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In this work, we introduce various Darbo-type F-contractions, and utilizing these contractions, we present some fixed point
theorems. Moreover, we introduce a Darbo-type F,-expanding mapping and prove fixed point theorems under the Darbo-type
F,-expanding mapping. Employing our results, we check the existence of a solution to the nonlinear fractional-order differential

equation under the integral type boundary conditions. For its validity, an appropriate example is given.

1. Introduction and Preliminaries

For the sake of completeness, we provide a brief introduction
and recollect basic notions, definitions, and fundamental
results. In the sequel, we symbolize by R the set of all real
numbers, by N the set of all positive integers, by M the
closure of M and by coM the convex hull closure of M.
Additionally, £ denotes a Banach space B(E)= {A+0: A
isbounded subsets of £}, ker£={A € B(E) : £(A) =0} the
kernel of function £ : B(E) — [0,00) and Q={A: A+0,
convex, bounded, and closed subset of Z}.

Many researchers have been interested in the fixed point
theory. This theory is branched into two notable areas. One
deals with contraction mappings on metric spaces. In this area,
the first important result is the Banach contraction principle.
The second deals with continuous operators on convex and
compact subsets of a Banach space. In this area, two important
results are Brouwer’s fixed point theorem and its infinite
dimensional form, Schauder’s fixed point theorem.

Theorem 1. Every continuous mapping from the unit ball of
R" into itself has a fixed point.

Theorem 2 (see [1]). Let A € Q. Then, a compact continuous
operator Y’ : A — A has a fixed point.

In both theorems, compactness plays a crucial role. To
overcome such hurdle, one of the techniques is to use the
notion of a measure of noncompactness (in short MNC).
The axiomatic definition of an MNC is as below.

Definition 3 (see [2]). A map £: B(E) — [0,00) is an MNC
in E if for all A, A}, A, € B(E) it satisfies the following
axioms:

(i) ker £# 0 and relatively compact in =

(i) A, CA, = £(A)) <£(A)
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(iii) £(A) =£(A)
(iv) £(coA) = £(A)
(V) £(nAy + (1-nm)Ay) <nb(A)) + (1 -n)E(A,), Y €[0,1]

(vi) If {A,} is a sequence of closed sets in B(Z)such
that A,,, C A, VneN, lim £(A,) =0, then A =
§—+00

NN £0.

The Kuratowski MNC [3] is the function £ : B(E) —
[0,00) defined by

£(H) =inf {s >0: % ¢ U8, 8, c8 diam (S,) < s}, (1)

where diam(S) is the diameter of a set S. Using the notion of
an MNC, Darbo [4] published a fixed point result, which
determines the existence of a fixed point.

Theorem 4 (see [4]). Let A€ Qand Y : A —> A be a contin-
uous function. If there exists k € [0, 1) such that

£(Y(Ay)) Sk£(Ay) (2)

where Ay C A and £ is an MNC defined on Z. Then, Y has a
fixed point in A.

It generalizes the well-known Schauder fixed point
result and includes the existence part of the Banach con-
traction principle. Many extensions and generalizations of
the Darbo fixed point result can be noticed in the existing
literature.

The contraction on underlying mappings plays a central
role for finding the fixed point. Inspired from this natural
idea, the Banach contraction has been improved and
extended by several researchers [5-9]. Wardowski [10]
proposed a new contraction, called the & -contraction and
established fixed point theorems.

Definition 5 (see [10]). Let & : (0,00) — R be a map such
that
(F,) # isnondecreasing

(F,) lim §,=0e lim & (§,)=—o0, for any sequence
n—+00 n—+00

{6,} € (0,00)
(F;) onecanfind ke (0,1)such that 111361‘97(6) =0.

Symbolized by F, the family of all maps # : (0,00) — R
which fulfill the axioms (F,)and (F,), and by S, the fam-
ily of functions 7 : (0,00) — R such that tlim+ infz(t) >0,

Vs € [0,00).

