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Abstract

In this paper, the newly proposed concept of the generalized proportional fractional integral
operator with respect to another function Φ has been utilized to generate integral inequalities
using convex function. This new concept will have the option to reduce self-similitudes in the
fractional attractors under investigation. We discuss the implications and other consequences
of the integral inequalities concerning the generalized proportional fractional integral operator
with respect to another function Φ are derived here and these outcomes permit us specifically
to generalize some classical inequalities. Certain intriguing subsequent consequences of the
fundamental hypotheses are also figured. It is to be supposed that this investigation will provide
new directions in the quantum theory of capricious nature.

Keywords : Convex Functions; Generalized Proportional Fractional Integral Operator With
Respect To Another Function; Integral Inequalities.

1. INTRODUCTION

Fractional calculus and its extensive utilities have
lately been paid to a regularly expanding degree
considerations. A fascinating specialty of this paper
is that there are several fractional operators. The
attractors with numerical simulations for vary-
ing values and this permits the readers to choose
the most appropriate operator for demonstrating
the issue under investigation. In addition, as a
result of its effortlessness in applications, ana-
lysts have given more consideration to presently
determined fractional operators without singular
kernels,13,15–17,23,25,27,36,37,49 and afterward numer-
ous articles considering these sorts of fractional
operators nowadays turn out to be noticeable.
Almeida9 explored a new fractional derivative called
Caputo derivative with respect to another func-
tion Φ and Kilbas et al.33 contemplated the con-
cept of Riemann–Liouville fractional integrals with
respect to another function Φ, which is the extraor-
dinary generalization of all fractional integral oper-
ators. It is fairly well-known that there are a num-
ber of different definitions of fractional integrals
and their applications. Each definition has its own
advantages and appropriate for utilities to diverse
kinds of issues. Currently, Atangana and Baleanu11

provided one more direction to this investigation
by introducing a new operator that depends on
the generalized Mittag–Leffler function, since the
Mittag–Leffler function is more reasonable in com-
municating nature than control work. Within the
structure of applied science and mathematical mod-
eling, there exists an outstanding kind of opera-
tor known as generalized proportional fractional

integral operator in which the variable is a scaled
according to proportionality index ς. This diver-
sified operator was introduced by Rashid et al.,47

to the conceivable role those physical problems
for which classical physical law, for example, the
well-known Mellin transform, Fourier transform and
probability theory is suitable, such physical issue
is accepted to be found on the fractional calculus
and pertinent to the media of non-integral fractional
operators.2–5,19,26,30,32,34,46,48

Integral inequalities are considered to be sig-
nificant as these are helpful in the investiga-
tion of various classes of differential and inte-
gral equations.1,6,12,14,20,22,24,31,35,38–41,51,54–64 Few
decades ago, numerous scientists have acquired dif-
ferent fractional integral inequalities encompassing
the diverse fractional differential and integral oper-
ators. There is countless fractional integral opera-
tors mentioned within the literature, however, due
to their utilities in numerous areas of sciences, the
Riemann–Liouville and Hadamard fractional inte-
gral operators have been contemplated broadly.52,53

Recently, the authors introduced numerous
variants via fractional integral operator such
as Hermite–Hadamard inequalities, Gruss type
and certain Gronwall variants with applications
by employing Riemann–Liouville, Hadamard frac-
tional operators and generalized proportional
Hadamard fractional integral.7,8,10,42,44 In Ref. 21
Dahmani established certain classes of fractional
integral inequalities by using a family of n pos-
itive functions. In Ref. 8 Aldhaifallah et al.
derived several extended versions for a class of
family of n(n ∈ N) positive continuous and
decreasing functions on an interval by introducing
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the concept of combination of two classes via frac-
tional integral operators. Currently, the well-known
fractional operators have taken considerable atten-
tion of several researchers for deriving remark-
able speculations, modifications, exploring proper-
ties and utilities for several fractional integrals can
be found in the literature.18,43,45,50

In this paper, a new concept of the general-
ized proportional fractional integral operator with
respect to another function ψ is introduced. This
new concept takes into account the fractional cal-
culus. These novelties are a combination of convex
functions based on several variants that correlate
with the generalized proportional fractional integral
operator with respect to another function ψ. New
results are presented and new theorems are estab-
lished. In addition to this, the numerical approxi-
mations for the new Definition 2.5 in fractional cal-
culus are presented. The newly introduced numeri-
cal approximation is used to solve problems in inte-
grodifferential equations, aerodynamics, and opti-
mization theory. The new definition could open new
doors of investigation toward convexity and frac-
tional calculus.

