IVFs Fy:[u,v] c
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R - K" are given by Fy(w) = [F.(w,0), F*(w,8)] for all w € [u,v] and for all 8 € [0,1]. If

1

F € FR(uv10) and 2:[u,v] » R,2(w) =0, symmetric with respect to [u +v1’] and
fu wP 1N (w)dw > 0, then
p p 2
uf +v¥Pp ; v p—1
T([ 2 ] >< [P 0(w)da (FR) [, @' F(w)2(w)dw. (31)
If F is p-concave FIVF, then inequality (31) is reversed.
Proof. Since F is a convex, then for 6 € [0, 1], we have
uP +vP l 1 l l
([5]0 ) <3( (e + @ -mv0) + 7 (10w +v0.0) ).
(32)

fwgﬂ;q?e)ggcw(Mw441—nWHie)+T%K1—an+mmﬁeD,

1 1
Since 2 ([nup +(1- n)vP]E) =1 ([(1 —nuP + nvp]5> , then by multiplying (32) by

1
n ([(1 —nuP + nvP]z?) and integrate it with respectto n over [0, 1], we obtain

N ([(1 — P + nvp]%) dn
[ B+ @ = mver,0) a (lu + @ -l ) dn
=3 1 1
2 f F. ( (1 —n)uP + nvp]5,9> dna2 <[(1 —mMuP + m,p];)
T*<rm;w1%'9)l‘!2(K1-n)up4-nvfﬁ)dn
. %< I, F ([UU” +(1- n)vp]%,e)!z ([nup + (1 —nphPlp ?dn

)

(33)

1

+f0 T*([(l—n)up + nvPlr, 0 .Q( (1 —nu? +mvP] )dn

Since
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fol F. ([nup +(1- n)vp]%. 9)!2 ([nup +(1- n)vp]%) dn
= [y 7 (10 e +nv1,0) @ (10~ mu? + vl ) dn

=L f;wp‘lf*(w,e)ﬂ(a))dw,

yb —yb

; . (34)
folT* ([(1 —muP +nvPle, ) ([(1 —nuP + m,p];> dn
= [, ([nup +(1 - n)vp]%ﬁ)n <[nup +(1- n)vp]%> dn
= fuv WP 17 (w,0)2(w)dw.

vP —uP

Then, from (34) we have

1
P+ yP1p 1 Y
i [u - ]pﬂ <— pr_lﬂw'g)mw)dw'
2 fu wp—l_()(a))da) u

1
P 4 P 1 v
F* [u d ]p 0]<— fa)p_lT*(w,G).Q((u)dw,
2 fu wP 10 (w)dw J,

from which, we have

e [up +vp]% ps [uP +vp]zl)
: 2 ) 2 ’
< 1 ’ p-1f ' p—1x
< fuva_lﬂ(w)dwlfu ) (w,0)2(w)dw, j;a) F*(w,0)2(w)dw],
that is
1
d <[up;vp];> s f;wP—llﬂ(w)dw (FR) fuv a)p_lf]:'(a))ﬂ(a))da),

this completes the proof.
Remark 3.12. If in the Theorem 3.10 and Theorem 3.11, p = 1, then we obtain the appropriate
theorems for convex fuzzy-1VFs [26].

If in the Theorem 3.10 and Theorem 3.11, 7, (w,y) = T*(w,y) withy = 1, then we obtain the
appropriate theorems for p-convex function [43].

If in the Theorem 3.10 and Theorem 3.11, 7. (w,y) = T*(w,y) withy =1 and p =1, then
we obtain the appropriate theorems for convex function [44].

If 2(w) =1, then combining Theorem 3.10 and Theorem 3.11, we get Theorem 3.1.
Example 3.13. We consider the FIVF F:[1,4] — F, defined by,
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A—e@? wP wP
—oP AE [6‘ ,2e ],
= wP _
F@OM =142 ¢ o go) 3)
0, otherwise,

then, for each @ € [0,1], we have Fy(w) = [(1 + 0)e®”,2(2 — 8)e®"]. Since end point functions
F.(w,0), F*(w,0) are p-convex functions, for each 8 € [0, 1], then F(w) is p-convex FIVF. If

wP—1, A€ [1%]

smar, 2e (], .

