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KEYWORDS Abstract

Generalized fractional inte-

During the last years several fractional integrals were investigated. Having this idea in
mind, in the present article, some new generalized fractional integral inequalities of the trapezoidal

gral; type for A,—preinvex functions, which are differentiable and twice differentiable, are established.

Preinvex function;
Integral inequalities

Then, by employing those results, we explore the new estimates on trapezoidal type inequalities
for classical integral and Riemann-Liouville fractional integrals, respectively. Finally, we apply

our new inequalities to construct inequalities involving moments of a continuous random variable.
© 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction

Convexity has been received considerable attention due to its
applications in various fields of applied and pure sciences;
for example engineering, management science, economics,
finance and optimization theory. Convex functions have been
generalized and extended in optimization, mathematical
inequalities and several directions using various innovative
techniques [9,23,24,26, 28,34]. The most significant generaliza-
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tion of the convex function is the invex function which was
introduced by Hanson [12]. After that, Weir and Mond [42]
introduced the concept of preinvex function. Indeed, preinvex
functions are playing significant role to the study of equilib-
rium problems, optimization theory, integral inequalities, frac-
tional integral inequalities and so forth. Furthermore, preinvex
function and its basic properties were studied by many
researchers; for more details see [2,19,20,27,28]. Typical appli-
cations of the classical inequalities are: probabilistic problems,
decision making in structural engineering and fatigue life.
Some new results can be seen in the following references
[41-47].

Now, we recall the relevant definitions and preliminary
results concerning preinvexity and trapezoidal type
inequalities.

1110-0168 © 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria University.
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Definition 1.1. [33] Let HC R" and 5 : H x H — R". Then the
set H is said to be invex with respect to #, if

w+{n(y,w) e H (1.1)

for every { € [0,1] and w,y € H. An invex set H associated
with function 5 is also called y#-connected set.

Remark 1.1. Particularly, if function n is specialized by
n(y,w) =y —w for all y,w € R", then Definition 1.1 reduces
to the definition of convexity.

Definition 1.2. [33] Let HCR" and : H x H— R". We say
that a function g : H — R is preinvex with respect to  on H, if

gw+Ln(y,w)) < (1 -0gw) + L gy)

for every { € [0,1] and w, y € H. However, if the function —g is
preinvex, then we say that g is preincave.

(12)

Definition 1.3. [11] Let HCR''n:Hx H—R' and
¢ : H— R. Then, the set H is said to be g-invex with respect
to n and o, if

w+ (e n(y,w) € H (1.3)

for every { € [0,1] and w,y € H.

Remark 1.2. Especially, if we select

(1) @ = 0, then ¢-invexity reduces to the usual invexity.
(i) n(y,w) =y — w, then Definition 1.3 reduces to the defi-
nition of ¢-convexity.

(ii)) ¢ = 0 and n(y,w) = y — w, then Definition
to th definition of convexity.

1.3 reduces

Definition 1.4. [§] Let HC R" and  : H x H — R". A nonneg-
ative function g: /CR — R is said to be /,-preinvex on H
with respect to ¢ and 7, if

o)
241 =¢
+(1 - V1-=(
2/3/C
for every { € [0,1], w,y € I and ¢ € [0,%].

g(w+ e n(y,w) <

g(w) (1.4)

Definition 1.5. [[30]] Let g: [u,v] C R — R be twice differen-
tiable function on an open interval (u,v) with the second
derivative bounded on the interval (u,v); that is,
llg"lloe = SUPye(unle”(X)| < 0o, then the trapezoidal type
inequality are defined by:

[ et =" et el < U

From a complementary viewpoint to Ostrowski type
inequalities [10] and mid-point type inequalities [9], trape-
zoidal type inequality provides a priory error bounds in
approximating the Riemann integralby a (generalized) trape-
zoidal formula [30]. Just like in the case of Ostrowski’s

inequality the development of these kind of results have reg-
istered a sharp growth in the last decade with more than 50
papers published, as one can easily asses this by performing a
search with the key word trapezoid and inequality in the title
of the papers reviewed by MathSciNet database of the Amer-
ican Mathematical Society. Numerous extensions, generaliza-
tions in both the integral and discrete case have been
discovered (see [9,36]). More general versions form-time dif-
ferentiable functions, the corresponding versions on time
scales, for vector valued functions or multiple integrals have
been established as well (see [6,29]). Numerous applications
in Numerical Analysis, Probability Theory, and other fields
have been also given.

