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cDepartment of Mathematics, College of Education, University of Sulaimani, Sulaimani, Kurdistan Region, Iraq
dGuangxi Colleges and Universities Key Laboratory of Complex System Optimization and Big Data Processing, Yulin Normal
University, Yulin 537000, Guangxi, PR China
e Jagiellonian University in Krakow, Faculty of Mathematics and Computer Science, ul. Lojasiewicza 6, 3034 Krakow, Poland
Received 16 November 2019; revised 4 February 2020; accepted 11 March 2020
Available online 15 May 2020
KEYWORDS

Generalized fractional inte-

gral;

Preinvex function;

Integral inequalities
Abstract During the last years several fractional integrals were investigated. Having this idea in

mind, in the present article, some new generalized fractional integral inequalities of the trapezoidal

type for ku–preinvex functions, which are differentiable and twice differentiable, are established.

Then, by employing those results, we explore the new estimates on trapezoidal type inequalities

for classical integral and Riemann–Liouville fractional integrals, respectively. Finally, we apply

our new inequalities to construct inequalities involving moments of a continuous random variable.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Convexity has been received considerable attention due to its
applications in various fields of applied and pure sciences;
for example engineering, management science, economics,

finance and optimization theory. Convex functions have been
generalized and extended in optimization, mathematical
inequalities and several directions using various innovative

techniques [9,23,24,26, 28,34]. The most significant generaliza-
tion of the convex function is the invex function which was

introduced by Hanson [12]. After that, Weir and Mond [42]
introduced the concept of preinvex function. Indeed, preinvex
functions are playing significant role to the study of equilib-
rium problems, optimization theory, integral inequalities, frac-

tional integral inequalities and so forth. Furthermore, preinvex
function and its basic properties were studied by many
researchers; for more details see [2,19,20,27,28]. Typical appli-

cations of the classical inequalities are: probabilistic problems,
decision making in structural engineering and fatigue life.
Some new results can be seen in the following references

[41–47].
Now, we recall the relevant definitions and preliminary

results concerning preinvexity and trapezoidal type
inequalities.
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Definition 1.1. [33] Let H#Rn and g : H�H ! Rn. Then the

set H is said to be invex with respect to g, if

wþ fgðy;wÞ 2 H ð1:1Þ
for every f 2 ½0; 1� and w; y 2 H. An invex set H associated

with function g is also called g-connected set.

Remark 1.1. Particularly, if function g is specialized by
gðy;wÞ ¼ y� w for all y;w 2 Rn, then Definition 1.1 reduces
to the definition of convexity.

Definition 1.2. [33] Let H#Rn and g : H�H ! Rn. We say
that a function g : H ! R is preinvex with respect to g on H, if

gðwþ fgðy;wÞÞ 6 ð1� fÞgðwÞ þ f gðyÞ ð1:2Þ
for every f 2 ½0; 1� and w; y 2 H. However, if the function �g is
preinvex, then we say that g is preincave.

Definition 1.3. [11] Let H#Rn; g : H�H ! Rn and

u : H ! R. Then, the set H is said to be u-invex with respect
to g and u, if

wþ feiu gðy;wÞ 2 H ð1:3Þ
for every f 2 ½0; 1� and w; y 2 H.

Remark 1.2. Especially, if we select

(i) u ¼ 0, then u-invexity reduces to the usual invexity.

(ii) gðy;wÞ ¼ y � w, then Definition 1.3 reduces to the defi-
nition of u-convexity.
(iii) u ¼ 0 and gðy;wÞ ¼ y � w, then Definition 1.3 reduces

to th definition of convexity.

Definition 1.4. [8] Let H#Rn and g : H�H ! Rn. A nonneg-
ative function g : I#R ! R is said to be ku-preinvex on H

with respect to u and g, if

g wþ feiu gðy;wÞ� �
6

ffiffiffi
f

p

2
ffiffiffiffiffiffiffiffiffiffiffi
1� f

p gðyÞ

þ ð1� kÞ ffiffiffiffiffiffiffiffiffiffiffi
1� f

p

2k
ffiffiffi
f

p gðwÞ ð1:4Þ

for every f 2 ½0; 1�; w; y 2 I and u 2 0; p
2

� �
.

Definition 1.5. [[30]] Let g : ½u; v� � R ! R be twice differen-
tiable function on an open interval ðu; vÞ with the second
derivative bounded on the interval ðu; vÞ; that is,

g00k k1 :¼ supx2ðu;vÞjg00ðxÞj < 1, then the trapezoidal type

inequality are defined by:

Z v

u

gðxÞdx� v� u

2
½gðuÞ þ gðvÞ�

����
���� 6 ðv� uÞ3

12
g00k k1; ð1:5Þ

From a complementary viewpoint to Ostrowski type

inequalities [10] and mid-point type inequalities [9], trape-
zoidal type inequality provides a priory error bounds in
approximating the Riemann integralby a (generalized) trape-

zoidal formula [30]. Just like in the case of Ostrowski’s
inequality the development of these kind of results have reg-
istered a sharp growth in the last decade with more than 50
papers published, as one can easily asses this by performing a

search with the key word trapezoid and inequality in the title
of the papers reviewed by MathSciNet database of the Amer-
ican Mathematical Society. Numerous extensions, generaliza-

tions in both the integral and discrete case have been
discovered (see [9,36]). More general versions form-time dif-
ferentiable functions, the corresponding versions on time

scales, for vector valued functions or multiple integrals have
been established as well (see [6,29]). Numerous applications
in Numerical Analysis, Probability Theory, and other fields
have been also given.

