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ARTICLE INFO ABSTRACT

Keywords: The analysis explores the significance of thermal radiation on mixed convective boundary layer
Dual solutions flow of a hybrid (SiO,-MoS,/H,0) nanofluid. The permeability of the stretched/shrinking surface
Shr‘“gm_i/ stretching surface is allowing the wall fluid suction, whereas radiation phenomenon is also incorporated in the
Nanoflui L presence of thermal convection. The combination of SiO nanoparticles and MoS,/H20 nanofluid
Thermal radiations . . . . . . .
MHD are being modeled using the analytical nanofluid hybrid model in the present work. The hybrid

nanofluid governing equations are transformed utilizing the similarity transformation technique.
The transformed boundary value problem, then solved by bvp4c technique in MATLAB software.
For specified values of various parameters the numerical results are obtained. The findings
indicate dual solutions, up to some amount of stretching/shrinking parameter. The suction
parameter decelerates the friction factor and accelerates the heat transfer rate. Also, the tem-
perature augments due to the radiation and nanoparticles volume fraction in both solutions,
whereas the velocity declines due to nanoparticles volume fraction.

Mixed convection

1. Introduction

Many innovative methods have been used in recent decades to increase heat transfer rate to attain various rates of thermal abilities.
To do this, it is very important to enhance thermal conductivity. Eventually, many attempts have been made to disperse larger thermal
conductive solid materials into the fluids to improve thermal conductivity. Since the early 1990s nanofluids have come into being. To
meet the requirements of industrial applications, several nanofluid studies have been conducted.

Despite the fact that nanofluids fulfill the thirst of researchers/specialists in thermal efficiency even today a better type of liquid is
still in pursuit. In dealing with these, advanced nanofluid forms like “hybrid nanofluid” have emerged with a high thermal conductivity
compared to nanofluid. The present research therefore focuses mainly on utilizing of hybrid nanofluid, which is the authors’ funda-
mental aim of improving the rate of heat transfer.

The inexpensive, improved fluidness and long-term firmness are three major requirements for nanofluid for real-world heat transfer
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Nomenclature

A, b Constants

By Magnetic field strength (Kg s2A™)
Cr Skin friction coefficient

o Specific heat (J Kg’1 K

f Dimensionless velocity

g Gravity acceleration (m s

Gry Grashof number

K Mean absorption coefficient

k Thermal conductivity (W m K
M Magnetic number

m Shape parameter

Nu, Nusselt number

Pr Prandtl number

qr Radiative heat flux (W m~2)

Ry Radiation parameter

Rey Local Reynolds number

S Suction parameter

T, Temperature (K)

Ty Wall temperature (K)

Te Ambient temperature (K)

o Dimensionless temperature
(u1,v1)  Velocity components (ms™)

Uy Stretching velocity (ms™H

Uy Free stream velocity (ms™)

Vw mass flux velocity

(2¢,y) Cartesian coordinates (m)

Greek Symbols

a thermal diffusivity (m?s™hH

B Thermal expansion &®hH

€ Wall thickness parameter

A Stretching/Shrinking parameter

u dynamic viscosity (Pa s)

@ The volume fraction of nanoparticles
vf Kinematic viscosity of the base fluid (m?s™H
p density (Kg m™3)

o’ Stefan-Boltzmann constant

o The electrical conductivity (Sm™)
(pep) Heat capacity (J m > K1)