Using the specific form of &, we deduce other known
existing contractions. Many articles concerning & -contrac-
tions and its generalizations have come into view (see, e.g.,
[11, 12] and the references cited therein). In particular, Jleli
et al. [13] generalized & -contraction such that & ¢-contrac-
tion is an established Darbo-type fixed point result.
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Definition 6 (see [13]). Let A € Q. Then, the mapping 1":
A— A is F  -contraction if there exists 7€ S and Fe F
such that

where A, is a subset of A, £(A), £(T(4A,)) >0, and £ is an
MNC defined in Z.

Theorem 7 (see [13]). Let A € Q. If the mapping Y : A — A
is continuous and an F .-contraction, then Y has a fixed point
in A

Gillespie et al. [14] introduced the concept of expanding
mapping. Gornicki [15] introduced the idea of ¥ -expand-
ing mappings and presented some fixed point results. To find
the fixed point of expanding mappings, one needs the follow-
ing lemma.

Lemma 8 (see [15]). For sutjective map |: X — X, there
exists a map |+ X' —> X such that fof : X' — X is an
identity map.

This manuscript has two aims. Firstly, we prove various
fixed point theorems: the & ,-weak contraction, & -weak
Suzuki contraction, almost & ;-contraction, Hardy-Rogers-
type F.-contraction and Reich-type & -contraction.
Secondly, we prove fixed point results under the Darbo-
type & ;-expanding mapping. We also observe that several
existing results can be concluded from our main results.
Furthermore, we check the existence of a solution to the
nonlinear fractional-order differential equation via integral
type boundary conditions, and for its validity we construct
an example.

2. Generalization of Darbo-Type Results via
F-Contractions

In this section, we introduce various types of & .-contrac-
tions of Darbo type, and then, we prove fixed point results
for mappings satisfying such contractive condition in the
Banach space endowed with an MNC. We first give the
definition of the & .-weak contraction.

Definition 9. Let A € Q. Then, the mapping ¥V': A — Aisa
weak contraction if there exists T € S and % € [F such that

T(E(A)) + F(E(Y(A)) < T (A(ALAy), - (4)

where A, and A, are subsets of A, £(A;), £(Y(4A))), £Y
(A;)) >0 and £ is an MNC defined in £ and

(4 ) = max{ () ECY(A)) (Y (A)). SETA) U T ()
(5)

In the light of & ,-weak contraction, we present the
first result.
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Theorem 10. Let A € Q. If the mapping Y : A — A is con-
tinuous and an F ;-weak contraction, then Y has a fixed point
in A.

Proof. Define a sequence {4, }'°, such that
Ag=A and A, =c0(Y'A,_,), VneN. (6)

We need to prove that A,,; ¢ A,and YA, C A,,VneN.
For the first inclusion, we use induction. If n = 1, then by (6),
we get Ay=A and A, =co(Y'A,) € A,. Next, for n> 1, we
assume that

A, CA, . 7)
Then
(Y (A,)) ceo(Y(Ay))- (®)
Using (6), we get the first inclusion
A, CA,. 9)

With the help of inclusion (9), we obtained the second
inclusion as

YA, Cto(YA,)=A,,, CA,. (10)

Now, we discuss two cases subject to £. If we can find
an integer m=>0 such that £(A,,)=0, then A, Iis
compact. But since Y : A, — A,, by Theorem 2, Y
has a fixed point in A, C A. Instead, if we take £(A,) >
0,Vn € N, then we have to testify that A c A, € Q. First,
we need to show that £(A,) — 0 asn — +oo. From
inclusion (9), we write £(A,,;) <£(A,), that is {£(A,)}
is a decreasing sequence and hence converges to s€R
with s>0. Now, since £(A,) € (0,00) and se€ [0,00), so
by assumption on T, }Lrg}infr(t)>0, we can find >0

and n, € N such that 7(£(A,))>r, Vn>n, Using con-
traction condition (4) with A;=A, and A,=A we
write

n+1>

where

IN

1
maxs £(A,), £(A,), £(Ayen): 3E(A, U Am)}

{
max{zS(An),)S(An),ﬁ(Anﬂ)s %ﬁ(l\n)}

=£(4,).
(12)
Thus, from (11), we obtain
T(£(An>> +g(£(An+l)) Sg(£(An)) (13)

From here, we write

F(£(Ai1)) < T (£(A,)) = T(£(A,)) < F(£(A,)) =1 (14)

Consequently

IA

T (£(Ayy)) — (n—ny)r, Yn>ny.