N(w) =

where p = 1. Then, we have

P f14 wP1F (w,0)0(w)dw = %ff wP1F(w,0)2(w)dw

vP —uypP

5
=2 20?1 F(0,0)0(@)dw + 3 [ oP ' F(0,0)(w)do,
2

=§(1+9)f1§ew(w— Ddw +3(1+6) 5 e (4 — w)do ~ 11(1 + 6),
: (37)

P f14 wP1F*(w,0)2(w)dw = %ff WP 1F*(w,0)2(w)dw

vP —yp

5
= %ff WP 1F* (w,0)2(w)dw + éf; wP1F(w,0)2(w)dw,
2

=@ —9)flge‘”(w— Ddw +2(2-0) [ e (4 — w)dw ~ 22(2 - 6),

and
1

1
[F.(u,0) + F.(v,0)] j;) nQ ([(1 —nuP + nvP]P> dn

1 1
[F*(u,0) + F*(v,0)] f 1) ([(1 —muP + nvp]77> dn
0

= (14 0)[e +e*] [fé 3n2do + [I'n(3 - Sn)dn] ~B 1 +0). )
— 22— 0)[e + ] [fo; 3n2do + [ n(3 - 3n)dn] ~ 43(2 — 0). >
From (37) and (38), we have
[11(1+6),22(2 - 0)] <; |5 (1 +6),43(2 - 9)], for each 6 € [0, 1].

Hence, Theorem 3.10 is verified.
For Theorem 3.11, we have
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1 (39)
F* <[u?’;—vl’]l’ ) 9) ~ % (2 _ 0)’
f N(w)dw —J (w— 1)dwj 4-w)dw =-
m J} 0PI (@,0)0(w)do ~ 2 (1 +6), o
m fl wP~ 1T ((1) B)Q(w)dw = —0(2 - 9)

From (39) and (40), we have

Ea+0.2e-0]<[Za+022-0)

hence, Theorem 3.11 is demonstrated.
4. Discrete Jensen’s and Schur’s type inequalities

In this section, we propose the concept of discrete Jensen’s and Schur’s type inequality for
p-convex FIVF. Some refinements of discrete Jensen’s type inequality are also obtained. We begin
by presenting the discrete Jensen’s type inequality for p-convex FIVF in the following result.
Theorem 4.1. (Discrete Jense’s type inequality for p-convex FIVF) Let n; € R*, u; € [u,V],
(G=123,...,k,kk=>2) and F € SXF([u,v],Fy,p) and for all 8 € [0,1], O-levels define the
family of IVFs Fg:[u,v] c R - K" are given by Fy(w) = [F.(w,0),F*(w,0)] for all
w € [u,v]. Then,

?<[WL,( j=17) “fp];> % F (), (41)

where W, = 2}"'21 n;. If F is p-concave, then inequality (41) is reversed.

Proof. When k = 2 then, inequality (41) is true. Consider inequality (19) is true for k =n—1,
then

1

n—1 5
n; u;? < Z Flu;).
Wn—lj=1 7 =1 Wn—l ( ])

Now, let us prove that inequality (41) holds for k = n.
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T(in nj uP %w
2] )

1+T]n
W,

Mn—-1
( Up_1? +
Mn— 1"'77nn1

T .