2. PRELIMINARIES

This segment is dedicated to some recognized def-
initions and outcomes associated with the general-
ized proportional fractional integral operator with
respect to another function Φ.

Definition 2.1 (Refs. 30 and 33). A function
U(ξ) is said to be in Lq,r[0,∞] if

Lq,r[0,∞) =

{
U : ‖U‖Lq,r [0,∞)

=

(∫ υ2

υ1

|U(λ)|qλrdλ
) 1

q

<∞,

1 ≤ q <∞, r ≥ 0

}
.

For r = 0,

Lq[0,∞) =
{
U : ‖U‖Lq [0,∞)

=

(∫ υ2

υ1

|U(λ)|qdλ
) 1

q

<∞,

1 ≤ q <∞
}
.

Definition 2.2 (Ref. 28). Let U ∈ L1[0,∞) and
Ψ be an increasing and positive monotone function

on [0,∞) and also derivative Ψ′ is continuous on
[0,∞) and Ψ(0) = 0. The space χq

Ψ(0,∞) (1 ≤ q <
∞) of those real-valued Lebesgue measureable func-
tions U on [0,∞) for which

‖U‖χq
Ψ
=

(∫ ∞

0
|U(λ)|pΨ′(λ)dλ

) 1
p

<∞,

1 ≤ q <∞
and for the case q = ∞

‖U‖χ∞
Ψ

= ess sup
0≤λ<∞

[
Ψ′(λ)U(λ)

]
.

Specifically, when Ψ(ξ) = ξ (1 ≤ q <∞) the space
χq
Ψ(0,∞) coinsides with the Lq[0,∞)-space and also

if we choose Ψ(ξ) = ln ξ (1 ≤ q < ∞) the space
χq
Ψ(0,∞) coincides with Lq,r[1,∞)-space.

Now, we present a new fractional operator which
is known as the GPF-integral operator of a function
in the sense of another function Ψ, which is mainly
due to Rashid et al.47

Definition 2.3 (Ref. 47). Let U ∈ χq
Ψ(0,∞),

there is an increasing, positive monotone function
Ψ defined on [0,∞) having continuous derivative
Ψ′(ξ) on [0,∞) with Ψ(0) = 0. Then, the left-sided
and right-sided GPF-integral operator of a function
U in the sense of another function Ψ of order η > 0
are stated as follows:

(ΨT η,ς
υ1 U)(ξ) = 1

ςηΓ(η)

∫ ξ

υ1

exp[ ς−1
ς (Ψ(ξ)−Ψ(λ))]

(Ψ(ξ)−Ψ(λ))1−η

×U(λ)Ψ′(λ)dλ, υ1 < ξ (2.1)

and

(ΨT δ,ς
υ2 U)(ξ) = 1

ςδΓ(δ)

∫ υ2

ξ

exp[ ς−1
ς (Ψ(λ)−Ψ(ξ))]

(Ψ(λ)−Ψ(ξ))1−δ

×U(λ)Ψ′(λ)dλ, ξ < υ2, (2.2)

where the proportionality index ς ∈ (0, 1], δ ∈
C,�(δ) > 0, and Γ(ξ) =

∫∞
0 λξ−1e−λdλ is the

Gamma function.

Remark 2.4. Several existing fractional operators
are just special cases of (2.1) and (2.2).

(1) Choosing Ψ(ξ) = ξ in (2.1) and (2.2), then we
acquire the left- and right-sided GPF operator pro-
posed by Jarad et al.,26 stated as follows:

(T δ,ς
υ1 U)(ξ) = 1

ςδΓ(δ)

∫ ξ

υ1

exp[ ς−1
ς (ξ − λ)]

(ξ − λ)1−δ

×U(λ)dλ, υ1 < ξ (2.3)
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and

(T δ,ς
υ2 U)(ξ) = 1

ςδΓ(δ)

∫ υ2

ξ

exp[ ς−1
ς (λ− ξ)]

(λ− ξ)1−δ

×U(λ)dλ, ξ < υ2. (2.4)

(2) Choosing ς = 1 in (2.1) and (2.2), then we
acquire the left- and right-sided generalized RL-
fractional integral operator introduced by Kilbas et
al.,33 stated as follows:

(ΨT δ
υ1U)(ξ) =

1

Γ(δ)

∫ ξ

υ1

Ψ′(λ)U(λ)
(Ψ(ξ)−Ψ(λ))1−δ

dλ,

υ1 < ξ (2.5)

and

(ΨT δ
υ2U)(ξ) =

1

δΓ(δ)

∫ υ2

ξ

U(λ)Ψ′(λ)
(Ψ(λ)−Ψ(ξ))1−δ

dλ,

ξ < υ2. (2.6)