W Stream function

n Similarity variable

Subscripts

f Base fluid

51,82 Solid nanoparticles

nf Nanofluid

hnf Hybrid nanofluid

w Wall boundary condition

0 Free-stream condition

Superscripts

¢ Derivative w.r.t. 5

applications. Several researchers have recently used oxide nanomaterials to replace metal and carbon nanomaterials in large-scale
processing. Regrettably, oxide nanomaterials thermal conductivity is lower than that of metal nanomaterials, and solving the lofty
volume fraction suspension of oxide materials (>5.0 vol. percent) is necessary to accomplish the thermal conductivity improvement
needed. The only way to sustain good fluidity is to decrease the particle concentration. Oxiding materials, in particular, cannot meet
the basic requirements and the development of new low costs and high performance, nanomaterials is still the most imperative
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challenge in the nanofluid field. Wakif et al. [1] employed the non-homogenous model of Buongiorno to examine the HoO based
metallic nanomaterials b/w two infinite plates. Sheikholeslami et al. [2] discussed the influence of nanometer size particle and fins by
considering different shapes via a heat exchanger and obtained the results by utilizing Galerkin FEM. The time dependent free
convective flow from a vertical heated plate was discussed by Wakif et al. [3]. Wakif et al. [4] deliberated the meta-analysis on the
importance of either tiny or nano materials rendering to force of thermophoretic during the substances of liquid dynamics due to
temperature-gradient. The impact of flow rate, flattened percentage, CuO mass fraction and vapor quality are experimentally inves-
tigated by Sheikholeslami et al. [5]. Nayak et al. [6] scrutinized the mixed convective flow of water based metallic oxide and metallic
nanomaterials through a thin needle. Sheikholeslami et al. [7] has been designed the unit of the storage of clean energy to reduce the
consumption of energy via the building by applying the nanoparticles and porous media. The time dependent 3D radiative flow
containing Casson liquid assigning tiny materials was explored by Thumma et al. [8]. Recently, Zaib et al. [9] examined the impact of
radiation and magnetic function on flow of non-Newtonian blood nanofluid comprising magnetic ferroparticles with mixed
convection.

A new form of hybrid nanoliquid is used to make it economical. Inserting small metal nanomaterials/nanotubes amounts into an
oxide/metal nanostructure now immersed in a base liquid will unforeseenly increase the thermal properties. The qualities of “hybrid
nanofluid” are large proficient thermal conductivity, solidness, upgraded heat exchange, and recognized to inordinate perspective
proportion, benefits and disadvantages of separate suspension and synergistic impression of the nanostructure. The high thermal
conductivity of nanofluid is changed into the improvement of vitality productivity, low working costs and way better execution.

Hybrid nanofluids have wide range of usages in most of heat transfer fields like generator cooling, biomedical, the nuclear system
cooling, electronic cooling, transformer cooling, solar heating, thermal storage, lubrication, welding, construction cooling and
ventilation, alcohol control, protection, heat pump, refrigeration, spacecraft and aircraft. Hybrid nanofluids implementation within
the industry is important because they have better performance than nanofluid. Such features fascinated many researchers working
towards hybrid nanofluid. Several experimental inspections have provided incredible outcomes from the utilization of such sorts of
hybrid nanofluid systems. Niihara [10] outlined nano composites, which upgraded mechanical and thermal properties through an
unused conception of substantial design. Jana et al. [11] made extensive advances in fluid thermal conductivity by presenting single-
and hybrid nano additives. Suresh et al. [12] conducted an examination to synthesize hybrid nanofluid. The nanocomposites produced
had a new nanostructure concept, and enhanced dramatically thermal and mechanical properties. Momin [13] investigated the
experimental learning of laminar mixed convection flow of hybrid nanofluid in inclined tube. Afterward, Suresh et al. [14] analyzed
affect of hybrid (Al;03 — Cu = water) nanofluid in heat exchange. Baghbanzadeh et al. [15] inspected the amalgamation of hybrid
nanoparticles of multi/spherical silica divider carbon nanotubes and thermal conductivity of the related nanofluids.

Recently, researchers have focused to study hybrid nanofluids problems numerically. Few articles are discussed here. Khashi’ie
et al. [16] examined coupled impacts of thermally stratified mixed convective flow and rate of transfer of heat, comprising hybrid
Cu-Al;O3/water nanofluid. Lund et al. [17] analyzed the duality and stability investigation of a magneto-hydrodynamics flow of
hybrid nanofluid towards a shrinking/stretching surface. Wakif et al. [18] utilized the modified Buongiorno model to inspect the
hybrid nanofluid containing copper-alumina nanoparticles with surface roughness and radiation effects.