In [8], Ermeydan and Yildirim established the following

trapezoidal type equality and inequalities for differential
ku-preinvex functions:

Lemma 1.1. Let g : ½u; v�#R ! R be twice differentiable func-
tion on an open interval ðu; vÞ with gðv; uÞ > 0; u < v. If

g0 2 L u; uþ eiugðv; uÞ½ �, then
gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Cðlþ 1ÞÞ
2 eiugðv; uÞð Þl Jluþg uþ eiugðv; uÞ� �þ Jlðuþeiugðv;uÞÞ�gðuÞ

h i

¼ eiugðv; uÞ
2

Z 1

0

ð1� fÞl � fl½ �g0 uþ ð1� fÞeiugðv; uÞ� �
df:

ð1:6Þ

Theorem 1.1. Let g : ½u; v�#R ! R be a differentiable function.

If jg0j 2 L u; uþ eiugðv; uÞ½ � is decreasing, measurable and ku-
preinvex function on a closed interval ½u; v� for gðv; uÞ > 0 with
0 6 u < v and l > 0, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Cðlþ 1ÞÞ
2 eiugðv; uÞð Þl

����
Jluþg uþ eiugðv; uÞ� �þ Jlðuþeiugðv;uÞÞ�gðuÞ
h i���

6 eiugðv; uÞ
4

jg0ðuÞj þ 1� k
k

jg0ðvÞj
� 	

� b1
2

1

2
; lþ 1

2

� 	
� b1

2
lþ 1

2
;
1

2

� 	
 �
; ð1:7Þ

where bzðu; vÞ is the incomplete beta function (see, e.g. [5])

bzðu; vÞ ¼
Z z

0

fu�1ð1� fÞv�1
df:

Theorem 1.2. Let g : ½u; v�#R ! R be a differentiable function.

If jg0jq 2 L u; uþ eiugðv; uÞ½ � is decreasing, measurable and ku-
preinvex function on a closed interval ½u; v� for gðv; uÞ > 0 with
0 6 u < v and l > 0, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Cðlþ 1ÞÞ
2 eiugðv; uÞð Þl Jluþg uþ eiugðv; uÞ� ������

þJlðuþeiugðv;uÞÞ�gðuÞ
i��� 6 eiugðv; uÞ

2

p
4
jg0ðuÞjq þ p

4

1� k
k

� 	
jg0ðvÞjq

� 
1
q 2� 21�lp

lpþ 1

� 	1
p

;

ð1:8Þ
where l > 0; q > 1 and 1

p
þ 1

q
¼ 1.
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Theorem 1.3. Let g : ½u; v�#R ! R be a differentiable function.

If jg0jq 2 L u; uþ eiugðv; uÞ½ � for some q P 1 is decreasing, mea-
surable and ku- preinvex function on a closed interval ½u; v� for
gðv; uÞ > 0 with 0 6 u < v and l > 0, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Cðlþ 1ÞÞ
2 eiugðv; uÞð Þl Jluþg uþ eiugðv; uÞ� ������

þJlðuþeiugðv;uÞÞ�gðuÞ
i��� 6 eiugðv; uÞ

2
1
q

1� 2�l

lþ 1

� 	q�1
q jg0ðuÞjq

2
b1

2

1

2
; lþ 1

2

� 	
�

�b1
2

lþ 1

2
;
1

2

� 	�
þ 1� k

k

� 	 jg0ðvÞjq
2

b1
2

1

2
; lþ 1

2

� 	
� b1

2
lþ 1

2
;
1

2

� 	
 �	1
q

:

ð1:9Þ

After that, they also proved the following trapezoidal type
equality and inequalities for twice differential ku-preinvex
functions.

Lemma 1.2. Let g : ½u; v�#R ! R be a twice differentiable
function on an open interval ðu; vÞ with gðv; uÞ > 0; u < v. If

g00 2 L u; uþ eiugðv; uÞ½ �, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Cðlþ 1ÞÞ
2 eiugðv; uÞð Þl Jluþg uþ eiugðv; uÞ� �þ Jlðuþeiugðv;uÞÞ�gðuÞ

h i

¼ eiugðv; uÞð Þ2
2ðlþ 1Þ

Z 1

0

1� ð1� fÞlþ1 � flþ1
h i

g00

� uþ ð1� fÞeiugðv; uÞ� �
df: ð1:10Þ

Theorem 1.4. Let g : ½u; v�#R ! R be a differentiable function.