(3) Choosing Ψ(ξ) = ln ξ in (2.1) and (2.2), then we
acquire the left- and right-sided generalized propor-
tional Hadamard fractional integral operator estab-
lished by Rahman et al.,42 stated as follows:

(T δ,ς
υ1 U)(ξ) = 1

ςδΓ(δ)

∫ ξ

υ1

exp[ ς−1
ς

(
ln ξ

λ

)
](

ln ξ
λ

)1−δ

× U(λ)
λ

dλ, υ1 < ξ (2.7)

and

(T δ,ς
υ2 U)(ξ) = 1

ςδΓ(δ)

∫ υ2

ξ

exp[ ς−1
ς

(
ln λ

ξ

)
]

(ln λ
ξ )

1−δ

× U(λ)
λ

dλ, ξ < υ2. (2.8)

(4) Choosing Ψ(ξ) = ln ξ along with ς = 1 in (2.1)
and (2.2), then we acquire the left- and right-sided
Hadamard fractional integral operator obtained by
Kilbas et al.33 and Samko et al.,49 stated as follows:

T δ
υ1U(ξ) =

1

ςδΓ(δ)

∫ ξ

υ1

U(λ)
λ
(
ln ξ

λ

)1−δ
dλ, υ1 < ξ

(2.9)

and

T δ
υ2U(ξ) =

1

ςδΓ(δ)

∫ υ2

ξ

U(λ)
λ(ln λ

ξ )
1−δ

dλ, ξ < υ2.

(2.10)

(5) Choosing Ψ(ξ) = ξρ

ρ (ρ > 0) in (2.1) and (2.2),
then we acquire the left- and right-sided generalized
fractional integral operator obtained by Katugam-
pola,29 stated as follows:

T δ
υ1U(ξ) =

1

Γ(δ)

∫ ξ

υ1

(ξρ − λρ

ρ

)δ−1

×U(λ) dλ

λ1−ρ
, υ1 < ξ (2.11)

and

T δ
υ2U(ξ) =

1

Γ(δ)

∫ υ2

ξ

(λρ − ξρ

ρ

)δ−1

×U(λ) dλ

λ1−ρ
, ξ < υ2. (2.12)

(6) Choosing Ψ(ξ) = ξ along with ς = 1 in (2.1)
and (2.2), then we get the left- and right-sided RL-
fractional integral operator stated as follows:

T δ
υ1U(ξ) =

1

Γ(δ)

∫ ξ

υ1

U(λ)
(ξ − λ)1−δ

dλ, υ1 < ξ

(2.13)

and

T δ
υ2U(ξ) =

1

Γ(δ)

∫ υ2

ξ

U(λ)
(λ− ξ)1−δ

dλ, ξ < υ2.

(2.14)

Definition 2.5. Let U ∈ χq
Ψ(0,∞) and there is an

increasing, positive monotone function Ψ defined on
[0,∞) having continuous derivative Ψ′(ξ) on [0,∞)
with Ψ(0) = 0. Then, the one-sided GPF-integral
operator of a function U in the sense of another
function Ψ of order δ > 0 and proportionality index
ς ∈ [0, 1] is stated as follows:

(T δ,ς
0+,ξ

U)(ξ) = 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Ψ(ξ)−Ψ(λ)]

(Ψ(ξ)−Ψ(λ))1−δ

×U(λ)Ψ′(λ)dλ, λ > 0. (2.15)

3. MAIN RESULTS

This section is devoted to establishing generaliza-
tions of some classical inequalities by employing
GPF integral with respect to another function Ψ
defined in (2.15).

Theorem 3.1. For ς ∈ (0, 1], δ ∈ C,R(δ) > 0 and
there are two positive continuous functions U and
V defined on [0,∞) and U ≤ V on [0,∞). If U

V is
decreasing, U is increasing on [0,∞), then for any
convex function Θ having Θ(0) = 0. Assume that, Φ
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is an increasing and positive monotone function on
[0,∞), derivative Φ′ is continuous on [0,∞) with
Φ(0) = 0, then the generalized proportional frac-
tional integral operator with respect to another func-
tion Φ given by (2.7) satisfies the inequality

ΦT δ,ς
0,ξ [U(ξ)]

ΦT δ,ς
0,ξ [V(ξ)]

≥
ΦT δ,ς

0,ξ [Θ (U(ξ))]
ΦT δ,ς

0,ξ [Θ (V(ξ))]
. (3.1)

Proof. Since U is increasing along with the func-

tion Θ(U(ξ))
U(ξ) , moreover, using convexity of Θ having

Θ(0) = 0, and the function Θ(U(ξ))
ξ is increasing.