Thermal radiation (TR) impact is significantly essential at large operating temperature, and cannot be neglected. Several engi-
neering procedures happen at extreme temperatures and thus TR awareness plays a significant role in layout of relevant apparatus. It
has also some major role in many industrial usages like furnace design and glass production and moreover, in space innovation ap-
plications, such as space vehicles, propulsion systems, comical flight aerodynamics rocket, spacecraft and plasma physics, combustion
processes, within the stream structure of nuclear plants, internal combustion engines, solar radiations and ship compressors.
Considering these, few scholars have prepared commitments for the examination of MHD nanofluid stream with TR phenomenon.
Khan et al. [19] displayed a similar examination of time independent two dimensional flow of a nanofluid over an extending radiative
plate with impact of magnetic phenomena. Poornima and Reddy [20] examined numerically the simultaneous consequences of
thermal radiation and magnetic phenomena on nanoliquid flow towards a nonlinear stretched surface. Mat [21] theoretically
investigated magneto-hydrodynamic mixed convective flow of a radiative vertical stretched heated surface in a power law nanoliquid.
Shateyi et al. [22] investigated the significance of MHD boundary layer nanofluid flow towards a moving surface with radiation effect.
The impact of MHD and radiation heat flow of nanofluid along a stretched plate with velocity slip and convective boundary conditions
was examined by Reddy [23]. Shankar and Haile [24] analyzed simultaneously the significance of magnetic, viscous dissipation,
thermal radiation and permeability of surfaces on heat transfer of nanofluid towards a moving flat surface. Several investigations are
also in literature, see Ref. [25-30].

The foregoing literature review discloses that the general problem of mixed convection containing hybrid nanofluids with an erratic
variable thickness and particularly concave and convex effects have been underlined as mostly unexplored fields. Therefore, the
current study accentuates the mixed convective flow of hybrid (Si02-MoS3/H20) nanoliquid towards an irregular variable permeable
shrinking/stretching sheet with concave and convex effects. Also, the radiation and magnetic phenomena are invoked. The differential
system of equations is obtained by using similarity phenomenon and solved using the bvp4c numerical technique [31-34]. Also, our
concern about the appearance of the non-unique solution of the present study.

The organization of the manuscript is as follows:

2. Problem formulation

The current inquiry focuses on a theoretical analysis on the magneto radiative flow with heat transfer of water based hybrid
SiOo-MoS;, nanoparticles through a shrinking/stretching surface under mixed convection (see Fig. 1). The surface thickness is
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Fig. 1. Diagram of the problem.

consideredasy =A(x + b)kTm. It is presumed that for 2D stagnation point, the shrinking/stretching nonlinear velocity isy = A(x + b)kTm
with A is constant, and the ambient velocity is U, (x + b)™, where Uy, is constant and m is the shape parameter used for controlling the
surface shape. In addition, the magnetic effect is taken in the variable form as B = By (x + b)mTl, while the temperature of wall inside the
region of boundary-layer is considered to be T, (x) and the fixed value at far away from the sheet is signified as T,,. In addition, the

mass flux velocity is considered as v, (x) = (vo(x +b)™ 1)*® where the negative and positive value of v, (x) indicates to suction and
blowing, respectively. The leading PDEs based on the above assumptions can be patterned as

0\11 dl/t]

O Wt S, 1
dy + 0x o @
ou, ou, due Py <02M1> oy B® (0B iy
Vi—tu— = — | ———(uy —u,) + §—— (T} — Ty), 2)
: dy "ox dx Phbnf 0y* Phbnf (s ) Phbnf @ )
oT, T, 0T 1 9
iy — =y | = | ——— =—(q,), 3
Vi dy +u o ®Xnonf ( dy? (pCP)h}mf dy (ar) @

The suitable boundary conditions are

W = Up(x+b)" =, (x), vi —vy =0, T) =T+ (x+5)>"" =T,(x) at y=A(x+b) %, @

u =Us(x+b)" =u(x), T1 > Ty as y— oo.

where (v1, u1) scrutinized the components velocity in the respectively y— and x— directions, (kppns; Prpny) Signifies the hybrid viscosity
and density, respectively, T the temperature, g, the radiative heat flux, ((08)npns, (PCp)npny) denotes the hybrid thermal expansion
coefficient and heat capacity, respectively and (anpns, onone) the thermal diffusivity and electrical conductivity of hybrid nanofluid,
respectively.