In [8], Ermeydan and Yildirim established the following
trapezoidal type equality and inequalities for differential
/p-preinvex functions:

Lemma 1.1. Let g: [u,v] CR — R be twice differentiable func-

tion on an open interval (u,v) with n(v,u) > 0,u<v. If
g € Llu,u+ e“n(v,u)], then

g(u) + g(u+e“n(v,u))

2
Tp+1) 1. i i
~ ot o+ ) + Ty ]
:M/O [(1=0)" = &g (u+ (1 = O)en(v, u))dL.

(1.6)

Theorem 1.1. Let g : [u,v] CR — R be a differentiable function.
If |¢| € Llu,u+ en(v,u)] is decreasing, measurable and 2.,-
preinvex function on a closed interval [u,v] for n(v,u) > 0 with
O<u<vand u>0, then

'g(u)+g(u+e“"n(v7u)) C(p+1)
2 2(efon(v,u))"

{Jilg(u +en(v,u)) + 7 uww )& (”)] ’
<=1 (1wl + 5201

Bl s

where f,(u,v) is the incomplete beta function (see, e.g. [5])

ﬁz<u,v):/0g -0,

(1.7)

Theorem 1.2. Let g : [u,v] C R — R be a differentiable function.
If |g|" € Llu,u+ e*n(v,u)| is decreasing, measurable and 2.,-
preinvex function on a closed interval [u,v] for n(v,u) > 0 with
O<u<vand u>0, then

e

. 1 1
en(vyu) (n s mfl—2A 72 =21 N

a - < 2o g /()19
sy 80| € = 5@+ (7)ol (S0 )
(1.8)

where t>0,q > 1 and ;+.=1.
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Theorem 1.3. Let g : [u,v] CR — R be a differentiable function.
If 12" € Llu,u+ e"n(v,u)] for some q > 1 is decreasing, mea-
surable and 1., preinvex function on a closed interval [u,v] for
n(v,u) >0 with 0 <u<vand u>0, then

‘g(u) +g(uten(vu))  T(p+1))
2 2(e'on(v, u))"

e () ()
*@( ty %>]+< 7 )MW {ﬁ'(f’“l) ﬁ‘(l”; i)D

(1.9)

[ g(u+ e“n(v,u))

oy 80| <

After that, they also proved the following trapezoidal type
equality and inequalities for twice differential A,-preinvex
functions.

Lemma 1.2. Let g:[u,y) CR — R be a twice differentiable
function on an open interval (u,v) with n(v,u) > 0,u < v. If

g" € Llu,u+ en(v,u)], then

g(u) +g(u+en(v,u))

2
F(p+1)) ; l
_ W [Jff g(u + (v, u)) + Jéwefwn(v.u))’g(u)]

a0 -y

x (u+ (1=)en(v,u))d. (1.10)
Theorem 1.4. Let g : [u,v] C R — R be a differentiable function.
If |g'| € Llu,u+ e“n(v,u)] is decreasing, measurable and A,-
preinvex function on a closed interval [u,v] for n(v,u) > 0 with
O0<u<vandp>0, then

C(p+1)

‘g(u) +g(u+en(v,u))

) Py, u
2 (C”‘/’V](V u))ﬂ [Ju*g(u te l’]( ’ ))
(ern(v,u))’

i 3 3
i < " r 2 2
J(ll+€“”rl (v,u)) g(u)} ‘ = 4(’“ ¥ 1) |g (u)l |:2 ﬁ(z M+ 2)

ez Jeorlz-oGoned) o2 3]

(1.11)

where B(u,v) is the well-known beta function given by

MV /Cul ‘l

Theorem 1.5. Let g : [u,v] C R — R be a differentiable function.
If |g"|" € Liu,u+ e“n(v,u)] is decreasing, measurable and A.,-
preinvex function on a closed interval [u,v] for n(v,u) >0 wit
O<u<vand u>0, then

_ _Te+1)
2(eton(v,u))"

|lg(u) + g(u+e“n(v,u))
| 2

[J"+g(u+em17(v u)) +J(u+€l(/),1‘u)) g(u )]‘
1

(@on(vw)’ o T (L= 2
<w(1—2 ){Zlg (u)| +Z( - )|g (v)|},
(1.12)

where u>0,q > 1 andpl+$= 1.