—u
NMn—1 + Mn /

NS
g X

Therefore, foreach 6 € [0,1], we have

T*([Win j = 177] ]] 0)
7 ([ 5mu] o)

n—+n
_T<[ ]1771“p+n V1vnn(
n—+n
-7 <[W j= 1'71 yP + vlvn77 (

< Z}:fé’v—iﬂ( ,0) + 1= 1*”"? ([

21
327114,]

< zn;fﬂ};(uj, §) + In—ttin [

Szn 2771

le

Szn 2771

11W

Szn 2771

le

] 1W
n
j= 1W

From which, we have

1
1% g
o mur| o
Tl].=1

that is,

and the result follows.
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NMn—-1 u P4 Mn
Nn—1Hn

Mn—-1 u p Mn
Nn—-1Hn

NMn—-1 un—lp
Nn—1Hn

NMn— 1+nn

)

unp];, 9>,

Mn-1tn o« Mn—-1 Nn
,0)+ F [ u, P 4 —-1
( ) Wn Nn—-1tn n-1

Nn—-11Hn
Mn-1
n Nn—1+1n T (Un 1’6) + Mp-1+ ? (Un,e)]
Nn—1+n Mn-1
( 9) + Wy [Tln—l‘l"?n F (un_l' 6) + 77n—1+77n F (Un, 9)] ’

F(4,6) + [B=LF (U1, 60) + 22 Ry, 0)],

F*(4,0) + B2 F (Un-1,0) + JF*(uy, 0),

(v, 0),
F*(y;,0).

1 n
—En,-uﬁ’ , <,[E ’T(u,,e) E "ff(,,e)]
an:l =1

D=

n

1
F ann} Ujp

j=1

<2}"1Wf(u)
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If n, =n, =n3 =--=mn, =1, then Theorem 4.1 reduces to the following result:
Corollary 4.2. Let u; €[u,v], (j=1,23,...,k,k=2) and F € SXF([u,v],Fo,p) . Then,
6 -levels define the family of IVFs Fy:[u,v]c R-> X" are given by
Fo(w) = [F(w,0),F*(w,0)] forall w € [u,v] and forall 6 € [0,1]. Then,

T<[wik j=1m) “/p];) < T F () “42)

If F isa p-concave, then inequality (42) is reversed.

The next Theorem 4.3 gives the Schur’s type inequality for p-convex FIVFs.
Theorem 4.3. (Discrete Schur’s type inequality for p-convex FIVF) Let F € SXF([u,v], Fy,p).
Then, 6 -levels define the family of IVFs Fy:[u,v]c R—> X " are given by
Fo(w) = [F(w,0),F*(w,0)] for all w € [u,v] and for all 8 € [0,1]. If uy,u,,us € [u,v], such
that u; < u, <uw;z and  us? —uyP, us? — u,?, u,? —uyP €10, 1], then we have

(usP = uyP)F(uy) < (usP — uP)F(uy) + (U — uP)F (u3). (43)

If F isa p-concave, then inequality (43) is reversed.

U3p —Uzp

Proof. Let uy,up,us3 €[u,v] and us? —u? > 0. Consider n = —=—=
30—l

, then Uzp = T]Ulp +

(1 —n)usP. Since F isa p-convex FIVF, then by hypothesis, we have

ng—UZP
Fu <(—
w) < (s

Uzp - Ulp
)T(Ul) + (W)T(U:;).
Therefore, for each 6 € [0, 1], we have

Fo(up,0) < (B25) F(ur, 0) + (5225) F.us, 0),

p—y, b P—yP (44)
F*(42,0) < (B525) F* (un, 0) + (5225 F7 (us, ),
= D (1, 0) + (5B Fa(us, 0),
3
(45)

= (0, 0) + G (3, 6).

 (uP-urP) (uz? —usP)
From (45), we have

(U3p — Ulp)T*(Uz,e) < (U3p — Uzp)T*(Ul,e) + (Uzp - Ulp)ﬂ(u?), 9),
(UsP —uyP)F*(uy,0) < (usP — uP)F*(ug, 0) + (U — uyP)F*(us, 0),

that is
[(usP — uP)F(up, 6), (usP? — u P)F*(up, 0)] <; [(Us? — upP)F(uyg, 0) + (usP — upP)F(us, 6),
(u? — uP)F*(uy, 8) + (uP — ugP)F*(us3, 0)],
hence
(usP — urP)F(uy) < us? — upPF(uy) + (WP — ugP)F (u3).