2.1. Thermo-physical properties of hybrid nanofluid

Mixing of hybrid nanofluid in water based convectional fluid comprising SiO2 (¢, ) and MoSy(¢,) nanomaterials. Furthermore, the
SiO3 volume fraction of nanoparticles was set at 1% and MoS; ranges from 1 to 5%. The volume fraction of hybrid nanofluid is
suggested according to Xie et al. [35] as

Table 1 presents the features of thermo-physical of hybrid nanofluid. Whereas the values of the thermo-physical characteristics of
base fluid and hybrid nanofluid are illustrated in Table 2.
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Table 1
Thermo physical attributes of hybrid nanofluid [36].
Properties Hybrid nanofluid
Dynamic viscosity _ Hy
_ M T (1 g
Density Phbng = @2ps, + (1 — @2 ){01p5, + (1 — @1)py}]
Thermal conductivity (ks, + 2kng) — 2005 (kny — ks,)
Knbny =

ke
(key + 2kp) + @p (ke —Ky) Y
(2ks + ks, ) — 2001 (ky — ks,)

ith ky = k,
T k) Tl —ke) Y
Electrical conductivity [05,(1 +25) + 20p¢(1 — )
Stinf = Obf |~ T, ) T oy (2 - 02)
S2 2 2

. o5 (14 2¢;) +205(1 — ¢q)
with o= df[ 05,(1—¢1) + of(2+ ¢1)
Thermal expansion coefficient PBhons = l92(0P)s, + (1 — @2){1(pB)s, + (1 — 1) (pP)g}]

Heat capacitance (pcp>hbnf =[(1 = p2){e1(pcp)s, + (1 — ¢1>(Pcp)f} + @2(pcp)s, ]

Table 2

The thermo physical features of regular fluid and nanoparticles [37-39].
Properties\constituents Water MoS, SiOy
CP(J/kg K) 4179 397.746 730
k (W/m K) 0.613 34.5 1.5
p (kg/m3) 997.1 5060 2650
o(Q.m)?! 0.05 2.09 x 10* 1.0x 10718
p1/K) 21 2.8424 x 107> 42.7

Here, ¢ the volume fraction of nanoparticle, while the other symbols for the base fluid and hybrid nanofluids comprising in Table 1,
respectively studied namely like 4 the absolute viscosity, (p;,p5) the densities, (k;,ky) the thermal conductivities, ((pcp)y, (p¢p);) the
heat capacitances, and as well as (o;, of) the electrical conductivities.

By employing the Rosseland estimation for the radiative heat flux, we have

o 46* (3T14

4= "3 P ()]

where 6" and k” represent the Stefan Boltzmann constant and the mean absorption coefficient, respectively.
After using the Taylor series approximation for T;* centered around T,, and ignoring the terms involving the higher-order, we get

T\~ — 3T +4T3T,. (6)

The surface position resolutely depends on m. It is worthy of mention that the sheet becomes flat when m = 1; the thickness of the
wall will increases for m less than one and the shape of the sheet occurs to the outer convex type and decays for m greater than one and
as a result, the shape becomes the type of inner concave.

The values of m are also responsible for the type of motion, i.e. mequal to zero, the movement is linear with steady velocity.
Moreover, the motion is decelerated for m — 1 < 0 and accelerated form — 1 > 0.

Employing the similarity variables as

Usp(x+b)"" o m s N —Ts
c=y(BEE ) = U b7 0,00 =7
Vr Tw — Too
0.5 (7)
. m+1 met ) m—1
v17—< 5 V;Us(x + D) ) {g+§gm+1}.
Utilizing Eq. (7) through the well-known Eq. (5), Egs. (2)-(4) transmuted into ODE’s in the following form:
g” b M e 2 g _
o, +.Q;7(gg +m+1(1 g )>+(m+l>{MQL(1 g) + 2,0} =0, ®)
Kby | 4 dm — 2
0 =R PrQ, | g0 — 0g’ | =0. 9
[ e oo - (Gt)or) g
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Us(m+1)
(10

1—m
. = S =1 =A
2,8(¢) S—&-amJr 1,@(6‘) at € 2

ge) = .

g (0) > 1,0(0) - 0 at &€ > co.

where e = A,/ % and S = — /M’% is the wall thickness and mass suction parameter, respectively.