Thus, for all λ, ρ ∈ [0,∞), we have(
Θ(U(λ))
U(λ) − Θ(U(ρ))

U(ρ)

)(
U(ρ)
V(ρ) −

U(λ)
V(λ)

)
≥ 0.

(3.2)

It follows that

Θ (U(λ))
U(λ)

U(ρ)
V(ρ) +

Θ (U(ρ))
U(ρ)

U(λ)
V(λ) −

Θ(U(ρ))
U(ρ)

U(ρ)
V(ρ)

−Θ(U(λ))
U(λ)

U(λ)
V(λ) ≥ 0. (3.3)

Multiplying (3.3) by V(λ)V(ρ), we have

Θ (U(λ))
U(λ) U(ρ)V(λ) + Θ (U(ρ))

U(ρ) U(λ)V(ρ)

−Θ(U(ρ))
U(ρ) U(ρ)V(λ) − Θ(U(λ))

U(λ) U(λ)V(ρ) ≥ 0.

(3.4)

Multiplying (3.4) by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)−Φ(λ))1−δ ,

which is positive because λ ∈ (0, ξ), ξ > 0 and inte-
grating with respect to λ from 0 to ξ, we have

1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

× Θ(U(λ))
U(λ) U(ρ)V(λ)dλ

+
1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

× Θ(U(ρ))
U(ρ) U(λ)V(ρ)dλ

− 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

× Θ(U(ρ))
U(ρ) U(ρ)V(λ)dλ

− 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

× Θ(U(λ))
U(λ) U(λ)V(ρ)dλ ≥ 0. (3.5)

This follows that

U(ρ) ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)

)

+

(
Θ(U(ρ))
U(ρ) V(ρ)

)
ΦT δ,ς

0,ξ (U(ξ))

−
(
Θ(U(ρ))
U(ρ) U(ρ)

)
ΦT δ,ς

0,ξ (V(ξ))

− V(ρ) ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) U(ξ)

)
≥ 0. (3.6)

Again, multiplying both sides of

(3.6) by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(ξ)−Φ(ρ))]Φ′(ρ)
(Φ(ξ)−Φ(ρ))1−δ , which is pos-

itive because ρ ∈ (0, ξ), ξ > 0 and integrating with
respect to ρ from 0 to ξ, we have

ΦT δ,ς
0,ξ (U(ξ)) ΦT δ,ς

0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)

)

+ ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)

)
ΦT δ,ς

0,ξ (U(ξ))

≥ ΦT δ,ς
0,ξ (V(ξ)) ΦT δ,ς

0,ξ (Θ(U(ξ)))

+ ΦT δ,ς
0,ξ (Θ(U(ξ))) ΦT δ,ς

0,ξ (V(ξ)) . (3.7)

It follows that

ΦT δ,ς
0,ξ (U(ξ))

ΦT δ,ς
0,ξ (V(ξ))

≥
ΦT δ,ς

0,ξ (Θ (U(ξ)))
ΦT δ,ς

0,ξ

(
Θ(U(ξ))
U(ξ) (V(ξ))

) . (3.8)

Now, since U ≤ V on [0,∞) and Θ(ξ)
ξ is an increasing

function, for λ, ρ ∈ [0, ξ), we have

Θ (U(λ))
U(λ) ≤ Θ(V(λ))

V(λ) . (3.9)

Multiplying both sides of (3.9)

by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)−Φ(λ))1−δ V(λ) , which is pos-

itive because λ ∈ (0, ξ), ξ > 0 and integrating with
respect to λ from 0 to ξ, we have

1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

× Θ(U(λ))
U(λ) V(λ)dλ
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≤ 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

× Θ(V(λ))
V(λ) V(λ)dλ, (3.10)

which, in view of (2.7), can be written as

ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)

)
≤ ΦT δ,ς

0,ξ (Θ (V(λ))) .

(3.11)

Hence from (3.8) and (3.11), we get (3.3).

We give also the following result.

(I) Letting Φ(λ) = λ, then we have a new result for
generalized proportional fractional integral.

Corollary 3.2. For ς ∈ (0, 1], δ ∈ C,R(δ) > 0 and
there are two positive continuous functions U and
V defined on [0,∞) and U ≤ V on [0,∞). If U

V is
decreasing, U is increasing on [0,∞), then for any
convex function Θ having Θ(0) = 0, we have the
inequality

T δ,ς
0,ξ [U(ξ)]

T δ,ς
0,ξ [V(ξ)]

≥
T δ,ς
0,ξ [Θ (U(ξ))]

T δ,ς
0,ξ [Θ (V(ξ))]

.

(II) Letting Φ(λ) = λ along with ς = 1, then we
have a new result for Riemann–Liouville fractional
integral.