(16)

Clearly, lim & (£(A,)) =—-oo and using property (F,),
n—+00
we can write lim £(A,) =0. Thus, by Definition 3 (vi),
n—+00
Ay =N79#0and YA CAy as YA, CA,. Also, since

0

Ay C A, for all neNN, so by Definition 3(ii), £(A) <£
(A,),VneN. Thus, £(A,)=0, that is A €kerf, and
hence, A, is bounded. But A, is closed such that A
is compact. Therefore, by Theorem 2, " has a fixed point
in A C A

For the support of Theorem 10, we construct the
following example.

Example 1. Let A =[-8, 9] be a subset of a Banach space R.
Then, clearly, A € Q. Define ¥': A— A, F: (0,00) — R,
7:(0,00) — R by Y'(x) =1-x,7(x) + 1/2 and F (x) =Inx,
respectively. One can easily check that 1 is continuous,
7€S and FeF. Also, define an MNC, £ : B(E) — [0,00)
by £(A) = diam(A) = sup ||x - y||.

xX,yeA
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Now, let A;=[0,1] and A, =[2,7] be two subsets of
A. Then, £(A,) =£(Y(A))) =1, £(T(4A,)) =6, £(Y(A}) U
(A;)) =7, and hence
8y, ) = e £(00), 0 () KT (), 35T
074}
=max{1, 1,6, ;} =6.
(17)

Thus, from (4), we write

T(E(A)) + T (£(Y(Ay))) =7(1

F(1)=1.5<1In(6)
F(AA

1-42))-

)+
A(
(18)

That is Y is an Z,-weak contraction. Hence, by
Theorem 10, 1" has a fixed point 1/2 € A.

From Theorem 10, we can deduce several pivotal results.
We demonstrate some preferable corollaries that cover and
extend several well-known results in the existing literature.
The special case, if we take £(Y(A,)) >0, we deduce the
following corollary.

Corollary 11. Let A € Q. If the mapping Y’ : A — A is con-
tinuous such that

£(Y(A) <eTEMIA(A,LA,), (19)

where A, and A, are subsets of A, then Y has a fixed
point in A.

If we take F(x)=Inx+x,x>0, in Theorem 10, we
deduce the following corollary.

Corollary 12. Let A € Q. If the mapping Y : A — A is con-
tinuous such that

£(Y(A)) < eA(AI’Az)_T(£(A1)_£(A1))A(A1’ Ay), (20)

where A, and A, are subsets of A, then Y has a fixed
point in A.

If we take & (x)=1In(x*+x),x >0, in Theorem 10, we
deduce the following corollary.

Corollary 14. Let A € Q. If the mapping Y' : A — Ais con-
tinuous such that

(£( Y(Al)))z +£(Y(A))) < ¢ ") [(A(Ab Az))2

+A(AL Ay, 2

where A, and A, are subsets of A, then Y has a fixed
point in A.
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Definition 13. Let A € Q. Then, the mapping ¥': A — A is
an Z ;-weak Suzuki contraction if there exist 7€ S and F ¢
F such that

T(E(A)) + T (E(Y(A)) < T (A(An Ay)), - (22)

where A, and A, are subsets of A, (Y'(A)) <2£(A,), £(A,),
£(Y(A))),£(Y(A,)) >0, and £ is an MNC defined on £ and

A(A Ay) = max{£(A1)’£(Y(Al))’£(T(A2))’ SE(Y(Ay)

u Y’(Az))}.
(23)

In the light of the & ;-weak Suzuki contraction, we provide
the following result. Since the proof is very easy, we omit it.

Theorem 14. Let A € Q. If the map Y’ : A — A is continu-
ous and an F ;-weak Suzuki contraction, then Y has a fixed
point in A.