Theorem 1.6. Let g : [u,v] CR — R be a differentiable function.
If 1g"|" € Llu,u + €“n(v,u)] for some q = 1 is decreasing, mea-
surable and 1., preinvex function on a closed interval [u,v] for
n(v,u) >0 with0 <u<vand u>0, then

g(u) +g(u+eiwn(v, u)) C(u+1)) . .
‘ 2 - 2((’[(/’7’](1/, u))/,t [Jwg(u + e ;7(‘;7 u))

i 2
n (en(v,u)) N
Hlasenon €] | <Ry (=277

(LoD o 35)]
Ll (2)| [77ﬁ( ;) ﬁ<u+% ;)D (1.13)

Besides, we shall recall some useful definitions and mathe-
matical preliminaries for the generalized fractional integral
operators [30]:

Let p : [0,00) — [0,00) be such that
1
/ @dﬁ < 00.
o ¢

The left- and right-sided generalized fractional integral
operators are defined as follows:

et = [P ea xou (1.14)
) = [0 w < (1.13)

respectively. For more details; see [27,36].

The most important feature of generalized fractional inte-
grals is that they generalize some types of fractional integrals
such as Riemann-Liouville fractional integral [32,37], k-
Riemann-Liouville fractional integral [26], Katugampola frac-
tional integrals [13-15], conformable fractional integral [22.40]
[25], Hadamard fractional integrals [32,43], and so on. More
specifically,

(1) if p({) = ¢, then (1.14) and (1.15) reduce to the classical
Riemann integrals:

Iu g f g dC7
- f\g dC7

(i) when p is specialized by p({) =

X > u,

x <.

= F(u then (1.14) and
(1.15) become the Riemann-Liouville fractional integrals:

1eg(X) = wg Jy (= 0" g(Odl, x>,
Eog(x) =g i (C— x)“’lg(é)dé, X<
(iil) while p is taken by p({) = kr‘(ﬂ), then (1.14) and (1.15)

transfer to the k-Riemann—Liouville fractional integrals:



D. Baleanu et al.

2978
I 8(x) = ﬁ INEE z)r‘ gOde, x> u,
I{l /< ’C kl",\ y) f g ()div x < v,

where I'; (1) is defined by (see cf. Mubeen and Habibullah [32])

Ty(n) :/0\ (e tdL, R(p) > 0

2. Trapezoidal type inequalities for differential functions

This section is devoted to establish some new trapezoidal type
inequalities for A,—preinvex functions, which are differentiable
or twice differentiable.

To obtain the trapezoidal type inequalities for differential
Jo—preinvex functions, we need the following lemma.

Lemma 2.1. Let g: [u,v] CR — R be twice differentiable func-
tion on an open interval (u,v) such that g € Llu,u+ ¢n(v,u))

with n(v,u) >0 and u < v. Then

g(u) +g(u+en(v,u))

2
1 )
B T(l) [u+1,,g(u + e"”r](v7 u)) + (M+f"‘/"1(v.u))7lﬂg(u)]
:envu{/[T“ —T@Wﬂu+0—0éwwm»%}
(2.1)
where
Y(¢) = /0C wclx < o0. (2.2)

Proof. Using integrating by parts, it yields

J:A[NI—O—WOM@+U—OWMWM%

ezwn(lv {{g )+ g+ en(v,u)) JY(1)

+/0 ple "”n(Y i)él C))g(u

o [ D 1 o ]|

Then, by changing the
x=u+(1-{e"n(v,u), we get

+ (1= 0)e"n(v,u))d¢

variable X by

"/’r]vu Ju X

) u+e"n(v,u) Yx—u
’- [{g )+l e - [ P ax
_/U+z () p(u+ en(v,u) — x)

u+€"”i’](V u) —x (X)dx:|

m [{g(u) + g(u+ en(v,u)) }Y(1)

((u+('/‘r1(v.u))—l/1g( ) + s I/:g(u + L’w”l("a “)))] (23)

Therefore, it is not difficult to rearrange the above equality
to the desired result (2.1). [J

Remark 2.1. It is obviously that if p is specialized by
p(0) = %, then identity (2.1) reduces to the one (1.6).