If jg00j 2 L u; uþ eiugðv; uÞ½ � is decreasing, measurable and ku-
preinvex function on a closed interval ½u; v� for gðv; uÞ > 0 with
0 6 u < v and l > 0, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Cðlþ 1ÞÞ
2 eiugðv; uÞð Þl Jluþg uþ eiugðv; uÞ� ������

þJlðuþeiugðv;uÞÞ�gðuÞ
i��� 6 eiugðv; uÞð Þ2

4ðlþ 1Þ jg00ðuÞj p
2
� b

3

2
; lþ 3

2

� 	
�

�b lþ 5

2
;
1

2

� 	�
jg00ðvÞj p

2
� b

1

2
; lþ 5

2

� 	
� b lþ 3

2
;
3

2

� 	
 �

;

ð1:11Þ

where bðu; vÞ is the well-known beta function given by

bðu; vÞ ¼
Z 1

0

fu�1ð1� fÞv�1
df:

Theorem 1.5. Let g : ½u; v�#R ! R be a differentiable function.

If jg00jq 2 L u; uþ eiugðv; uÞ½ � is decreasing, measurable and ku-
preinvex function on a closed interval ½u; v� for gðv; uÞ > 0 wit
0 6 u < v and l > 0, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Cðlþ 1ÞÞ
2 eiugðv; uÞð Þl

����
Jluþg uþ eiugðv; uÞ� �þ Jlðuþeiugðv;uÞÞ�gðuÞ
h i

j

6 eiugðv; uÞð Þ2
2ðlþ 1Þ 1� 21�l

� � p
4
jg00ðuÞjq þ p

4

1� k
k

� 	
jg00ðvÞjq

� 
1
q

;

ð1:12Þ
where l > 0; q > 1 and 1

p
þ 1

q
¼ 1.

Theorem 1.6. Let g : ½u; v�#R ! R be a differentiable function.

If jg00jq 2 L u; uþ eiugðv; uÞ½ � for some q P 1 is decreasing, mea-
surable and ku- preinvex function on a closed interval ½u; v� for
gðv; uÞ > 0 with 0 6 u < v and l > 0, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Cðlþ 1ÞÞ
2 eiugðv; uÞð Þl Jluþg uþ eiugðv; uÞ� ������

þJlðuþeiugðv;uÞÞ�gðuÞ
i��� 6 eiugðv; uÞð Þ2

2ðlþ 1Þ 1� 21�l
� �q�1

q

� jg00ðuÞjq
2

p
2
� b

3

2
; lþ 3

2

� 	
� b lþ 5

2
;
1

2

� 	
 ��

þ jg00ðvÞjq
2

p
2
� b

1

2
; lþ 5

2

� 	
� b lþ 3

2
;
3

2

� 	
 �	1
q

: ð1:13Þ

Besides, we shall recall some useful definitions and mathe-
matical preliminaries for the generalized fractional integral
operators [30]:

Let q : ½0;1Þ ! ½0;1Þ be such thatZ 1

0

qðfÞ
f

df < 1:

The left- and right-sided generalized fractional integral
operators are defined as follows:

uþIqgðxÞ ¼
Z x

u

qðx� fÞ
x� f

gðfÞdf; x > u; ð1:14Þ

v�IqgðxÞ ¼
Z v

x

qðf� xÞ
f� x

gðfÞdf; x < v; ð1:15Þ

respectively. For more details; see [27,36].
The most important feature of generalized fractional inte-

grals is that they generalize some types of fractional integrals
such as Riemann-Liouville fractional integral [32,37], k-
Riemann-Liouville fractional integral [26], Katugampola frac-

tional integrals [13–15], conformable fractional integral [22,40]
[25], Hadamard fractional integrals [32,43], and so on. More
specifically,

(i) if qðfÞ ¼ f, then (1.14) and (1.15) reduce to the classical
Riemann integrals:

IuþgðxÞ ¼
R x

u
gðfÞdf; x > u;

Iv�gðxÞ ¼
R v

x
gðfÞdf; x < v:

(ii) when q is specialized by qðfÞ ¼ fl

CðlÞ, then (1.14) and

(1.15) become the Riemann-Liouville fractional integrals:

IluþgðxÞ ¼ 1
CðlÞ

R x

u
ðx� tÞl�1

gðfÞdf; x > u;

Ilv�gðxÞ ¼ 1
CðlÞ

R v

x
ðf� xÞl�1

gðfÞdf; x < v:

(iii) while q is taken by qðfÞ ¼ f
l
k

kCk ðlÞ, then (1.14) and (1.15)

transfer to the k-Riemann–Liouville fractional integrals:
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Iluþ ;kgðxÞ ¼ 1
kCkðlÞ

R x

u
ðx� tÞlk�1

gðfÞdf; x > u;

Ilv�;kgðxÞ ¼ 1
kCkðlÞ

R v

x
ðf� xÞlk�1

gðfÞdf; x < v;

where CkðlÞ is defined by (see cf. Mubeen and Habibullah [32])

CkðlÞ ¼
Z 1

0

fl�1e�
fk

k df; RðlÞ > 0

with

CkðlÞ ¼ k
l
k
�1C

l
k

� �
; RðlÞ > 0; k > 0:
2. Trapezoidal type inequalities for differential functions

This section is devoted to establish some new trapezoidal type

inequalities for ku–preinvex functions, which are differentiable

or twice differentiable.