Definition 15. Let A € Q. Then, the mapping ¥ : A — Ais
almost an Z;-contraction if there exist €S and FelF
such that

£(Y(N))>0=1(£(N))+Z(£(Y(N)))

(24)
< F(£(N) + LE(Y(N)))

In the light of an almost -
following result.

contraction, we present the

Theorem 16. Let A € Q. If the function Y : A — Alis con-
tinuous and an almost & .-contraction, then 1" has a fixed
point in A.

Proof. Construct a sequence {A, }”; such that

Ay=Aand A, =co(YA,_;),foralln € N. (25)

Then, A,,; cA,and YA, CA,,VneN.

If we take an integer m > 0 such that £(A,,) =0, then A,
is a compact, and by Theorem 2, we can find a fixed point of
Yin A,, C A. Let us take £(A,) > 0,Vn € N. Then, {£ (A,)}
is a decreasing sequence and hence converges to s € R with
s>0. Now, since £(A,)€(0,00) and s€[0,00), so by
assumption on 7, tanS} infz(t) >0, we can find r>0 and n,

€ N such that 7(£(A,)) =1, Vn > n,. Now, assume that
£(Y(A,)) > 0. (26)

Then, setting N=A, in (24), we have

T(E(A,)) + F (E(Ayn)) = T(E(A,)) + F (E(@0( Y (A,11)))
=1(£(A,)) + F(E(Y(A,)))
< F(£(A,) +L £(Y(A)))
(27)
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From here, we write

F +LE(Y(A,))) -
F(£(A,) + LE(A

n

TEA) )

Qai(£(/‘n+1)) S
< )) —r, foralln.

Consequently
F(£(A,)) ((1+L)£(A,_,)) -1, foralln. (29)
Thus
F(E(A)) < T ((L+L)E(A, L)) -7
< F((1+L)&(A,,)) - 2r (30)
<F((1+L)E(A,,)) - 3r
<F((L+L)£(A,)) = (n—ng)r, ¥n>n,

Clearly lim F(£(A,)) = —00,and using the property (F,),
n—-+0o
we can write lim F(£(A,)) =0.
n—+00

Following the same steps as in Theorem 10, we can easily
show that 1" has a fixed point in A C A.

Definition 17. Let A € Q. Then, the mapping ¥V': A— A
is the Hardy-Rogers F,-contraction, if we can find €S,
FeF, and A, C Z such that

£(Y(A)>0=>1(£(A)) +F(£(Y(A)))
ST (ME(A) + LE(A)) + A,£(Y(A))  (31)

+A4£(Y(4)))-

for all Ac A, where A, +A,+A;+A,<1 with A,A,, A5,
Ay =0.

Remark 18.

(1) If A, =0, then (31) is a Reich-type F,-contraction

(2) If A,=A;=1,=0 and A, =1, then the contraction
(31) becomes a Darbo-type F,-contraction.

Theorem 19. Let A € Q. If the function Y : A — A is con-
tinuous and a Hardy-Rogers-type F.v-contraction, then Y
has a fixed point in A.

Proof. Construct a sequence such that

Ag=Aand A, =7c0(YA,_,), foralln e N. (32)

Then, A,,; cA,and YA, cA, VnelN.

Now, we discuss two cases subject to £. If we consider
m as a nonnegative integer with £(Am) =0, then A,, is a
compact. But Y': A,, — A,,, so by Theorem 2, Y has a
fixed point in A,, C A. Instead, let us take £(A,) >0,Vn €
IN. From (9), we write £(A,,;) <£(A,), that is {£(A,)} is a
decreasing sequence and hence converges s € R with s> 0.
Now since £(A,,) € (0,00) and s € [0,00), so by assumption

onTt, tlirr} infr(£(A,,)) > 0, we can find r > 0 and n, € N such

that 7(£(A,))>r Vn>n, Using (31) with A=A, and

Ay= A,,,, we have
T(6(A,)) + T (£(A,.) =T(E(A,)) + F(£)(co( Y (A,))))
=7(6(4,)) +  (£(Y(A, + 1))
<F(ME(A,) + LE(A, +1)
+A3£(£ Y(A,)) +AE(Y (A, +1)))
F(ME(A,) + ME(A, +1) + A%,

(33)

but A, +A, +A;+A, <1 and &
have

is nondecreasing; thus, we

T (£(Ay)) +

FEA) SFEA).  (34)

The rest of the proof is analogous to that of
Theorem 10.