Additionally, if p({) =
(2.1) becomes to the following identity

g +g(v)
2 2(v—

(u)’ n(v,u) =v—uand ¢ =0, then

S 1) + 1)

= [ - - et

which was obtained by Sarikaya et al. [36].

(1 = 0w,

Moreover, if p({) = , then for k-Riemann-Liouville

kl‘
fractional integral, we have

g(u) +g(u+en(v,u))
2
~ Ti(p+k)

)
2(eton (v, u))t

_ (en(v,u))
2(p+ k)

xlﬁu—aw

Theorem 2.1. Let g: [u,v] CR — R be a twice differentiable
Sfunction on an  open interval  (u,v) such  that
g € Llu,u+e“n(v,u)] with u<v and n(v,u) > 0. If |g| is
decreasing, measurable and A,-preinvex on a closed interval
[u, V], then it holds

|: kg(u + elwl/’(v u)) + Ifqut"/’ﬂ (v,u) kg( )}

— g e+ (1 = Qe (v, ).

u u+en(v,u 1 i
‘g()+g(;r n ))_ﬂ(l)[,{‘ng(we“’n(v,u))

@] < E108) 1) + BlE ),

0 (2.4)

Freion(vay 1p8 (1)

where the constants A, and B are given by

(1 =8 = Y()ldL,

A=k 5

B= i UV - ) - (Ol

Proof. Using equality (2.1) and the property of modulus, we
have

|e(u )+g(u+e"‘”ﬂ(v u)) 1 [
\ - 20(1)

/”
< ” /\Y Q)|

Recall that |g'| is 4,-preinvex function on a closed interval
[u,v], so, for any { € (0,1) it finds

w18 (e + €Pn(v, 1)) + s eon(eay) 1,8(u)]

anu

= Y(O)lg (u+ (1 = {)en(v, u))d{‘

g (u+ (1= n(v,u))|dL.
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SR iyl el )
F(ureion(va))” pg(u H\ ";V#(l))
Aol )
< "”” @g |/|r1—s \/—df+\g' )
o = AVT=T] _enta) |
/\r o ]f T Al ]+ Bl ()

This directly implies the desired inequality (2.4). O
Remark 2.2. Particularly,

@) if p(0) = 1'(#)’ then we have

gu)+g(v) u+1

0 S [T g(0) + g (w)]|

\%(Ig(u)l+%\g’(V)I)[ﬁ%(z,u+%) Biln+1.9)].

.3

(K

(ii) when p({) = g

g(u)+g lt+(.“/’l7(L u )
2

then the inequality holds

Lelprh)) [I:Q g(u+ en(v,u))

2eion(rva))k

Loy 8000)] | <5 (I )] + 521 0)) [R5, 25)
2ut+k 1
()]

Theorem 2.2. Let g: [u,v] CR — R be a twice differentiable
function on an  open interval  (u,v)  such  that
g € Llu,u+éen(v,u)] with n(vu) >0 and u<v. If
|g'|”, g > 1is decreasing, measurable and 4.,-preinvex on a closed
interval [u,v], then the inequality is true

S LR ) s Lo g €0 0) 4 0]
< O[T -0-vora) (o + () wor)’
25)

1,1
where -+~ =1.
heep—O—q

Proof. Using equality (2.1),
preinvexity of |g’|?, we obtain

Hélder inequality and A,-

‘g(u) +g(u+en(v,u))
2

1 )
— T(l) [,ﬁl,,g(u + 81(/)1’](‘77 u)) + (u+z’”l’17(v‘u))7pg(u)] ‘

ern(v,u)
()

<) (/ Nt
([

/0 XY= 0) = YOl (u + (1 — Oen(r, u))dc‘
Y(C)Il’dé);

Oen(v,u )’qdé')

< "/’n v,u (/ N Y(C)lpdé)%
(‘g( " /0 u\/\/ffdﬂlg’(wl“/ol %)

,'7_ ( / (1) = Y(1-{) - (@)V’dc);(g’(u)‘f

+(1—;i)| o).

From which we obtain the desired inequality (2.5). [

Remark 2.3. Moreover, if the function p is specialized by

(i) p({) = =, then our result, (2.5), becomes to the one
(1.8).

