Zhou et al. Advances in Difference Equations
https://doi.org/10.1186/513662-020-02730-w

(2020) 2020275 ® Advances in Difference Equations

a SpringerOpen Journal

RESEARCH Open Access

New estimates considering the generalized

Check for
updates

proportional Hadamard fractional integral

operators

Shuang-Shuang Zhou', Saima Rashid?, Fahd Jarad®, Humaira Kalsoom* and Yu-Ming Chu®"

“Correspondence:
chuyuming2005@126.com
°Department of Mathematics,
Huzhou University, Huzhou, China
5Hunan Provincial Key Laboratory of
Mathematical Modeling and
Analysis in Engineering, Changsha
University of Science & Technology,
Changsha, China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In the article, we describe the Griss type inequality, provide some related inequalities
by use of suitable fractional integral operators, address several variants by utilizing the
generalized proportional Hadamard fractional (GPHF) integral operator. It is pointed
out that our introduced new integral operators with nonlocal kernel have diversified
applications. Our obtained results show the computed outcomes for an exceptional
choice to the GPHF integral operator with parameter and the proportionality index.
Additionally, we illustrate two examples that can numerically approximate these
operators.
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1 Introduction

A revolution inside the discipline of differentiation and integration has been witnessed:
classical differentiation has become extended by the use of nonlocal operators. The clas-
sical derivative was combined with a strength regulation sort of kernel and ultimately this
provided the upward thrust to new calculus referred to as the fractional calculus. The
newly proposed calculus permits one to depict progressively complex problems with var-
ious properties, for example, in thermal conduction where the heat is streaming inside a
medium with two distinct properties and a new mathematical model of heat conduction,
one considered isotropic generalized thermoelasticity, with a three-phase lag, this model
being considered in terms of the methodology of fractional calculus. Several significant
results have been obtained [1-10].

Fractional calculus in continuous and discrete operators has also been comprehensively
utilized in numerous fields [11-30]. But the concept has been propagated and imple-
mented in applied mathematics, physics and porous media as a mathematical model. Var-
ious recognized generalized fractional operators comprise the Hadamard operator, the
Erdélyi—Kober operator, the Saigo operator, the Gaussian hypergeometric operator, the
Marichev-Saigo—Maeda fractional integral operator and so on. Out of these operators,
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the Riemann-Liouville fractional integral operator has been broadly applied by scientists
in research just from an application viewpoint. For more details concerning fractional cal-
culus operators, one may also refer to the expositions by Miller and Ross [31], Mathai [32],
Kiryakova [33] and Baleanu et al. [34]. A captivating feature of this study is that there are
numerous fractional operators that have fertile utilities in numerous areas of pure and
applied mathematics. There are ideas with various qualities, and this grants the users an
opportunity to select the suitable operator for exhibiting the issue under consideration.
Moreover, as a consequence of its smoothness in the real world, experts have provided
much contemplation to currently resolve fractional operators without singular kernels
[35-40], and presently, a while later, various articles dealing with these sorts of fractional
operators have been published.

Recently, the generalized proportional fractional integral operator contemplated by
Jarad et al. [41] has potential application in statistical theory and also there have been en-
thralling presentations in the theory of fractional Schrodinger equations [42, 43]. These
kinds of speculations elevate future studies to establish novel ideas to modify the frac-
tional operators and help us to attain integral inequalities via such generalized fractional
operators. Integral inequalities and their utilities perform- a crucial job in the theory of
differential and difference equations. An assortment of distinct kinds of classical variants
and their modifications have been built up by employing the classical fractional integral,
derivative operators and their speculative ideas in the matter [44—46]. Recently, the Gron-
wall and the Minkowski inequalities concerning to the generalized proportional fractional
derivative and fractional integral were explored by Alzabut et al. [3] and Rahman et al. [43].
Approving this predilection, we present an adjusted form for many recognized Griiss type
inequalities [47] in the sense of the generalized proportional Hadamard fractional inte-
gral that could be more proficient and much more pertinent than the current ones. The
well-known Griiss inequality can be stated as follows.

Let F,G : [v1,v2] — (0,00) be two positive real-valued functions such that m < F(I) <
M and n < G(l) <N forall [ € [vy,v,]. Then the inequality

1

Vo — V1

V2 1 123 %)
/U CFOG0d- s / Fdi / Q(l)dl’
< L M=mV =) (L1)

holds with the best possible constant 1/4.