We provide the following result, the proof is easy, so we
omit it.

Theorem 20. Let AeQ. If the function ¥ : A— A is
continuous and a Reich F;-contraction then Y has a fixed
point in A.

3. Darbo-Type Result via F-Expansion

In this section, we introduce the Darbo-type F-expanding
mapping and establish some fixed point results.

Definition 21. Let A € Q. Then the mapping 1" : A — A is
F-expanding if there exist 7 € S and F € F such that

N

£(Ag) > 0= F(E(Y(Ag))) 2 F(£(Ag)) +7(£(Ag)),  (35)

where A, C A.

In the light of F,-expanding mapping, we present the
following result.

Theorem 22. Let AeQ. If the mapping ¥ : A—> A is
continuous, surjective, and F -expanding, then Y has a fixed
point in A.

Proof. Since Y': A — A is surjective, so by Lemma 8, we
can find a function Y™ : A— A such that Yo Y* is the
identity function on A. Let A, and A, be any subsets of A
such that A, =7Y"(A;). Assume that £(A,)>0; then on
using (35), we can write

F(E(Y(A,))) 2 T (£(A2)) + T(£(A,))- (36)

Since Y'(A,) =
(36) becomes

Y(Y*(A))= (Yo Y*)(A)=A,, then



F(E(A)) 2T (E(Y7(A) +7(E(T7(A)). (37)

Now, if u is fixed point of Y*, then Yu=Y(Y"u) =u.
Thus, to show that 1" has a fixed point, it is sufficient to show
that 1" has a fixed point. To do this, construct a sequence
such that

Ag=Aand A, =c0(Y"A,_,), foralln e N. (38)

Then, we can easily show that A,,; ¢ A, and Y*A, C A,.

Next, if we take an integer m > 0 with £(A,,,) =0, then A,
is compact. So, by Theorem 2, Y™* has a fixed pointin A, C A.
Now, let us take £(A,,) > 0, for all n € N. We have to prove that
A, C A, is a nonempty, bounded, closed, and convex subset
of E. For this, since the sequence {£(A,)} is decreasing, it
converges to s > 0. Now, assume that £(A,,;) > 0. Then

0 <£(A,) =£(C(17(A,))) =£(17 (An)), (39)

that is, £(1*(A,)) € (0,00) and s € [0,00), so by assump-

tion on T, tliminf 7(£(Y*(4A,))) >0, we can find r>0
—st

and n, €N such that 7(£(Y"(A,)))=r for all n>n,.

Using (37) with A=A, we write

T(E(Y7(Ay)) + F (£(Ay)) = T(E(Y7(A,))) + F (£(c0( Y7 (A,))))
=T(£(Y7(A,))) + F(£(Y7(A,)))
<F(E(A,))

(40)

From here, we write

F(£(An1)) < F(£(A,)) ~T(E(Y7(A,))) < F(£(A,)) ~ 1

(41)
Consequently,
F(E(A,) < F(E(A, 1)) . (42)
By routine calculation, one can easily obtain
F(E(A,) S F (E(Ag)) ~ (n—ng)r, Yn>my.  (43)

Clearly, lim Z(£(A,))=-0co0 and using the property
n—+00
(F,), we can write lim £(A,)=0. Thus, by Definition
n—+00

3(vi), Ay =N} is nonempty and Y*A CA as ™
A, CA,. Also, since A C A, for all n €N, so by Defini-
tion 3(ii), £(Ay) <£(A,),forallneN. Thus, £(A,)=0,
and hence, A, €ker£, that is Ay is bounded. But A s
closed such that A, is compact. Therefore, by Theorem
2, Y has a fixed point in A C A. Consequently, 1" has
a fixed point in A C A.

From Theorem 22, we can deduce several pivotal results.
We demonstrate some preferable corollaries that cover and
extend several known theorems in the literature. The special
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case, if we take F(x) =Inx, x > 0, in Theorem 22, we deduce
the following corollary.