(i) p(0) = % with n(v,u) = v — u and ¢ = 0, the inequality
holds

slse) LU [ g(v) + 2 g()]|

se{E g )| + 2 (59 12/ (

Lo g1-w /%
DRI C=a

(i) p(¢) = T (H), we have
g(u>+g(u;ew(v,u)) — el [ﬂ g(u+e"n(v,u))
2eton(va)f

+1?u+e""’ n(vau))~ ,kg(u):|

< ei“’)12(v,ll) {% |g/(u) ( )

‘ }q 22k h
;z[)+/( :

Theorem 2.3. Let g : [u,v] CR — R be a differentiable function
on an open interval (u,v) such that g € Lu,u + ¢n(v,u)] with
n(v,u) >0 and u < v. If |¢'|" is decreasing, measurable and 2,-

preinvex on a closed interval [u,v] for some fixed q = 1, then
it holds

lg(u) + g(u + e®n(v,u))
| 2

*Iﬂg(u + ei(l)r](V7 M)) (ut-e@n(v,u)) Pg( )]

.
2Y(1)
\‘)w" LU (/ (1

where C and D are given by

>|d¢) (Clg )" + Dlg ()
(2.6)

i
o= [ -0 -,
_ e (I-M)V1-¢
—/O\Yu )= YO

Proof. Employing (2.1), the power mean inequality and A,-
preinvexity of |g'|, we find
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g() + g(u+ e“n(v, u))
| 2

3 L B+ 00) + i 0]
2';‘1)” / (1 (©)l]g (u+
< (/ v Y@ﬂﬂj

([ 170 =0 = Y@l (1 - a0 o)
< (/ -0 Y(é)\dc)lfé

(|g @i [ 1700 - YOl

g [ -0 - )\w)

2T
‘82111({1 4) (/ (1 -0

\fﬂ) (Clg @) + Dl (]}
This ends the proof of the theorem. [

<

(1=0e"n(v,u )|dg

=

1

Remark 2.4. Besides, we conclude that

@) if p(¢) = L then inequality (2.6) reduces to the one
(1.9).
@) if p(¢) = ) ,(v,u) =v—uand ¢ =0, then we have

Nl'—

e i
A (7))
)

(iii) if p(¢) = r()

‘g(u) +g(u+en(v,u))

then it holds

2

Ti(p+k)) ;
- g+ n(vu) + I o k&)
2(()@’1@7“));[ +8u (0 10)) + Loy ]

<ei"’11(v,u) 1-27 ( ﬁ(l 2u+k)

Y w+k 2

()] ()G )
I\ 2k 72 2 27 2k
2+ k 1\

*ﬁ%(T’i)D

3. Trapezoidal type inequalities for twice differential functions

In this section, we are interesting in the study of the trape-
zoidal type inequalities for /,—preinvex functions, which are
twice differentiable. To obtain these inequalities, we first verify
the following lemma.

Lemma 3.1. Let g:[u,y] CR— R be a twice differentiable
functions on an  open interval  (u,v) such  that
&' € Llu,u+ en(v,u)] with n(v,u) >0 and u <v. Then, it
holds

g(u) + glu+e“n(v,u))
2

1
- m [u‘ ng (H + e“prl(vv M)) + (u+e"‘”n(v,u))7pg(u)}
on(v,u))’

(en(v,u))

| [ a0) -0 - a0 - 0l (e (1 - D),

(3.1)

where
Q(C):/gY(s)ds, Y(s):/jwdx<oo. (32)

Proof. It follows from the integrating by parts that

h= /0 (1) = Q) — (1 = O)lg" (u+ (1 = Oen(v,u))dl

—1 1 ) N
:46,-(“7@ 2 / [Y(0) = Y(1 = O)lg' (u+ (1 = O)en(v,u))dC
= ooyt L8 + gl enr ) 1Y)

(e’“’n(v u))

+/0 p(e"”n(v, u)l)g(u +(1- C)ei"’n(v,u))dﬁ
—/0 p(en(v,u)(1 = 0))g(u+ (1= 0)en(v,u))dt|.

By making use of the substitution x = u + (1 — {)e"n(v,u),
it yields

h= [{e

(c‘”n v,u))

e n(vu) o uten(vu) i N oy
7/ plx %xf/ plutenrw —x)
u Ju

- u+eon(v,u) — x

+g u+en(v u)}Y

[{g u) + g(u+ ¢ n(v,1)) JY (1) = (rctontvay) P+ I,g(u + ¢n(v,u)))].