Inequality (1.1) is a marvelous instrument for exploring various systematic areas of sci-
ence comprising chaos, porous media, biotechnology, heat transfer, time scale analysis and
so on. There has been a continuous growth of eagerness for such a field of research to ad-
dress the problems of various usages of these generalizations. Such discoveries had been
analyzed by various investigators who in this way used assorted techniques for exploring
and proposing these variations [48-53].

In this paper a new concept of integration that takes into account the fractional operator
and also several generalizations will be introduced. Another important problem that could
be handled by the new operators is the Griiss type and several other generalizations. We
present, in general, three numerical schemes (Young, weighted arithmetic and geometric
mean) that can be used to find solutions via the generalized proportional Hadamard frac-
tional integral. Interestingly, several existing results recaptured by the results presented
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are Hadamard fractional integral inequalities. Therefore, the concept is rather novel and
appears to make it possible to explore new directions of research as regards distinct sci-
entific areas in pure and applied mathematics. We observe that the GPHF integral is able

to show some kind of self-similarities.

2 Prelude
Now, we demonstrate concisely some essential preliminaries on fractional calculus for the
convenience of the reader. The basic information is given in the monograph [37].

The left and right sides generalized proportional integral operators were introduced by
Jarad et al. [41], they are defined by

Lexp[ 27 (1= 1))
(370F) ()_ — / exlzl Sy 7 0)dd (<)) (2.1)
and
N v exp[ 2+ (0 — 1)]
@ F) = / & 1)1 ——F@)dy (I <v), (2.2)

where the proportionality index p € (0,1], y € C with R(y) >0,and I'(}) = [~ 9/'e™” dv

is the Euler gamma function [54—56].

Remark 2.1 Letting p = 1. Then (2.1) and (2.2) reduce to the following left and right side

Riemann-Liouville fractional integral operators:

N 1 L Fw)

@D =7 IR dy (v <) (2.3)
and

(sz l‘/—: F()/) / (19 _ l)l y dd (l < UZ)' (2.4)

Next, we recall the concept of GPHF integral operator, which was introduced by Rahman
et al. in [49]

Definition 2.2 ([49]) Let y >0 and the proportionality index p € (0, 1]. Then the left and
right side GPHF integrals are defined by

I elp L
1 /’ eXp[ P (nﬁ)] F(ﬁ) dl9 (V1<l) (25)

~ VP
WA= 5r e ), b o

and

dd  (I<vy). (2.6)

vy exp[p ! lnl’)] F©)
V)./

~V P _
AF) ) = e

Uzl
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Definition 2.3 Let y > 0 and the proportionality index p € (0,1]. Then the one-sided
GPHEF integral is defined as

1 Lexp[ 2 (In()] F(9)
~ViP _ 4
@F)0 = pN"(y)/l D dv (9 >1). (2.7)

Remark 2.4 Letting p = 1. Then (2.5)—(2.7) become the Hadamard fractional integrals

1 ! F(®)
~YVP _
(‘Jvl,l]:)(l) - pVF()/) /1:1 1?(1[11—11119)1*7 dd (Vl < l), (28)
~V0 o1 "2 F(9)
() (D) = TG fl Sii—mays @ U<v) (2.9)
and
7 1 ! F©®)
@ F)0) = TG /1 P9 — I v (9 >1). (2.10)

For convenience, we give the semigroup property
P OREF)D = (" F)O, (211)
which implies the commutative property,
ALF)DRLF)0) = (2LF) O@LF) 0. (212)
Remark 2.5 If we choose p = 1, then (2.11) becomes the result of [32].

3 Main results
In the section, we will provide the refinements for some classical variants by utilizing the
GPHEF integral operator defined in (2.7).

Theorem 3.1 Let p € (0,1], y > 0, and F be a positive real-valued function defined on

[1,00). Assume that
(I) There exist two integrable functions ¢, and ¢, defined on [1,00) such that

p1()) < F() < ga()) (3.1)

forallle[1,00).
Then one has

(3?/,)1‘»02)(1)(3?-/?1}- )0+ (3]1/1{71}- )(l)(\?f’ff,(m)(l)
> (37702) OB D) + (375 F) D@ F) ), (3:2)

foralll>1,y >0and o €(0,1].