Corollary 3.3. For δ ∈ C,R(δ) > 0 and there are
two positive continuous functions U and V defined
on [0,∞) and U ≤ V on [0,∞). If U

V is decreas-
ing, U is increasing on [0,∞), then for any convex
function Θ having Θ(0) = 0, we have the inequality

T δ
0,ξ [U(ξ)]

T δ
0,ξ [V(ξ)]

≥
T δ
0,ξ [Θ (U(ξ))]

T δ
0,ξ [Θ (V(ξ))]

.

Remark 3.4. If we choose Φ(λ) = lnλ, then The-
orem 3.1 in this paper reduces to Theorem 3.1 in
Ref. 42 and choosing Φ(λ) = lnλ along with ς = 1,
then we get Theorem 3.1 in Ref. 18

Theorem 3.5. For ς ∈ (0, 1], δ, η ∈ C, R(δ),R(η) >
0 and there are two positive continuous functions
U and V defined on [0,∞) and U ≤ V on [0,∞).
If U

V is decreasing, U is increasing on [0,∞) and
Θ is a convex function having Θ(0) = 0. Assume
that, Φ is an increasing and positive monotone func-
tion on [0,∞), derivative Φ′ is continuous on [0,∞)
with Φ(0) = 0, then the generalized proportional
fractional integral operator with respect to another

function Φ given by (2.7) satisfies the inequality

ΦT δ,ς
0,ξ [U(ξ)] ΦT η,ς

0,ξ [Θ (V(ξ))]+ ΦT η,ς
0,ξ [U(ξ)] ΦT δ,ς

0,ξ [Θ (V(ξ))]
ΦT δ,ς

0,ξ [V(ξ)] ΦT η,ς
0,ξ [Θ (U(ξ))]+ ΦT η,ς

0,ξ [V(ξ)] ΦT δ,ς
0,ξ [Θ (U(ξ))]

≥ 1, (3.12)

Proof. Since U is increasing along with the func-

tion Θ(U(ξ))
U(ξ) , moreover, using convexity of Θ having

Θ(0) = 0, and the function Θ(U(ξ))
ξ is increasing.

Thus, for all λ, ρ ∈ [0, ξ). Multiplying (3.6)

by 1
ςηΓ(η)

exp[ ς−1
ς

(Φ(ξ)−Φ(ρ))]Φ′(ρ)
(Φ(ξ)−Φ(ρ))1−η , which is positive

because ρ ∈ (0, ξ), ξ > 0 and integrating with
respect to ρ from 0 to ξ, we have

ΦT η,ς
0,ξ (U(ξ)) ΦT δ,ς

0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)

)

+ ΦT η,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)

)
ΦT δ,ς

0,ξ (U(ξ))

≥ ΦT δ,ς
0,ξ (V(ξ)) ΦT η,ς

0,ξ (Θ (U(ξ)))

+ ΦT δ,ς
0,ξ (Θ (U(ξ))) ΦT η,ς

0,ξ (V(ξ)) . (3.13)

Now, since U ≤ V on [0,∞) and Θ(ξ)
ξ is an increasing

function, for λ, ρ ∈ [0, ξ), we have

Θ (U(λ))
U(λ) ≤ Θ(V(λ))

V(λ) . (3.14)

Multiplying both sides of (3.14) by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)−Φ(λ))1−δ V(λ), which is

positive because λ ∈ (0, ξ), ξ > 0 and integrating
with respect to λ from 0 to ξ, we have

1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(λ))
U(λ) V(λ)dλ

≤ 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(V(λ))
V(λ) V(λ)dλ, (3.15)

which, in view of (2.7), can be written as

ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)

)
≤ ΦT δ,ς

0,ξ (Θ (V(ξ))) .

(3.16)

Hence from (3.11), (3.13) and (3.16), we get our
desired result.
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We give the following generalizations of 3.5 as
follows.

(I) Letting Φ(λ) = λ, then we have a new result for
generalized proportional fractional integral.

Corollary 3.6. For ς ∈ (0, 1], δ, η ∈ C,
R(δ),R(η) > 0 and there are two positive con-
tinuous functions U and V defined on [0,∞) and
U ≤ V on [0,∞). If U

V is decreasing, U is increasing
on [0,∞), then for any convex function Θ having
Θ(0) = 0, we have the inequality

T δ,ς
0,ξ [U(ξ)] T η,ς

0,ξ [Θ (V(ξ))] + T η,ς
0,ξ [U(ξ)] T δ,ς

0,ξ [Θ (V(ξ))]

T δ,ς
0,ξ [V(ξ)] T η,ς

0,ξ [Θ (U(ξ))] + T η,ς
0,ξ [V(ξ)] T δ,ς

0,ξ [Θ (U(ξ))]
≥ 1.