(3:3)

(@ ”n(

Then, A simple calculation gives the equality (3.2). O
Remark 3.1. Particularly, it holds that

@) if p({) = o then the identity (3.1) reduces to the one
(1.10).

@) if p(¢) = #;)’ n(v,u) =v—u and ¢ =0, then identity
(3.1) reduces to the following result

g(w) ;g( ) I;El: +ul))“) [ g(v) + I g(u)]
(v —u)’

1

st | 1= e e - ona
which was obtained by Wang et al. [38].

(iti) if p({) =

then we have



Inequalities of trapezoidal type involving generalized fractional integrals 2981

g(u) + g(u+e“n(v,u))
2

De(n+K) 1 i z
- W [1f+ 18+ e n(v,u)) + Il(mrwn(v,u)y.kg(“)]
2

_ (e”n(v,u))
2(u+k)

[ 1= 00 e s (- ety

Theorem 3.1. Let g: [u,vV)CR — R be a twice differentiable
function on an  open interval  (u,v) such  that
g" € Llu,u+ e"n(v,u)] with n(v,u) >0 and u<v. If |g"| is
decreasing, measurable and A,-preinvex on a closed interval
[u, V], then we have

g(u) + g(u+ e“'n(v,u))
2

)g(u + e 71(V u)) + (u+en(vu))~ pg(u)} ‘ (34)

__)[

(¢“n(v,u)’

<SR (Al @]+ Bl O)),

where the constants A, and B are defined by

A= [} SY=100) - ) - (1 - Dl

B=| %M(l) —Q() - Q(1 — QL.

Proof. Invoking the result (3.1) and the property of modulus,
it finds

|g() + g(u + en(v, u))
! 2
21"1(1) [w g (u+ €2n(v,u)) + (ureionou) pE(1)]

@A) 1 o) - ) - 00 - 01+ (1 - Dt )]
Wn(v o [ -

< Taxr(n)
Notice that |g”| is 4,-preinvex function on interval [u, v], for
any { € (0,1), we conclude

Q(1 -9

g (u+ (1= ) n(v,u))|dL.

|g() + g(u + &n(v, u))

2
_%(1) [ 1,,g(u +en(v,u)) + reenvan) pE(W)]
+< 2%—'"( )\)}

\%D I )|/ (1) — Q) — Q(lfé)\zl\/\[—

+\g”(v)|/0 o) -0 - a1 - 2= 2)1)\\;—]

_(@n(v.u))’

Sy (Al 6]+ B 0],

This completes the proof of the theorem. [

Remark 3.2. Indeed, we have the following special cases:

Q) if p(2)
(1.11).
(ii) if p({) = g n(v,u)

‘g(“) +g(v) _ F(p+1)) [J”.g(v) + J‘,‘,g(u)]‘

2 2(v — u)”
St fra-rGed) -o(w3 )]
3
2

+lg" ()] g—ﬁ<l7u+§) —ﬁ(;w—é) }

then it hods

=t then inequality (3.4) reduces to the one

=v —u and ¢ =0, then we have

(iii) if p(0) = g

‘g(“) +g(u+en(v,u))

2
Li(u+k))
_m[u*kg( +6’ VI(V u))+1u+e"”n(1u) kg(u)]
“ﬂn v, u) " 3 2u+ 3k 2u+5k 1
e {25 ()

') [g- 83255 - s (23|}

Theorem 3.2. Let g : [u,v] C R — R be a twice differentiable func-
tion on an open interval (u,v) such that g € L{u,u + ¢“n(v,u)]
with n(v,u) > 0 and u < v. If |g"|" is decreasing, measurable and
Ap-preinvex on a closed interval [u, v], then

‘g(u) +g(u+ (v, u))
2

1 )
- T(l) |:Ll+1/)g(u + el(ﬂn(vv u)) + (Ll+e"‘ﬂq(v.u))7pg(u)}

. m’y,vu (/‘Q

where q > 1 and L +1

—o(l - C)lpdc)"

Proof. Applying equality (3.1), Hélder inequality and A,-
preinvexity of |g”|?, implies

‘g(u) +gu+e“n(v,u))