To obtain the trapezoidal type inequalities for differential
ku–preinvex functions, we need the following lemma.

Lemma 2.1. Let g : ½u; v�#R ! R be twice differentiable func-

tion on an open interval ðu; vÞ such that g0 2 L u; uþ eiugðv; uÞ½ �
with gðv; uÞ > 0 and u < v. Then

gðuÞ þ g uþ eiugðv;uÞð Þ
2

� 1

2!ð1Þ uþIqg uþ eiugðv;uÞ� �þ uþeiugðv;uÞð Þ�IqgðuÞ
� �

¼ eiugðv;uÞ
2!ð1Þ

Z 1

0

!ð1� fÞ �!ðfÞ½ �g0 uþ ð1� fÞeiugðv;uÞ� �
df


 �
;

ð2:1Þ
where

!ðfÞ ¼
Z f

0

q eiugðv; uÞxð Þ
x

dx < 1: ð2:2Þ

Proof. Using integrating by parts, it yields

J ¼
Z 1

0

!ð1� fÞ � !ðfÞ½ �g0 uþ ð1� fÞeiugðv; uÞ� �
df

¼ 1

eiugðv; uÞ



gðuÞ þ g uþ eiugðv; uÞ� �� �
!ð1Þ

þ
Z 1

0

q eiugðv; uÞð1� fÞð Þ
1� f

g uþ ð1� fÞeiugðv; uÞ� �
df

þ
Z 1

0

q eiugðv; uÞfð Þ
f

g uþ ð1� fÞeiugðv; uÞ� �
df

�
:

Then, by changing the variable x by

x ¼ uþ ð1� fÞeiugðv; uÞ, we get

J ¼ 1

eiugðv; uÞ gðuÞ þ g uþ eiugðv; uÞ� �� �
!ð1Þ �

Z uþeiugðv;uÞ

u

q x� uð Þ
x� u

gðxÞdx
"

�
Z uþeiugðv;uÞ

u

q uþ eiugðv; uÞ � xð Þ
uþ eiugðv; uÞ � x

gðxÞdx
#

¼ 1

eiugðv; uÞ gðuÞ þ g uþ eiugðv; uÞ� �� �
!ð1Þ�

� ðuþeiugðv;uÞÞ�IqgðuÞ þ uþIqg uþ eiugðv; uÞ� �� ��
: ð2:3Þ
Therefore, it is not difficult to rearrange the above equality

to the desired result (2.1). h

Remark 2.1. It is obviously that if q is specialized by

qðfÞ ¼ fl

CðlÞ, then identity (2.1) reduces to the one (1.6).

Additionally, if qðfÞ ¼ fl

CðlÞ, gðv; uÞ ¼ v� u and u ¼ 0, then

(2.1) becomes to the following identity

gðuÞ þ gðvÞ
2

� Cðlþ 1ÞÞ
2ðv� uÞl IluþgðvÞ þ Ilv�gðuÞ

� �

¼ v� u

2

Z 1

0

ð1� fÞl � fl½ �g0 fuþ ð1� fÞvð Þdf;

which was obtained by Sarikaya et al. [36].

Moreover, if qðfÞ ¼ f
l
k

kCkðlÞ, then for k-Riemann–Liouville

fractional integral, we have

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� Ckðlþ kÞÞ
2 eiugðv; uÞð Þlk

Iluþ;kg uþ eiugðv; uÞ� �þ Ilðuþeiugðv;uÞÞ� ;kgðuÞ
h i

¼ eiugðv; uÞð Þ2
2ðlþ kÞ

�
Z 1

0

ð1� fÞlkþ1 � f
l
k
þ1

h i
g0 uþ ð1� fÞeiugðv; uÞ� �

df:

Theorem 2.1. Let g : ½u; v�#R ! R be a twice differentiable
function on an open interval ðu; vÞ such that

g0 2 L u; uþ eiugðv; uÞ½ � with u < v and gðv; uÞ > 0. If jg0j is
decreasing, measurable and ku-preinvex on a closed interval

½u; v�, then it holds

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� 1

2!ð1Þ uþIqg uþ eiugðv; uÞ� ������
þ uþeiugðv;uÞð Þ�IqgðuÞ

��� 6 eiugðv; uÞ
2!ð1Þ Ajg0ðuÞj þ Bjg0ðvÞjð Þ; ð2:4Þ

where the constants A, and B are given by

A ¼ R 1

0

ffiffi
f

p
2k
ffiffiffiffiffiffi
1�f

p j!ð1� fÞ � !ðfÞjdf;

B ¼ R 1

0

ð1�kÞ
ffiffiffiffiffiffi
1�f

p
2k
ffiffi
f

p j!ð1� fÞ � !ðfÞjdf:

Proof. Using equality (2.1) and the property of modulus, we
have

gðuÞ þ g uþ eiugðv; uÞð Þ
2

� 1

2!ð1Þ uþ Iqg uþ eiugðv; uÞ� �þ uþeiugðv;uÞð Þ� IqgðuÞ
� �����

����
¼ eiugðv; uÞ

2!ð1Þ
Z 1

0

!ð1� fÞ � !ðfÞ½ �g0 uþ ð1� fÞeiugðv; uÞ� �
df

����
����

6 eiugðv; uÞ
2!ð1Þ

Z 1

0

!ð1� fÞ � !ðfÞj j g0 uþ ð1� fÞeiugðv; uÞ� ��� ��df:

Recall that jg0j is ku-preinvex function on a closed interval

½u; v�, so, for any f 2 ð0; 1Þ it finds
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gðuÞ þ g uþ eiugðv; uÞð Þ
2

� 1

2!ð1Þ uþ Iqg uþ eiugðv; uÞ� ������
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p
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0

j!ð1� fÞ � !ðfÞj ð1� kÞ ffiffiffiffiffiffiffiffiffiffiffi
1� f

p

2k
ffiffiffi
f

p
�
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2!ð1Þ Ajg0ðuÞj þ Bjg0ðvÞjð Þ:

This directly implies the desired inequality (2.4). h

Remark 2.2. Particularly,

(i) if qðfÞ ¼ fl

CðlÞ, then we have

gðuÞþgðvÞ
2

� Cðlþ1ÞÞ
2 v�uð Þl JluþgðvÞ þ Jlv�gðuÞ

� ���� ���
6 v�u

4
jg0ðuÞj þ 1�k

k jg0ðvÞj� �
b1

2

1
2
; lþ 1

2

� �� b1
2
lþ 1

2
; 1
2

� �h i
:

(ii) when qðfÞ ¼ f
l
k

kCkðlÞ, then the inequality holds

gðuÞþg uþeiugðv;uÞð Þ
2

� CkðlþkÞÞ
2 eiugðv;uÞð Þ

l
k
Iluþ;kg uþ eiugðv; uÞð Þ
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i��� 6 v�u
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2

1
2
; 2lþk

2k

� �h
�b1

2

2lþ k

2k
;
1

2

� 	�
:

Theorem 2.2. Let g : ½u; v�#R ! R be a twice differentiable
function on an open interval ðu; vÞ such that

g0 2 L u; uþ eiugðv; uÞ½ � with gðv; uÞ > 0 and u < v. If

jg0jq; q > 1 is decreasing, measurable and ku-preinvex on a closed

interval ½u; v�, then the inequality is true

gðuÞ þ g uþ eiugðv; uÞð Þ
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� 	
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q

;

ð2:5Þ
where 1

p
þ 1

q
¼ 1.

Proof. Using equality (2.1), Hölder inequality and ku-
preinvexity of jg0jq, we obtain
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:

From which we obtain the desired inequality (2.5). h

Remark 2.3. Moreover, if the function q is specialized by

(i) qðfÞ ¼ fl

CðlÞ, then our result, (2.5), becomes to the one

(1.8).

(ii) qðfÞ ¼ fl

CðlÞ with gðv; uÞ ¼ v� u and u ¼ 0, the inequality

holds

gðuÞþgðvÞ
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:

(iii) qðfÞ ¼ f
l
k

kCk ðlÞ, we have
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:

Theorem 2.3. Let g : ½u; v�#R ! R be a differentiable function

on an open interval ðu; vÞ such that g0 2 L u; uþ eiugðv; uÞ½ � with
gðv; uÞ > 0 and u < v. If jg0jq is decreasing, measurable and ku-
preinvex on a closed interval ½u; v� for some fixed q P 1, then
it holds
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ð2:6Þ
where C and D are given by
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Proof. Employing (2.1), the power mean inequality and ku-
preinvexity of jg0jq, we find
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This ends the proof of the theorem. h

Remark 2.4. Besides, we conclude that

(i) if qðfÞ ¼ fl

CðlÞ, then inequality (2.6) reduces to the one

(1.9).

(ii) if qðfÞ ¼ fl

CðlÞ ; gðv; uÞ ¼ v� u and u ¼ 0, then we have
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:

(iii) if qðfÞ ¼ f
l
k

kCk ðlÞ, then it holds
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3. Trapezoidal type inequalities for twice differential functions

In this section, we are interesting in the study of the trape-
zoidal type inequalities for ku–preinvex functions, which are

twice differentiable. To obtain these inequalities, we first verify
the following lemma.
Lemma 3.1. Let g : ½u; v�#R ! R be a twice differentiable

functions on an open interval ðu; vÞ such that

g00 2 L u; uþ eiugðv; uÞ½ � with gðv; uÞ > 0 and u < v. Then, it

holds
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where
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Proof. It follows from the integrating by parts that
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By making use of the substitution x ¼ uþ ð1� fÞeiugðv; uÞ,
it yields
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Then, A simple calculation gives the equality (3.2). h

Remark 3.1. Particularly, it holds that

(i) if qðfÞ ¼ fl

CðlÞ, then the identity (3.1) reduces to the one

(1.10).