(II) Letting Φ(λ) = λ along with ς = 1, then we
have a new result for Riemann–Liouville fractional
integral.

Corollary 3.7. For δ, η ∈ C, R(δ),R(η) > 0 and
there are two positive continuous functions U and
V defined on [0,∞) and U ≤ V on [0,∞). If U

V is
decreasing, U is increasing on [0,∞) then for any
convex function Θ having Θ(0) = 0, we have the
inequality

T δ
0,ξ [U(ξ)] T

η
0,ξ [Θ (V(ξ))] + T η

0,ξ [U(ξ)] T
δ
0,ξ [Θ (V(ξ))]

T δ
0,ξ [V(ξ)] T

η
0,ξ [Θ (U(ξ))] + T η

0,ξ [V(ξ)] T δ
0,ξ [Θ (U(ξ))]

≥ 1.

Remark 3.8. If we choose Φ(λ) = lnλ, then The-
orem 3.5 in this paper reduces to Theorem 3.2 in
Ref. 42 and choosing Φ(λ) = lnλ along with ς = 1,
then we get Theorem 3.2 in Ref. 18 Also, if we con-
sider δ = η, then Theorem 3.5 will lead to Theorem
3.1.

We further have the following main theorem.

Theorem 3.9. For ς ∈ (0, 1], δ ∈ C,R(δ) > 0 and
there are three positive continuous functions U ,V
and W defined on [0,∞) and U ≤ V on [0,∞). If
U
V is decreasing, U is increasing on [0,∞) and Θ is
a convex function having Θ(0) = 0. Assume that, Φ
is an increasing and positive monotone function on
[0,∞), derivative Φ′ is continuous on [0,∞) with
Φ(0) = 0, then the generalized proportional frac-
tional integral operator with respect to another func-
tion Φ given by (2.7) satisfies the inequality

ΦT δ,ς
0,ξ [U(ξ)]

ΦT δ,ς
0,ξ [V(ξ)]

≥
ΦT δ,ς

0,ξ [Θ (U(ξ))W (ξ)]

ΦT δ,ς
0,ξ [Θ (V(ξ))W (ξ)]

. (3.17)

Proof. Since U ≤ V on [0,∞) and Θ(ξ)
ξ is an

increasing function, for λ, ρ ∈ [0, ξ), we have

Θ (U(λ))
U(λ) ≤ Θ(V(λ))

V(λ) . (3.18)

Multiplying both sides of (3.18) by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(x)−Φ(λ))]Φ′(λ)
(Φ(x)−Φ(λ))1−δ V(λ)W(λ), which is positive

because λ ∈ (0, ξ), ξ > 0 and integrating with
respect to λ from 0 to ξ, we get

1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(λ))
U(λ) V(λ)W(λ)dλ

≤ 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(V(λ))
V(λ) V(λ)W(λ)dλ, (3.19)

which, in view of (2.7), can be written as

ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)W(ξ)

)
≤ ΦT δ,ς

0,ξ (Θ (V(ξ))

W(ξ)) . (3.20)

Also, since Θ is convex with Θ(0) = 0, the function
Θ(λ)
λ is increasing. As U is increasing, so is the func-

tion Θ(U(λ))
U(λ) . Obviously, the function U(λ)

V(λ) is decreas-

ing for all λ, ρ ∈ [0, ξ), ξ > 0. We have

(
Θ(U(λ))
U(λ) − Θ(U(ρ))

U(ρ) W(ρ)

)

(U(ρ)V(λ) − U(λ)V(ρ)) ≥ 0. (3.21)

It follows that

Θ (U(λ))W(λ)

U(λ) U(ρ)V(λ)

+
Θ (U(ρ))W(ρ)

U(ρ) UλV(ρ)

−Θ(U(ρ))W(ρ)

U(ρ) U(ρ)V(λ)

−Θ(U(λ))W(λ)

U(λ) U(λ)V(ρ) ≥ 0. (3.22)
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Multiplying (3.22) by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)−Φ(λ))1−δ ,

which is positive because λ ∈ (0, ξ), ξ > 0 and inte-
grating with respect to λ from 0 to ξ, we have

1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(λ))
U(λ)

× U(ρ)V(λ)W(λ)dλ

+
1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(ρ))
U(ρ)

× U(λ)V(ρ)W(ρ)dλ

− 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(ρ))
U(ρ)

× U(ρ)V(λ)W(ρ)dλ

− 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(λ))
U(λ)

× U(λ)V(ρ)W(λ)dλ ≥ 0. (3.23)