In which:
Q,=(1 7(P1)2'5(1 - ¢2)2'5=
Ps Ps
Q, = 24+ (1— 1-— + o2
b (fl’zp ( (ﬂz){( @) + o ’ })

f
o5, (1+2¢,) +20/(1 — ¢y)

o1430,) 20 1 =00 (2004200 o)
51 1+2 + 2 1— 5 1-— 2 ’

6“2(17%”@{66:((17Z:;+aj(2(+:)l)}(2+wz) on(l =)+ o2+ o) an

o= (1o o8] o)

(/’Cﬂ)SZ) 7

+
72 (pcl’)f

(Per),
Qo= (1=p) o5+ (1—9)
(pcp)f
Now substituting

s =fm=r¢—e

In one form of variable, the concluding equations are specified as:
(13)

12)

o 9 2m 92 2 g _
- +Qb<ﬂ +m+1(1 f )>+<m+1){MQr(l )+ 24801 =0
khbnf 4 dm —2
a “Ry| +Pr,(fO — )= 1
e{k/ + d]-l—re(fe <m+1)0f) 0 14)
The boundary restriction levied is
(15)

1—m
” =1f0)—-S=e——0(0)=1 at =0,
FO0) = 4f(0) =S =& —=.0(0) =1 at n =0,
f(00) > 1,0(c0) > 0 at § — oo.
The non-dimensional factors in Egs. 12-14 which is mathematically expressed as:
_H (T —Te)x+86) Uy

Gr, By’ U,(x+b v
= =2 ,Re)-:(i(” )>,Pr:—f,er : A==2,
173 ar v; Uy

SE7Re§’ PrUs

46'T3
R,= =,
d kfk”
While showing their proper names of the above-mentioned parameters, called the mixed convective parameter (£) (where it is

mathematically written as & = Gry/Re? called the fraction of (Gry) Grashof and Reynolds number (Re,), radiation parameter (Ry)

magnetic parameter (M), and the Prandtl number (Pr).
The local Nusselt and the skin friction factor are the physical significant quantities concerning on the flow with heat transport.

These quantities in the ODEs form are
(16)

—x oT, 40" 6T14>
Nuy =————— k1 w—=—t 5+
k(T — Tw) < hbnf dy 3k ody ) T
Hionf (all])
T i\ oy an
! A ANC)
(18)

Applying (7), we get

- - 4 1
(RC;)TINMX: _ {k/;:n/ +§Rd}{£} 07(0)
f
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Table 3
The comparison values of (Rex)o'SCf and (Rex)’o'sNux for the buoyancy assisting flow ¢ = 1, while the rest of the parametersare: S = m = 1,¢; =
@y =Ry =M =0.

Pr (Rex)*°C; (Rex) > Nu,
Mahapatra and Gupta [40] Present results Nazar et al. [41] Present results

0.72 0.3645 0.364548 1.0931 1.093178

6.8 0.1804 0.180458 3.2902 3.290242

20 0.1175 0.117583 5.6230 5.623029

40 0.0873 0.08730 7.9463 7.946312

60 0.0729 0.072956 9.7327 9.732745

80 0.0640 0.064045 11.2413 11.241387

100 0.0578 0.057829 12.5726 12.572643
Table 4
The comparison values of (Rey ) Crand (Rex) %> Nuy for the buoyancy opposing flow ¢ = — 1, while the rest of the parametersare S = m = 1,9, =

@y =Rg =M =0.

Pr (Rex)*°C; (Rex) *°Nuy
Mahapatra and Gupta [40] Present results Nazar et al. [41] Present results
0.72 -0.3852 -0.385229 1.0293 1.029350
6.8 -0.1804 -0.180446 3.2466 3.246652
20 -0.1183 -0.118306 5.5923 5.592340
40 -0.0876 -0.087609 7.9227 7.922785
60 -0.0731 -0.073145 9.7126 9.712655
80 -0.0642 -0.064266 11.2235 11.223545
100 -0.0579 -0.057932 12.5564 12.556475
3 y . ; : , .
2 ¢ S$=35,40,45 1
1
y 9K
1} LT 1
— \ A A
O . A Al
o ~ A ~
- x 0OF N -~ > 1
Q -~ ~ ~
' 3 e ~ . So
-~ ~
Af .~ b 1
~
~
N
2t o
i
3 : 1 : : : s
-2.5 -2 -1.5 -1 -0.5 05 1
A

Fig. 2. Impact of Son Re,'/2C;.

o=

- f77(0) jm+1
\/R_excf*(l_(p])zvs(l_%)z.sl 2 } 19

Uux+b) 5 the Reynolds number.