Corollary 23. Let A€ Qand Y : A — A be a surjective and
continuous mapping such that

E£(Y(A) 2£(A)e ) forall Ac Allim  (44)
Then Y has a fixed point in A.

If we take F(x) =Inx +x,x >0, in Theorem 22, we get
the following corollary.

Corollary 24. Let A€ Qand Y’ : A — A be a surjective and
continuous mapping such that

£(Y(A)) 2£(A)ZENDET) forall Ac A, (45)
Then, Y has a fixed point in A.

If we take 7 (x) =In(x* +x),x >0, in Theorem 22, we
deduce the following corollary.

Corollary 25. Let A€ Q and V' : A — A be a surjective and
continuous mapping such that

E(Y(A)(E(Y(A)) + 1) 2 £(A) (E(A) + 1)e" ™), forall A c A.
(46)

Then Y has a fixed point in the set A.

If we take & (x) = arctan(-1/x) with x >0, in Theorem
22, we deduce the following corollary.

Corollary 26. Let A € Q and V' : A — A be a surjective and
continuous mapping such that

- £(A) + tant(£(A))

£(Y(A)) 2 1_tam(ﬁ(A))ﬁ(A),forallACA. (47)

Then, Y has a fixed point in A.

4. Applications

This section deals with some practicing of our fixed point
results. Let (G, ||.||) be a Banach space having the zero ele-
ment 0. Let B(a, r) be the closed ball with center a and radius
r and B, be the ball B(0, r). Our aim is to illustrate sufficient
conditions for the existence of a solution of a nonlinear
fractional-order differential equation:

Du(t)y=y(t,u(t)),t€[0,A,A>1, (48)
under the integral type boundary conditions:
p1u(0) +q,u(4) =19, (4, u(4)), (49)

Pyt (0) + qyu' (A) =199, (A, u(4)), (50)
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where ge€(1,2], °D is the Caputo fractional derivative, v,
¢, [0, A] x R— R are continuous functions, and p,
and g, (k=1,2) are positive real numbers.

Lemma 27 (see [16]). Forp;eR,j=0,1,2,---,r =1, we have

I°["DPh(t)] = h(t) + py+ pyt +p,t° + ..+ +p, . (51)

To proceed further, we convert the nonlinear fractional-
order differential equation (48) to an integral equation. For
this, we prove the following lemma.

Lemma 28. A solution of the fractional-order boundary value
problem (48) is

q
Pt 4,

1Py (4, u(2))

() =IPy(tu(t) = - IPy(Au(4)) +

: (qul) —t) 1y (A, u(A)) +

pit4q;

)I%(A,um)).

1 q;
+ -
P2t4; ( (P +4q;)
(52)

Proof. First of all, apply the Riemma-Liouville fractional inte-
grable operator I¥ of order @ to equation (48), and using
Lemma 27, we can easily deduce that

u(t) =Co + Gy + Iy (8, u(1)), (53)
and by differentiating (53), we get
u' () =Cy + Ct+1 "y (t, u(t)). (54)

But u(0)=Cp,u'(0)=C,, u(A)=Cy+C,A+IFy(A, u
(A)), and u'(A) = C, + I 'y(A, u(A)).
Substituting the values of u (0) and u (A) in (49), we get

9,4 q,
C,=- C, - IPy (A, u(A
0 Pt ' pitq v(d u4) (55)
1
+ Ifo. (A, u(A)).
P (4 u(d)

Similarly, substituting the values of u’'(0) and u’(A) in
(50), we get

___ D g 1
Gy )+

ot 4,4, u(4)). (56)

Putting the value of C, in (55), we deduce

_ 99,4
Py + 1) (P+49)

_ 7,4
(Pr+41)(P, +92)

q,
- —=—= TPy (A, u(A)) +
Pty ‘l’( ())

Cy= I y(A, u(4))

I£¢,(A u(4))
1

pitq;

I6,(A, u(4))-
(57)

Thus, by switching the values of C; and C, in (53) and by
routine calculations, we get equation (52).

Notice that Lemma (49) indicates that the solution of
differential equation (48) is equivalent to the solution of
integral equation (52). Now, we are in a position to present
the existence result.