It follows that

Θ (U(λ))W(λ)

U(λ) U(ρ)V(λ)

+
Θ (U(ρ))W(ρ)

U(ρ) U(λ)V(ρ)

− Θ(U(ρ))W(ρ)

U(ρ) U(ρ)V(λ)

− Θ(U(λ))W(λ)

U(λ) U(λ)V(ρ) ≥ 0. (3.24)

Multiplying (3.22) by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)−Φ(λ))1−δ ,

which is positive because λ ∈ (0, ξ), ξ > 0 and inte-
grating with respect to λ from 0 to ξ, we have

1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(λ))
U(λ)

× U(ρ)V(λ)W(λ)dλ

+
1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(ρ))
U(ρ)

× U(λ)V(ρ)W(ρ)dλ

− 1

ςδΓ(δ)

∫ ξ

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)− Φ(λ))1−δ

Θ(U(ρ))
U(ρ)

× U(ρ)V(λ)W(ρ)dλ

− 1

ςδΓ(δ)

∫ x

0

exp[ ς−1
ς (Φ(ξ)− Φ(λ))]Φ′(λ)
(Φ(ξ)−Φ(λ))1−δ

Θ(U(λ))
U(λ)

× (λ)V(ρ)W(λ)dλ ≥ 0. (3.25)

This follows that

U(ρ) ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)W(ξ)

)

+

(
Θ(U(ρ))
U(ρ) V(ρ)W(ρ)

)
ΦT δ,ς

0,ξ (U(ξ))

−
(
Θ(U(ρ))
U(ρ) U(ρ)W(ρ)

)
ΦT δ,ς

0,ξ (V(ξ))

− V(ρ) ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) U(ξ)W(ξ)

)
≥ 0.

(3.26)

Again, multiplying both sides of (3.26) by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(ξ)−Φ(ρ))]Φ′(ρ)
(Φ(ξ)−Φ(ρ))1−δ , which is positive because

ρ ∈ (0, ξ), ξ > 0 and integrating with respect to
ρ from 0 to ξ, we have

ΦT δ,ς
0,ξ (U(ξ)) ΦT δ,ς

0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)W(ξ)

)

+ ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)W(ξ)

)
ΦT δ,ς

0,ξ (U(ξ))

≥ ΦT δ,ς
0,ξ (V(ξ)) ΦT δ,ς

0,ξ (ΘU(ξ)W(ξ))

+ ΦT δ,ς
0,ξ (ΘU(ξ)W(ξ)) ΦT δ,ς

0,ξ (V(ξ)) . (3.27)

It follows that
ΦT δ,ς

0,ξ (U(ξ))
ΦT δ,ς

0,ξ (U(ξ))
≥

ΦT δ,ς
0,ξ (Θ (U(ξ))W(ξ))

ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) (V(ξ))W(ξ)

) .
(3.28)

Hence from (3.20) and (3.28), we get our required
result.

At the end, we give the following corollaries.

(I) Letting Φ(λ) = λ, then we have a new result for
generalized proportional fractional integral.

Corollary 3.10. For ς ∈ (0, 1], δ ∈ C,R(δ) > 0 and
there are three positive continuous functions U ,V
and W defined on [0,∞) and U ≤ V on [0,∞). If
U
V is decreasing, U is increasing on [0,∞), then for
any convex function Θ having Θ(0) = 0, we have
the inequality

T δ,ς
0,ξ [U(ξ)]

T δ,ς
0,ξ [V(ξ)]

≥
T δ,ς
0,ξ [Θ (U(ξ))W (ξ)]

T δ,ς
0,ξ [Θ (V(ξ))W (ξ)]

. (3.29)
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(II) Letting Φ(λ) = λ along with ς = 1, then we
have a new result for Riemann–Liouville fractional
integral.

Corollary 3.11. For ς ∈ (0, 1], δ ∈ C,R(δ) > 0 and
there are three positive continuous functions U ,V
and W defined on [0,∞) and U ≤ V on [0,∞). If
U
V is decreasing, U is increasing on [0,∞) then for
any convex function Θ having Θ(0) = 0, we have
the inequality

T δ
0,ξ [U(ξ)]

T δ
0,ξ [V(ξ)]

≥
T δ
0,ξ [Θ (U(ξ))W (ξ)]

T δ
0,ξ [Θ (V(ξ))W (ξ)]

. (3.30)

Remark 3.12. If we choose Φ(λ) = lnλ, then The-
orem 3.9 in this paper reduces to Theorem 3.3 in
Ref. 42 and choosing Φ(λ) = lnλ along with ς = 1,
then we get Theorem 3.3 in Ref. 18