2

1 )
_—ZY(U [wlpg(u +€n(v,1)) + (ureionray- )]
(e (v, u) +(1— C)e"”n(v, u))d{

) /[Q —Q(1 - 0" (u
<%(/ ‘Q<1>—Q<€>—Q<l—é>|”d¢)"’
( / " (u+ (1= O (v, uqug) < (@n0vw)®

2Y(1)
(/ (1) - 2(0) - 201 - O )

< (i \/Oyf_dmg”(v)\"/ol “}%ﬂ)i

% </ |Ql)le(g) Q(lfi)\”dc>

< (o + (5w or)

This completes the proof of the theorem. [
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Remark 3.3. However, if

DHp() = then inequality (3.5) reduces to the one (1.12).
(i)p(0) = w1th n(v,u) =v—u and @ =0, then
gu) +g(v) F(u +1) ”
) e () + 22 ()|
(v —w’ 1

<g- zl*“){§|g"<u>\q () eor}.

(iii) p(0) = o, then

g(u) +glu+en(v,u)) Fk(u+k)>l
2 2eon(r, u))f

x [E:*,kg(u + ei(pn(v’ Ll)) +1 (uei®n(v,u))~ g(u):| ‘

<l (1-27) {Gewr+5 () g"(v)”}é.

Theorem 3.3. Let g: [u,v] CR — R be a twice differentiable
function on an  open interval  (u,v) such  that
&' € Llu,u+ e“n(v,u)] with n(v,u) >0 and u<v. If |g"|" is
decreasing, measurable and 1,-preinvex on a closed interval
[u,v] for some q = 1, then

g(u) + g(u+en(v,u))
2

—_ 2Yl(l) [L,+ng(u +en(v, u)) >+ (uﬂfw,i(v,u))fpg(u)}
) (/ 201) - 90 - a1 - DIt )
<C|g"< >|"+D|g" I, (36)
where C and D are given by
€= J19(1) - () - (1 - DI Y=,
D= fyla() - Q) - o - z’jf

Proof. It follows from equality (3.1), the power mean inequality
and A,-preinvexity of |g"|" that

lg(w) + g(u+e“n(v,u))
| 2

(ureien(vu))” pg(u)}

1 )
_T(l)[ w1og(u+en(v,u)) +
<u/ (1) - () - (1 -
< AT [ i) -0 -0 - o)

x(/lm (1) -0 -

"+ (1= 0)en(y, u)){d{

1
1=

1

Ol (u+ (1= D n(v.u) \"dc) "

1-1

< Mz%? (/ (1) Q(l%)ldg) "
(\g"(u)\"/ (1) -0 9(1%)@—&& |
e / (1) — @) - o(1 - o L=AVI=E ;)\“}T)’
anu (/ (1) (lfa)ldt>]ﬁ

(C\g” )I* + DIg" (v)[)".

This means that (3.6) is valid. O

Remark 3.4. It is obvious that
@) if p(0) :%, then inequality (3.6) reduces to the one
(1.13).

(ii) if p({) = F(u) with n(v,u) = v —u and ¢ =0, then

‘g(u) ;g( v) z(f +ul)‘ [T g(v) + I g(u)]
<= u)’ (1

<0297 (5 s Gw3)
(e 33)] +‘g”§”‘q IO e
(iii) if p(() = ;- then

‘ g(u) + g(u+en(v, ))
2

_ Ti(u+ k)
2(eton(v, u)ﬁ
2(n+ k

(1 ) ( (2u)|"F_ﬁ(3’2u2—i;{3k)
<2u+5k7;>}|g v) Fiﬁ(azﬂgkszc)
3

(2523)])

4. Applications for the moments

|:Il’+ kg( + € 1’](11 u)) + I(lH—L"/’ﬂ(L u))” ,kg(u)]

"”nvu

\

Distribution functions and density functions provide complete
descriptions of the distribution of probability for a given ran-
dom variable. However, they do not allow us to easily make
comparisons between two different distributions. The set of
moments that uniquely characterizes the distribution under
reasonable conditions are useful in making comparisons.
Knowing the probability function, we can determine moments
if they exist. Applying the mathematical inequalities, some esti-
mations for the moments of random variables were recently
studied by many authors, for more details see [1,3,4,16-
18,35,7].