Theorem 29. Let u,v€B, and y,¢,,¢,: [0,A]x R— R
are continuous mapping such that

e~ (2re(1/K))

[y (t u(t)) —w(tu(t))| < WH““’H’ (58)

—(2r+(1/k))

e

|¢’1(l"”(t))-</51(f)”(f))|373AP [ =], (59)
—(2r+(1/k))

— — u- 60

|6, (t, u(t)) — ¢, (t u(t))| < Saptl ([ =vI], (60)

1

24 — M, + M, +IM, | A < r,) 61

(2 s e o) ey

where pe(1,2,k>1,A=1, sup |y(s, u(s))| =M, < oo,

s€[0,4]

sup [¢,(s, u(s))| =M, < 0o, and sup [|¢,(s, u(s))|[=M; <

sel0.4] s€l0.4]

co. Then, there exists a solution of the fractional-order
integral equation (52) in B,. Accordingly, there exists a solu-
tion of the nonlinear fractional-order differential equation
(48) in B,.

Proof. Let B,={ueC([0,Z],R): ||u|| <r}. Then, B, is a
nonempty, closed, bounded, and convex subset of (G, ||.|).
Define 7, % : (0,00) — Rby1(x) =x+ (I/k) with k >1
and #(x) =Inx and the operator Y : B, — B, by

4 gb)
Yu(t) =1y¢(t,u(t)) - ————IP¥(A, u(A)) -
=Pyt - Ly u) -
4,4 > -1
==t IF A u(A
<P1+‘11 v(d u(4)
- ! 1°¢, (A, u(4)) + :
Pt e Pt

: (t— ﬁ)m%m, u(A)).




First, we will show that Y : Br — Br is well defined. Let
u € Br, for some r. Then, for all x € [0, 4], we have

Tu(t)] s [ - s e s

91 1 (A s (o ds
+P1+‘11mJ0(A )7 (s u(s))ld

1 4,4 1 )2l (s, u S
+P2+‘12 Pt t'F(P I)J (A=) (s u(s))1d
1 1 (4 _
o | (4 (s (o)
1 @A 1T 4 R
+P2+Q2 b+l (K’)JO(A k(s u(s) lds
_ (s @)l e LACLIO)] [}
T Tp) J (=) s+ =y L(A frds
[y(su@)IA (2 oaye . lois U2, o
+7F(p—l) JO(A 5)¥ ds+7r(p) JO(A $)¥ 7 ds
s (s uEIA 2\ prge . P 1 M, A9
' I'(p) L(A ) d’F(p)KJ+F((@)@
MA AL M, A IMANP
et ———
Fp-1)p-1 I'we I e

((2+ F(p))sm + M+ M, )A“’“ <r.
(63)

That is ||Y'(u)||<r for all ueB,, which implies that
Y(u) € B,, and hence, Y : B, — B, is well defined.

Now, we have to show that 1" : B, — B, is continuous.
For this, consider

[ Yu(t) - Yv()]

! t -1 —y(s, v(s s
smjoa—s)“ (s, u(s)) - y(s v(s)) | d

[ a9 yts ) - s o) s

"o a0 o)
J “ (4-9 |y (s u(s) - vV )|

1 4
I'(p-1)

+ —t
)2 aC PRl S Bt

+ mj (Aes) 16 (5, () — 6 (5, v(5)) s
L, a9l u(s) - da(s v,
+Pz+% ‘ P tq Jo I'(p) .
_ s~y [4° | (s u(s))  (sv(s))4°
I(p+1) I(p+1)
s 4(9) -y DI (19,5 4(5)) ~ dy (sv())[4°
I'(p) I(p+1)
. Los(s 1)) = 6y (sv(5)) 4
F(g3+1)

<0 gy(s u(s)) = (5 V(9)) -
(64)

Since v, ¢,, and ¢, are continuous, so for €, = 1/A¢
(PA+2),€,=1/A%, €, =1/A*" > 0, there exist §,,9,,0; >
0 such that
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[y (s, u(s)) =
11 (s u(s)) -
1625 u(s)) = $a(s v(s))l < %

€

(s, v(s))] < ?l,whenever e —v| <6,
€

(s, v(s))] < ?2, whenever ||u—v| <6,

, whenever ||u—v|| <J;.