Theorem 3.13. For ς ∈ (0, 1], δ, η ∈ C,
R(δ),R(η) > 0 and there are three positive contin-
uous functions U ,V and W defined on [0,∞) and
U ≤ V on [0,∞). If U

V is decreasing, U is increas-
ing on [0,∞) and Θ is a convex function having
Θ(0) = 0. Assume that, Φ is an increasing and pos-
itive monotone function on [0,∞), derivative Φ′ is
continuous on [0,∞) with Φ(0) = 0, then the gener-
alized proportional fractional integral operator with
respect to another function Φ given by (2.7) satisfies
the inequality

ΦT δ,ς
0,ξ [U(ξ)]ΦT

η,ς
0,ξ [Θ(U(ξ))W(ξ)]

+ΦT η,ς
0,ξ [U(ξ)]ΦT

δ,ς
0,ξ [Θ(U(ξ))W(ξ)]

ΦT δ,ς
0,ξ [V(ξ)]ΦT

η,ς
0,ξ [Θ(U(ξ))W(ξ)]

+ΦT η,ς
0,ξ [V(ξ)]ΦT

δ,ς
0,ξ [Θ(U(ξ))W(ξ)]

≥ 1. (3.31)

Proof. Multiplying both sides of (3.26) by 1
ςηΓ(η)

exp[ ς−1
ς

(Φ(ξ)−Φ(ρ))]Φ′(ρ)
(Φ(ξ)−Φ(ρ))1−η , which is positive because

ρ ∈ (0, ξ), ξ > 0 and integrating with respect to
ρ from 0 to ξ, we have

ΦT η,ς
0,ξ (U(ξ)) ΦT δ,ς

0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)W(ξ)

)

+ ΦT η,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)W(ξ)

)
ΦT δ,ς

0,ξ (U(ξ))

≥ ΦT δ,ς
0,ξ (V(ξ)) ΦT η,ς

0,ξ (Θ (U(ξ))W(ξ))

+ ΦT δ,ς
0,ξ (Θ (U(ξ))W(ξ)) ΦT η,ς

0,ξ (V(ξ)) . (3.32)

Now, since U ≤ V on [0,∞) and Θ(ξ)
ξ is an increasing

function, for λ, ρ ∈ [0, ξ), we have

Θ (U(λ))
U(λ) ≤ Θ(V(λ))

V(λ) . (3.33)

Multiplying both sides of (3.33) by 1
ςδΓ(δ)

exp[ ς−1
ς

(Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)−Φ(λ))1−δ V(λ)W(λ), which is positive

because λ ∈ (0, ξ), ξ > 0 and integrating the
obtained inequality with respect to λ from 0 to ξ,
we get

ΦT δ,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)W(ξ)

)

≤ ΦT δ,ς
0,ξ (Θ (V(ξ))W(ξ)). (3.34)

Similarly, multiplying both sides of (3.33) by 1
ςηΓ(η)

exp[ ς−1
ς

(Φ(ξ)−Φ(λ))]Φ′(λ)
(Φ(ξ)−Φ(λ))1−η U(λ)W(λ), which is positive

because λ ∈ (0, ξ), ξ > 0 and integrating with
respect to λ from 0 to ξ, we get

ΦT η,ς
0,ξ

(
Θ(U(ξ))
U(ξ) V(ξ)W(ξ)

)

≤ ΦT η,ς
0,ξ (Θ (V(ξ))W(ξ)) . (3.35)

Hence from (3.32), (3.34) and (3.35), we get our
desired result.

Similar results can be concluded by using
Remark 2.4.

4. CONCLUSION

The endurance of any area of research, pure and
applied mathematics relies upon the capability of
the specialists progressing in the direction of yet
to be addressed inquiries and to update the exist-
ing hypothesis and practice. Several generalizations
are predominantly because of the fact that ana-
lysts might want to explore a new scheme of study,
they have to comprehend its tendency, dissect and
anticipate it well. The prediction requires its utili-
ties in the real-world. The main aim of this paper
is to introduce new variants related to the newly
proposed operator for generalized proportional frac-
tional integral with respect to another function Φ.
It is intriguing to specify here that, at whatever
point the generalized proportional fractional inte-
gral with respect to another function Φ converted to
other-concerning operators (by appropriately pick-
ing the estimations of proportionality index ς), the
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outcomes become generally increasingly significant
from the application perspective. several special
cases for changing parametric values for ς are pre-
sented. These new investigations will be displayed
in future research work being handled by authors of
this paper. We close this paper with the comment
that the fractional integral inequalities determined
in Sec. 3 can productively be utilized in building up
the uniqueness of solutions in fractional boundary
value problems.
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