(ii) if qðfÞ ¼ fl

CðlÞ ; gðv; uÞ ¼ v� u and u ¼ 0, then identity

(3.1) reduces to the following result
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which was obtained by Wang et al. [38].

(iii) if qðfÞ ¼ f
l
k

kCk ðlÞ, then we have
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Theorem 3.1. Let g : ½u; v�#R ! R be a twice differentiable
function on an open interval ðu; vÞ such that

g00 2 L u; uþ eiugðv; uÞ½ � with gðv; uÞ > 0 and u < v. If jg00j is

decreasing, measurable and ku-preinvex on a closed interval

½u; v�, then we have
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Proof. Invoking the result (3.1) and the property of modulus,

it finds
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any f 2 ð0; 1Þ, we conclude
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This completes the proof of the theorem. h
Remark 3.2. Indeed, we have the following special cases:

(i) if qðfÞ ¼ fl

CðlÞ, then inequality (3.4) reduces to the one

(1.11).

(ii) if qðfÞ ¼ fl

CðlÞ ; gðv; uÞ ¼ v� u and u ¼ 0, then we have
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:

(iii) if qðfÞ ¼ f
l
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kCk ðlÞ, then it hods
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Theorem 3.2. Let g : ½u; v�#R ! R be a twice differentiable func-

tion on an open interval ðu; vÞ such that g00 2 L u; uþ eiugðv; uÞ½ �
with gðv; uÞ > 0 and u < v. If jg00jq is decreasing, measurable and
ku-preinvex on a closed interval ½u; v�, then
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Proof. Applying equality (3.1), Hölder inequality and ku-
preinvexity of jg00jq, implies
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Z 1

0

ð1� kÞ ffiffiffiffiffiffiffiffiffiffiffi
1� f

p

2k
ffiffiffi
f

p
� 	1

q

¼ eiugðv; uÞð Þ2
2!ð1Þ

p
4

� �1
q

Z 1

0

jXð1Þ � XðfÞ � Xð1� fÞjpdf
� 	1

p

� jg00ðuÞjq þ 1� k
k

� 	
jg00ðvÞjq

� 	1
q

:

This completes the proof of the theorem. h
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Remark 3.3. However, if

(i)qðfÞ ¼ fl

CðlÞ, then inequality (3.5) reduces to the one (1.12).

(ii)qðfÞ ¼ fl

CðlÞ with gðv; uÞ ¼ v� u and u ¼ 0, then

gðuÞ þ gðvÞ
2

� Cðlþ 1ÞÞ
2ðv� uÞl JluþgðvÞ þ Jlv�gðuÞ

� �����
����

6 ðv� uÞ2
2ðlþ 1Þ 1� 21�l

� � p
4
jg00ðuÞjq þ p

4

1� k
k

� 	
jg00ðvÞjq

� 
1
q

:

(iii) qðfÞ ¼ f
l
k

kCk ðlÞ, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

> � Ckðlþ kÞÞ
2 eiugðv; uÞð Þlk

�����
� Iluþ ;kg uþ eiugðv; uÞ� �þ Ilðuþeiugðv;uÞÞ� ;kgðuÞ
h i���

6 eiugðv; uÞð Þ2
2ðlþ kÞ 1� 2

k�l
k

� � p
4
jg00ðuÞjq þ p

4

1� k
k

� 	
jg00ðvÞjq

� 
1
q

:

Theorem 3.3. Let g : ½u; v�#R ! R be a twice differentiable
function on an open interval ðu; vÞ such that

g00 2 L u; uþ eiugðv; uÞ½ � with gðv; uÞ > 0 and u < v. If jg00jq is
decreasing, measurable and ku-preinvex on a closed interval

½u; v� for some q P 1, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

����
� 1

2!ð1Þ uþIqg uþ eiugðv; uÞ� �
> þ uþeiugðv;uÞð Þ�qgðuÞ

� �����
6 eiugðv; uÞð Þ2

2!ð1Þ
Z 1

0

jXð1Þ � XðfÞ � Xð1� fÞjdf
� 	1�1

q

� Cjg00ðuÞjq þDjg00ðvÞjqð Þ1q; ð3:6Þ
where C and D are given by

C ¼ R 1

0
jXð1Þ � XðfÞ � Xð1� fÞj

ffiffi
f

p
2
ffiffiffiffiffiffi
1�f

p ;

D ¼ R 1

0
jXð1Þ � XðfÞ � Xð1� fÞj ð1�kÞ

ffiffiffiffiffiffi
1�f

p
2k
ffiffi
f

p :