Page 4 of 15
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Proof Let 6 > 1 and ¢ > 1. Then from (/) we have

(9200) = F())(F(s) - ¢1(5)) = 0. (3.3)
Therefore,
©2(0)F(s) + 01(5)F(0) = 01(5)2(0) + F(6)F(s). (3.4)

2= byan(Lyyr-1
Multiplying both sides of (3.4) by o7 11"(;/) il n(%)]( "g) and integrating the obtained

inequality from 1 to , we get

1 Lexpl£5F In(4)](In(§))" !
(¥) /1

]:(g)pyr , 5 ©2(0) do
+ wl(g)py;(y) /ll iy ln(i)](ln(é))“ F(6)do
. %(g)py;(y) /1’ eXp["Tf1n(i)](ln(é))y‘1 0x(6)d6
+ ]’(g)py Fl(y) /1 explty ln(i)](ln(é))ﬂ F(0)d6, (3.5)
that is,
F) @ 02) D) + o1 BT F) () = 1() (312902) (D) + F () (I 5F) D). (3.6)

expl 25 In(H)ln(£))e~!

Multiplying both sides of (3.6) by P }(g) = and integrating the obtained
results from 1 to /, we have

(3 iﬁl,}z‘/’Z) ()

1 ! em[‘%1 ln(f)](ln(é))‘?‘1
d
/1 Flg)ds

eI (o) S
(é)](ln(é))@’1

72 F)0) 1 lexp[’%lln ©)d
+ (‘Jl‘,l ) PQF(Q)/; c ¢p1(g)ag

(L)](n(Lye-!
S

o 1 ! exp[‘%1 In
= (1) 0~ | p1(6)ds
1

1 Lexp[ &+ In(£)](In(£))e
+(F)D / Lt TF(s)ds. (3.7)
N5 ), s e
From (3.7) we immediately get the desired inequality (3.2). d

Corollary 3.2 is a special case of Theorem 3.1.

Corollary 3.2 Letting p = 1. Then Theorem 3.1 leads to the Hadamard fractional integrals
inequality

@1-122) DR F) D) + G- F) D@ 0) (D)
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= (J{—)ﬁ@)(l)(\?f—yl‘m)(n + (:‘1—,1]:)(1)(31—,1]:) 0,
which was proved by Sudsutad et al. in [48].

Theorem 3.3 Let p € (0,1], y,0 > 0, and F and G be two positive real-valued functions
defined on [1,00) such that condition (I) given in Theorem 3.1 and condition (II) hold.
(I) There exist two integrable functions w, and w, defined on [1,00) such that

w1(l) =G() < wy(]) (3.8)

forallle[1,00).
Then, for all x,y, 0 >0, we have the following inequalities:

N1 (37702) DET59) D) + (37 F) (D(377e1) ()
> (37202) D(37,01) () + ST F)D(3T2,9) ),

(N2) - (375 D@59 D) + (31702) D317, F) D)
> (3750 D(31502) ) + (317, F) D (@759) (),

(N3)  (31702) D (31702) D) + (37 F) (D (37 zg)(l)
> (7202) DRTLG) D) + (375 F) D (357 j2) (D),

(Na)  (3701) DB 1) D) + (375 F)DRTL6) (D)
> (3720) DERTLG) D) + (377,01) D (372 F ) (D).

Proof We first prove (N;). Let [ € [1,00). Then it follows from (I) and (I/) that
(9200) = F(0))(G(s) - wi(5)) = 0, (3.10)
that is,

?2(0)5(s) + 01(5)F(0) = 01(5)e2(0) + G()F(0). (3.11)

exp[ 2L In( L))
Multiplying both sides of (3.11) by 1 el 25 ny)linGy)"”

7 . . .
) 5 and integrating the obtained

inequality from 1 to / lead to

1 Lexp[ZL In(4))(In(4))r
Q(g)pyr(y)/1 . 99  (0)do

F(6)de

l 2= 1 (I (n(£))Y 1
v () 1 feXp[ - In(5)](In(3))

pYI'(y) )1 0

1 prexpl n()ln( )yt
> on(e) = | d 02(6)do

1 ! exr)[’%1 In(4)](In(4))r
+ g(g)prr(y) / J F(6)db. (3.12)