where Re, = P

3. Results and discussion

The altered model in the ODEs (13) and (14) form with restricted condition (15) can be worked out numerically through bvp4c
solver based on collocation technique. The current numerical technique is tested through a comparison via the results achieved by
Mahapatra and Gupta [40] and Nazar et al. [41] in Tables 3 and 4. The current results are observed in tremendous agreement with
outcomes of [40,41]. The following fixed parameters M =0.1,6{ = -0.1, 1=-1S=5m=0.5,¢6 =0.1,R; = 0.1, and Pr = 6.2 are
taken throughout the investigation.

lustration of the friction factor and the heat transfer for the change values of suction S versus 1 are deployed in Figs. 2 and 3,
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respectively. In these graphs, the dash lines and solid lines signify the second (lower branch) and first (upper branch) solutions,
respectively. Also, these portraits reveal that the upper and lower branch solutions overlap at some preset value of A recognized as a
critical values A, which is highlighted with red dot. The multiple or dual results are accomplished in the opposing flow, while the single
result is obtained in the assisting flow. In addition, there is certainly a critical value A for each chosen value of S for which the result
exists. Derived from our calculation, we scrutinize that 1, = —2.3956, —1.7542, — 1.3985, respectively for S = 3.5,4,4.5. It is noted
here that the values of |A.| reduce due to suction parameter. Therefore, the suction parameter is to accelerate the variety of 1 for which
result exists. Moreover, Fig. 2 demonstrates that the friction factor initially enhances due to S and then declines in the first and second
solutions, whereas, Fig. 3 suggests that in the first branch solution (FBS) the transfer rate of heat increases and shrinks in the second
branch solution (SBS). Physically, the surface permeability catches slower moving molecules and shrinks the surface thermal con-
ductivity which consequently increases the heat transfer rate.

The magnetic field impact on the velocity is shown in Fig. 4. Fig. 4 explains that the velocity boost up due to M in FBS and shrinks in
the SBS outcomes. Physically, the magnetic number augments the fluid motion within the boundary-layer plus in Eq. (2), that stay
progressive in the constituency. Also, the magnetic influence of the fluid enhances the Lorentz force and has a propensity to expedite
the motion of nanofluid in the region of boundary. The effect of radiation parameter R, on the temperature is sketched in Fig. 5. Fig. 5
suggests that the temperature distribution as expected upsurges in the first and second branch solutions. The fact behind this that the
sheet heat flux enhances due to the impact of radiation, which consequently produces the higher temperature in the viscous dominant
region. The influences of hybrid nanoparticle volume fractions (¢;, ¢,) on the temperature and velocity fields are depicted in Figs. 6
and 7, respectively. Fig. 6 explains that the velocity of nanofluid shrinks due to ¢, and ¢, in both results and so augments the velocity
boundary-layer. Physically, the nanoparticle volume fractions added in declining viscosity of a convectional regular fluid, i.e. water in
the current investigation. Therefore, the velocity boundary-layer enhances. The sketch in Fig. 7 suggests that the temperature dis-
tribution upsurges due to ¢; and ¢, in both solutions. Physically, hybrid nanomaterial dispersion enhances the thermal energy in the
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Fig. 8. Comparison of f’(n) with Fig. 8 of Ishak et al. [42] whenPr=1,m =1 =1,S=¢=¢ =M =0.

nanofluid hybrid layer which consequently increases nanofluid temperature. Accordingly, the current findings show that the utili-
zation of hybrid nanomaterials can help us develop improved heat circulation in particular heat transfer equipment and can accu-
mulate energy through chemical processes. Finally, Fig. 8 is prepared to validate our outcomes with graphical illustration of Ishak et al.
[42]. Excellent accuracy is observed.

4. Conclusion

This current research endeavors to work out the problem of steady mixed convective radiative flow with heat transfer through an
erratic variable thicker shrinking/stretching sheet involving hybrid water based (SiO2-MoSz) nanomaterials. The collocation tech-
nique, identified as bvp4c has been utilized to solve the problem in ODEs form. The vital points of the current investigation are given
below:

e In the varying amount of the shrinking/stretching parameter, multiple solutions are found.

e Due to magnetic number, the velocity increases in the first branch solution, while the opposite impact is seen in the second branch
solution.

o The temperature augments due to radiation in the both solutions.

o The nanoparticle volume fractions shrink the velocity of nanofluid and upsurge the temperature distribution in both solutions.
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