A refinement of Jense’s type inequality for p-convex FIVF is given in the following theorem.
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Theorem 4.4. Let n; €R", v €[u,v], (j=1,23,..,k,k=2) and F € SXF([u,v],Fy,p).
Then, 6 -levels define the family of IVFs Fy:[u,v]c R—> X " are given by
Fo(w) = [F.(w,0),F*(w,0)] forall w € [u,v] andforall 8 € [0,1].If (L,U) S [u,v], then

()70 < (EDE)reo+ ERE)ren) e

where W), = Z]’-;l n;. If F is p-concave, then inequality (46) is reversed.

Proof. Consider = uy,u; = up, (j =1,2,3,...,k), U= us. Then, by hypothesis and inequality (44),
we have

uP —LP

Ur — .
F(y) < <W>T(L 6) + <Up Lp)T(U, 6).

Therefore, for each 6 € [0, 1], we have
u;P uP — LP
F(u;,0) < ( >T(L 9)+<U Lp)a—;(u,e),
U-— p_[p
F*(u;,0) < <Up )f]-" (L,6) + (U Lp)ﬂ-"*(U, 0).

Above inequality can be written as,

(1) 2:00.6) = (5220) () 70,00 + (522 (1) 0.0,
(2)7(0.0) = (42 () 70,00 + (422 (2) 7 0.0

Taking sum of all inequalities (47) for j =1,2,3,...,k, we have

Zjl(m)f(u 0) < Z <<U,,_L,,)(;7|;k) (L, 9)+<Z:_ p)(%)?i(U,H)),
Zj 1(Wk)f (4,6) < Z _1<<U,,_Lp)($k)? (L, 9)+<Z:_Lp><3/—’)zr w, 9)).

(47)

that is

50 () () =[S (L) .(5,6), Zha (2) 7y 0)]

s ( () o) 7.0 ) " ( () G )
T\ EE @) T\ E @) rwe)|

P_y.
U uj uj

< 34 (5m5) o) (R o), 7o) + 35, (55=s) () IR0, 0), 7~ (W, 6]

= 2 () () 7.0 + 2 () () w00

up—Lp

Thus,
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k . k Ur — y.? , uP — P .
> <Y (F22) @ o (8 @ rw)
this completes the proof.

We now consider some special cases of Theorem 4.1 and 4.4.

If F(w,0)=7F.(w,0) with & = 1, then Theorem 3.1 and 3.4 reduce to the following results:
Corollary 4.5. [42] (Jense’s inequality for p-convex function) Letn; € R*, u; € [u,v], (j =
1,2,3,..,k,k =2) and let F:[u,v] > R" be a non-negative real-valued function. If F is a
p-convex function, then

F <[WL]{Z]’-(:1 ur Ujp];) =< Zj'(=1 (V%) T(uj ) (48)

where W, = Z]’-;l n;. If F is p-concave function, then inequality (48) is reversed.

Corollary 4.6. Let n; €R*, u; €[u,v], (j=1,23,..,kk=>2) and F:[u,v] > R* be an
non-negative real-valued function. If F is a p-convex function and uy,uy,..,u; € (L,U)
[u,v] then,

- G)7) <2 () )70+ () @) e

where W, = Z]’-;l n;. If F isa p-concave function, then inequality (49) is reversed.

5. Conclusions

In this we defined the p-convex (concave, affine) class for fuzzy-1VFs. We obtained some
HH-inequalities for p-convex fuzzy-IVFs via fuzzy Riemann integrals. Moreover, we derived some
novel discrete Jensen’s and Schur’s type inequalitities for p-convex fuzzy-1VFs. With the help of
examples, we showed that our results include a wide class of new and known inequalities for
pconvex fuzzy-1VFs and their variant forms as special cases. In future, we try to explore these
concepts and to investigate Jensen’s and HH-inequalities for IVF and fuzzy-IVFs on time scale. In
future, we will explore this by using fuzzy Katugampola fractional integrals for p-convex
fuzzy-1VFs. We hope that the concepts and techniques of this paper may be starting point for further
research in this area.
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