Page 6 of 15
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Inequality (3.12) can be rewritten as

G() (31 192) (D) + 01 () (I F) () = 01(6) (31 192) (D) + G() (3T, F) (D). (3.13)

exp[2= In n(Lye-1
Multiplying both sides of (3.13) by —= p[2E n(L)jan(L))

TG s and integrating the ob-

tained inequality from 1 to [ we get

(3}1/ pz‘/’2) l

Lexp[ZLIn(L)](In(L))e!
1@)/ P ngg s G(s)ds

A 1 rexplSt () n(hyet
P [ a9 ds
L expl[ In( )] In( )¢

eI (o) IS

Lexp[“- tn(L )](ln( )t
( 11’/)1].‘) QF(Q)/ c (g)dg’

which leads to the desired inequality (N7)

> (317192) () wi(¢)dg

@Ze2) DRLG) D + (31 F) D@ ) (1)
= (31e2) OQ1Z0) D) + (2 F) D@59 O

Inequalities (N3)—(N4) can be proved by using the similar arguments as in the proof of
inequality (N7) and the facts that

(@2(0) - G6))(F(5) - wr(s) = 0,
(2(0) = F(6))(G(s) - n(s)) <0,
(920) - F(0))(9(s) — an(s)) < 0. O

As a special case of Theorem 3.3, we have Corollary 3.4.

Corollary 3.4 If p = 1, then Theorem 3.3 leads to the Hadamard fractional integrals in-
equalities [48]

(N5) (31 492) DEY-,9) D) + (31, F) D (@Y jeor) ()
> (31-02) D@1 j01) ) + (31, F) DET-,9) (),

(No) (31 ,01) D(RT-,6) (D) + (31- j02) D(3T-, F) D)
> (31-101) D (31 y02) () + (371 F)( )(31_,19)(1),

(N7) (31 j@2) D3] j02) D + (37, F)D(35-,9) D)
> (31 102) DT ,9) ) + (31, F) D (35- j02) D),

(Ng) (31~ 1) D (3T- 1) D + (37, F)D(35-,9) D)
> (31- 1) D (3T-,6) D) + (37 j01) D (IT-, F) D).
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Theorem 3.5 Let p € (0,1], y,0 >0, p,q >0 with 1/p + 1/q = 1, and F and G be two
positive real-valued functions defined on [1,00). Then the following inequalities hold for
[>1:

) ~(EEFOEEG)0 + < (316N O@F)0)
> (314FG) (324, GF) ),

(N1o) p(:s‘f GO (3 F) D) + }I(s‘f:’j,fp)( @G D
> (G YO RYEFG) D),

(i) p(:sf G D FP) D) + q(si’ 2 F2) D316 D o
> (30, F1G7) (D31 FG) W),

) L2 g @70 + 5(3?:@?)( (317,6%) ()

= @GO EF G0

Proof It follows from the Young inequality [38] that

1 1
“uf + =01 > (3.15)
p q

forall u,v > 0.
Let6,¢ >1, u=7F()G(s)and v = F(5)G(0). Then inequality (3.15) becomes

é(f(e)gm)’” + ;(f(gg(e))q > (F0)5(5)) (F(6)G0)). (3.16)

exp[ 2% (In(§)](In(§))” !
007 ()

Multiplying both sides of inequality (3.16) by and integrating the ob-

tained inequality from 1 to / give

gr(c) ! exp[Z(In(Z))(n(§)r !
pp’ I (y) i 0
Fi(s) /1 exp[ & (In(H)](In())7 !
qgo? I'(y) 1 ]
_ 9©)F() Lexp[ 2+ (In(4)](In(4))7 !
T prl(y) 0

F(0)do

G1(60)de

F(0)G(0)d6. (3.17)

Inequality (3.17) can be rewritten as

Gr(s) V0 Tp Fi(s) ~YP g ~Y P
» —=(JLF) D) + . =22 (306N () = G(9)F () (3 FG) ). (3.18)

Page 8 of 15



Zhou et al. Advances in Difference Equations (2020) 2020:275

exp[ 22 (in( L)) n( L))

speI (o)