Let y be a random variable whose probability function is
g:3 C R— Ry, where g is 4,-preinvex function on the inter-
val of real numbers 3 such that u,v € 3 with u < v. Denote by
M, (x) the " moment about any arbitrary point x of the ran-
dom variable y, r > 0, defined as

u+e'?
M. (x) = / (z—x)'g(z)dz, r=0,1,2,...

u

4.1)
In view of (4.1), we obtain the following propositions:

Proposition 4.1. Let r = 1 and y be a random variable with
probability function g : 3 C R — Ry, where g is a L,-preinvex

function on the interval of real numbers 3 such that u,v € I with

u < v. Then, it holds
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M, (1) + M, (u+ en(v,u))
2

u*Ier (u + €iw’7(‘h u)) + (u+e®n(v,u)) er'(u)}

1
T 27(1) [
re'n(v,u)

= T(f) [/0 (Y(1 =0 = Y(OIM,—i (u+ (1 = )en(v, u))d{]

=T [ -o -
x (/u“ E (2= (u+ (1= 0)e"n(y, u)))'llg(z)dz> dg},

Proof. It is obtained directly by using equality (2.1) with
glx)=M,(x). O

Proposition 4.2. Let r = 1 and y be a random variable with
probability function g: 3 C R — Ry, where g is a /,-preinvex
function on the interval of real numbers 3 such that u,v € I with
u < v. If the function |g| is bounded, then

M, (u)+M, (r¢+ei"’»1(y*,u))
2

77( [u*l M (u + EWV](V u)) + (u+e"/‘11(v,u))7er(u)]‘

el 1 (1 — ) = Y(O))((1 = 0 — £

X 2Y(1)

Proof. Employing Proposition 4.1 and the boundedness of |g|
deduces

‘M,(u) + M, (u+ en(v,u))
2

ut 1 M, ( + eiwﬂ("v u)) + (u+e"‘/’ry(v7u))7er(u)]‘

(1>[
re’%( )
i {/0 (1~ 0~ Y ()]

( " |z = (u+ (1= 0)e“n(v, u))| | (Z)|dZ)dC}
S— v

(e”n(v,u))"llgll.

2v(1) / [Y(1 =0 = YOI = &) = ).

This completes the proof of the proposition. O

Proposition 4.3. Let r = 2 and y be a random variable with
probability function g: 3 C R — Ry, where g is a ,-preinvex
Sfunction on the interval of real numbers 3 such that u,v € 3 with
u < v. Then, we have

M, () + M, (u + en(v, u))
2

1 i
- T(l) [U+IPMr (u + e w’i("s u)) + (u+e"/‘n(v,u))’er'(”)}
_rr=1)(en(v,u))’
N 2Y(1)

(1~ OIM, (1= (o, u))dz]

[fo0-

r(r = 1)(e*n(v,u)’ !
=T oy { /0 Q1) - Q) -1 - )]

x </ ) (z = (u+ (1= )e*n(, u)))’zg(z)dz> dcy.

Proof. The desired result is a direct consequence of equality
(3.1) for g(x) = M,(x). O

Proposition 4.4. Let r = 2 and y be a random variable with
probability function g : 3 C R — R, where g is a A,-preinvex
function on the interval of real numbers 3 such that u,v € 3 with
u < v. If the function |g| is bounded, then

'M,,(u)+M, (wreon(ra))

2 Y [H*I M, (”+€m'7(" u)) + (ureion(ra))” PM (")}

<Al o) — o) — o0 - ) (-0 - )

Proof. Employing Proposition 4.3 and the boundedness of |g|
implies

My (u)+ M, (u-+e™n(vau)
w,% [t I, M (1 + €9n(v, 1)) + (useiontoa) PM, (1))

< { ) 19() - ) - (1 - 0
(e |z—<u+<1—e>e'<w<v ) le(2)ld=) de s
a1 -l -0 " =)

on(var))' gl
< ( 27(1) ];) Q(l Q(C) -

This completes the proof of the proposition. [

5. Conclusion

In this paper, we established the trapezoidal type inequalities
involving generalized fractional integrals for the A,—preinvex
functions, which are differentiable or twice differentiable. Fur-
thermore, we obtained some new inequalities of trapezoidal-
type for differentiable A,—preinvex functions by applying clas-
sical and Riemann-Liouville fractional integrals. The results
presented in this paper would provide generalizations of those
given in such earlier works [8,41,39]. In the future, you may
apply the generalized fractional integrals to various models
of fractional calculus such as Atangana—Baleanu and Prab-
hakar models.
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