Proof. It follows from equality (3.1), the power mean inequality

and ku-preinvexity of jg00jq that

gðuÞ þ g uþ eiugðv; uÞð Þ
2

����
� 1

2!ð1Þ uþ Iqg uþ eiugðv; uÞ� �þ uþeiugðv;uÞð Þ�qgðuÞ
� �����

6 eiugðv; uÞð Þ2
2!ð1Þ

Z 1

0

Xð1Þ � XðfÞ � Xð1� fÞj j g00 uþ ð1� fÞeiugðv; uÞ� ��� ��df
6 eiugðv; uÞð Þ2

2!ð1Þ
Z 1

0

jXð1Þ � XðfÞ � Xð1� fÞjdf
� 	1�1

q

�
Z 1

0

jXð1Þ � XðfÞ � Xð1� fÞj g00 uþ ð1� fÞeiugðv; uÞ� ��� ��qdf� 	1
q

6 eiugðv; uÞð Þ2
2!ð1Þ

Z 1

0

jXð1Þ � XðfÞ � Xð1� fÞjdf
� 	1�1

q

� jg00ðuÞjq
Z 1

0

jXð1Þ � XðfÞ � Xð1� fÞj
ffiffiffi
f

p

2k
ffiffiffiffiffiffiffiffiffiffiffi
1� f

p df

�

þjg00ðvÞjq
Z 1

0

jXð1Þ � XðfÞ � Xð1� fÞj ð1� kÞ ffiffiffiffiffiffiffiffiffiffiffi
1� f

p

2k
ffiffiffi
f

p
	1

q

¼ eiugðv; uÞð Þ2
2!ð1Þ

Z 1

0

jXð1Þ � XðfÞ � Xð1� fÞjdf
� 	1�1

q

� Cjg00ðuÞjq þDjg00ðvÞjqð Þ1q:
This means that (3.6) is valid. h

Remark 3.4. It is obvious that

(i) if qðfÞ ¼ fl

CðlÞ, then inequality (3.6) reduces to the one

(1.13).

(ii) if qðfÞ ¼ fl

CðlÞ with gðv; uÞ ¼ v� u and u ¼ 0, then

gðuÞ þ gðvÞ
2

� Cðlþ 1ÞÞ
2ðv� uÞl JluþgðvÞ þ Jlv�gðuÞ

� �����
����

6 ðv� uÞ2
2ðlþ 1Þ 1� 21�l

� �q�1
q

jg00ðuÞjq
2

p
2
� b

3

2
; lþ 3

2

� 	
�

�b lþ 5

2
;
1

2

� 	�
þ jg00ðvÞjq

2

p
2
� b

1

2
; lþ 5

2

� 	
� b lþ 3

2
;
3

2

� 	
 �	1
q

:

(iii) if qðfÞ ¼ f
l
k

kCk ðlÞ, then

gðuÞ þ g uþ eiugðv; uÞð Þ
2

����
� Ckðlþ kÞÞ
2 eiugðv; uÞð Þlk

Iluþ ;kg uþ eiugðv; uÞ� �þ Ilðuþeiugðv;uÞÞ� ;kgðuÞ
h i�����

6 eiugðv; uÞð Þ2
2ðlþ kÞ 1� 2

k�l
k

� �q�1
q jg00ðuÞjq

2

p
2
� b

3

2
;
2lþ 3k

2k

� 	
�

�b
2lþ 5k

2k
;
1

2

� 	� jg00ðvÞjq
2

p
2
� b

1

2
;
2lþ 5k

2k

� 	


�b
2lþ 3k

2k
;
3

2

� 	�	1
q

:

4. Applications for the moments

Distribution functions and density functions provide complete
descriptions of the distribution of probability for a given ran-

dom variable. However, they do not allow us to easily make
comparisons between two different distributions. The set of
moments that uniquely characterizes the distribution under

reasonable conditions are useful in making comparisons.
Knowing the probability function, we can determine moments
if they exist. Applying the mathematical inequalities, some esti-

mations for the moments of random variables were recently
studied by many authors, for more details see [1,3,4,16–
18,35,7].

Let v be a random variable whose probability function is

g : I � R ! Rþ, where g is ku-preinvex function on the inter-

val of real numbers I such that u; v 2 I with u < v. Denote by

MrðxÞ the rth moment about any arbitrary point x of the ran-

dom variable v; r P 0, defined as

MrðxÞ ¼
Z uþeiu

u

z� xð ÞrgðzÞdz; r ¼ 0; 1; 2; . . . ð4:1Þ

In view of (4.1), we obtain the following propositions:

Proposition 4.1. Let r P 1 and v be a random variable with
probability function g : I � R ! Rþ, where g is a ku-preinvex
function on the interval of real numbers I such that u; v 2 I with
u < v. Then, it holds
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MrðuÞ þMr uþ eiugðv; uÞð Þ
2

� 1

2!ð1Þ uþ IqMr uþ eiugðv; uÞ� �þ uþeiugðv;uÞð Þ�qMrðuÞ
� �

¼ reiugðv; uÞ
2!ð1Þ

Z 1

0

!ð1� fÞ � !ðfÞ½ �Mr�1 uþ ð1� fÞeiugðv; uÞ� �
df


 �

¼ reiugðv; uÞ
2!ð1Þ

Z 1

0

!ð1� fÞ � !ðfÞ½ �
�

�
Z uþeiu

u

z� uþ ð1� fÞeiugðv; uÞ� �� �r�1
gðzÞdz

 !
df

)
:

Proof. It is obtained directly by using equality (2.1) with
gðxÞ ¼ MrðxÞ. h

Proposition 4.2. Let r P 1 and v be a random variable with
probability function g : I � R ! Rþ, where g is a ku-preinvex
function on the interval of real numbers I such that u; v 2 I with

u < v. If the function jgj is bounded, then

MrðuÞþMr uþeiugðv;uÞð Þ
2

����
� 1

2!ð1Þ uþIqMr uþ eiugðv; uÞð Þ þ uþeiugðv;uÞð Þ�qMrðuÞ
� ����

6 eiugðv;uÞð Þrkgk1
2!ð1Þ

R 1

0
!ð1� fÞ � !ðfÞ½ � ð1� fÞr � frð Þdf:

Proof. Employing Proposition 4.1 and the boundedness of jgj
deduces

MrðuÞ þMr uþ eiugðv; uÞð Þ
2

����
� 1

2!ð1Þ uþIqMr uþ eiugðv; uÞ� �þ uþeiugðv;uÞð Þ�qMrðuÞ
� �����

6 reiugðv; uÞ
2!ð1Þ

Z 1

0

!ð1� fÞ � !ðfÞ½ �
�

�
Z uþeiu

u

z� uþ ð1� fÞeiugðv; uÞ� ��� ��r�1jgðzÞjdz
 !

df

)

6 eiugðv; uÞð Þrkgk1
2!ð1Þ

Z 1

0

!ð1� fÞ � !ðfÞ½ � ð1� fÞr � frð Þdf:

This completes the proof of the proposition. h

Proposition 4.3. Let r P 2 and v be a random variable with
probability function g : I � R ! Rþ, where g is a ku-preinvex
function on the interval of real numbers I such that u; v 2 I with
u < v. Then, we have

MrðuÞ þMr uþ eiugðv; uÞð Þ
2

� 1

2!ð1Þ uþ IqMr uþ eiugðv; uÞ� �þ uþeiugðv;uÞð Þ�qMrðuÞ
� �

¼ rðr� 1Þ eiugðv; uÞð Þ2
2!ð1Þ

�
Z 1

0

Xð1Þ � XðfÞ � Xð1� fÞ½ �Mr�2 uþ ð1� fÞeiugðv; uÞ� �
df


 �

¼ rðr� 1Þ eiugðv; uÞð Þ2
2!ð1Þ

(Z 1

0

Xð1Þ � XðfÞ � Xð1� fÞ½ �

�
Z uþeiu

u

z� uþ ð1� fÞeiugðv; uÞ� �� �r�2
gðzÞdz

 !
dfg:
Proof. The desired result is a direct consequence of equality

(3.1) for gðxÞ ¼ MrðxÞ. h

Proposition 4.4. Let r P 2 and v be a random variable with
probability function g : I � R ! Rþ, where g is a ku-preinvex
function on the interval of real numbers I such that u; v 2 I with
u < v. If the function jgj is bounded, then

MrðuÞþMr uþeiugðv;uÞð Þ
2

� 1
2!ð1Þ uþ IqMr uþ eiugðv; uÞð Þ þ uþeiugðv;uÞð Þ�qMrðuÞ

� �����
����

6 r eiugðv;uÞð Þrkgk1
2!ð1Þ

R 1

0
Xð1Þ � XðfÞ � Xð1� fÞ½ � ð1� fÞr�1 � fr�1

� �
df:

Proof. Employing Proposition 4.3 and the boundedness of jgj
implies

MrðuÞþMr uþeiugðv;uÞð Þ
2

� 1
2!ð1Þ uþ IqMr uþ eiugðv; uÞð Þ þ uþeiugðv;uÞð Þ�qMrðuÞ

� �����
����

6 r eiugðv;uÞ
2!ð1Þ

R 1

0
Xð1Þ � XðfÞ � Xð1� fÞ½ �

n
R uþeiu

u
z� uþ ð1� fÞeiugðv; uÞð Þj jr�2jgðzÞjdz

� �
df
o
;

6 eiugðv;uÞð Þrkgk1
2!ð1Þ

R 1

0
Xð1Þ � XðfÞ � Xð1� fÞ½ � ð1� fÞr�1 � fr�1

� �
df:

This completes the proof of the proposition. h
5. Conclusion

In this paper, we established the trapezoidal type inequalities
involving generalized fractional integrals for the ku–preinvex
functions, which are differentiable or twice differentiable. Fur-
thermore, we obtained some new inequalities of trapezoidal-

type for differentiable ku–preinvex functions by applying clas-

sical and Riemann–Liouville fractional integrals. The results

presented in this paper would provide generalizations of those
given in such earlier works [8,41,39]. In the future, you may
apply the generalized fractional integrals to various models

of fractional calculus such as Atangana–Baleanu and Prab-
hakar models.
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