L
S

Multiplying both sides of inequality (3.18) by

and integrating the ob-
tained result from 1 to /, one has

! exp[22(1n(L)](In(L))e-!
: flexp o DT Gr(o)ds

Loy
= (30 FP\
p(dl ! )(),OQF(Q) ¢

2= (1n(L Lyyo-1
O L )
' q(dlf"g ) )pQF(Q)/l 5 (e)de

I p_’ll L 1 1yyo-1
> (374, FG) ) /1 ol (“(;)1(“&))

120 G(s)F(s)ds. (3.19)

Inequality (3.19) leads to the conclusion that

1 1
» @TEFP OGO + ;1(3?39")(1) (TN
> (IFG) DR GF)O, (3.20)

which completes the proof of inequality (No).
Let

_FO) 90
hEFey VT g(g)(f(g), G(s) #0),
w=FO)Gr (),  v=Fi(c)G0),

and

w=Fr@O)F(), v=G0i0)G() (F(c)G(c)#0),

in the Young inequality, respectively. Then inequalities (N19)—(Ni2) can be proved by use
of similar arguments to the proof of inequality (Ny). O

Corollary 3.6 Let p = 1. Then Theorem 3.5 leads to the Hadamard fractional integrals
inequalities

(Nis) }9(31,,,fp)<z>(31,,,gp)(1) + g(31,,,gq)(1>(3r,,fq)(l>
> (3, FG) (32 GF)W,

(N1) ;(31-,,&1)(1) G0+ fl(sf_,,fp)(n (37,60
> (32,07 P )DL FG) D),

(Nis) ;(31,,,92)(1)(31,,;”)(1) . ;(317,lf2)<z>(31,,,gq)(1>
> (39, F1G7) )31, FG) ),

(Nio) }9(317,&‘1)(1) G0 + %I(Ji,l}"’)(l) (37.,6%) )

> (30, PG o) (31 Fr G ).

Page 9 of 15
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Theorem 3.7 Let p € (0,1], y,0 >0, p,q>1 with 1/p + 1/q = 1, and F and G be two
integrable functions defined on [1,00). Then the inequalities

(Ni7) p(F2F)D(E2,6)0) + a(320F) D (E56) ()
> (314, F7G7) (1) (322, F1GP) ),
(N1s)  p(3T5FP ) DEILFG) D) + (372,65 DETFG) (0)
> (3461 D (EF) O,
(Ni)  p(35F)D(32,67)0) +a(3156) DG F )0
> (34,7 G) (322,61 F) D),
(Noo)  p(3V0F 2 GND(F207 ) D + (315,67 ) (3, F167) ()
> (31472 (D(324,6°) 0,

(3.21)

hold for [ > 1.

Proof 1t follows from the well-known weighted arithmetic—geometric mean inequality
that

pr+qv > pPve (3.22)

for u,v > 0.
Letc,0 > 1, u=F(0)G(c) and v = F(5)G (). Then inequality (3.22) leads to

pFO)G(5) +aF(5)G(0) = (FO)G(5)) (F()G©0))". (323)
Multiplying both sides of inequality (3.23) by

eXp[”Tj1 (In($)1(n(5))7 eXp[”Tj1 (ln(f)] (1n(§))9’1
0p7 I'(y)speI ()

and integrating the obtained inequality from 1 to /, we have

I A
pY I’ (y)peI (o)
X/1/1exr)[’%(ln(é)](ln(é))y‘;eXp[”Tl(ln(f)](ln(é))Q‘lf(e)g(g)dedg
1 J1 9
q

’ ¥ I'(y)peI (o)
Lol exm%l(ln(é)](ln(é))y‘1 eXp[’)T‘l(ln(é)](ln(é))g‘1
</

F(s)G0)dbds
Og

0c
x (FO)G(s)) (F(5)G(0)) dsdb. (3.24)

. 1 /1 /1 exp[ 27+ (In(5)](In(7))” " exp[ 23+ (In(£)] (In(£))*
T prC(y)peel(e) i 1
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Inequality (3.24) can be rewritten as

P(ﬁ{fzf)(l)(ﬁflg)(l) +Q(3§ffl]:)(l)(3}1/fzg)(1)
> (375 FPGN (D (35, F1GP) (), (3.25)

which completes the proof of inequality (N77).
Let

_FH 90
E=Fer " FO.9670),

w=FOGr (),  v=Fi(c)G(@),

_Fe)_Fi)
760 G()