(65)

If e =min{€, €,, €5} and § =min {81, 62, 63}, then we
conclude that || Y'v(t) Yv(t)|| < €, whenever ||u—v|| < 4.

Hence, Y : B, — B, is continuous. Next, we have to
show that ¥ : B, — B, is an F;-weak contraction. Let A,
and A, be any two subsets of B, and u, v € A,. Then, by con-
ditions (58), (59), and (60), we have

diam(Y'A,) = || Yu(t) - Yv(1)]|
< A(pA+2) [y (s, u(s)) =y (s v(s))
+ A%, (s, u(s)) =91 (s v(9)) |
+ 4%l (s, u(s)) = @, (5, v(s)) |

< e*(ZT’Jrl/k) |

—e— (diam(Al) + %) diam(A,;)

< e—(diam(A])+1/k max{diam(/\l),
diam(Y'(4,;)), diam(Y'(A,)),
diam(Y'(A)) U (Y'(Ay))}-

|u—v|| (66)

From here, we write

Consequently,
In(£(Y'A))) < - <£(A1) + é) +In(A(A}, 4A,)),  (68)

which implies that

F(AALA,). (69

T(£(A))) + F(£(TAy)) <

Thatis " : B, — B, is an F;-weak contraction. Thus, by
Theorem 10, Y has a fixed point in B,. Consequently,
equation (52) has a solution in B,.

To illustrate the existence result (Theorem 29), we
present an example.
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Example 2. Consider the nonlinear fractional-order differen-
tial equation

e"Zsin(u(t))

c3/4 _
D u(t) = e [0,3],
3(3 = s)cos(u(s
2u(0) +3u(3) = L G F3)/2(s . z(;)‘*( D gs, (70)

ds,

1 1 3 (3 = 5) 12 (u(s)+6)
“u'(0)+ 2 u'(3) :J (B-s) e
3 2 R Y5

where °D is the Caputo fractional-order derivative and v,
¢, 9, : [0,3] x R — R are continuous functions defined as

sm( (1)

g hleu)

Yt u(t)) =
cos(u(t)) 71
- o and e e

Now, we have to verify the conditions of Theorem 29. Let
Al CBI and u,ve Ay; then, fork=10,t€[0,3],A=3, and
© = 3/2, we first show condition (58) of Theorem 29. To do
this, we have

[w(t: u(t)) -y (tv(1)ll = ﬁ [Isin(u(t)) - sin(v(t))]|
e~2-(1/10)
= 3300 ((32) x 3+ 2) =l
e~ (2r+(1/K))
= 30P(pA +2) [ =]
(72)

Next, to show condition (59) of Theorem 29, we have

_ ||cos(u(t))  cos(v(t))
19400 = a0Vl = | T 0 =
< ——gllu-vl
(t+4)
-2-(1/10) (73)
< 3 % 3312 [[u—v
e—(2r+(11K)
= TH”_VH-

Also, to show condition (60) of Theorem 29, we have

|6, (£ u(t)) = ¢, (£ v(t))|| = He—(u(t)+6> _ o~ (v)+6)

-2-(1/10)

X3

Se‘6||u—v|| < |u-v||

672r+(1/k)
aEyroe [|u-v]|-

(74)

Finally, we have to verify condition (75) of Theorem 29.
For this, since M, <0.0003945, M, < 0.003906, and M, =
0.0024787, we get

1
((2 n —>M1 + M2+M3>AP+1 <0.117977 < 1 =r.
I'(p)

(75)

Thus, all the conditions of Theorem 29 are satisfied.
Hence the nonlinear fractional-order differential equation
(70) has a solution in B;.

5. Conclusion

Through measure of noncampactness, various new F-con-
traction and F-expanding mappings have been presented.
In the Banach spaces, fixed point results were established,
from which several existing results can be extracted. For
the accuracy of our results, we have checked the existence
of a solution to the nonlinear fractional-order differential
equation under the integral-type boundary conditions with
an example.
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