(G(6),6(60) 70),

in the arithmetic—geometric mean inequality, respectively. Then inequalities (N1g)—(Nao)

can be proved by using the similar arguments as in the proof of inequality (N17). O

Corollary 3.8 Let p = 1. Then Theorem 3.7 leads to the Hadamard fractional integrals
inequalities
Nor) p(3-F)D(E5,6)0) +a(3 ,F)DOE-.6)0
> (31, FG1) () (3%, F1GP) ),
(Np)  p(3-, FP D3, FG) D) +q(35-,677) D (3, F1G) (1)
> (3,6 D E,F)0,
Nw) P F)DEE,G7) D + a3 0) D(EFi) D)
> (3,72 G) D (3% ,G1F) ),
(Noa)  p(30, Fr GO (32,0710 +q(3 67O (3, F167) (1)
> (3,72 D(32,6%) ).

Example 3.9 Let[>1, y,0 >0, F and G be two integrable functions defined on [1,00),
and

F(0) 2 F(0)

=i )’ = max =) (3:26)

Then we have the following three inequalities:

1) 0= QFHDOERLGHO < Z;;”ZL{

((317FG) W),
JH-h
2/EH

H-h

@) 0= @IF)OE)0 - (@FO) < Jar (BT F0)0)

@ 0= /@LF)ORLE)0 - (GTLFHD < @1 F9)O,

Page 11 of 15
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Proof 1t follows from (3.26) that

(g<0) h)(H g(e)>g ©)=0. (3:27)

Inequality (3.27) can be rewritten as
F2(0) + hHG*(0) < (h+ H)F(0)G(9). (3.28)
Multiplying both sides of inequality (3.28) by

eXp["T‘l(ln(é)](ln(é))y‘1
Opr I'(y)

and integrating the obtained inequality from 1 to / lead to

1 ! eXP[’%l(111((5)](1r1((§))y‘1 )
0)do
prI'(y) /1 6 7O
1 Lexp[ 5= (In($)](In(5))7
h ! 2(0) d
' Hpmy)/l 6 s
1 ! exp[’%l(lll(é)](ln(é))y’1
<(h+H) pVF(y)/; 2 F(0)G(6)do. (3.29)
Inequality (3.29) implies that
(370 F2) W) + BH(3GH) D) < (h+H) (12 FG) D). (3.30)
Alternately, it follows from AH > 0 and
(\/ @720 - \/ hH(g{:@gZ)(l))z >0 (3.31)
that
2,/ (314, F2) (314,62 D) < | (375F2) W) + [ WH(3},62) ). (3.32)

Therefore inequality (1) follows easily from inequalities (3.30) and (3.32). Similarly, we
also can prove inequalities (2) and (3). O

Example3.10 Letl>1,y,0>0,p,q>1with1/p+1/q =1, F bean integrable function de-

fined on [1,00), and J ’I'L? F be the generalized proportional Hadamard fractional integral

operator. Then we have
|(3T5F))] < 9||]:(9)”L1(1,z>’

where

1

1 ox\? )1’
“= pr T (y) ([(P+,0)—2/0P] ©

RS I

(y =Dp+1,(p+p-2pp)nl)
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and
!
Oy, =/ e 07 1do
0

is the incomplete gamma function [57-60].

Proof 1t follows from Definition 2.3 and the modulus property that

Lexp[ &+ (In()] FO)
~VP
|(‘jl l]:)(l)| — VF()/)/ (In 1)1 y ¢

for ¥ > 1.
Making use of the well-known Hélder inequality, we obtain

. 1 Lexpp[SH(In(E)] 7
07101 = o ([ vt @) 17Ol

Letv= ln(é). Then elaborated computations lead to

(o
@501 s (15
O%((V -Dp+1L(p+p-2pp)nli) ||f(ﬁ)||L1(1,l)' O

4 Conclusion

In this paper, we have derived numerous inequalities in the framework of a novel proposed
GPHEF integral operator with proportionality index p. Our obtained results are refine-
ments of the Griiss inequality. In the special case of p = 1, it is worth mentioning that this
allows for recapturing some existing operators from the GPHF integral operator, therefore,
the GPHF integral operator is superior to many existing operators. In addition, our new
approach recaptures the Griiss type inequalities and their variants proposed by Sudsutad
et al. [48]. Our ideas may lead to a lot of follow-up research.
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